Lecture 5
Euclidean n-space R" and Dot,

!'_ Cross Products

5.0 VectorsinR"

5.1 Length of a vector
5.2 Dot Product

5.4 Cross Product



5.0 VectorsinR"

= An ordered n-tuple:

a sequence of n real number (x,,X,,:--,X,)

n
= n-space: R

the set of all ordered n-tuple
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n=1
n=2
n=3
n=4

R = 1-space
= set of all real number

R® = 2-space
= set of all ordered pair of real numbers (x;,x,)

R®= 3-space

= set of all ordered triple of real numbers (x, x,, x3)

R = 4-space

= set of all ordered quadruple of real numbers (X, X5, X3, X4)
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= Notes:

(1) An n-tuple (x,, x,,---, X.) can be viewed as a point in R’

with the x;’s as Its coordinates.

(2) An n-tuple (

X:(Xl’xzi'”’

=

Xl’XZ"”’

a point

v

(00)

X.) can be viewed as a vector

X.) In R"with the x;’s as its components.

(%, %,)

a vector

v
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u :(ul’uz,...,un)’ V:(V1’V2""’Vn) (tWO Vectors in Rn)

= Equal:
u=Vv ifandonlyif Uu =v, U,=v,,---,u, =V,

= Vector addition (the sum of u and v):
U+V=(U +V,Uy+V,, -, U +V )

= Scalar multiplication (the scalar multiple of u by c):
cu = (cu,,cu,,---,cu, )

= Notes:
The sum of two vectors and the scalar multiple of a vector
in R" are called the standard operations in R".
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= Negative:
= U ==y, U=y, =)
= Difference:
U—V'= (U —Vyg; Uy =V, Uy =V, U =V )

= /Zero vector:
0=(0,0,...,0)

= Notes:
(1) The zero vector 0 in R" is called the additive identity in R".

(2) The vector —v is called the additive inverse of v.
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= Thm 4.2: (Properties of vector addition and scalar multiplication)
Let u, v, and w be vectors in R, and let ¢ and d be scalars.
(1) u+visavectorin R"
(2) utv=v+u
(3) (u+v)+w = u+(v+w)
(4) u+tO=u
(5) u+(-u)=0
(6) cu isavectorin R"
(7) c(u+v) = cu+cv
(8) (c+d)u =cu+du
(9) c(du) = (cd)u
(10) 1(u) = u
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« Ex 5: (Vector operations in R%)
Letu=(2,-1,5,0),v=(4,3,1,-1),and w=(-6, 2, 0, 3) be
vectors in R”. Solve x for x in each of the following.

(a) Xx=2u— (v + 3w)
(b) 3(X+w) = 2u — V+X

Sol: (a) x=2u—(v+3w)
=2U—V—-3W
=(4,-2,10,0)-(4,3,1,-1)-(-18,6,0,9)
=(4-4+18,-2-3-6,10-1-0,0+1-9)
=(18,-11,9,-8).
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(b) 3(x+w)=2u-Vv+x
3X+3W=2U—V+X
3X—X=2U—V—-3wW
2X =2U—V—3W
X=U—3V—-32Ww
=(215,0)+(-2,8,%,4)+(9,-3,0,2)
=9 )
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- Thm 4.3: (Properties of additive identity and additive inverse)
Let v be a vector in R and ¢ be a scalar. Then the following is true.
(1) The additive identity is unique. That is, iIf u+v=v,thenu =0

(2) The additive inverse of v is unique. That is, If v+u=0, thenu = —v

(3) Ov=0

(4) c0=0

(5) If cv=0, then c=0 or v=0
(6) (V) =V
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= Linear combination:
The vector x is called a linear combination of v,,V,,...,V,,

If it can be expressed in the form
X=CV,+C,V,+--+CV, C,Cy -, C,: scalar
" EX ©:
Given x = (- 1, = 2,—2),u=(0,14),v=(-1,1,2), and
w =(3,1,2) inR", find a, b, and ¢ such that x = au+bv+cw.

Sol: 3R s R o
Al = el O =, 2
itz W oy 92 o T2 o R

=> a1 =D o Cr =],

Thus X=u—-2v—-w
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= Notes:

A vector u=(u,u,,...,u) in R" can be viewed as:

a 1xn row matrix (row vector): u=[u;, U,,---,u,]

or U,

a nx1 column matrix (column vector): u=

(The matrix operations of addition and scalar multiplication

give the same results as the corresponding vector operations)
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Vector addition Scalar multiplication

U+v=_U,U,, -, u)+M,V,,--,V,) cu=c(u, U,,---, U)

:(U1+V1’u2+V2""’un+Vn) = (Cuy,cu,,---, cu,)
UtV =[Up, Uy U I+ [V Vo, V] cu=cfu,, 0,0, U]
=[u, +Vv, U, +V,,---,u. +V, ] =[cu,,cu,,---, cu_]
W o L TR i Ll
urv=| 2 || || 2T et
_un_ _Vn_ _un+vn_ _un_ _cun_
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5.1 Length and Dot Product in R"

= Length:
The length of a vector v =(v,,v,,---,v,) INR"Is given by

V|| = \/vlz +V, ety
= Notes: The length of a vector is also called its norm.

= Notes: Properties of length

1) |v[=0

(2) Iv|=1= v is called a unit vector.
(3) |v||=0 iff v=0

(4) Jevl =[cM
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L2 E:
(a) In R®, the lengthof v=(0,-2,1,4,-2) isgivenby

IV]|=+4/0% +(=2)2 +12 + 4% + (-2)2 =25 =5

(b) In R®the length of v =(2, 7=, %) is given by

) ) B

(v is a unit vector)
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= A standard unit vector in R":
1,85, 8, f= (L0, -+,0),(0.L,---,0),(0,0, - 1)}

e E9C
the standard unit vector in R?: {i, j}= {(1’0)’ (0’1)}

the standard unit vector in R3: {j, j,k}={(1,0,0),(0,1,0),(0,0,1)}

= Notes: (Two nonzero vectors are parallel)

U=cv
1) ¢>0 = uandv have the same direction
(2) c<0 = uand v have the opposite direction
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= Thm 5.1: (Length of a scalar multiple)

Let v be a vector in R"and ¢ be a scalar. Then

lev]=|cl]|v]]
Pf:
V=(V,,V,, V)
=cv=(cv,,CVv,, -, CV,)
levil=1[(evy, ev, -+, evy) ||

= J(ev)? +(cv,)? + -+ (cV,)?

=\/CZ(V12 P Ty )

2
n

:|c|\/v12+v22+---+v

=[c[lIv]]
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= Thm 5.2: (Unit vector in the direction of v)

: : V
If v IS a honzero vector In R", then the vector u= m
V

has length 1 and has the same direction as v. This vector u
Is called the unit vector in the direction of v.

Pf:
V is nonzero :>HVH¢O:>H—\1/H>O
= U= ﬁv (u has the same direction as v)
Y 1
lul|=|——1|l=—1IIv]l=1 (uhaslength1)
VIl (v
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= Notes:

\Y;
(1) The vector M Is called the unit vector in the direction of v.

(2) The process of finding the unit vector in the direction of v
Is called normalizing the vector v.
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- EX 2: (Finding a unit vector)
Find the unit vector in the directionof v=(3,-1,2),

and verify that this vector has length 1.

Sol:
v=(3,-1,2) =|v|=y3+(1P+22 =14
N (S T N NG s e
:>||V||_\/32+(—1)2+22 \/E(B’ g (\/ﬁ\/ﬂ\/ﬁj

CIRCRCIR

\Y;
M IS a unit vector.
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= Distance between two vectors:

The distance between two vectors u and v in R" iIs
d(u,v)=[lu-v||
= Notes: (Properties of distance)
(R () =0

(2)d(u,v)=0 ifandonlyif u=v
(3) d(u,v)=d(v,u)
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= EX 3: (Finding the distance between two vectors)
The distance between u=(0, 2, 2) and v=(2, 0, 1) Is

d(u,v)=llu-v||=1(0-2,2-0,2-1)|
=J(-2)? +2% +12 =3
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5.2 Dot Product

= Dot product in R™
The dot product of u=(u, ,u,,---,u,) andv=(v, ,v,,--+,V,)

19TR

IS the scalar quantity

U-V=UV, +U,V, +---+U.V

n-n

= EX 4: (Finding the dot product of two vectors)
The dot product of u=(1, 2, 0, -3) and v=(3, -2, 4, 2) Is

u-v=@0)E@E) +(2)(-2) + (0)(4) + (=3)(2) =7
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= Thm 5.3: (Properties of the dot product)
If u, v, and w are vectors in R"and c Is a scalar,
then the following properties are true.
(1) u-v=v-u
(2) u-(v+w)=u-v+u-w
(3) c(u-v)=(cu)-v=u-(cv)
4) v.v=|v|>
(5) v.-v>0 ,and v-v=0 Iifandonlyif

I
(@)

Vv
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= Euclidean n-space:

R" was defined to be the set of all order n-tuples of real
numbers. When R" is combined with the standard
operations of vector addition, scalar multiplication, vector
length, and the dot product, the resulting vector space Is
called Euclidean n-space.

25/45



= EX 5: (Finding dot products)
u=(2,-2),v=(5,8),w=(-4,3)
@u-v O u-v)Iw (©u-(@2v) @) [w]* (€)u-(v-2w)

Sol:
(@) u-v=(2)(5)+(-2)8)=-6

(b) (u-v)w=-6w=-6(-4,3)=(24,-18)

(c) u-(2v)=2(u-v)=2(-6)=-12

(@) [wlP=w-w=(-4)(-4)+(3)@3) =25

(e) v—-2w=(5-(-8),8-6)=(13, 2)
u-(v—2w)=(2)(13)+(-2)(2)=26—-4=22
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= EX 6: (Using the properties of the dot product)
Given y-u=39 u.-v=-3 Vv-v=79
Find (u+2v)-Bu+vV)
Sol:

(U+2Vv)-(Bu+V)=Uu-(3u+Vv)+2v-(3u+V)
=u-(3Bu)+u-v+(2v)-(3u)+(2v) - Vv
=3(U-u)+u-v+6(v-u)+2(v-v)
=3(U-u)+7(Uu-v)+2(v-v)
=3(39) + 7(-3) + 2(79) = 254
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= Thm 5.4: (The Cauchy - Schwarz inequality)
If u and v are vectors in R", then

ju-v[<|lullllv]l  (ju-v|denotes the absolute value of u-y

= EXx7: (An example of the Cauchy - Schwarz inequality)
Verify the Cauchy - Schwarz inequality for u=(1, -1, 3)
and v=(2, 0, -1)
Sol: y.v=-1, u-u=11, v-v=5
= u-v|=|-1=1
luv]|= Vu-u-vv-v =y11-4/5 =55

u-vi=|ullv]
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= The angle between two vectors in R":

PR il e W ol
lull]l v

Opposite B Same
direction u-v<0 u-v=0 u-v>0 " girection

<__,u1};4_,_,

Z<6?<7z 6’—— O<¢9<— 6=0
2 2 2

cos=-1 " cos<0 cos=0 cos>0 St
= Note:
The angle between the zero vector and another vector is
not defined.
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= EX 8: (Finding the angle between two vectors)
u=(-4,0,2,-2) v=(2,0,-1,1)
Sol:

ul=+u-u :\/(—4)2+02+22+(—2)2 =24

V[=+Vv-v= \/22 +(0f +(-1¥ +12 =/6
u-v=_-4)(2)+(0)(©0)+(2)(-1+(-2)Q) =-12

W L TR A SRR L
lulllivil v24v6 144
=& =x .. uandv have opposite directions. (U=-2V)
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= Orthogonal vectors:

Two vectors u and v in R" are orthogonal If
u-v=0
= Note:

The vector O is said to be orthogonal to every vector.
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= Ex 10: (Finding orthogonal vectors)
Determine all vectors in R" that are orthogonal to u=(4, 2).
Sol:
u=(4,2) Let v=(v,,V,)

= u-v=(4,2)-(v,,V,)

= 4v, + 2V, 4 2 0]_)[1 1 0}
=0 2
G L e
L T i T
2
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= Thm 5.5: (The triangle inequality)

If u and v are vectors in R", then |Ju + v||<|[u||+||v]]

Pf:
lu+Vv||*=(U+V)-(u+V)

=u-(U+V)+Vv-(U+V)=U-U+2(U-V)+V-V
=[|ull® +2(u-v)+ v <[lull® +2]u- v+ (v
<[lull® +2{ull{lvil+]IvI®
= (lull+IvID®

Au+ v |lull+ v

= Note:
Equality occurs in the triangle inequality if and only if
the vectors u and v have the same direction.
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= Thm 5.6: (The Pythagorean theorem)
If u and v are vectors in R", then u and v are orthogonal

If and only If

2 2 2
[u+ v =[[uf]” + v
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= Dot product and matrix multiplication:

Kok X
u, v,| (Avector u=(u;,U,,---,U,) inR"
u=| . v=| .
IS represented as an nx1 column matrix)
_un_ _Vn_
K3
7 Vs
u-v=u v=[u, u, u-1| .° [=[uyvg +Uv, +---+U V.
_Vn_
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5.4 Cross Product

« Cross product in R3:

The cross product of u=(u, , U, ,u,) and v=_(,,v, \V,)

IS the vector quantity

e i€ e
u2 u3
W=U X V=u, U, U=
V3

Vv
2 3
vV, V,

t’l u3 t’l UZ]
il V3 | V2

W=U X V=(UN,—UY,,uy, —UV,uy,—uy,)

« Ex 11: (Finding the cross product of two vectors)
The cross product of u=(1, 2, 0) and v=(3, -2, 4) Is

w=u x v=(8-4,-8)
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= Thm 5.10: Relationships involving cross product and dot product
Let u, vand w be 3 vectors in R3, then:

(@) u-{uxv)=10 (ux v 15 arthogonal to u)

(B) u-{uxv)=_0 (ux v is arthogonal to v)

() |uxv||? = u?v]® = (u-v)? (Lagrange'sidentity)

(d) ux(vxw)=(u'w)v—(u-v)w (relationship between cross and dot products)

(¢) (uxv)xw=(u'w)v—(v-w)u (relationship between cross and dot producis)
= Thm 5.11: Properties of involving cross product

Let u, vand w be 3 vectors in R3 and k a scalar, then:

(@) Wx V= — (vxu)
h) U (v+Ww)=(uxv)+ (uxw)
(c) W+ V) xw=(uxw) + (vxw)
(d) kluxv) = (ku) xv=ux (kv)
(e) ux0=0xu=0
() uxu=0
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= Thm 5.12: Scalar triple product

Let u, vand w be 3 vectors in R3, then:

ul u2 u3
V =we(u x v)=v, Vv, V,|= Volume of the parallelepiped determined by the 3 vectors
W, W, W

1 2 3

/
/

» (u,.'u.. Iy

R

(w,, w,, wy)

o
(U, 05 U3) ¥
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