Graphs



The Graphof 0=20,

For any value of r, 6 is always 0,

Any point of the form (r, 6, ), where r is any real number,
belongs to the graph of the curve

All the following points belongs to that graph:
(1,6,),(2,6,),(3,6,)

(-1,6, )=(1,6,+m),(-2,06,)=(2, 86, +m)
(V3/5,6,)

The graph is a straight line making an angle equal
to 6, with the polar axis



Example (1)

Sketch the graph the following polar
eguation:

0 =T1/4



(r.9)

/4 0 (0, T/4)

/4 1 (1,1/4)

/4 2 (2,1/4)

/4 3 (3, /4)

/4 -1 (-1, 1/4)=(1,11+11/4)
=(1,5m/4)

/4 -2 (-2, 1/4)=(2,1+11/4)
= (2,511/4)

/4 -3 (-3, m/4)=(3,1+11/4)

=( 3,5m1/4)




The graph is a straight line making an angle equal to /4
with the polar axis

N




Reminder

The Cartesian equation of this straight line is y = x

We can arrive at this equation, as follows:
We have,

0=m/4

—tan 0 =1

—sinB@/cosB =1

—rsinB/rcosB6=1
—>y/xXx=1->y=X



The Graph of r=c0, where cis nonzero
constant

Example (2)
Sketch the graph the following polar
eguation:

r=0



0 r=90 (r,0)
0 0 (0,0)
/2 /2 (tr/2 , 11/2))
1T T (tr, M)
311/2 311/2 (3m/2 , 311/2)
21T 210 (21T, 211)
21T+T1/2 21T+11/2 (2m+ /2 , 211+ 11/2 )
31T 31 (31T, 311)







The graph is a spiral



The Graph of r=r,, where are is a positive
number

For any value of 0, r is always r,

Any point of the form (r,, 8 ), where 0 is any angle ( or any
real number ), belongs to the graph of the curve

All the following points belongs to that graph:
(o, 0), (f, M/2), (f,, ), (I, , T1/6)
(-, m)=(,,0),(-r,,3m/2),=(r,, mM/2)

The graph is a circle centered at the origin and of
radius equal to r,



Example (3)

Sketch the graph the following polar
eguation:

r=5



0 = (r.0)

0 5 (5,0)
T1/2 5 (5,1/2)
T 5 (5, )
311/2 5 (5, 31/2)
21T 5 (5, 21m)
21T+T1/2 5 (5, 2+ 11/2)
31T 5 (5, 31)




The graph of r = 5 Is a circle centered
at the origin and of radius 5




The graph of:

r = C sind
Or
r = Cc cosH

Where ¢ IS a nonzero constant



Example (4) - a

r =2 cosB
§) r =2cos0 (r,0)
0 2 (2,0)
T1/2 0 (0, 11/2)
T -2 (-2, )
=(2, 21m)
317/2 0 (0, 311/2)

21T 2 (2, 21)



(1)

(0,11/2): . (20)




(1)

(0,11/2): (-2,mm)=(2,2m)=(20)

2




(1)

(0,1/2) = (0,31/2) (-2,m)=(2,2m)=(20)

2




Example (4) - b

Sketch the graph the following polar
eguation:

r=8sin0



r=8sino

0 r=8sin 0
0 0 (0,0)
/2 8 (8, T/2)
i 0 (0, m)
3M/2 -8 (-8, 3M/2)= (8 , T1/2)
21T 0 (0, 21) = (0,0)




r = 8sin 6




r = 8sin 6

(-8,3m/2)=(8,m/2)

(o, m)={0,0)
(0,2m)=(0,0)



The graph is a circle centered at
(0,3) of radius equal to 6/2 = 3



Example (5) — A

r=1+ sinB
6 r=1+sinB (r,0)
0 1 (1,0)
/2 2 (2, 11/2)
T 1 (1, )
311/2 0 (0, 311/2)
21T 1 (1, 21m)



(2,0/2




(1,m)

< 2(2,1/2)

(1,0)




1,m)

(2,n/2)

(10

(0,3n/2)




(0,31/2)



Example (5) — B: Graph
r=2-4sin6

We find, when r takes:

1. The value O

2. Takes a maximum value, which is 6,
note that ( 2 — 4sintr) = 2 — (-4) = 6,

3. Takes a minimum value, which is -2,
note that (2 —-4sin0) =2 - (4) =-2



Solution:

We have
r=2-4sin@=2(1-2 sinb)
r=0if sin@ = %

m/6=5m/6 -m=m/6,0=Thatsr=01if 0
Thus, we must pay attention to these
values, when graphing



The Graphofr=2(1-2sin0)

0 = (r,0)
0 2 (2,0)
/6 0 (0, 1/6)
/2 -2 (-2, m/2) = (2, 311/2)
511/6 0 (0, 51/6)
T 2 (2,11)
311/2 6 (6, 31/2)
217 2 (2, 21)




Please, notice the following copy error
In the Graph

The point to the left of the pole ( the origin) ,
named erroneously ( 2, 21T) while it Is, of
course, (2, )



(2,2") ~ P 2
-—2' i
- (0,T/6)= (0,0) (2,0)
2
2, 3m/2)

(6,3m/2)
Cb



(0,T/6)= (0,0) (2,0)

-2
(-2, 12) = (2, 3m/2)

(6,3m/2)
Cb



(2, 3m/2)

(6,3m/2)
Cb



(2, 3m/2)

(6,3m/2)
Cb



(6,3m/2)



(2,2m)=(2,0)

(6,3m/2)
6



0,76)
=(0,0) -
=(0,5m6)

(-2,12) =

(2,2m)=(2,0)

(2, 311/2)

(6,3m/2)
6



Example (6) —A: Graphr = cos26

We find when: 26 = nmt and when 206 = n(11/2)

r=11i1fcos20=1
20 =0, 21, 41, 6T1,.........

— 0= R
r=-1ifcos20=-1

20 =11, 31M, 511,.........
— 0=

r=0, which if cos26 =0
20 =1/2 ,311/2 ,5m/2 , 711/2,..........
— ©O=T1/4,31/4,5m/4, 71/6,.......



Example (6) — A

r = cos20

(r,0e)
(1,0)
(0, 11/4)
(-1, 11/2)
=(1, 311/2)
(0, 311/4)
(1, m)



511/4
311/2

711/4
21T

(r.0)
(0, 511/4)
(-1, 31/2)
=(1, 1/2)
(0, 711/4)
(0, 2m)



1, T7)

1-1,3m/2)

1
=(1,11/2)

1

-1

(-1,T/2)=(1,31/2)

-1

(1,0)



1, T7)

1-1,3m/2)

T
=(1,11/2)

1

(-1,T1/2)=( 1,3T1/2)
-1

(1,0)



1, T7)

1-1,3m/2)

T
=(1,11/2)

-1




T
A-1,3m/2)E(1,T1/2)

(4)

(1.77)

O =51/4




T
A-1,3m/2)E(1,T1/2)










(1,0)=(1,2T,




L

-1,3T/2)

-1,T1/2)3

(1,31/2

(1,0
(1,2m)A10)



Example (6)-B

I = 4sIn30



The graph of r = 4sin36
We find when: 36 = ntt and when 30 = n(11/2)

r=01fsin36 =0
30=0, 1, 21, 317, 4T, ......
— 0=

r =4, which is maximum if sin30 = 1
30 =T11/2, 511/2 , 911/2
— 0 =(1/2)/3= (511/2)/2=

r=-4,ifsin36 =-1
30 =3m/2, 7/i/2, 111/2,..........
— 0 =(31/2)/3= , (711/2)/3= 711/6 , (1111/2)/3=1111/6



The graph of r = 4sin30

8 r = 4sin30 (r,8)

0 0 (0,0)

/6 4 (4, T/6)

/3 0 (0, T1/3) = (0,0)

/2 -4 (-4,m2)=( 4,3m2)
21/3 0 (0, 2m/3) = (0,0)
5T1/6 4 (4,5m/6)

m 0 (0,m)=(0,0)




The graph of r =4sin30

Values of v grater than TT will not result in new points
It will just trace the curve again and again

0 r = 4sin30 (r,0)

m 0 (0, 1) =(0,0)
711/6 -4 (-4,7m/6)=(4,1/6)
411/3 0 (0, 411/3) = (0, 11/3) = (0,0)
311/2 4 (4,3m/2)
51/3 0 (0, 5m/3)= (0, 211/3) = (0,0)
1111/6 -4 (-4, 11m/6) = (4, 511/6)




-

(a,5m/6)

\ 7/
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(-4,T2)= (4, 31/2)

8=1111/6



-

(a,5m/6)
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(-4,T2)= (4, 31/2)

8=1111/6



-

(a,5m/6)

AN ///
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(-4,T2)= (4, 31/2)

8=1111/6



-

- . 0= 2T\|’/3 9=m/3

-
(4,51/6) N\

4 S AN

-
—
//
//
—
//
/// 4
/’ /
0 =71/6 //
8 = 1111/6
0 =41m/3 ‘ N
8 =511/3




-

- . 0= 2T\|'/3 9=m/3

-
(4,51/6) N\

4 S AN

-
—
//
//
—
//
/// 4
/’ /
0 =71/6 //
8 = 1111/6
0 =41m/3 N
8 =511/3

(-4,T2)= (4, 31/2)



(4,5m/6)

Ll S

8=111/6
AN

(-4,T2)= (4, 31/2)



(4,5m/6)

8=111/6
AN

(-4,T2)= (4, 31/2)



(4,5m/6)

8=111/6
AN

(-4,T2)= (4, 31/2)



ri{t)=sin 23‘ 723;
5
6

w 'Y

42
6

r =4sin 36



"
Remark

m The graph of:

r = a sinno
Or
r = acosnof

A rose curve consists of:
n leaves, If n Is odd
2N leaves, If n IS even



Sec 7/

Arch Length



Let r =1(0), and let dr/dB be continuous on
[6,, O, ]. Then, the arc length L of the
curve from0=0,1006 =0, Is:

L:T\/f2(9)+[f’(6)]2d6’

Provided no part of the graph is traced more than once

on the interval [0, , O, ].



"
Examples

Find the length of the curve :
mr=1+sinB
mr=2-2cos6

mr=2+ 2cos6



Solutions



" S
r=1+ sinB




"
1. r=1 +sinB

Let L be the arch length of the given curve

27
L = j\/(1+sin 0)° +[cos8]°d b

27T
— L= jJ2+23in9 d6

=8



'_
r=2— 2cos0O

\'2.5 y
T1.25

-
N




" SN
1. r=2 — 2cosB

Let L be the arch length of the given curve

27

L= j\/(z—zcose)2+[2sin9]2de
. |

= 2'[[1—2f3056?+cos.2 0 +sin’ 6]*do
0

2r
:2_[[2—20056?]%d6?
0

2r
=242 [[1- cos&]ﬁ dé
0
2

b 2r
=242 [ |/2sin® 4d0 = 4 [ [sin 4ld0

0 0

2r
=4 ISin%dQ.. ............. .Why?
0

=4[(-2cos ¢);"]1=-8[-1-1]=16



" S
2. r=2+ 2cos6

Y o257
0 Y1 T2 T3

-1.257T

25T




" S
2. r=2+ 2cos6

Let L be the arch length of the given curve

2r
L= j\/(2+ 2c0s 0)2 +[-2sin 6] d@

2w
=2 [[L+2cos8 +cos? §+sin? 0]°dO
0
27.7 .
=2 |[2+2cosf]:dE

0

2
=22 [[1+ cose]% déo
0
2

b4 2z
=242 [ \J2cos’ 4d6 = 4 [|cos 4ld6

0 0

Vg 2z
:4[jcos§d6’+ I(—cos%)de]...Why?
0 T

— 4[(2sin 2)7 —(2sin £)*"]
=8[(1-0)—(0-1)]
=8(2) =16



"
Another Method

From tthe graph, by symmetry, we have,

L= 2'[\/(2+Zcos 0)* +[-2sin#]°d@

T

= 4[[L+2cos8 +cos’ & +sin? 6]°d@

:4'[2+20039]%d6?

0

:4\/5'7{[1+ cosd]:do
0

- 4\/§T 2c0s” £d6 = 8T\cos %o
0 0

ZSICOS%dQ .............. ..Why?
0

=8(2sin¥);
=16[1-0]
=16






mletr=f(0) and 0<0,-0, <2m

m Let r =1(6) be continuous and either
f(8)=0 or f(6)<0 on [6,,6,]

m Then the area A of the region enclosed by
the curve r = f(0) and the lines 6 = 0,

and 6 =6, Is:
0,

Hfz(é’)dé’

&



"
Examples

Find the area enclosed by :
_
N
N

m The curve r =4 + 4cos06, but outside the
circle r=6

m The curver =1 — cosO, the positive x-
axis, the positive y-axis

m The curve r = 3co0s6, but outside
r=1+sin@ *



Solutions



" J
Example (1)
The area enclosed by r = 1 — cos@

The area enclosed hy the
polar curve
r=

The required area A s the area enclosedby the given curve
and the lines 8=0and 0=2x
and so,

3

A= j%(l—cos@)2d6?=7
0

See details on next slide



" A
27z1 )

Az_[—(l—cosé?) do
0 2

Zz.rl 2

:.5(1—20036?+cos 0)do

0

= '£(1—20039+M do

*02 2

= °(1—cosé’+£+lcosze do
2 4 4

0

= '(E—cose+£cos 20)do
4 4

0

( Notice that J‘%cos 20d6 =

0

EJ‘cosze 2d6 )
2 0

N|PF

2z

= E6?—sin6?+lsin 20)
4 8

= %(27:) —sin 2z + %sin 2(2%)] —(% (0) —sin(0) +%sin 2(0))

= 3—”—0+oj—)+(0+0+o)=3—”
2 2




Example (2)

The area enclosed by the rose curve r =co0s20

o

(1.17)

-1,3m/2 )

(7

(1,T1/2)

(8) e

(I
e

©=5m/4

2

1,T/2)E

(1,0)=(1,2m,

(8)

@)



"
3. The area enclosed by the rose curve

r = cos20 is eight times the area enclosed by
a half leave




" J
By symmetry,
the required area Ais eight times the area enclosed by the given curve

and the lines @=0and @ = %

and so,

A=8|icos*20do

O ==y~ [N

4

N\ Ot~ N

1(1+cos46) dé

I
N

9+sm49j

:2_(%+oj—(o—0))}=%




Example (3) The area of the region inside r
= 3sin0, but outside r= 1 + sinB

3

(3/2,1/6)

(3/2, 5T/6)

@=1/6 O=T1/6




m The area A Is the difference of the area A,
enclosed by r = 3sinB and the lines 6=11/6
and 8 =511/6 and the area A, enclosed by r
=1 + sinB and the same lines.

@ How do we know that? Solve: 3sin6=1 + sin8
m Thus,

A= |1(3sinH)’do -

1(L+sing)’do

=z Why?

See the details on page 687 (Example 2) of the text book



H
'bluestion

The area enclosed by r =4 +4 cos0,
but outside the circler = 6

/B =m/3




Solution

m The area A Is the difference of the area A,
enclosed by r = 4 + 4cos0 and the lines
0=-11/3 and 6 =11/3 and the area A,
enclosed by r = 6 and the same lines.

m How do we know that? Solve: 6 = 4 + 4cos6

m Thus,

A= j%(4+4cos«9)2d¢9— j%(G)de

3 3



