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Which ofthe following man·ices is row equivalent to the matrix [ ~ 
1 

1 l y z ? 

z+ y x +z y + x 

uz 1 

xU [: 
1 

~ ] (c) [: 
1 

~ ] (d) [i 1 
1 l (a) 1 (b) 1 y 1 1 . 

x + z 1 y x + z 2y x + z 
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Inverse of a Matrix 

DEFINITION 1 If A is a square matrix, and if a matrix 8 of the same size can be 
found such that AB = BA = I , then A is said to be invertible (or nonsingular) and 
B is called an inverse of A. If no such matri x B can be found , then A is said to be 
singular . 

..... EXAMPLE 5 An Invertible Matrix 

Let 

A= [ 2 
- I -~] and B = [~ ~] 

Then 

A B = [ 
2 

- l -~] [~ 5] = [I 
2 0 ~] = I 

B A = [~ ~] [ -~ -~] = [~ ~] = I 

T hus, A and B a re invertible a nd each is a n inverse of the o ther. 
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THEOREM 1.4.4 lfB and C are both inversesofthematrix A , then B =C. 

Proof Since B is an inverse of A , we have BA = I. Multiplying both sides on the right 
by C gives (BA)C = I C = C. But it is also true that ( BA)C = B(AC) = B I = B , so 
C= B. 

As a consequence of this important result, we can now speak of " the" inverse of an 
invertible matrix. If A is invertible, then its inverse will be denoted by the symbol A - l. 

Thus, 

( I) 
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THEOREM 1.4 .5 The matri.Y 

is invertible if and on~r if ad - be f= 0, in which case the inl'erse is gi l'en by the formula 

A -I - I [ d - ab ] 
ad - be -e 

(2) 

..... EXAMPLE 7 Calculating the Inverse of a 2 x 2 Matrix 

ln each pa rt, determine whether the matrix is invertible. If so, find its inverse. 

(a) A = [~ ~] [
- 1 

(b) A = 
3 

Solution (a) The determinant of A is det(A) = (6)(2) - (1)(5) = 7, which is nonzero. 
Thus, A is invertible, and its inverse is 

A- 1 = _ = 1 1 I [ 2 -1] [ .?. _.!.] 
7 - 5 6 _ 2 i 

7 7 

We leave it for you to confirm that AA - I = A - I A = /. 

Solution (b) The matrix is not il1lvertible since det (A) = (- I) ( - 6) - (2) (3) = 0. 
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THEOREM 1.4.6 If A and B are inrertible matrices with the same si::.e, then AB is 

invertible and 

' -\ -\ 

BA 
(A~c 

A product of any number ofinvertible matrices is invertible, and the inverse of the product 
is the product of the imerses in the reverse order. 
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Powers of a Matrix If A is a square matrix, then we define the nonnegative integer powers of A to be 

A0 = I and A" = A A · ·· A lrdactorsl 

and if A is invertible, then we define the negative integer powers o f A to be 

A _, (A-1)'1 A- IA- 1 A- 1 · = = · · · !•1 factors! 

Because these definitions parallel those for real numbers, the usual laws of nonnegative 
exponents hold· for example, 

Ln addition, we have the fo llowing properties of negative exponents. 

THEOREM 1.4.7 If A is invertible and n is a nonnegative integer, tlzen: 

(a) A - J is in vertible and (A - l )-1 = A . 

(b) An is invertible and (An)-1 = A-n= (A - I)n . 

(c) kA is invertible/or any non;:ero scalar k , and (kA)- 1 = k- 1 A - I . 
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..... EXAMPLE 10 Properties of Exponents 

Let A and A - I be the matrices in Example 9; that is, 

A = [ ~ ~] and A-
1 

= [ -~ -~] 
T hen 

Also, 

A3 = [ ~ ~] [ ~ ~] [ ~ ~] = [ ~~ !~] 
so, as expected from Theorem 1.4.7(b), 

3 - I 1 [ 41 - 30] [ 41 - 30] - I 3 
(A) = ( 11)(41) - (30)(15) - 15 11 = - 15 11 = (A ) 
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