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PHYS 507
1t Midterm Exam — Spring 2021 — Solutions
Wednesday 3" March 2021

Instructor: Professor V. Lempesis
Please answer all questions

1. The rod in the figure has a positive charge ¢ and a length /. The charge is
uniformly distributed along the rod. Find the electric field at the point P.

You are given: f% = 1n(x+\/x2 +k)

(x +k)
(5 marks)
P
/4
| q
/4
[
Solution
The rod has a linear charge density A=¢q/!
av . p
0"
/4
TS q
-1/4 0 dq, dx 31/4

[

The elementary charge dg shown in the figure creates an elementary
potential at P

1 dg 1 Adx

dv = 4 7
€, (x2 +1° /16) 4re, (x2 +1° /16)

1/2

To find the total potential we need to integrate from x = -I/4 to x = 3//4.

Thus
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x=31/4 )L x=31/4 dx

V= [ av= ) =

x—1/4 dme, 2y, (x2 +1° /16)

A
dme, L
A
dme, L
A
4.7'580

A

172

31/4

ln x+Vx*+1%/16 )] =

x=—1/4

1n 31/4+\/912/16+l2/16) ln(—l/4+\/lz/16+lz/l6)]=

47150

1n(31/4+ 1012/16) ln(—l/4+\/12/8) -
( q [ln(3l/4+x/1012/16]‘

31/4+ 1012/16) )

_1/4++17/8

Cdmed| | —1/4+P /8

2. A distribution of electric charge lies within an infinite length cylinder of
radius a. In cylindrical coordinates the charge density at a radial distance

(r < a) is given by: p=C(a-r)/ma’. Calculate, (I) the electric field and
(IT) the potential in all space. Assume that the potential is zero at the
surface of the cylinder.

(8 marks)

Solution:

I) Due to the radial dependence of the density the electric field will have
only radial component. There are two regions:

a) Inside the cylinder 0 <r < a.

We choose as our Gaussian surface a cylinder of length / (along the z-
direction) and of radius p < a.

$E-dA = qe”":EngA-— [ pav=

80 80 cylinder

EfdA= 1 [ prdrdgdz =

0 cylinder

E2nrl = fdgbfdzfr(a ry)dr =
goﬁa $<0 =0 r=0
1, 1 ,
E2nrl = 27l ——r'+—ar” |=
g,ra 3 2

E= Cr (a—%r)

g, 2ma’ 3
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b) When we are outside the cylinder then we choose as our Gaussian
surface a cylinder of length / (along the z-direction) and of radius p > a

gSE-dA=M=E4§dA=i [ pdv=

80 80 cylinder

EfdA= 1 [ prdrdgdz =

0 cylinder
C 2 1 a ' '
E2nrl=—— [d¢ [dz [ r(a-r)dr =
Eyra $=0 =0 r=0

E2mrl=—C . 2m(-1a3 +laa2) =
g, Ta 3 2

C

E =
6¢,Tr

IT) Since we work in cylindrical coordinates and the electric field has only
radial components then E =-9V /dr thus in order to find the potential we
need to integrate this formula. The potential is given in the two regions as:

a) For0<r<a wehave

[ , : c ¢ 2 )
V(p)=—{E-dl=—{Edr =—802]m3fr (a—gr)dr =

a

_c[z

2 )%()]

b) For p > a we have

g, 2mwa’

V(p)=-[E-dl=-[Ed =
o o

r

__¢ fl,dr'=— ¢ [Inr-Ina]=- ¢ ln(i)

6e e, 1 6¢, 6¢e,m

3. Assume that the electrostatic potential (spherical coordinates) is given by

-Ar
V(r)=AS

, where 4 and /A are positive constants. Find (i) the electric
,

field, (ii) the charge density and (iii) the total charge. You are given that:

v (}) =478’(r), [ fO)O'(x-a)aV=f@), f(x)(x)=f(O0)5(x),

all
space

oo

f e Mrdr= LZ .
r=0 A’
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(5 marks)
Solution:

(1)
—-Ar —-Ar
E=—VV=—AV(€ )=-Ai(€ )f=
r ar\ r

-Ar —Ar A
-A{r('l)e ¢ }f = Ae (14 Ar) =
.

2
i r r_ _,
SOA{e (1+)LF)V'—2+—2V6 (1+)Lr)}=

r r

-Ar 3 Az Zar
soA{e (1+ Ar)4mo’ (r)- (Te S

gOA{my(r)_("Tze-M)}

(iii)

Q= [pdr=eAf {4:153 (r)- (A—ze"‘")}dr -

r

eoA{f4m33(r)dt—)szle‘” dr}=

r

(i)
p=¢V-E= gov-{Ae-“ (1+ Ar)

\Nl -

©

) L g drj sinﬁdﬁzf a’¢} =

=0t 6=0 $=0

eOA{4Jt -

sOA{Mr —4m’ e r dr} =

r=0

4JTEOA{1 v %} =0

4. Two spherical cavities, of radii a and b = 2a, are hollowed out from the interior of
a (neutral) conducting sphere of radius R. At the center of each cavity a point charge
is placed — call these charges g, =2g and g, =-g (¢ > 0). (a) Find the surface charge

densities o_, o, and o,. (b) What is the field outside the conductor? (c) What is the
field within each cavity? (d) What is the net force on g, . (2 marks)
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Solution:
2 -
() o, =~ qa2=_ qz’ O, == %2=_ 1 2 qz
da 4ma 4h 4n(2a) 167a
+q,) . 2q-q) . R
) E~_ L4 qu)r= L qzq)r= L 4,
4me, R 4me, R 4me, R
1 n 1 2q., 1 A
@F-Le L2 1y
4me, r dme, r 2me, v
B- L @i Lt L g;
4dme, r 4me, r dme, r
(d) Zero

MATHEMATICAL SUPPLEMENT
e CYLINDRICAL COORDINATES

Surface element on x-y plane: dA4 = pdpde
Elementary volume: dt = pdpdpdz

O<sp=<2nm
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+
&
N>

Unit vectors {f,é, z} FxO=32 A=A+ A

x =1 cosl r=+/z?+y?
y=rsinf tanf = 7

x

z

z =z z =

_0p. 10y, 0y,
V=g T+ 15091 5,2

19 104, 0A,
VA= A 9 T
. 10A, 0Ap)\ . 0A, 0A,\. 1[0 0A,\ .
VXA = (; 90 _W)“L <az - w)"*?(a(”e)— 80>Z
Note that -
r r0 Z
vxA=1l0 9 9
riodr 00 0z
A, rAyp A,

210 ( O\ 10% 0%
vw_rar T@r +r2892+8z2

e SPHERICAL COORDINATES

Elementary volume: dt = r’drsin0d0dg

Elementary surface on a sphere of radius 7: d4 =’ sin0d0dg
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Unit vectors {f‘, 0, gﬁ}, Fx0= 92’3 = At + Ayf + A¢q7).

x =1 sinf cos ¢ .
. . cosf =
y = r sinf sin ¢ /22 T 42 + 22
z=r cosf tan¢:y
x
0<0<m, 0<op<2m

6¢A 18’(/}A 1 0Y -
V= ar +_% rsin98—¢¢

19 ., 1 0 1 04,
V.A_T_QE(T AT)+rsm989 (sind Ag) + r sinf O0¢
1 0 0Ay
VxA= r sinf {89 (sin6 As) - X
1 0A, 10 ~ 1[0 0A,
—_— e - = (rA
[r sinf 0¢  rOr (r )}0—}_ r L‘?r (r A) 00
Note that . -
r r@  rsinfo
1
r?sinf | or 00 o
A, 1Ay rsinfAy

b L0 (2N 1 0 (e 1 o
VY= r2 Or < or +r2sin089 sin 0 +rzsin20 02



