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Elementary Row Operations

I. Multiply a row through by a nonzero constant.

2. Interchange two rows.

3. Add a constant times one row to another.
These are called elementary row operations on a matrix.

We denote the row operations as follows:
Q The switches of the j*" and the k' rows is indicated by: R;x
@ The multiplication of the j™ row by r # 0 is indicated by:
r-R;.
@ The addition of r times the j* row to the k™ row is indicated
by: rRjxor rRFR,
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A matrix is in reduced row echelon form  if it has the following
properties:

[. If a row does not consist entirely of zeros, then the first nonzero number in the row
isa 1. We call this a leading 1.

I~

If there are any rows that consist entirely of zeros, then they are grouped together at
the bottom of the matrix.

3. In any two successive rows that do not consist entirely of zeros, the leading 1 in the
lower row occurs farther to the right than the leading 1 in the higher row.

4. Each column that contains a leading 1 has zeros everywhere else in that column.

A matrix that has the first three properties is said to be in row echelon form. (Thus,
a matrix in reduced row echelon form is of necessity in row echelon form, but not
conversely.)

P> EXAMPLE 1 Row Echelon and Reduced Row Echelon Form

The following matrices are in reduced row echelon form.

1 0 0 4 1 0 0 v : ’ 0 :
0 | 0 . 0 1 0 0 0 0 1 3 0 0
’ 10 0 0 0O o] [0 O
|_D 0 1 —IJ |_[} 0 lJ
0 0 0 0 0

The following matrices are in row echelon form but not reduced row echelon form.
[1 4 -3 7'| [1 1 u:}'l [{1 1 2 6 ﬂ'l
0 1 6 21, 0 1 01, 0 0 1 -1 0
|_{] 0 1 SJ I_[} 0 [}J 0 0 0 0 1
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Now we will give a step-by-step elimination procedure that can be used to
reduce any matrix to reduced row echelon form. As we state each step in the
procedure, we illustrate the idea by reducing the following matrix to reduced
row echelon form.

0 0 —2 0 T 12
2 4 —10 6 12 28
2 4 —5 6 —5 -1
Step 1. Locate the leftmost column that does not consist entirely of zeros.
o o =2 0 7 12
2 4 =10 6 12 28
2 4 =5 6 =5 =l
L Leftmost nongero column
Step 2. Interchange the top row with another row, if necessary, to bring a nonzero entry
to the top of the column found in Step 1.
[2 4 —10 6 12 23'|
1] 0 -2 0 7 12 a— The first and second rows in the preceding
matrix were interchanged
L2 4 =5 6 —5 -1
Step 3. If the entry that is now at the top of the column found in Step 1 18 a, multiply
the first row by 1/a in order to introduce a leading 1.
1 2 -5 3 6 14
] o -2 0 7 12 — Thefirstr hr preceding matr "
maltiplies =
2 4 -5 6 -5 —1
Step 4. Add suitable multiples of the top row to the rows below so that all entries below
the leading 1 become zeros.
1 2 =5 3 ] 14
0 o -2 0 7 12 -— l|-.| w of .-I. edin
0 0 5 0 —17 -29 ' '
Step 5. Now cover the top row in the matrix and begin again with Step 1 applied to the

submatrix that remains. Continue in this way until the enfire matrix is in row
echelon form.

1 2 =5 3 6 147

1] 0 =2 0 7 12

1] 0 5 0 —17 =29

t— Leftmost nonzero colummn
in the submatrix

1 2 =5 3 6 147

1] 0 1 1] —; —6 +— The first row in the submatrix was

- multiplied by == to introduce &
0 5 0 =17 =29 leading 1. :
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1 2 =5 3

00 1 0

o0 0 0
1 2 =5 3
0o 0 1 0

L 00 0
2 =5 3

0 0 1 0
0 0 1] 0

The entire matriz is now in row echelon form. To find the reduced row echelon form we

need the following additional step.

Step 6. Beginmng with the last nonzero row and working upward, add suitable multiples

|—'- [ P PSS T ] RN

of the submatrix

was added to the second row of the

- 5 times the first row

submatrix to introduce a zero below
the leading 1

Irix was

+——— The top row in the sub
covered, and we returned again to

Step 1

Leftmost nonzero column
In the new submatrix

+— The first {and only} row in the new

submatrix s niltiplied by 2 to

ntroduce a keading |

of each row to the rows above to introduce zeros above the leading 1's.

1 2 -5 3
0o 0 1 0
0 0 0 0
(1 2 —5 3
0o 0 1 0
0 0 0 0
1 2 o 3
0o 0 1 0
0 0 0 0

The last matrix is in reduced row echelon form.

6
0

= o o

- o

imes the third row of the prece

matrix wad added to the second now.

. & timses the third row was added io the
first row

. 5 times the second row was added to the
first row
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Some Facts About Echelon  There are three facts about row echelon forms and reduced row echelon forms that are
Forms important to know but we will not prove:
1. Every matrix has a unique reduced row echelon form; that is, regardless of whether

you use Gauss—Jordan elimination or some other sequence of elementary row oper-
ations, the same reduced row echelon form will result in the end.”

(&)

Row echelon forms are not unique; that is, different sequences of elementary row
operations can result in different row echelon forms.

3. Although row echelon forms are not unique, the reduced row echelon form and all
row echelon forms of a matrix A have the same number of zero rows

THEOREM 1.4.3 If R is the reduced row echelon form of ann x n matrix A, then either
R has a row of zeros or R is the identity matrix I,,.
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