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PHYS 507 
1st Midterm Exam – Spring 2021 – Solutions 

Wednesday 3rd March 2021 
 
Instructor: Professor V. Lempesis 
 
Please answer all questions 
 

1. The rod in the figure has a positive charge q and a length l. The charge is 
uniformly distributed along the rod. Find the electric field at the point P. 

You are given:  

(5 marks) 

 
 

Solution 
 
The rod has a linear charge density  

 

 
The elementary charge dq shown in the figure creates an elementary 
potential at P 
 

 

 
 
To find the total potential we need to integrate from x = -l/4 to x = 3l/4. 
 
Thus 
 

dx

x2 + k( )
1/2∫ = ln x + x2 + k( )

λ = q / l

dV =
1
4πε0

dq

x2 + l2 /16( )
1/2 =

1
4πε0

λdx

x2 + l2 /16( )
1/2
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2. A distribution of electric charge lies within an infinite length cylinder of 

radius a. In cylindrical coordinates the charge density at a radial distance r 
(r < a) is given by: . Calculate, (I) the electric field and 
(II) the potential in all space. Assume that the potential is zero at the 
surface of the cylinder. 
 

 
(8 marks) 

 
Solution: 
 
I) Due to the radial dependence of the density the electric field will have 
only radial component. There are two regions: 
 
a) Inside the cylinder 0 < r < a. 

 
We choose as our Gaussian surface a cylinder of length l (along the z-
direction) and of radius ρ < a. 
 

 

 

 

  

 

 

V = dV
x=−l/4

x=3l/4

∫ =
λ
4πε0

dx

x2 + l2 /16( )
1/2

x=−l/4

x=3l/4

∫ =

λ
4πε0

ln x + x2 + l2 /16( )⎡
⎣⎢

⎤
⎦⎥x=−l/4

3l/4

=

λ
4πε0

ln 3l / 4+ 9l2 /16+ l2 /16( )− ln −l / 4+ l2 /16+ l2 /16( )⎡
⎣⎢

⎤
⎦⎥
=

λ
4πε0

ln 3l / 4+ 10l2 /16( )− ln −l / 4+ l2 / 8( )⎡
⎣⎢

⎤
⎦⎥
=

λ
4πε0

ln 3l / 4+ 10l2 /16
−l / 4+ l2 / 8

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
=

q
4πε0l

ln 3l / 4+ 10l2 /16
−l / 4+ l2 / 8

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

ρ =C(a− r) /πa3

E ⋅dA!∫ =
qencl
ε0

⇒ E dA!∫ =
1
ε0

ρ
cylinder
∫ dV ⇒

E dA!∫ =
1
ε0

ρ
cylinder
∫ rdrdφdz⇒

E2πrl = C
ε0πa

3 dφ
φ=0

2π

∫ dz
z=0

l

∫ r ' (a− r ' )dr '
r '=0

r

∫ ⇒

E2πrl = C
ε0πa

3 2π l −
1
3
r3 + 1

2
ar2

⎛

⎝
⎜

⎞

⎠
⎟⇒

E = Cr
ε0 2πa

3 a− 2
3
r

⎛

⎝
⎜

⎞

⎠
⎟
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b) When we are outside the cylinder then we choose as our Gaussian 
surface a cylinder of length l (along the z-direction) and of radius ρ > a 
 

 

 

 

 

 

 
II) Since we work in cylindrical coordinates and the electric field has only 
radial components then  thus in order to find the potential we 
need to integrate this formula. The potential is given in the two regions as: 
 

a) For 0 < r < a  we have 
 

 

 
b) For ρ > a we have 

 
 

 

 
 

 
3. Assume that the electrostatic potential (spherical coordinates) is given by 

, where A and λ are positive constants. Find (i) the electric 

field, (ii) the charge density and (iii) the total charge. You are given that: 

, ,  , 

. 

E ⋅dA!∫ =
qencl
ε0

⇒ E dA!∫ =
1
ε0

ρ
cylinder
∫ dV ⇒

E dA!∫ =
1
ε0

ρ
cylinder
∫ rdrdφdz⇒

E2πrl = C
ε0πa

3 dφ
φ=0

2π

∫ dz
z=0

l

∫ r ' (a− r ' )dr '
r '=0

a

∫ ⇒

E2πrl = C
ε0πa

3 2π l −
1
3
a3 + 1

2
aa2

⎛

⎝
⎜

⎞

⎠
⎟⇒

E = C
6ε0πr

E = −∂V /∂r

V ρ( ) = − E ⋅dl
℘

r

∫ = − Edr '
℘

r

∫ = −
C

ε0 2πa
3 r ' a− 2

3
r '

⎛

⎝
⎜

⎞

⎠
⎟dr ' =

a

r

∫

−
C

ε0 2πa
3
2
9
a3 − r3( )+ 12 a r2 − a2( )⎡

⎣⎢
⎤

⎦⎥

V ρ( ) = − E ⋅dl
℘

r

∫ = − Edr '
℘

r

∫ =

−
C
6ε0π

1
r '
dr ' =

a

r

∫ −
C
6ε0π

ln r − lna[ ] = − C
6ε0π

ln r
a
⎛

⎝
⎜
⎞

⎠
⎟

V (r) = A e
−λr

r

∇⋅
r̂
r2
⎛

⎝
⎜

⎞

⎠
⎟= 4πδ 3 r( ) f (r)δ 3(r− a)dV

all
space

∫ = f (a) f (x)δ(x) = f (0)δ(x)

e−λrr dr
r=0

∞

∫ =
1
λ 2
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(5 marks) 
Solution: 
 
(i) 

  

 
(ii)  

  

(iii) 
 

 

 
 
4. Two spherical cavities, of radii a and b = 2a, are hollowed out from the interior of 
a (neutral) conducting sphere of radius R. At the center of each cavity a point charge 
is placed – call these charges  and  (q > 0). (a) Find the surface charge 
densities ,  and . (b) What is the field outside the conductor? (c) What is the 
field within each cavity? (d) What is the net force on . (2 marks) 

E = −∇V = −A∇ e−λr

r
⎛

⎝
⎜

⎞

⎠
⎟= −A

∂
∂r

e−λr

r
⎛

⎝
⎜

⎞

⎠
⎟ r̂ =

−A r(−λ)e−λr − e−λr

r2
⎧
⎨
⎩

⎫
⎬
⎭
r̂ = Ae−λr 1+λr( ) r̂

r2

ρ = ε0∇⋅E = ε0∇⋅ Ae−λr 1+λr( ) r̂
r2

⎧
⎨
⎩

⎫
⎬
⎭
=

ε0A e−λr 1+λr( )∇⋅ r̂
r2
+
r̂
r2
∇e−λr 1+λr( )

⎧
⎨
⎩

⎫
⎬
⎭
=

ε0A e−λr 1+λr( )4πδ 3 r( )− λ 2

r
e−λr

⎛

⎝
⎜

⎞

⎠
⎟

⎧
⎨
⎩

⎫
⎬
⎭

=
f (x )δ (x )= f (0)δ (x )

ε0A 4πδ 3 r( )− λ 2

r
e−λr

⎛

⎝
⎜

⎞

⎠
⎟

⎧
⎨
⎩

⎫
⎬
⎭

Q = ρ dτ = ε0A∫ 4πδ 3 r( )− λ 2

r
e−λr

⎛

⎝
⎜

⎞

⎠
⎟

⎧
⎨
⎩

⎫
⎬
⎭
dτ =∫

ε0A 4πδ 3 r( )dτ −λ 2 1
r
e−λr dτ∫∫

⎧
⎨
⎩

⎫
⎬
⎭
=

ε0A 4π −λ 2 1
r
e−λrr2 dr

r=0

∞

∫ sinθ dθ
θ=0

π

∫ dφ
φ=0

2π

∫
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
=

ε0A 4π − 4πλ 2 e−λrr dr
r=0

∞

∫
⎧
⎨
⎩

⎫
⎬
⎭
=

4πε0A 1−λ 2 1
λ 2

⎧
⎨
⎩

⎫
⎬
⎭
= 0

qa = 2q qb = −q
σ a σ b σ R

qa
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Solution: 
 

(a) ,    

 

(b)  

 

(c) ,  

 

 
(d) Zero 
 

MATHEMATICAL SUPPLEMENT 
 

• CYLINDRICAL COORDINATES 
 
Surface element on x-y plane:  
 
Elementary volume:  

 
 

 
 
 
 
 
 
 

σ a = −
qa
4πa2

= −
2q
4πa2

σ b = −
qb
4πb2

= −
−q

4π 2a( )2
=

q
16πa2

E = 1
4πε0

qa + qb( )
R2

r̂ = 1
4πε0

2q− q( )
R2

r̂ = 1
4πε0

q
R2
r̂

Ea =
1
4πε0

qa
r2
r̂ = 1

4πε0
2q
r2
r̂ = 1

2πε0
q
r2
r̂

Eb =
1
4πε0

qb
r2
r̂ = 1

4πε0
−q
r2
r̂ = − 1

4πε0
q
r2
r̂

dA= ρdρdϕ

dτ = ρdρdϕdz

0 ≤ϕ ≤ 2π
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• SPHERICAL COORDINATES 
 
Elementary volume:  
 
Elementary surface on a sphere of radius r:  
 

 
 

Cylindrical

Unit vectors
{

r̂, θ̂, ẑ
}

, r̂×θ̂ = ẑ, A = Ar r̂+Aθθ̂+ Az ẑ.

x = r cos θ

y = r sin θ

z = z

r =
√

x2 + y2

tan θ =
y

x
z = z

∇ψ =
∂ψ

∂r
r̂ +

1

r

∂ψ

∂θ
θ̂ +

∂ψ

∂z
ẑ

∇ ·A =
1

r

∂

∂r
(r Ar) +

1

r

∂Aθ
∂θ
+
∂Az
∂z

∇×A =
(

1

r

∂Az
∂θ
−
∂Aθ
∂z

)

r̂ +

(

∂Ar
∂z
−
∂Az
∂r

)

θ̂ +
1

r

(

∂

∂r
(r Aθ)−

∂Ar
∂θ

)

ẑ

Note that

∇×A =
1

r

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

r̂ rθ̂ ẑ

∂

∂r

∂

∂θ

∂

∂z

Ar r Aθ Az

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

∇2ψ =
1

r

∂

∂r

(

r
∂ψ

∂r

)

+
1

r2
∂2ψ

∂θ2
+
∂2ψ

∂z2

2

dτ = r2drsinθdθdϕ

dA= r2 sinθdθdϕ

0 ≤θ ≤ π ,    0 ≤ϕ ≤ 2π
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Spherical

Unit vectors
{

r̂, θ̂, φ̂
}

, r̂×θ̂ =φ̂, A = Ar r̂+ Aθθ̂+ Aφφ̂.

x = r sin θ cosφ

y = r sin θ sinφ

z = r cos θ

r =
√

x2 + y2 + z2

cos θ =
z

√

x2 + y2 + z2

tanφ =
y

x

0 ≤ θ ≤ π, 0 ≤ φ ≤ 2 π

∇ψ =
∂ψ

∂r
r̂ +

1

r

∂ψ

∂θ
θ̂ +

1

r sin θ

∂ψ

∂φ
φ̂

∇ ·A =
1

r2
∂

∂r

(

r2Ar
)

+
1

r sin θ

∂

∂θ
(sin θAθ) +

1

r sin θ

∂Aφ
∂φ

∇×A =
1

r sin θ

[

∂

∂θ
(sin θAφ)−

∂Aθ
∂φ

]

r̂

+

[

1

r sin θ

∂Ar
∂φ
−
1

r

∂

∂r
(r Aφ)

]

θ̂ +
1

r

[

∂

∂r
(r Aθ)−

∂Ar
∂θ

]

φ̂

Note that

∇×A =
1

r2 sin θ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

r̂ rθ̂ r sin θφ̂

∂

∂r

∂

∂θ

∂

∂φ

Ar r Aθ r sin θAφ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

∇2ψ =
1

r2
∂

∂r

(

r2
∂ψ

∂r

)

+
1

r2 sin θ

∂

∂θ

(

sin θ
∂ψ

∂θ

)

+
1

r2 sin2 θ

∂2ψ

∂φ2

[

Note that
1

r2
∂

∂r

(

r2
∂ψ

∂r

)

=
1

r

∂2

∂r2
(rψ) .

]

3


