» Development of mathematical models from schematics of physical systems.

Mathematical Models of Systems

Transfer functions in the frequency domain,

Two Methods:

State equations in the time domain.

a. Block diagram representation of a system;

b. block diagram Representation of an
interconnection of subsystems

by applying the fundamental physical
laws of science and engineering.

|

II'.Il'.I|.|.1. - Svstem Out put - From mathematical model
r(f) ¥ el equations we will obtain the
relationship between the
system's output and input.
()
Input . Output
— | Subsystem [~ Subsystem e Subsystem ———
F(r) (1)

(5)

Note: The input, r(t), stands for reference input.
The output, c(t), stands for controlled variable.

Transfer function (mathematical function), is inside each block.
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Modeling in Frequency Domain
Laplace Transform Review

A system represented by a differential equation is
difficult to model as a block diagram.

A differential equation can describe the relationship
between the input and output of a system.

By using Laplace transform we can represent the
input, output, and system as separate entities.

A(5)Y(s) = B(5)U(5)

Laplace transform can be defined as:

ZLf0)]=F(s)= | f(H)e™d

Where s = ¢ + jw, a complex variable

Inverse Laplace transform:

PV[F(s)]= %a];l}(sje”ds = f(Hu(t)

ol

Where, u(t)=1 =0
=0 r<0

yields a time function that
is zero for t < 0.

Multiplication of f(t) by u(t) }
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Laplace Transform Table

Table 2.1

Laplace transform table

Item no. f(t) F(s)
1. a(r) 1
1
2. u(f) -
1
3. fuel1) —
8
n!
4. " uft) oEs
~ |
5. e u(t) p——
. (il
0. s1n il r) m
)
7. fe( f
cos win(l) .

Solution:

CENA455: Dr. Nassim Ammour

Problem: Find the Laplace transform of

f(t)=Ae " u(t)

F(s)= Tf(r)e“”dr = T.&‘e'“e'“fﬂ

fra] , ‘4 .
=4 _f et = ———— g™ 7
A s+a
A
-
s+a



Laplace Transform Theorems

Table 2.2
ltem no. Theorem Name
1. #f(0)] =Fi(s) = [,- fle)edr Definition
2. Zkf(0] = kF(s) Linearity theorem
3 LU0 + f2(0)] = Fy(s) + Fals) Linearity theorem
4, Fle~™f(1)] = Fis+a) Frequency shift theorem
5. Zlf(t-T) =e*TF(s) Time shift theorem
6. 2(f(at)] = éF 2) Scaling theorem
7. F % = sF(s) — f(0-) Differentiation theorem
8. o % - F(s) — sf(0=) - f'(0-) Differentiation theorem
g, @ ‘;:f . = s"F(s) - E =k fi-l (0=) Differentiation theorem
10. _||" f(r)dr] I:.r',l Integration theorem

5

11. floc) = 11_r'rlD sF(s) Final value theorem'
12, fl0+) = i]1'1'& sF(s) Initial value theorem®

'For this theorem to yield correct finite results, all roots of the denominator of F(s) must have negative real
parts, and no more than one can be at the origin,
*For this theorem to be valid, f{¢) must be continuous or have a step discontinuity at f = 0 (that is, no
impulses or their derivatives at ¢ = 0).
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Inverse Laplace Transform

Problem: Find inverse Laplace Transform of

1
Fis\=——
1(5) 523

Solution:

From 1tem 3 and 5 of Table 2.1,

f(t)=e"tu(t)

Frequency shift theorem item 4 of Table 2.2,
Fle ™™ f(t)] = Fis +a).



Inverse Laplace: Partial-Fraction Expansion

A partial-fraction expansion: transform of a complicated function to a sum of simpler terms for which we know the Laplace

transform of each term.

Case 1. (Roots of the Denominator of F(s) Are Real and Distinct)
s*+4s7+65+5  N(s)

Problem: F(s)= - =
1 sT+35+2 D(s)
Solution: s+ 1
s?+3s+2 ‘53+4S2+6S+5

— (s3+43s% 4+ 25)

Partial-Fraction Expansion s2+4s+5
— (<2
s+3 K, K, (s“+3 s+ 2)
F(s)= 543

= +
(s+Ds+2) (+D) (s+2)
To find K . multiply by (5 +1). Thus
s+3 _ (s+1DK,
(s+2) (s+2)
Lettimgs=-1, K =2

K +

Smularly, K, =-2

) ()=

Final solution:  f,(t) =

The order of N(s) > order of D(s) we must perform the division until we obtain a
remainder whose numerator is of order less than its denominator

s+ 3

F(s)=s+1+—
) £(5) =

Taking the inverse

Laplace transform, £ = ds(1) — 3_1[ s+3 }
(Table 2.2 Item 7) dr (s+1)(s+2)
(2e™ —2e u(t)
ds(t)

- +5(0)+(2e” =2 u(t)
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Laplace Transform Solution of
a Differential Equation

d'y __dy

Problem: Solve for y(t), if all initial conditions are zero. +1 g_f +32y =32u(t)
dr’ dt
Solution: The Laplace transform is,
(Table 2.2 Item 8) . 32
) 5 Y (8) +125Y(s) +32Y(s) =—
5
32 32
¥(s)= n |

s(s’ +125+32)  s(s+4)(s+8)

K = =1
(s+4)(s+8)| _,

K, K, K, | -
= + = + - E = ]
5 (s+4) (s+8) T s(s+8)|
Taking inverse Laplace transform, we get K, = 32 _1
s(s+4)|
; ¢ inverse Laplace transform
v =(1-2e +e " u(r) Hence, ¥(s) =tz 41

' 5 (5+4) (s+8)
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Inverse Laplace: Partial-Fraction Expansion

Case 2. (Roots of the Denominator of F(s) Are Real and Repeated)

Problem: Find inverse Laplace transform of

5

Solution:

We can write the partial-fraction
expansion as a sum of terms

K, K, K,

reduced
multiplicity

Fis)=
(5) (3+1}+(s+1} (s+2) )
K=——2 ] =2
(5+2) o
To find K,, multiply (1) = (2) by (s + 2)?

2

- 7)°
(s+1) (s+2)

Gl )+K +(s+2)K; (3)

Letting s - —2,we obtain K, = —2

F(s)= — - (1)
) (s+1)(s+2)
To find K3, differentiate (3) w.r.t. s:
-2 2
s p Lk
(s+1)y (s+1)

Letting s - —2,we obtain K; = —2
Therefore, inverse Laplace transform is:

f(t)=2e"

_Dte ™ —2e™

For repeated roots with multiplicity r, we have
F(s) = =
['5" +P1} (-5' + P
1 d1F(s)
- 131 =1
(i—=1) ds R

Fy(s) = (s +p,) F(s)

+ e

)y (s +py)

K; =

CENA455: Dr. Nassim Ammour
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Inverse Laplace: Partial-Fraction Expansion
Case 3. (Roots of the Denominator of F(s) Are Complex or Imaginary) 3

Problem: Find inverse Laplace transform of

F(s)= s(s*+25+5)

Solution:

This function can be expanded in the following form:

3 K KJ+K
s(s° +Es+5) 5 5 +254+5

(1)

K is found in the usual way:

1

| g
3

s?+2s+5|
To find K, and K3 :

Multiply (1) by s(s% + 2s + 5), and put K; = 3/«
3
— 3=§(52+25+5)+K252+K35
3, |
—> 3=[K2+§]3'+[K}+%}3+3

Balancing coefficients(matching)

K2+g=0 .
. —> KE=—‘;. and K, =—
K3+§=0 .
Hence, F{S}_E_:'_E s+2

5 55 4+2545

Using Item 7 in Table 2 1 and Items 2 and 4 in Table 2.2, we get

: L Als+a :
: I[Ade™ cosmt] = ( ) i
: (s+a) +o
: ~ : Ba

J[Be™ s at] = —
: (s+a) +o

L s o e e e e e e r e e

A{3+ﬁ}+ﬂm
(s+a)’ +o

Adding, J[Ae™ cosat+ Be™ sinat]=

We have, s2+2s+5=5s2+2s+1+4=(s+1)?+ 22

/ m) aga=1landw =2
_3/5 3(s+1)+(1/2)(2)
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‘ F{Sj_ T 7 7
s 5 (s+1)y+2°
3 3 . 1 .
f(t)=———e (cos2f+—sin 2f)
5 5 2




Transfer Function

A Transfer Function is the ratio of the output of a system to the input of a system. It allows us to algebraically combine
mathematical representations of subsystems to yield a total system representation.

R(s) C(s)
_— G(s) _—
Input output

General n® order, linear time-invariant differential equation:

" n—1 m_, m—1_,
) d’e) +a,_ arclr) C_EI) +...+a,c(t)=>b, d’r(?) +b a7 {lr}
dt’ dt’ dt” dr™

as"C(s)+a, s C(s)+...+a,C(s)+[Initial condition is zero]

+...+b,r(t) c:output, r: input

a

Taking Laplace transform, . . % o S
=b s"R(s)+b,__,s" R(s)+..+b,R(s)+[Initial condition 1s zero]

C(s b s"+b _s™ +..+b
Transfer function: ( }= G(s)= O —— = — o)
R[.-ﬂ 1:{']'”.5' +a,,s +"'_H|:-) [We can findtheoutput}
R(s) (hm*"'m T bm—l*‘-"‘m_l Tt b{J) C(s) /
- 1 - C(s) = G(s)R(s)
(”n*"* " dp—15 gh-t et ”{J)

Block diagram of a transfer function
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Transfer Function for a Differential Equation
de(t)
di

Problem 1: Find the transfer function represented by

+2c(t) =r(r)

Solution:

Taking Laplace transform and assuming zero initial conditions, we have

sC(s)+2C(s) = R(s)

C(s) 1
Transfer function, G(s), = Gis)= =
) (5) R(s) s+2
3
Problem 2: Find the transfer function represented by dc 3& ?E + 5¢ = d'r + 4£ + 3r.

de T die? dt de

Solution:
5’C(5)+35°C(5)+7sC(5)+ 5C(5) = 5" R(s) + 4sR(s) + 3R(s)
C(s) s +45+3

= Gl(s)= -
(5) R(s) s +35°+7s+5

CENA455: Dr. Nassim Ammour
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Problem Solving

Problem:  Find the ramp response for a system whose transfer function is
G(s) =——
(s+4)(s+8)
Solution: The input (ramp)
1
C(s) = R(s)G(s) = x5~
s (s+4)(s+8) s(s+4)(s+8)
= C(5) = 4 — 5 — -
5 (5+4) (5+8)
— 1 = 1 Hence,
(s+4)(s+8)_, 32 | | |
—41 -8t
# c(f)= ——e +—e
! S ) 32 16 32
s(s+8)|__, 16
1 1

s(s+4)|_, 32
- CEN455: Dr. Nassim Ammour

11



Electric Network Transfer Functions

Apply the transfer function to the mathematical modeling of electronic circuits including passive networks and O-Amp
circuits.

Table 2.3
\oltage-current, voltage-charge, and impedance relationships for capacitors, resistors, and inductors
L, (R P | 1
—{ (— Wi = CJ“ ilrhdr i) = F—{ﬂ vt = E.q'l’r} T s
Capacitor
W/_ Wity = Ri(t) i) = év{.r} vit) = H% s j_l?_ =
Fesistor !
8 d T
W i) = Ld;rﬂ ifry = %J W T vit) = LH;E” Ls ﬁ
Inductor ! ! !

Note: The following set of symbols and units 15 used throughout this book: v(f) = V (volts), i) = A (amps),
glf) = Q{coulombs), O = F (farads), & = £} (ohms), G = U (mhos), L = H (henries),
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Transfer Function: Single Loop (1)

Problem: Find the transfer function relating capacitor voltage, V.(s), to input voltage, V (s).
L R s R

— 0000 "W\~ — 0000 VWV~

Laplace-transform

+ 1 e
V(1) @) > Cc =< ve(® ‘ input v/(s) @) L2 V() output
(1)

input ~ output I(s)
RLC network - . Laplace-transformed
Summing the voltages around the loop, =V.(s)= () x5 network
di(t) 1 (¢ Ls+R+— g
L—=+ Ri(t) + —j i(t)dt =V (t) g
dt CJy V.(s) 1 y 1 _ Cs . 1
take the Laplace transform V(s) _Ls +Re L Cs s'LC+sRC+1 Cs
Veo(s) = %1(5) V,(s) =LsI(s) Vr(s) = R I(s) ::5
Capacitor Inductor Resistor = I+ RO 1 V(s) i Ve (s)
|
1 D SU
[L3+R+—]I(SJ=F(5) = 1s) = 1 =7 R 1 STLSTLe
CS, F{S) £5+R+L £_+SE+E

V&) _ I(s) 1

1
We know, V.(s)=1I(s) Cs V) 7(s) :{E CEN455: Dr. Nassim Ammour 13



Transfer Function: Single Node

Transfer functions also can be obtained using Kirchhoff's current law and summing currents flowing from nodes. currents
leaving the node are positive and currents entering the node are negative.

D= Ioue B 1(s) = Ipy(s) L samecuren

ST (s)= Ve Ve _
» Ir:('?) IRL('Sj 0 » Z ZRL_O( J
F.(s) V.(s)—F(. Ve, = =V = V)
— r~”(5)+ (5) =V (s) -0 input output
1 R+ Ls I(s)
Cs
# 1 ) F(
= V.(s) Cs+ O
\ R+Ls] R+Ls Vis) 1 Vo (s)
) T )
:}VE(.E,-): | " IgC | C
Fis) .S'ELIITI—;.S'_RC+1 S2.|.ZS.|_E
[ LC
., R 1
5THS—+—
L LC
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\oltage across capacitor is some proportion of
the input voltage.
Ls R

V(s)
Input

Transfer Function: Single Loop
via Voltage Division

1/Cs
Vols)=- 1 ".F(S)
[L.-;+R+
Cs )
V.(s) 1/LC
= =
Vis) o, R 1
L IC

Impedance of the capacitor
Sum of the impedances
1
V(s) IC Ve (s)
R 1
2 i, B .
ST Le

oI

Vi=(Zy+Zy) i(t) (1)

K

Vo =275 i(t) (2)
(2) Vo  Z
m — V,  (Zy +Zy)

Which one is the easiest? Method 1, method 2, or method 3?

CENA455: Dr. Nassim Ammour
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Complex electrical networks (those with multiple loops and nodes). We use nodal analysis to find the transfer function —=

IRl— R> - sum currents at the nodes A Current from node Vy.(s) ]
I

Complex Circuits via Nodal Analysis;

Ve(s)
V(s)

o+ +1g, =0 my L mﬂ— rGs) | FEES} V. ix}éﬂﬂ ®_,
1 3 p

Ip
\ C —~ vcl

N = F'(S}_F.(S} Current from node V,(s)
(1) -4—// OUtpUt And IC + IRZ =0 » CSE?[:S}‘F . z - =0 4 cts ]

input i1 (1) 2
@ Expressing resistances as conductances, G=1/R
1 A
; G+G +— —GV.(s5)=V(s)G
R, — R» 20 [ G (1)
TR G ~GV, () H(G,+CWV.(5)=0 mmh y (5=21CS 2)
\1 L (2in() Va(s) CCoLs G2
V) +> Cs ~T~ ) = e
, : )( - V(s) (G + G)LCs? + (C + G3(Gy + G)L — G3°L)S + G,
1(5) -—— 3(§) -
®) ’ o G:;S: . 4 Divide by LC ]
®) Transfer function: | = =
GG ¥ (5) . GGL+C G,
Ves) 1(,‘ 2 VAs) (G, +G, )5 +— = S+LC‘

(G1+ Gps*+

G]G2L+ C G2

LC

LC
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For Mesh 1:

For Mesh 2: -

For Mesh 3: -

Similarly, Meshes 3, we obtain

Complex Circuits - Mesh Equations via Inspection,

Sum of Sum of
impedances % I;(s) — impedances
around 1 common to
Mesh 1 Mesh 1 and mesh?2 |
Sum of Sum of
impedances x I, (s) + impedances
common to 1 around
| Mesh 1 and mesh2 | Mesh 2
Sum of Sum of
impedances x I, (s) — impedances
common to common to
| Mesh 1 and mesh3 | [ Mesh 2 and mesh3

X I(s) —

X I (s) —

Sum of
impedances
common to

| Mesh 1 and mesh3 |

Sum of
impedances
common to

X I,(s) +

[ Mesh 2 and mesh3 _

Sum of
impedances
around

Mesh 3

For Mesh 1: +(2s+2)1,(s)—(2s+1)1,(s)—1,(s)=V(s)
For Mesh 2: —(2s + 1)1 (s) +(9s+1)1,(s)—4sI,(s)=0

\
For Mesh 3: — 7, (s) — 4sZ,(s) + As+141 1(s)=0
5 )

which can be solved simultaneously for any desired transfer
function, for example, I5(s)/V(s)
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[ Sum of applied ]
x I3(s) = |voltages around
Mesh 1

[ Sum of applied ]
X I3(s) = |voltages around
Mesh 2

X I3(s) =

Sum of applied
voltages around

1
Mesh 3 K
| (
AN
Ix(s <—)
1 ) 45
1
V(s) t)
2s
II(S)
Three loop

electrical network =

3s



Operational Amplifier

An operational amplifier is an electronic amplifier used as a basic building block to implement transfer functions. It has the
following characteristics:

1. Differential input, v, (t) — v,(t)

2. High input impedance, Z; = oo (ideal) The output, vo(t), is given by: vy (t) = A(v,(t) — v1(t))
3. Low output impedance, Z, = 0 (ideal) +V
4. High constant gain amplification, A = oo (ideal) ) = b V1)
+vs(7) A s
a. Operational amplifier; bl
-V
b. schematic for an inverting operational amplifier; =
c. Inverting operational amplifier configured for transfer @ (b)
function realization. Typically, the amplifier gain, A, is omitted.
Z(s)
——
I(s)=-1I,(s). asl,(s)=0,because of high input impedance Vi) Z16) - Iy
- ) ! /{(8) Vi(s) 2(s)
;/\/\/\/— P—— V.(s)
Vi(s) = Z1(s)I1(s) Iy

V_?(S) Z:(S)
V,(s) = Z,(s),(s) - » %=_21(5)
I,(s) = =1,(s) . "
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Problem Solving
Inverting Operational Amplifier

Rz— C2:
Problem: Find the transfer function, Z"g , for the circuit below. C = 220k 0.1 F
| s0 £ —AM—¢
| [
. I\ |
Solution: L B8 1 v (1)
For parallel components, Z,(s) is the —/\/\/\r .
reciprocal of the sum of the admittances. R =
360 k
1 I n L
Z(s)= 1 = 1 -
Cs+— 5.6x107°s +—
R, 360%10
2 ;
For serial components, Z,(s) is the sum - » V.(s) __ Z.(5) 1737« 5T +45955+22.55
of the impedances. V.(s) Z,(5) ' s
1 10’
Z,(s)=R,+—=220x10"+—
i - Cis 5
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Non-inverting Operational Amplifier

Using voltage division, ZA9) I(s)

Vo(s) = 1Z1(s) + Z,(s)] I(s) Z (s) V. (s) M_"
Vi(s) = Z1(s) I(s) » His)= Z.(5)+ Z,(5) V,(s) L \ V_(s)

Vi(s) | /

We have: ¥, (5) = A(V,(s)~V,(s)) ) Vo(s) = A [Vz &) =7 52 " Z,(s)
1
Z4(s) _
B Vo(s) 1+AZl(s)+Zz(S)] = AV;(s) 1
V,(s) _ A

P V6 1 AZOZEZ6)

V,(5) _ Z,(s)+Z,(s)

For large A, we disregard '1° in the denominator.
V.(s) Z,(s)
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Problem Solving

Non-Inverting Operational Amplifier

PROBLEM: Find the transfer function, Vq(s)/Vi(s), for the Non-inverting operational amplifier circuit

SOLUTION:
We find each of the impedance functions,
1 RCs+1 __ 1 R
Z\(s)=R +C_ sy and Z,(5)= T RCs+1

1S Cis C‘ls+l 22 A A A
R,

V(1)

: »
Now use the following equation: Z=&8) _ Z()+Z:(5) (9
P:{S) 21(3) V,‘(f) 1
Vo(s) _ [Rilas + 1_|_ R, Cis 1+ R,C;s
Vi(s) Cys R,C,s +1|RCis +1 (R,Cys + 1)(RCis + 1) %Rl
» VO(S) — 1 4 R2C18 Cl
Vi(s) R,R,C;Cy;s%* + R,Cys + R{C;s + 1 I

Substituting yields Yols) _ €2y RoRis* + (CaR; + CiRa + CiRy)s + 1

lefS:I CIC] RER].E‘E + '[CERE + E]R]]S +1

CENA455: Dr. Nassim Ammour

Z,

vl(f)
- 1‘()( r}
— 4

Non-inverting operational amplifier circuit
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Translational Mechanical System Transfer Functions

Mechanical systems (like electrical networks) have three passive linear components: Spring and the mass (energy-storage

elements); and viscous damper (dissipates energy).

Table 2.4
Force-velocity, force-displacement,
and impedance translational
relationships
for springs, viscous dampers, and
mass

K: Spring constant

fv - Coefficient of viscous friction

M: Coefficient of mass

Force- Force- Impedance
Component velocity displacement Zuls) = F(s) X|s)
Spring
= il [
o fr) = KL viT)dT flry = Kx(r) K
! [
K
Viscous damper
—_— =
L o dr) .
e i) Sy = fuvlr) S J’L-? fus
g
Mass
- i = M0 gy = 2O Ms?
M = ) | i . e |

CENA455: Dr. Nassim Ammour

MNote: The tollowimg set of symbols and umits 15 vsed throughout this book: f{#) = N
(newtons), x{f) = m (meters), W) = m/s (meters,/ second), K = N/ m (newtons/ meter), f, =
N-s/ m (newton-seconds, meter), M = kg (kilograms = newton-seconds®/ meter).
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Transfer Functions: One Degree of Freedom

Find the transfer function, X(s)/F(s), for the system [

the mass is traveling
toward the right

K [ Spring force ]\ —— x(?)

AROLEEp — _ KX(s) - 1
Kx(t) -7 !
: ol - ; pplied force :
- _/—O-O—O—O-\_ ' : [;I/allfrfgﬁforce L dx e R/—] LT f5X(s) - ; M — F(s)
M = fif) fogp =~ M 0 ) /S i s
., P mass for . sl
I 5% : : M dz_x - L MSEX(S) -+
I : e drz '
Iy Free-body diagram of mass, Transformed free body diagram

Mass, spring, and damper system spring, and damper system:

 All the forces impede (obstruct and block) the motion and act to oppose the applied force.

Differential equation of motion (Newton's law) Sum of impedances x X(s) = Sum of applied forces (zero initial conditions)
d?x(t dx(t E =
M d};g ) +fy _);(t_) + Kx(t) = f(¢) =) (KA [ s+ Ms7)<X(s)=F(s)
Solving for the transfer function yields F( ) X(s)
(s §
G[S} = X{S} = L = L ] g
Fis) Mo +fs+K — el ekt
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Transfer Functions: Two Degrees of Freedom

Number of differential equations required to describe the system is equal to the number of /inearly independent motions (degrees
of freedom).
a. Forces on M1 due only to motion of M1

* Find the transfer function‘, X2(S)/F(s), for the system b. forces on M1 due only to motion of M2
| _ 5 fi. 20 c. all forces on M1
| A —— ' _
e _ Forces on
| W My Ky Mo KiXq(s) =—:s
LT CLO LT T COT T gL KNG
7 y, F(s) $oo e frsXo(s)
J :"l _ﬁ..'2 M 1S2X l(S) <—
Two-degrees-of-freedom translational mechanical system (@) (b)
Two-degrees-of-freedom : since Each mass can be moved in the horizontal [_hold M2 and move M1 | | [_hold M1 and move m2 |
direction while the other is held still. (Ky+ K)Xy(s) =— 0
(hy + Fi)sXa(s) =— | KoK
<My
The Laplace transform of the equation of motion of M1 Fis) —=:20 o, sXo(s)
Ms2X (s) =—1 00 §

[Ms* +(f,+ F)s +(K +K)IX () - (fs + K)X,(5)=F(s) (1) ©
A Xl(S) — BXz(S) =F (1) [ total force on M1 1

(superposition or sum)

CENA455: Dr. Nassim Ammour 24



Transfer Functions: Two Degrees of Freedom Continued

The Laplace transform of the equation of motion of M2 _
a. Forces on Mzdue only to motion of Mz;

b. forces on Mzdue only to motion of M;

- (fn-'ﬂs + K] ]XI{:E] + [“M]S: + (fn-'j + ﬂﬂ}"g + {:Kl + j:!:-:'l )]IZ (E] = {] C. a” forces on M2
D
—C X1(s) + DX,(s) =0 X;(s) = =X,(s) (2)
@n® D ¥ (S)C c —_ Forces on M2
AZXy(s) = BXy(s) = F mmp 2 FA) =
F(s) AD—CB £, 5Xo(s) -—1 1 KrXy(s) —pii
. fst ) My [+ K3X5(s) M,
v AN £, 5Xy(s) —sfiii
. -F + K 8 ~ 3
Transfer function: -izfﬁ} = Gs) = f_f,] A 21 : Mos=Xo(s) =— = 23
$ 2
5) : (@ (b)
where - [ hold M1 and move M2 ] [ hold M2 and move M1 ]
o |8+ G+ fo)s + (K + K2)) —(f,,s + K2) (Ra Relole) =—t
= c—e L s X (s
~(f,5 + K2) [Mas® + (f,, + f,.)s + (K2 + K3)] F, + £, )5Ko(S) ~——1 Mo Jo,sX1($)
M282X2(S) 4—
!I'.' 5 , -15.-'|| : -
S} s T K) 2A8) (c)
_.-"||,, [ total force on M1 (superposition or sum) l
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Transfer Functions:

Three Degrees of Freedom 7
—T 3
* Write, the equations of motion for the mechanical network -
The system has three degrees of freedom, since each of the  — ’ ) S M e fuw N
three masses can be moved independently while the others ~ [I, ST T R —— o e B
: | K, K
are held still. ( U i
- L e
[1|\\‘ 11\ \|1I\[‘\‘ i\l \“. l\}n]\
N - . . £/ %, 7
« The form of the equations will be similar to electrical mesh equations 1 v,
: Sumof 7 Sum of Sum of
impedances impedances impedances S.um of
For M1: connected [X;(s) —| " Lo T Xa() = |y Giween | X3(s) = |applied forces
to the motion atx;
atx, x;and x, x;1and x5
M,;: [Je"a!'l.zv;2 +(f, + f)s+H(K + KX, (5) - KX, (5)— f,,sX,(s)=0
imilarly, for M2 and M3, w in . ) ) . L
Similarly. for M2 and M3, we obia M: KX, () M +(fy + £)s + KX, (5) — £, (5) = F(s)
M,: — [ s X(8) = fL s X, () +[M,s* +(f5+ £,,)s]X.(s) =0
26
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Nonlinearity

Linear systems have two properties: (1) additivity, and (2) homogeneity.

1. Additivity (superposition): r(t): Input
+ +
If ry(t)= ¢, (t) and r, ()2 c,(1), then ry(t) + ry(t) > c;(H)+e,(t) o(t): Output
2. Homogeneity: motor does not respond at very low
input voltages due to frictional
]‘i‘ rl(t}+':'l{t]: ﬂ:lEﬂ Arl(t} %Aﬂl (t:l gczr;eisz;zzzlblts a nonlinearity called
ﬁf) ﬁf ) ﬂf ] ﬁf Motor dead zone
Amplifier saturation
5L Sl C o
L I L L X | | L | o x - X .
0o 1 2 3 4 o 1 2 3 4 Input Input
Input Input ] ) o
: _ Some physical nonlinearities
Linear system Nonlinear system
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Linearization

If the system is nonlinear, we must linearize the system before we
can find the transfer function.

Making linear approximation to a nonlinear system.

For a nonlinear system operating at point A: [x, , f (xo)]

Linear approximation :

Output

related by the Slope my (line)
of the curve at the point A

small changes in the input 6x — small changes in the output of (x)
Thus,

f(x) — f(xo) = my(x — xq)

‘ 5f(X) = My ox % Derivative of f(x) at x = x, }

) f(x) = f(xg) + my(x — x¢) = f(xo) + my 6x
)

f(x) = f(xg) + my 6x

CENA455: Dr. Nassim Ammour

zﬂx)

fixo)

o OX

X

Input

Linearization about a point A
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Linearizing a Function

Problem: Linearize f(x) = 5 cos(x) about x = 7/,. ‘ﬂf)
5
4 Slope =-5
Solution: .
We first find that the derivative of f(x) at x = ™/, 2

ox
i =—5":.i_'[1l- . — 5 ﬁSIopeatx:E ] 1 /

Tz £
dT Xemami 2 T .
Also 4 —(1) L \2 3 4
f(.-rg.;l = f(.ﬂ" :} =5 C'[:I":-(ET Zj =0 ) Of(x)
-3
-4

the system can be represented as

f(x) = —5 &x for small excursions of x about ™/,
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Modeling in The Time Domain

State-space Method
Two approaches are available for the analysis and design of feedback control systems.

1. Frequency domain approach (classical approach):
based on converting a system’s differential equation to a transfer function.

« Advantage: rapidly providing stability and transient response information. Thus
we can immediately see the effects of varying system parameters.

« Disadvantage: limited application. It can be applied only to linear, time-invarian
systems or systems that can be approximated as such.

backward movemen

2. State-space approach (time domain / modern approach): /[a sudden, forceful t]
Can be used: a) To represent non-linear systems that have backlash, saturation, dead zone.
b) It can handle systems with nonzero initial conditions.

c¢) Multiple-inputs, multiple-outputs systems can easily be represented.

d) Many commercial software packages are available.

CENA455: Dr. Nassim Ammour

A
Qutput

Approximation

A

Output 4y

/ Actual Curve
»Input
Saturation non-linearity
4
X
>
0 a Input

Dead Zone

Many calculation is needed
before actual realization.
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RL Network: State-Space Representation

The state-space approach for representing physical systems (state equations and the output equations are a viable (feasible) representation of the

system.).

1. Select a state variable (possible system variable) : say i(t).

2. Write differential equation (in terms of the state
variable i(t)).

3. Take Laplace transform:

solve for I(s): L[sI(s)—i(0)]+RI(s)=V(s) =) I(s) =

/

i
L—+ Ri=v(t
o ()

e ) R
loop equation }

(State Equation)

V(s)

0 ,

i((1)

Li(0)

If v(t) = u(t), thenV(s) = /5. ™ I(s) =
B L i(0)

A
= )=t R vk = =

S+

T S+

L

1 | ,.
Inverse Laplace transform: i(f) = E(]—E_ER'”’)+;J([]:}£":R Lyt

4. Output equations:

Algebraically combine the state variables with the
system's input and find all of the other system
variables for t > ¢,.

(Ls + R) +Ls+R
1 N Li(0)
s(Ls+R) Ls+R

1,1 1 i(0)
R(E_ R>+ R

v (t) = Ri(t)
v, (t)=v(t)— Ri(t)

d 1 _ .
& — () Ri(t
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YWe can determine} RL network

the state variable

If we know initial condition of 1,
1(0), and input voltage, 1(#), then we
|~ can find the value of any network
/ variables at time 7= ;.

Self Study

Do the State-space representation
of RLC network.
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The General State-Space Representation

Some Terminology
Linear combination: (of n variables x;) S=Kx, +K x, ;+.. + Kx wables can be written as ]

a linear combination of the others.

Linear independence: S is zero if every K is zero and no X is zero: variables x are linearly independent.

System variable: Any variable that responds to an input or initial conditions in a system.

State variables: The smallest set of linearly independent system variables that completely determines (knowing the value at
to) the value of system variables for t > ¢,

State vector: A vector whose elements are state variables.

State space: The n-dimensional space whose axes are the state variables.

State equations: A set of n simultaneous, first-order differential equations with n variables (state variables).

Output equations: The equation that expresses the output variables of a system as linear combinations of the state variables
and the inputs.
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State-space Representation

« Asystem is represented in state-space by the following equations: x: state vectot

x:derivative of the state vector w.r.t. time
y: Output vector

XxX=Ax+Bu « state equation u: input or controlvector
_ _ A: system matrix
y = Cx+ D u « output equation B: input matrix

C: output matrix
D: feedforward matrix

« This representation of a system provides complete knowledge of all variables of the systematany t > t,

* isnotunique.
e The choice of state variables: = * minimum number (equals the order of the differential equation).
e arelinearly independent.

Problem: X3 = X3
Given the following system: Xy = —2x;—x7 + 5u
Set the system on the following state-space form:

. y - IE

Solution:

i . Bl 1o 171 0
State-space model: [le = [_2 —1] [xz] + [5]u
A B
X
y=[0_ 11[}]+0]u
— 7 * F CEN455: Dr. Nassim Ammour 33



Example-1: State-space Representation

Node 1
Problem: 6660 o bl
Find a state-state representation of the following electrical network if
the output is i the current through the resistor, (v(t) is the input). V(1) Ci) l R = C
iR(t) iC(t)
Solution:

The following steps will yield a viable representation of the network in state space.

Step 1. Label all the branch currents in the network (These include i;, ip, and i. ).

Step 2: Select the state variables (quantities that are differentiated v and i;, energy-storage elements, the inductor C and the

capacitor L) and write derivative equations.

v di —
C L We can have v, = i,
C = L — 111 % e can have U, = i} ]

=1-~.
ar dt

Step 3: Express non-state variables (right-hand side: i and v;) as a linear combinations of the state variables (differentiated

variables: v-and i;) and the input, v(t).

1 We have vp = 1.

C R 'L R ¢ L 7 v, interms of the state variables, v, and i, .

v, =—v. +1(1)

CENA455: Dr. Nassim Ammour
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Example-1: State-space Representation-contd.

Step 4: Obtain state equations: (by substituting the values and rearranging)

ave 1 : di;
— =V, +I,. — =—v,. +v(f
” Rl & o +V(t)
dv, 1 1. (
———=———V.+—=1 Matrix Form dvc — 1 1.
— =—— Ve + —-ip + 0-v(t
d*RCTCT oy | TTRCCTCRTMO e
'[ﬁL _ 11. N 1 1'(?} diy _ 1 00+ 1 . equation
dt_ LC I kdt = ch lr, LV()
Matrix Form
1 outp_ut
Step 5: Find the output equation: 7, = i’l'c » g = 1 vc +0-10
R
Final result: Convert into vector-matrix form *.‘1 _L i v 0
/ {f}z RIC ¢ {C}+{1}u{f)
. : ; il
x=Ax+Bu L —7 o Ltld [ L

y:CX+Du -_— i_|:] E}PE}
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Example-2: State-space Representation

(with a dependent source)
PROBLEM: Find the state and output equations for the electrical network shown in Figure.

If the output vector is y = [Vr, [gr,]|T Nisda 1 % lc; -~  Nedu2
AN
Step 1: Label all the branch currents in the network. =000
Step 2: Select the state variables (energy-storage elements: L and C) i) D R, L
and write derivative equations (voltage-current relationships). i (1) i (1) i (1)
dv, di, | _ N .
C? =1. E =V, X, =4, X,=1; the state variables (differentiated variables)
Step 3: State equations (we find v; and i, in terms of the state variables)
Node 1
meshLCR, ——— V¥ =V +Vpy =V +ip R, I = 'i{"f)_iﬂl —1I;
Node2 ———  Atmnode2.iy, =1, +4v,. 50 we get. _i(f) ;
) - L )
Vv, =V, +(I. + 4V, )R, 'R‘l _ (v, = V1)
=, = 1 (Vo +i.R,) =i(f)—~L—i,
1-4R, : R,
1

» (1 — 4R2)UL — Rzic = V¢ 1) »
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Rq

——v, —ic=1i,—i(t) @
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Example-2: State-space Representation

Solving (1) and (2) simultaneously for v; and i, yields

1 1 (1) 1
_R_vL_lC_lL_l(t) = lC:_R_le_lL'l'l(t) = (1—4R2)UL—R2(——UL—lL+l(t))—UC
1 R4
R, . . 1. _ , R,
=>(1—4R; + 2t Ryip —Rpi(t) =ve = vy, = Z[RZlL —ve — Ryi(t)] with A= —(1—-4R, + B
1 1

1 1
and ic = 3 [{1 — 4R}y + R—]vc —{1- ‘mz}ffr’}]

[E‘LJ [ Ry /(LA) *U(Lﬂ]” ]
writing the result in vector-matrix form v (1-4R:}/(CA) 1/(RCA)

—Ry/(LA) ] )
—(1-4R;)/(CA)

Step 4: Output equations ~ Vpy = —Ve + 1. iny =i+, !

) : . ve ] [Re/A —(1+1/4) i, -Ra/A].
vector-matrix form, the output equation is ",HJ = ’1;,1 a —4313,’{&31}][ ‘ + [ ]:[:}
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Example-3: State- space Representation

(Translational Mechanical System) = X X
*[F —_—t— 4] —t— 2
For M1:  M;s"X,(s)+ DsX,(s)+KX,(5) - KX,(s)=0 E — M —m\— M, ()
Z}’ﬂ'flifl+ﬂ%+ﬂ—ﬂﬁ=ﬂ x‘w\ﬁ\‘1“1\‘\‘):\\‘“}1\‘{‘\H‘\‘M‘l‘x]\‘y‘w[x‘ll
- t i
For M2 Frictionless
— KX, (5)+ KX, (5)+ M,s" X,(5) = F(5) dy, _ .
.;f N dt :
= —Kx; + Kx, + =/ m:lz—le—DvﬁiL
d M, M, M, "
Let d’x, _ dvr. State equations: ﬂ; _ +v,
dt” dt v, LK K ] o
(acceleration = derivative of velocity) dt M, . M, M,
Select xi1, X2, v1, v2as state variables. matrix form.
dxl d X1 dvl . x 0 1 0 07 x 0
—— =" » iz - ar ol 175 S, %, 0|l 0
0| = 0 0 o 1||x]|T . F@®
dXZ Vo » d ) _ dvz 1.}2 K/]\/I2 0 _K/M1 O_ V2 /M2
2
dt CEN455: Dr. Nassim Ammour 38




Example-4: State-space Rebresentation

ic, ir K
i *4— i
Problem: Find the state-space representation of the electrical network Ve, 4 VR =Y.
shown in the figure. The output is vy (t). yi(1) @) L " ve, | C2 A= Vol
Solution:
Using Kirchhoff's current and voltage laws:
state variables: v, , i;, v ¢ =
] ] | Cl’. o Cld;?:fﬂ iC =iL+iR=iL+E=iL+l(UL—UC) Mesh 2
The derivative relations (one for each o 1 R R 2
energy-storage element) L%zﬂl , | v, =i~ Ve, vesn1 )
dv., ic, =Igp = R (VL - vcz) = R (Vi = V¢, — Ve,)  Mesh 2, Mesh 1
G, d:- =lc
Matrix form . 1 1 1
le, = —Evcl + 1 _Evcz +Evi
State vector state-space representation D | v, =— Ve, + 00, + 0, + v,
1 1 _1 T 1 T

v, /rc, ¢, ~/Re, /R, | LR S

: lc, =—=V i, — =V —V;
¥=|h k= =1, o0 0 |x+| 1/ [n® 7 Rt R R

Ve, 1 1 1

~“/re, 9 ~“/rc,] |/rc, 4—’

CENA455: Dr. Nassim Ammour
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Converting a Transfer Function to State Space

Phase variables: A set of state variables where each state variable is defined to be the derivative of the previous state variable

- - - - {]TH \ dn—l , d- .
Consider a differential equation, i +a, —n_’} +...+a ld +a,v=b,u
dt dt dt

Choose the output, y(t), and its derivatives as the state variables, x;.

_ .dy
W=y .|
Y dv R > X=X,
, = . :
2 o 5. =2 . -
d*y > 3 >
= —; T
(ﬁ : dra -i'rn—l = TJ'J
‘Ti"il — _'ﬂ[:lj"-l - ﬁl‘Tl'" - ﬂ.l']—].jl'-ﬂ + b{]“
(f”_l'l* . H’”}:
Yo = o T dt” hat i ?
dt What is output equation’
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matrix form,
X1 0 1 0 0 0 0
X5 0 0 1 ] 0 0
X3 | |0 0 10 0 0
Xp—1 0O 0 0 0o 0 o0 1
| X, 1| L@ -a -2 -ay —ay -as - —au)

X1 0
X2 0
X
33 N 0
Xn—1 0
L X _bo_

Converting a Transfer Function to State Space

output T X1 T

y=[1t 0 0 .. O]

C(s) 24

PROBLEM: Find the state-space representation in phase-variable form for the transfer function R(s) (5 + 952 + 265 + 24)

Step 1 Find the associated differential equation (s + 95* 4 265 + 24)C(s) = 24R(s)

inverse Laplace transform,

Step 2 Select the state variables. Z ; z
the state equations. X3 = ¢
X = X7
X1 = X
x3 = —24xy — 26x; — 9x3 + 24r
y=c=Xx

matrix form,

>
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:

Xj
X2
X1

|

¢+ 9¢ + 26¢ + 24¢c = 24r

0 1 0 Xy 0
—24 =26 -9 X3 24

X1
y=[1 0 ﬂ][l’z]
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Block Diagram Reduction

More complicated systems are represented by the interconnection of many subsystems.
In order to calculate the transfer function, we want to represent multiple subsystems as a

single block.
A subsystem is represented as a block with an input, an output, and a transfer function.

Kis) C(s) = Ry(s) +R:(5}‘H3[5}h

R(s) C(s)
' ' R(s) | R(s)_
Signals ‘ R(s)
R4i5)
Ris) | - Cs) Pickoff point
Input Ourput Summing junction
System

block diagram
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Cascade Form

Reduction of Multiple Subsystems,

equivalent

X,(s) = X(5= Cis) = transfer function R(s) C(s)

Ris)

—_—

Cr(5)

G (5)R(5) 616 G;.u}G]Le}Risl- Gx(5) Ga(s)Ga(s)G (5)R(s) . ‘ — Gl s)GH(5)G(5)

Parallel Form

X(5) = R(5)G(s)

——= () (5)
equivalent
~ + ~ transfer function R(s) C(s)
R(s) Gats) X3(s) = R$)Gas) * C(s) =[2Gy (5) £ Gals) = G3(s)IR(s) ‘ ——— 1G,(5) £ Go(s) £ G3(s) ——m
+
X3(5) = R(s)G
G405 3(5) = R(s)G(s)

Feedback Form

R(s) +

E(s)

Actuating

signal

(error)

C(s) =G(s) E(s)
plant and Butsince E(s) = R(s) + C(s) H(s)
controller eqfuiv:llent_ C(S) = G(S) [R (S) + C(S) H(S) ]
oo w ' RO |00 | Cb_ C(s) = G(s)R(s) F G(s)C(s) H(s)
Outp Input | 1% G(s)H(s) | Output [1 + G(S) H(S)]C(S) _ G(S)R(S)
H(s) = trar?sigirvzjlﬁzzio C(S) — G(S)
m— R(s) 1+G(s)H(s)

Feedback CEN455: Dr. Nassim Ammour



Reduction of Multiple Subsystems;

Moving Blocks to Create Familiar Forms
* Familiar forms (cascade, parallel, and feedback) are not always apparent in a block diagram

Block diagram algebra for summing junction Block diagram algebra for pickoff point
R(s) + X(s) G(s)[R(s) + X(s)] R(s)G(s)) G(s)[R(s) + X(s)] I r Gl R(5)YG(x) R(5)G(x) .
R(s) + G(s) iﬂ... — ﬂﬂ.. Gis) + Cis) R(s) R(s) —— Rl‘._ﬂ-_ G e G:. Ris) .
+ + _-X(S)G(s) 2
X(s) R(s) . N Ris)
o ivalent forms f ing a blockto =
Transfer function is moved left Equivalent forms for moving a block to
past a summing junction T the left past a pickoff point.

X(5)
R(s)G(s)

Ris)C(s) R(s¥C(5)

R a3 - G’[s]

R(s)G(s) + X(s) R(s)G(s) + X
Ris) Gls) + ()
I

Ris) R(s)G(s)  _  Ris) R(s¥G(s)

(s)
R(s) + ) C(s) — (1) i = Gls) ">
*’? ~ R(5)G(s) R(s)YG(5)

X(s) : L - —e ({5} p——=
Transfer function is moved o Equivalent forms for moving a block to
right past a summing junction I the right past a pickoff point.

X(5)
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Solution;

Example o)

R(s)

— 515}

The three summing
junctions can be

collapsed into a single

summing junction

— Gyis) Gals) = Gy(s5) ) -
Problem: Reduce the system shown in Figure
to a single transfer function. Hyls) f=
Hyls) =
«— G,(s) and G5(s) are
Cis) connected in cascade. -
Gals) F—w= rals) - Hils) |
- =) e Gy | GA$)Gas) SOR
/ Hy(s) |+—— -
H(5) p—— Hy(s) - Hals) + Hi(s) = \
\ the three feedback functions, /
o FYE ) S— H,(s),H,(s),and H;(s) are )
connected in parallel. the feedback system is reduced
and multiplied by G, (s)
R(s) Cals)Cral 500Gy (5) Cis)
- -

| + G4{s)Ga(5)[H (5) = Ha(5) + Hals)]
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