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Chapter 3: SYSTEMS OF LINEAR EQUATIONS
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© Linear Systems

@ Solution of Linear Equations Systems
(1) Cramer’s method,
(2) Gauss elimination method, and
(3) Gauss-Jordan method
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Section 1: Linear Systems

A linear system of m equations in n variables x1, X2, ..., X, is a set of equations of the form

aj1x1 + apxe + a13x3 + ... + aipxn = by
a21x1 + axpx2 + a3x3 + ... + apxn = b2
a31x] + aspxp + a3zx3 + ... + azpxp = b3 (1)
+... +... +4.. +...:...

am1X1 + ameXx2 + am3x3 + ... + +amnxn = bm

where ajj, b E R for1 < i< mand1l <j<n.

The above system of linear equations can be written as AX = B where

a1 a ain X1 by

a1 ax a X2 by
A= , X = , and B =

anl a2 ' amn Xn b

A is called the coefficients matrix,
X is called the column vector of the variables (or column vector of the unknowns),
B is called the column vector of constants (or column vector of the resultants).
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Section 1: Linear Systems

A special case of the linear system of equations is a system of two different variables x; and xy:
a11x1 + aixe = by

a2 x1 + apxp = b

The above system of linear equations can be written as AX = B where A = [311 312], X = [Xl], and B = [bl] .
a1 ax x2 by
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Section 1: Linear Systems

A special case of the linear system of equations is a system of two different variables x; and xy:

ajixy + apxp = by

ay1x1 + axnxp = by

The above system of linear equations can be written as AX = B where A = [311 312], X = [Xl], and B = [bl] .
a1 ax x2 by

M Solving Systems of Linear Equations
The following theory shows the basic condition for a system of linear equations in order to have a solution.

Let AX = B be a linear system with n equations in n variables. The system has a solution if det(A) # 0.
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Section 1: Linear Systems

A special case of the linear system of equations is a system of two different variables x; and xy:

ajixy + apxp = by
ay1x1 + axnxp = by

The above system of linear equations can be written as AX = B where A = [311 312], X = [Xl], and B = [bl] .
a1 ax x2 by

M Solving Systems of Linear Equations
The following theory shows the basic condition for a system of linear equations in order to have a solution.

Let AX = B be a linear system with n equations in n variables. The system has a solution if det(A) # 0.

In this chapter, we present three methods to solve the systems of linear equations Ax = B:
(1) Cramer’s method,

(2) Gauss elimination method, and

(3) Gauss-Jordan method.
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Section 2: Solution of Linear Equations Systems

(1) Cramer’s Method

Let AX = B be a linear system with n equations in n variables. If det(A) # 0, then the unique solution to this system is

det(A;) i
5 = for every i =1,2,.
det(A)

where A; is the matrix formed by replacing the ith column of A by the column vector of constants B.

The matrix A; is formed by replacing the first column of A by the column vector of constants B:

[a11 a2 -+ a1n] [b1 a2 -+ aun]

a1 axp - apy by axp - az
A= . . X S, = A=

Lant  am2 -+ amnl Lbn  an2 -+ amnl]

The matrix Ay is formed by replacing the second column of A by the column vector of constants B:

[a11 a2 -+ a1n] [a11 b1 -+ a1n]

a1 ax o ag a1 by A
A= . . ) . , = Ay =

Lant a2 -+ annl Lant  bn - amnl]
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Section 2: Solution of Linear Equations Systems

By continuing doing so, the matrix A, is formed by replacing the last column of A by the column vector of constants B:

air a2 - aip a1 a2 - b

a1 axp v A a1 ap o b
A= . . . . , = A, =

a1 am vt am a  am - by
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Section 2: Solution of Linear Equations Systems

By continuing doing so, the matrix A, is formed by replacing the last column of A by the column vector of constants B:

air a2 - aip a1 a2 - b

a1 axp v A a1 ap o b
A= , = A, =

a1 am vt am a  am - by

Remember: The determinant of 3 X 3 Matrices
Let A be a square matrix of order 3:

A= |a1 an ax3

To calculate the determinant, choose the first row of A and multiply each of its elements by the corresponding cofactor:

al a2
a31 az2

al a3
a31 a33

ap a3
det(A) = a + a + a
A== |2 n 12 13

det(A) = ar1(az2 az3 — a3 a32) — a12(a21 a33 — @23 a31) + a13(a21 a32 — a2 as1)
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Section 2: Solution of Linear Equations Systems

Solve the linear system of equations using Cramer’s rule.

2x+y+z=3
Ax+y—z= -2
2x —2y+z=06
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Section 2: Solution of Linear Equations Systems

Solve the linear system of equations using Cramer’s rule.

2x+y+z=3
Ax+y—z= -2
2x —2y+z=06

Solution:
2 1 1 H
A= 14 1  —1| = det(A) = —18. ence,
2 -2 1 _det(h) -9 1
det(A)  —18 2
[3 1 1
A= -2 1 1| = det(Ar) = —o. _ det(A2) _ 18
| 6 -2 1 det(A) —18
M 3 1 det(A3) —54
Ay = |4 —2 —1| = det(Ay) = 18. 7 det(A)  —18 :
_2 6 1
1
- 2
2 1 3 The column vector of the variables is X = | —1|.
As= |4 1 —2| = det(A3) = —54. 3
2 -2 6
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Section 2: Solution of Linear Equations Systems

Solve the linear system of equations using Cramer’s rule.

x+y+z=12
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Section 2: Solution of Linear Equations Systems

Solve the linear system of equations using Cramer’s rule.

x+y+z=12

xX—y=2
X—z=
Solution:
1 1 1 Therefore,
A= |1 -1 0 | = det(A) =3.
1 0 -1 det(A1) 18
X = = — =6
- det(A) 3
12 1 1
A =12 -1 0 | = det(A;) = 18.
4 0o -1 det(Az) 12 4
) T det(A) 3
1 12 1
Ay = |1 2 0 | = det(Ap) = 12. det(A3) 6
1 4 —1 z= =—=2
L det(A) 3
[1 1 12 6
Az = |1 -1 2| = det(A3) = 6. The column vector of the variables is X = |4].
1 0 4 2
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Section 2: Solution of Linear Equations Systems

(2) Gauss Elimination Method
Linear Equations Systems:

a11x1 + aox2 + a13x3 + ... + agpxn = by
ax1X1 + axpxp + ax3x3 + ... + axpxp = by
a31x1 + a32x2 + a33x3 + ... + azpxp = b3 (2)

ap1X1 + apxe + ap3x3 + ... + +apnxp = by
where aj, b; € Rfor 1 <i<nand1 <j<n

The above system of linear equations can be written as AX = B where

a1 a2 v Al X1 by

a1 ap - A X2 by
A= . . . .|, X=1].],and B=

anl an2 e ann Xn, b

A is called the coefficients matrix,
X is called the column vector of the variables (or column vector of the unknowns),
B is called the column vector of constants (or column vector of the resultants).
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Section 2: Solution of Linear Equations Systems

Definition
Gaussian elimination is a method for solving a linear system AX = B by constructing the augmented matrix [A|B] and

transforming the matrix A to an upper triangular matrix [C|D].

The Method:
o Construct the augmented matrix [A|B]:

air a2 .- amy | b
a1 axp - a | b

s
anl an2 o dnn by

where A is the coefficients matrix and B is the column vector of constants.

e Use the elementary row operations on the augmented matrix to transform the matrix A to an upper triangular matrix

with a leading coefficient of each row equals 1:

1 a2 az  ca Cin di
0 1 o3 o Cn da
0 0 0 - 1 Cuopn | g1
0 0 0 cee 0 1 dp

e From the last augmented matrix, we have x, = d, and the rest of the unknowns can be calculated by backward

substitutions.
MATH 104 September 3, 2022 10/ 1
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Section 2: Solution of Linear Equations Systems

X =D
1 a2 a3 -+ Cn-1 Cin x1 a
0 1 @3 CQp-1 Cn x2 d
0 0 1 ctt Gn—1 C3n
0 0 o0 1 c1n| |
0o 0 o0 0 n dn

1x1 + c12x0 + €13X3 + ... + Cipxp = d

0+ 1xp + c3%x3 + ... + Copxn = do

04+0+1x3 + ... + c3pxp = d3

4+ 4+ +ee =
0+0+0+ ... +1xp—1+ Che1,nXn = dp—1

04+0+0+... +1x, = dp
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Section 2: Solution of Linear Equations Systems

M Elementary Row Operations

(1) Replace it row (R;) by jt row (Rj): Ri < R;

2 -3 1 Ry ORy -1 5 2
-1 5 2 |72, 2 -3 1
1 -2 -7 1 -2 -7
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Section 2: Solution of Linear Equations Systems

M Elementary Row Operations

(1) Replace it row (R;) by jt row (Rj): Ri < R;

2 -3 1 Ry ORy -1 5
-1 5 2 |72, 2 -3
1 -2 -7 1 -2

AR;
(2) Multiply ith row (R;j) by A\: ———
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Section 2: Solution of Linear Equations Systems

M Elementary Row Operations

(1) Replace it row (R;) by jt row (Rj): Ri < R;

2 -3 1 Ry ORy -1 5 2
-1 5 2 |72, 2 -3 1
1 -2 -7 1 -2 -7

AR;
(2) Multiply ith row (R;j) by A\: ———

-1 5 2 2R -2 10 4
1
2 -3 1 — 2 -3 1 .
1 -2 -7 1 -2 -7

(3) Multiply it" row (R;) by A and add the result to j* row (Ry):

[A\B]:[l 1‘11]M[1 1 ‘11]

AR; + R;
—

2 1] 25 0o -1 3
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss elimination method.

x—2y+z=4
—x+2y+z=-2
4x =3y —z=—4
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss elimination method.

x—2y+z=4
—x+2y+z=-2
4x =3y —z=—4

Solution: Construct the augmented matrix [A|B]. Then, use elementary row operations on the augmented matrix to transform
the matrix A to an upper triangular matrix with a leading coefficient of each row equals 1.

1 -2 1 4
ABl=| -1 2 1| -2
4 —4

-3 -1
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss elimination method.

x—2y+z=4
—x+2y+z=-2
4x =3y —z=—4

Solution: Construct the augmented matrix [A|B]. Then, use elementary row operations on the augmented matrix to transform
the matrix A to an upper triangular matrix with a leading coefficient of each row equals 1.

1 -2 1
ABl=| -1 2 1
4

-3 -1
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss elimination method.

x—2y+z=4
—x+2y+z=-2
4x =3y —z=—4

Solution: Construct the augmented matrix [A|B]. Then, use elementary row operations on the augmented matrix to transform
the matrix A to an upper triangular matrix with a leading coefficient of each row equals 1.

1 -2 1 4 1 -2 1
—4R; R:

@aBgl=| -1 2 1 2 | ZHERB o 2

4 -3 -1 —4 0
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss elimination method.

x—2y+z=4
—x+2y+z=-2
4x =3y —z=—4

Solution: Construct the augmented matrix [A|B]. Then, use elementary row operations on the augmented matrix to transform
the matrix A to an upper triangular matrix with a leading coefficient of each row equals 1.

1 -2 1 4 1 -2 1
—4R; R:
[A\B]:|:—1 2 1 2]#[0 0o 2
0

4 -3 -1 -4 -3 -1 | -4 5 -5
Reo Ry | T =2 1 4
=275yl 0 5 —5| —20

0o 0 2 2
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss elimination method.

x—2y+z=4
—x+2y+z=-2
4x =3y —z=—4

Solution: Construct the augmented matrix [A|B]. Then, use elementary row operations on the augmented matrix to transform
the matrix A to an upper triangular matrix with a leading coefficient of each row equals 1.

1 -2 1 4 1 -2 1
—4R; R:
[A\B]:|:—1 2 1 2]#[0 0o 2
0

4 -3 -1

-3 1| —4 5 -5
Ry Ry | 1 =2 1 4 i, [1 =2 1 4
— 0 5 -5 —20 —_ 0 1 —1 —4

0 o0 2 2 s [0 o 1 1
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss elimination method.

x—2y+z=4
—x+2y+z=-2
4x =3y —z=—4

Solution: Construct the augmented matrix [A|B]. Then, use elementary row operations on the augmented matrix to transform
the matrix A to an upper triangular matrix with a leading coefficient of each row equals 1.

1 -2 1 4 1 -2 1
—4R; R:
[A\B]:|:—1 2 1 2]#[0 0o 2
0

4 -3 -1

-3 1| —4 5 -5
Reo Ry | T =2 1 4 r, [1 =2 1 4
273,10 5 5| -2 | 25| 0 1 1| -4 .

0 o0 2 2 s [0 o 1 1
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss elimination method.

x—2y+z=4
—x+2y+z=-2
4x =3y —z=—4

Solution: Construct the augmented matrix [A|B]. Then, use elementary row operations on the augmented matrix to transform
the matrix A to an upper triangular matrix with a leading coefficient of each row equals 1.

1 -2 1 4 1 -2 1 4 1 -2 1 4
1R + R: —4R; + R:
ABl=| -1 2 1 2 172,00 0 2 2 | L2580 0 0 2 2
4 -3 1| -4 4 -3 1| —4 0 5 —5]| -20
Reo Ry | T =2 1 4 r, [1 =2 1 4
27800 05 5| -2 | 25| 0 1 —1| —4
0 o0 2 2 s [0 o 1 1
1 -2 1 X 4
0 1 -1 y| =|—4
0 0 1 z 1 y—z=—-4=y—-1=—-4=y=—-4+1=-3

xX—2y+z=4=>x—-2(-3)+1=4=x=-3
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss elimination method.

x—2y+z=4
—x+2y+z=-2
4x =3y —z=—4

Solution: Construct the augmented matrix [A|B]. Then, use elementary row operations on the augmented matrix to transform
the matrix A to an upper triangular matrix with a leading coefficient of each row equals 1.

1 -2 1 | 4 1 -2 1| 4 1 -2 1 4
1R + R: —4R; + R:
ABl=| -1 2 1 2 172,00 0 2 2 | L2580 0 0 2 2
4 -3 —1| -4 4 -3 -1 | —4 0 5 —5]| -20
Ry Ry [ 12 1 4 I, [1 -2 1| 4
225800 5 5| -20 |50 1 -1 -4 |.
0 o0 2 2 s [0 o 1 1

|

-3
The column vector of variables is X = |:—3:|

cor
or |

N
[
[s
[E—
—
N < X
(BT
Il

|
-
s
=

y—z=—-4=y—-1=—-4=y=—-44+41=-3
X—2y+z=4=>x—-2(-3)+1=4=>x=-3
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss elimination method.

xty+z=2
x—y+2z=0
2x +z =2
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss elimination method.

xty+z=2
x—y+2z=0
2x +z =2

Solution: Construct the augmented matrix [A|B]. Then, use elementary row operations on the augmented matrix to transform
the matrix A to an upper triangular matrix with a leading coefficient of each row equals 1.
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss elimination method.

xty+z=2
x—y+2z=0
2x +z =2

Solution: Construct the augmented matrix [A|B]. Then, use elementary row operations on the augmented matrix to transform
the matrix A to an upper triangular matrix with a leading coefficient of each row equals 1.

1 1 1 2
[A|B] = 1 -1 2|0

2 0 2
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss elimination method.

xty+z=2
x—y+2z=0
2x +z =2

Solution: Construct the augmented matrix [A|B]. Then, use elementary row operations on the augmented matrix to transform
the matrix A to an upper triangular matrix with a leading coefficient of each row equals 1.

101 12 11 1 2

—1R; R
ABl=| 1 -1 2]o0 1ty 2 1 | 22
2 0 1]2 “2RtRs | g 2 1| -2
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss elimination method.

xty+z=2
x—y+2z=0
2x +z =2

Solution: Construct the augmented matrix [A|B]. Then, use elementary row operations on the augmented matrix to transform
the matrix A to an upper triangular matrix with a leading coefficient of each row equals 1.

101 12 101 1 2 11 1 2

—1R; + R —1Ry + R,
ABl=| 1 -1 2|0 1t l g 2 1 | o | IR 1 | 22
2 0 1|2 2RitRs | g 2 -1 | -2 o 0 -2 0
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss elimination method.

xty+z=2
x—y+2z=0
2x +z =2

Solution: Construct the augmented matrix [A|B]. Then, use elementary row operations on the augmented matrix to transform
the matrix A to an upper triangular matrix with a leading coefficient of each row equals 1.

101 12 1 1 1] 2 11 1| 2
—1R; + R —1Ry + R
ABl=| 1 -1 2 o | 2t o S p | 2| Z2REBL Y o 1 | 22
2 0 1]2 “2RtRs | g 2 1| -2 o 0 -2 0
1 [ 101 1 |2
M -3 .
-irs 0 0o 1 |o
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss elimination method.

xty+z=2
x—y+2z=0
2x +z =2

Solution: Construct the augmented matrix [A|B]. Then, use elementary row operations on the augmented matrix to transform
the matrix A to an upper triangular matrix with a leading coefficient of each row equals 1.

101 12 1 1 1] 2 11 1| 2
—1R; + R —1Ry + R
ABl=| 1 -1 2 o | 2t o S p | 2| Z2REBL Y o 1 | 22
2 0 1]2 “2RtRs | g 2 1| -2 o 0 -2 0
1 [ 101 1 |2
M -3 .
-irs 0 0o 1 |o

z=0

o= N
3

1
y752:1:>y70:1:>y:l

XxX+y+z=2=x+140=2=x=1
1
The column vector of variables is X = |:1:|
0
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Section 2: Solution of Linear Equations Systems

(3) Gauss-Jordan Method

aj1xq + apx2 + a13x3 + ... + aipxn = by
ax1x1 + apx2 + a3x3 + ... + agpxn = by
agixq +agpxp +azzxg + ...+ azpxn = b3 (4)
ap1x1 + amx2 + ap3x3 + ... + +annxn = by
where a;, b € Rfor 1 <i<nand1<j<n

The above system of linear equations can be written as AX = B where

a1 a2 - ai x1 by

a1 axp - agy x by
A= . . ) . , X=1|.|,and B=

anl an2 ann Xn b

A is called the coefficients matrix,
X is called the column vector of the variables (or column vector of the unknowns),
B is called the column vector of constants (or column vector of the resultants).
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Section 2: Solution of Linear Equations Systems

Definition
Gauss-Jordan elimination is a method for solving a linear system AX = B by constructing the augmented matrix [A|B] and
transforming the matrix A to an identity matrix [I,|D].

The Method:
o Construct the augmented matrix [A|B] .

ain a2 -+ amn | by
a1 axp - a | b

)
a1 a2 - amn | bp

where A is the coefficients matrix and B is the column vector of constants.

e Use the elementary row operations on the augmented matrix [A|B] to transform the matrix A to the identity matrix /.

1 0 0 0 0ol &
0 1 0 o0 0|
000 0 v 1 0|dya
0 0 0 0 - 1| d

e From the last augmented matrix, x, = dj for every k = 1,2, ..., n.

Dr. M. Alghamdi MATH 104 September 3, 2022 16



Section 2: Solution of Linear Equations Systems

o o

Dr. M. Alghamdi

-

o -

o

o .-

X =D

o
o
[=]

-
o .-

x1 = di
xp = dp
x3 = d3

Xp—1 = dn—1

xp = dn
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Section 2: Solution of Linear Equations Systems

M Elementary Row Operations

(1) Replace it row (R;) by jt row (Rj): Ri <+ R;

2 -3 1 Ry «+Ry -1 5
-1 5 2 E— 2 -3

1 -2 =7 1 —2
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Section 2: Solution of Linear Equations Systems

M Elementary Row Operations

(1) Replace it row (R;) by jt row (Rj): Ri <+ R;
2 -3 1 Ry «+Ry -1 5
-1 5 2 E— 2 -3
1 —2 -7 1 —2

AR;
(2) Multiply it row (R;j) by A\: ———

-1 5 2 2R -2 10 4
1

2 -3 1 R 2 -3 1

1 —2 -7 1 -2 -7
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Section 2: Solution of Linear Equations Systems

M Elementary Row Operations

(1) Replace it row (R;) by jt row (Rj): Ri <+ R;
2 -3 1 Ry «+Ry -1 5 2
-1 5 2 E— 2 -3 1
1 —2 -7 1 —2 -7

AR;
(2) Multiply it row (R;j) by A\: ———

-1 5 2 2R -2 10 4
1
2 -3 1 R 2 -3 1 .
1 —2 -7 1 -2 -7

, " AR; + R;
(3) Multiply i*M row (R;) by X and add the result to j*" row (Rj): ——
1 1 11 —2R1 + Ry 1 1 11
= _—
wel=| 5 1| ] (5 44 ]
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss-Jordan elimination method.

X+y+z=2
xX—y+2z=0
2x+z =2
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss-Jordan elimination method.

X+y+z=2
xX—y+2z=0
2x+z =2

Solution: Construct the augmented matrix [A|B]. Then, use the elementary row operations on the augmented matrix to
transform the matrix A to the identity matrix /,.

101 12
ABl=| 1 -1 2]o0
2 0 1|2
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss-Jordan elimination method.

X+y+z=2
xX—y+2z=0
2x+z =2

Solution: Construct the augmented matrix [A|B]. Then, use the elementary row operations on the augmented matrix to
transform the matrix A to the identity matrix /,.

11 1|2) Lpag [ 0L 1] 2
AaBl=| 1 -1 2|0 | —/—Z| 0 -2 1| -2
2 0 1|2 2 0 1| 2
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss-Jordan elimination method.

X+y+z=2
xX—y+2z=0
2x+z =2

Solution: Construct the augmented matrix [A|B]. Then, use the elementary row operations on the augmented matrix to
transform the matrix A to the identity matrix /,.

11 1|2) Lpag [ 0L 1] 2 Compary [ 11 1 2
Mme=|1 -1 2|0 | —"2|o0o 2 1|2 |30 -2 1 |-2
2 0 12 2 0 1] 2 0 —2 —1]| -2
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss-Jordan elimination method.

X+y+z=2
xX—y+2z=0
2x+z =2

Solution: Construct the augmented matrix [A|B]. Then, use the elementary row operations on the augmented matrix to
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Hence, x =1, y = 1 and z = 0. The column vector of variables is X = |1
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Section 2: Solution of Linear Equations Systems

Solve the linear system by Gauss-Jordan elimination method.

x—2y+2z=5
5x + 3y + 6z = 57
x+2y+2z=21
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Hence, x = 3, y = 4 and z = 5. The column vector of variables is X = |4
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