Chapter 2: Basic concepts

Question 1:

1-

b)

What is the difference between strict and weak stationarity? When we can say
that weak stationarity leads to strict stationarity?

Strict stationarity:

If the set (¢4, t,, ..., t,;;) IS subset of the time units,

where m = 1,2, ... and if k = £1, %2, ..., then the stochastic process {Y;} is
strictly stationary if the joint probability distribution function of the variables
{Y;,, Y, ..., Y;, }is the same as the joint probability distribution function of the
variables {Y, 4y, Yo 4k -, Yz, +1 } fOr any set of time points (¢, t,, ..., t,,) and
for any time lag k.

Weak stationarity:
the stochastic process {Y;} is weakly stationary if the second order moments
exist, and satisfy:

The mean of the process u;, is constant and do not depend on time t, that is:
Ut = E(Yt) =Uu ;t - O, i]., iz, e

The variance of the process o7 is constant and do not depend on time t, that
IS:
a2 =V()=y(0);t=0,+1,+2,..

The covariance between any two variables depends only on the time lag
between them. That is:
Cov(Yy, Yig) = y(k)



And since the normal distribution is completely defined through its second
order moments, so if the joint distribution of the variables {Y; ,Y;,, ..., ¥; }is

the multivariate normal distribution, then the weak stationarity leads to the
strict stationarity.

........................

»

stationary mean = non-stationary mean stationary mean
stationary variance stationary variance non-stationary variance

An analyst has a time series data representing number of daily car accidents
in a major road at Riyadh city. He applied the techniques of regression
analysis to analyze the data set, by considering the dependent variable y, as
the number of daily car accidents, and the independent variable the time
indices t=1,2,3,4, ... representing days. So he applied the following simple
linear regression model, y, = B, + Bit + & comment on what he have done,
do you think his analysis is always valid, discuss.

Solution:

Since the data set he has is a time series, then one would expect that there exists
a serial correlation between the observations. Thus, | think what the analyst has
done might be risky without checking that there is no serial correlation in the
data. The results he would obtain — if there were actually correlation exist- would
not be accurate, and the estimates of the coefficients f; although unbiased but
they do not have the minimum variance property, also the estimates of the
standard errors of these coefficients underestimate the true standard errors of the
estimated regression coefficient, thus the hypothesis tests and the confidence
intervals for these coefficients that uses the t and F distributions are not
applicable.



Question 2:

1- Assume the model:
Yt: 1+€t+€t—1

where {¢;} is a sequence of independent and identically distributed random
variables with mean zero, and variance o2 .

Find the autocorrelation function (ACF) for the process {Y;}, plot it and
comment on the graph.

Solution:

Cov(V¢, Vi—
ACF=pk=y—k— Ve Ve-1)

Yo a Var(y,)

o E(y) =E(1+¢ +&_4)
= E(1) + E(g) + E(€e-1)
= 14+ 0 + 0 =1
e Var(y,) =Var(1+ & + &_1)
=Var(1) + Var(e) + Var(e,_1)

=0 + o +02=20?

o Vi =Cov(Ve, Vi) cov(x,Y) = E[(x — 1, ) (¥ — i) | = EQxXY) — ms,

Vie = Covye, Vo) = Eeye—k) — Ee) E (Vi)
= Elyye—x] — 1
=E[(1+e+e )+ p+e )] —1

=Elt+e+e e wtes it e &t &1t EEj1tE1E k] — 1

E(g_p&_y) = 02 k=0,1,2,3 ...




for k =0:
Yo = E[l +et+e e+ +e& 18t e HeE t ] -1
=14 0%+ 0% -1=20%

for k =1:

Y1 = E[l +et+e 1t teg + +e_,+ e, + 5t—15t_z] -1

=1+ 0% —1=c0?

fork=>2:

Vi=Ell+e+e g te tee e 6 +e 3+ee s+e 631

=1-1=0

Thus, ACF for this process has the form:

Ye Cov(ye,Yei)
ACF = =—=
Pk Yo Var(y.)
Yo 202 ,
2
p="t={ % s s k=1
Yo Yo 20-82
Yk 0
\)/_ = 202 =0 ) k>?2
0 5




2- Find the ACF for the process, Y; = 1 + & — &;_4 , plot it and compare it with
the ACF in part (1).

Solution:

Cov(y¢, Ve
ACF=pk=y—k— Ve Ve-t)

Yo - Var(y,)

e E(p=1

o Var(y,) =Var(1+¢& —€_1)
= Var(1) + Var(e,) + Var(gq._,)

=0 + o} +0%=20?

o Vi = Cov(yp, Yeoi) cov(x,Y) = E|(X =, ) (v — u,) | = E(XY) = ym,

Vie = Covye, Veer) = EVeYei) — Ee ) E(Ye—i)
= Elyye—x] — 1
=El(1+e—g_ )1 +ep—&_p-1)]—1

=E[l+e —eq et &y — 16k — k1 — EEtk-1 + E—18 k1] — 1

E(Et_kgt_k) == 0-82 ;k == 0,1,2,3




fork =0:
Yo = E[l +e —&_ 1+ + — € 1& — &1 — §&_q F ] -1
=14 0%+ 0% -1=20%

for k =1:

V1= E[l te &g tE gt EE, — &y T &, T 5t—15t—2] -1

=1-0%—-1=—0?

fork=>2:

Vie=E[l+e—e g +ert+ee o~ 18— & 35— &8 3+e 831

=1-1=0

Thus, the autocorrelation function for this process has the form:

Cov(y,, Vi
ACF=pk=y—k= Ve Ye—i)
Yo Var(y,)
( 207
Yo 207
Yk V1 _052
=—=4—= =—-0.5 k=1
& Yo Yo 207
0
Cl—— k> 2
\y, 207

We notice from the autocorrelation functions in (1) and (2) that in process in (1) observations
that are one time lag apart are positively correlated with p; = 0.5, and that observations
more than one time lag apart are not correlated. While the process in part (2) observations
that are one time lag apart are negatively correlated with p;, = —0.5, and that observations
more than one time lag apart are not correlated.



Question 3:

If the series {Y; } ca n be expressed in the form:

Y = Bo + Bit + Bot* + &
where {&,} as defined as in Q.2.

1- Find the expectation, the variance and the ACF of the series.

Cov(yy, Vi
ACF=pk=y—k= Ve Ve—i)
Yo Var(y)

o E(y) =EBo+pit+Lot*+g)

= E(By) + E(Bit) + E(B,t?) + E(gp)

=By + Bt + ft?+0

o Var(y,) =Var(By + Pit + Bot* + &)

= Var(By + it + Bot?) + Var(s,)

_ 2 ;2
= 0 + o0 =o9



e Because f(t) = B, + fit + B,t? is a deterministic function and not random

Vse = Cov[(Bo + Bit + Bat® + 2.), (Bo + P15 + B2s® + &.)]

[Cov(X,Y) = E[(X — ux) (Y — py)] = EQXY) — piypty |

= E[(Bo + Brt + Bot? + &, — E(W)) (Bo + P15 + B2s* + & — E(¥5))]

= E[(Bo + Bit + Bot? + ¢ — Bo — it — Bot?) (Bo + P15 + P25 + &5 — Bo — P15 — B257)]

= E[(e)(e)] =0, s#t

Thus, the ACF for this process has the form:

Cov(ys, Vio
ACF = p, = Ve Oe Ye-r)
Yo Var(y,)
2
(0}
2o k=0
P Vi Jy, o2
P ===
0
o (o — 2 k>0
Vo  Og

2- Does this series fulfill the stationarity conditions? Discuss.

Since the mean function is a function of time t, then the process is not stationary

although the variance function is not a function of time and that the ACF depends

only on time lag.



Question 4:

The following data represent the total profit (in million riyals) for a company:

Year 1430 | 1431 | 1432 | 1433 | 1434 | 1435 | 1436 | 1437

Profity, |3 2 2 4 5 6.1 |44 |55

1- Calculate the coefficients of the sample autocorrelation function (SACF) r;,

solution:
— 3+2+2+4+5+6.1+4.4+5.5 32
y = = — = 4
8 8
oAy _ YE _ SO Oesk—d)
Te = pk) = Yo o IR e-9)? <
1- We can easily find:
Year Ve We=3) | =)
1430 |3 -1 1
1431 |2 -2 4
1432 |2 -2 4
1433 |4 0 0
1434 |5 1 1
1435 |6.1 2.1 4.41
1436 | 4.4 0.4 0.16
1437 |5.5 1.5 2.25
32 16.52

i=1(ye —4)* = 16.82 <




ver | 69 | o0 | S i Loy ey ey | ey
1430 -1 2 2 0 -1 -2.1 -0.4 -1.5
1431 -2 4 0 -2 -4.2 -0.8 -3

1432 -2 0 -2 -4.2 -0.8 -3

1433 0 0 0 0 0

1434 1 2.1 0.4 15

1435 2.1 0.84 3.15

1436 04 0.6

1437 1.5

SEE 0~ D e —5) | 9.54 3.55 -4.7 -6 -5.9 -3.4 -15

Y8 (v, — 4)? 16.82 16.82 16.82 16.82 16.82 16.82 16.82

T = p(k) 0.567 0.211 -0.279 -0.369 -0.351 -0.202 -0.089

According to the definition of SACF r;, then:

7 — —
r, = ﬁ(l) _ Yi=1(Ve—4)YVer1—4) — 05672

16.82

6 — —
1y = ﬁ(Z) _ Zt:l(J’tlg.};;J’Hz 4) — 02111

5 _ _
ry = ﬁ(3) — Zt:l(yt16‘2;yt+3 4) — —0.2794

A(4) — Z?:l(yt_4)(yt+4_4) —

T, =p oo —0.3567

3 _ _
ﬁ(S) _ 2i=1(t—=) Ve45—4) — 03508

T' -
5 16.82

2 — —
re = ﬁ(6) _ Zt=1(J/t16‘.¥;;ylt+6 4) — _02021

1 — —
,\(7) _ Yi=1(Ve—4) Ve47—4) — —0.0892

'r' =
7=P 16.82

also, we can plot the SACF by two axes: x-axis having the lag times between the
observations, and the y-axes: the corresponding SACF coefficients, the resulting

figure is called the correlogram.
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2- Calculate the standard errors for these estimates.

We can calculate the SE of r;, from Bartlet’s equation:

SE(1,) = \/% (1+2 zjizlr,f) k> g

SE(ry) = /% (1) = 0.3536

SE(ry) = \/% (1+ 272 = 0.4532

SE(r3) = \/% (1+27r%+27r2) =0.4654

SE(r,) = \/% (A+2r24+2r7+21) =

SE(rs) = \/% (A+2r2+2r+2r2+212) =

SE(rs) = \/% (A+2r24+2rf+2rf+ 212 +212) =

SE(ry) = \/g A+2r+2r7 +2r8 + 217 + 218 +217) = -

SONOD

3- Find Z value of p,, for k=1,2 and test the significant using a =0.05

11



— Tk
SE(Ty)

Ho: pp =0 Hy = px #0

We reject the null hypothesis, at significance level a if |z| > 2,

0.2111 < ,l . H O

Write the Yule-Walker equations for every model of the following, where
g~i.i.d~N(0,02) :

1-  y,=0.5y;,_1+¢& (model 1)

e to find Yule-Walker equations for the model:
first, multiply both sides by y;_,.
second, taking the expectation.

finally, dividing both sides by y,

first, YieVi—k = 05Yt_1Vi—k + &Yk
second, E(Y:Yi—k) = 0.5 E(Ve—1Yi—k) + E(&tYi-1)

Yk =05y,_4+0 fork +0
finally, Z—k =0.5 V’;— D = %
0 0 0

12



Pr = 0.5 Pr-1 , k= 1,2,3,

These equations are called Yule-Walker equations, we can use them in finding
autocorrelation and partial autocorrelation coefficients of the model.

2' Yt = 1. 2 yt—l - 0. 7 yt_z + £t (mOdEI 2)
e to find Yule-Walker equations for the model:
first, multiply both sides by y;_j.

second, taking the expectation.

finally, dividing both sides by y,

first, YeVi-k = L2Vt 1Vi—k — 0.7 Ye2Vir + €Vi-k

second, Ey:yi—x) = 1L2EWi—1Vi—r) — 0.7 EQVe—2Yie-k) + E(&tYe-1)

Ye =12Vr1—0.7yx fork #0
- Vi _ 19 Yk (g7 Yk=2 _ Yk
finally, =125=-07 5 P =1-

Pr = 1.2 Pr-1 — 0'7pk—2 , k = 1,2,3,

13



3- Find p4, p2, ¢ for the models in (1) and (2).
For model (1) we found the following ACF:
Pr = 0.5 Pr-1 , k= 1,2,3,

po=1

whenk=1 p; =05p,= 05(1) =05

Applying the recurrence relation for finding the PACF:

Yoo=1 , @11=p

k—1
Pr — Lj=1 Pk-1,jPk-j

1- Z?:]l Pr-1,jPj

Prk =

Prj = Pr-1,j — PkkPrk-1,k-j ,j=1,2,..k-1| <—o

¢hoo =1
¢$11 =p1 =05

b, = p2=2j=1D1j P2—j _ pa—11p1 _ 0.25—(0.5)(0.5) _
ST Y 1-¢11p1  1-(0.5)(0.5)

$o1 = P11 — Py =0.5—(0)(0.5) = 0.5 «—

0

14



d) _ p3_2?=1 ¢2,j P3—j _ P3—P21P2—P22pP1 _ 0.125-0.5%0.25-0x%0.5 -0
33 1—Z?=1 $b2,j Pj 1-¢21p1—P22p2 1-¢21p1—P22pP2

similarly, ¢4 = sz =+ =0

For model (2) we found the following ACF:

pk =1.2 pk—l - 0'7pk—2' k = 1,2,3,

po=1

whenk=1 p, =1.2p, —0.7p,

pl - 1.2 - 0.7p1

p,(1407)=12 =p, == =[p, = 0.7059

1.7

When k:2 pz - 1.2 pl - 0.7p0

p, = 1.2 (0.7059) — 0.7(1) — [p, = 0.1471

p, = 1.2 (0.1471) — 0.7(0.7059) = [p; = —0.3176

15



Applying the recurrence relation for finding the PACF:

Yoo=1 , @11=p

k-1
Pr — Lij=1 Pr—1,jPk~j

-1
1= 251 Pr-1,jP;

Prk =

Prj = Pk-1,j — PrkPr-1k-j ,j=1,2,..k—1

A

$oo =1
¢11 =p1 = 07059

pz—Z}:l b1,j P2—j  py—dq11p1  0.1471—(0.7059)(0.7059)
22 = T = = = —0.7
1-Xj=1P1j Pj 1-p11p1 1—(0.7059)(0.7059)

2
P3=Lj=1P2,j P3-j _ p3_[d21p2+¢22p1]

¢33 - 1—Z?=1¢2,j Pj T 1-[¢o1p1+P22p2]
¢21 - d)ll - ¢22¢)11 - 07059 - (_07)(07059) == 12 +—
_ —0.1376—[1.2 (0.1471)+(=0.7)(0.7059)] _ 0
P33 = 1-[1.2(0.7059)+(-0.7)(0.1471)]
similarly, ¢4 = sz =+ =0

16




Question 6:

Find the Yule-Walker equations for the following models and solve these
equations to get values for p; and p,.

1-y:— 0.8y, 1 =&

first, YeVi-k — 0.8 Ye_1Vi—k = & Ve-k
second, E(y:yi-x) = 08 E(Yr—1YVe—k) + E(&Ye—k)
Ve =08y,_1+0 fork +#0
: Yk _ Vi1 — Yk
finally, ” 0.8 ” Pre ="
Pr = 0.8 Pr-1 , k = 1,2,3,

whenk=1 p; = 0.8 p,

p1 = 0.8(1) = |pp =038

p, =0.8(08) =[p, = 0.64

17



2- =09y, 1-04y,,+ &

first,

second,

finally,

when k=1

when k=2

YeVe-k = 0.9y 1Yk — 0.4 Ve oV i + &Yk

E@eVe-k) = 09 E(Ve—1Ye-1) — 0.4 E(Ye—2Ve—k) + E(&tYe—k)

Ve =09y4_1—04y,_,+0 fork +#0
Yk Yk-1 Yk-2 Yk
—=09 —-04 — ==
Yo 0.9 Yo 0 Yo Pk Yo
Pr = 0.9 Pr-1 — 0.4 Pr-2 , k = 1,2,3,

p1=09py = 04p;
p1=09(1) — 0.4 p,
pr+04p, =09

py(1+04)=09

09
(1+0.4)

— [p, = 0.643

P1

p2 =0.9p; — 0.4 pg

p, = 0.9(0.643) — 0.4(1) = [p, = 0.1787

18



Question 7:

Assume &,~i.i.d~N(0,02) , and let the observed series be defined as
Ve =& —0&_4
Where the parameter 8 can take either the value 8 = 3 or 6 = §

1- Find the autocorrelation function of the series {Y;} for both cases,
compare them.

for0 =3 — y,=¢& —3&_

e E(y) =E(e —3&-4)
=E(e) + E(—36_,) =0

o Var(y,) =Var(e — 3¢&_1)
=Var(e) + WVar(e_q)

= ¢ + 90} =1002

o Y, = Covly, Vel

= Cov[(& — 3&r—1), (r—k — 3&r—k-1)]

19



for k=1:

Y1 = Cov[(e — 3&_1), (ge—1 — 3&t3)]

cov(X,Y) = E[(X — ) (¥ —,)] = EQXY) — g,

= E[(e — 3&,-1) (41 — 3&,-5)]

_ _ 2
= E[Stgt—l —3&1&1 |+ 3&E 5 — 93t—15t—2] = =3 0;

for k=2:

Y2 = Cov[(&r — 3&¢_1), (€, —3&-3)] =0

cov(X,Y) = E[(X — ) (¥ —,)] = EQXY) — ppm,

= E[(er — 3g-1) (& — 36,3)] =0

Hence, the ACF has the form:

10 o2
m: Z: ’k:()
Yo 100_8
Yk 2
= = = -3 o
Pk=0 T 1E==2=-03 , k=1
Yo 10 o¢
0 , k=2

Thus, we notice that both process has the same ACF!

20



1 1
f07"9=§ — Ve T & T 38

o E(y)=E (St - ggt—l)

=E(g)+E (‘%&—1) =0

1
e Var(y,) =Var (et — gft—1)

=Var(e) + éVar(st_l)

10
g2 = " o2

* Vi =Covl[y, Vel

= Cov [(st — gst_l) , (St_k - égt—k—l)]

21



for k=1:

Y1 = Cov [(St - égt—l) ) (St—1 - gé‘t—z)]

cov(x,Y) = E[(x — ) (Y — i) | = EQXY) — poms,

= E[(er ~ers) (e~ 2eis)]

_ 1 1 1 _
=E &g 38181 + 3Etét—2 T GE-18t—2| =

for k=2:

Y2 = Cov [(St - ggt—1);(€t—2 - ggt—3)] =0

cov(x,Y) = E[(x — ) (¥ — i,)| = EQxXY) — poms,

(G- P

Hence, the ACF has the form:

10
fyo ?0'52
- 10 1
Yo ?O'g
Yk 1
Pk =7 =1 -3 0¢
o |E=$—=-03
Yo < 0
9 &
\ 0

Thus we notice that both process has the same ACF!

2- Is the process {Y;} stationary in both cases?

22



yes

3- For simplification, assume that the mean of the process {Y;} equal zero,
and the variance is equal to one, and that you obtained the observed
series {Y;} for t = 1,2, ..., n, and that you have obtained a credible
estimates for the coefficients of the ACF p,, can you tell which process

generated the data (i.e. which value 8 =3 or 8 = %to be used in the
model to model the data?)

Question 8:

Write the following models using the backshift operator B:

v
3- Y =05y =¢& :

v

Ve-k = Bk}’t

By

yt - 05 B:Vt == gt

4' yt B gt - 1.38[:_1 + 04 Et_z

&-1 =B &
&—p = B%g,

yt = gt - 1'3Bgt + 0.4 Bzgt

5' yt - 0.5 yt—l = St - 1.3 gt—l + 0.4 gt_z

23



Ye-1 = By;
&-1=Bé&

_ p2
&2 = B¢

yt — 0.5 Byt = gt - 1'3B£t + 0.4‘ Bzgt
(1-05B)y, =(1—13B+0.4B%) ¢
Question 9:

Express the following models in terms of the process {y;} and {&;}:

3' ngt = Vgt

Ver =& — &1

73y, = VVV(y)
=V — Ye-1)
=V = Ve—1) — Wee1 — Ve-2)]
=Vye = Ye-1 — Yee1 + V2]
=V — 2Yp-1+ Ye-2)

=W —2Ye-1 + Ve2) = Vee1 — 2V + Veo3)
= Ve =2V 1 ¥ Y2 — Vie1+2Ye2 — Vi3
= Ve = 3Yie1 +3Vt2 — Vi3

Ve = 3Ve-1+3Vt—2 = Vi3 = & — &1

24



4- szt == V3gt

V3e, = VVV(g,)
=VV(er — &-1)
=V[(er — &r-1) — (€r-1 — &-2)]
=Vler — &1 — &1 + &-2]
= Ve, — 2e01 + &2]
=&y — 2609 + &2] — [&0-1 — 2805 + &3]
=& — 286 1t & o — & 126 5 &3

=& — 361+ 362 — &3

V2y, = V7 (y,)
= V(e = ye-1)
= [t = ¥e-1) = We-1 = Ye-2)]
= [Vt = Yt-1 = Ye1 + V2]

=Yt — 2Yt-1+ Vi

Ve —2Yeo1 + Veeo = & — 361 + 365 — &3

25



Question 10:

if the series {y,} can be expressed in the for:

Ve = Bo + Bit + Bot® + &
1. Show that {y,} is not stationary process
e = E(ye) = E(Bo + Byt + Bot* + &)
= Po + it + .thz
u; depend on time then {y,} is not stationary process

2. Use the difference operator V" to render {y,} to a stationary process.

Vye =2t = Ve = Ve
= (Bo + Brt + Pat? + &) — (Bo + fr(t = 1) + o (t = 1)* + &)
=Po+Pit+Pat’ + & — o —f1(t —1) = Bt — 1 — &y
=By + Bt + Bot*+ & — By — Pt + B — Bt =2t + 1) — g4
= Bo + Bit + Bat? + & — By — Bit + By — Bat? + 2Bt — By — &1
= +& b1 + 205t — By — &1

=p1— B2+ 2Bt + & — &4

o E(z) =E(B1—PBo+ 2Bt +& —¢&1) =P1—Po+ 2Bt
E(z,) depend on time then it is also not stationary process
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Vly, =Vz, = w,
=B = B2+ 2Bt + e —&1) = (Br = P2+ 2B2(t — 1) + &1 — &—2)
=P1—Po+ 2Bttt —& 1 —Pr1H Py 2Bt —1) —& g+ &
=P1—= B2+ 2t t e — &1 —P1+ Py = 2Pt + 2P — &g + &
= & — €&t-1 +2B, — &1+ &
=2, & — 261t &,

o EWw,) =EQB,+& —26_1+¢&_3)=2p,

E (w;) do not depend on time.

o Var(w,) =Var(2B, + & — 2&,_1 + &_,) = 6% + 46% + 0% = 602
Var(w;) do not depend on time.

o vy, = Cov(wg,weq)

cov(x,Y) = E[(x — ) (Y —i,)| = EQXY) — poms,

y1 = Cov(wg, we_q)
= E[(Wt - E(Wt))(wt—l - E(Wt—l))]
=E[(2B, + & — 2&iq + € — 2B2) (2P, + &eq — 265 + £-3 — 255)]

= E[(g — 261 + &r-2)(gem1 — 28¢5 + &1-3)]
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= —20% — 20% = —4¢*?
y1 do not depend on time.

then, 7y, is stationary process.

3. Drive the autocorrelation function p; for the stationary process you found
in part 2.

vy = Cov(wg, We_y)
= E[(we = EW))(We—z — EWe—5))]
= E[(2B, + & — 261 + &0 — 2B2) 2By + €15 — 2&1_3 + €14 — 2[35)]
= E[(g; — 26,1 + &_2)(€r—y — 26,3 + €,_4)]
= E[(&;-2)(t-2)]
= g2
V3=VYa=-=0

thUS, Pr = %
0

(=1 k=0
Yo
402 4
ve _ JE=—5=-< k=1
pk:—:<]/0 60 6
Yo Vi o2 1
—_— = —2: — :2
Yo 60 6
\0 3
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