Chapter 3: Random Time Series Model

The random process {y,} is called general liner process if'it’s possible to express it in the
form:
Ve =U+ &+ Y161+ Y&+ Y353+ ..., t=0,£1,%2,..
where, g,~iid WN(0,52), u is a constant and {1, } is a sequence of fixed values.
the process {y,} is stationary if one of the following conditions is satisfied:

1. ; are finite.
2. Y2 Pf < oo,

Question 1:
For the model y; = &; + 0.5y,_; find m-weights and 1)-weights.

The -weights formula |y, = &; + TV + TYep + T3Yi_3 + ...

7T1=05 7T2=0 7T3:O

The y-weights formula |y, = & + Y161 + Y&y + P38 5 + ...

And for y weight, we find:
Ye =& +05y4
Yie1 = &-1 + 0.5y,
Yiea = &_o + 0.5y;_5
Ve-3 = -3 + 0.5 4

Ve = & + 0.5[y; 4]

Ve = & + 0.5[¢g;_, + 0.5v,_,]

vy = & + 0.55,_; + 0.5%[y,_,]

Ve = & + 0581 + 0.5%[,_, + 0.5y,_5]

yr = & + 0.5&_; +0.5%5,_, + 0.53y,_,

Ve = & + 0.5&,_1 + 0.5%&_, + 0.53[y,_5]

Ve =& + 0561 + 0.5%5_, + 0.53[g,_5 + 0.5y, _4]

y: = & + 0.5&_1 +0.5%g,_, + 0.53¢,_5 + 0.5%y,_,

Y, =05 , =0.5%2=0.25 Y5 = 0.53 = 0.125




Question 2:

For the model y; = & — 0.3¢;_4 find the first three  weights and first three
weights.

solution:

The ¥ weights formula [y, = & + Y161 + Yr&r_0 + Y363 + ...

P, =-03 P, =0 Ps; =0

The w weights formula |y, = & + T Vi_q + TYVip +T3Vi3 + ...

And for r weight, we find:

Ve =& — 031> & =y +03&_4
E—1 = Vi1 +0.3&_,
€2 = V-2 T 0.3&,_3
€3 = V-3 T 0.36,_4

& =y +0.3[g,4]

& =y + 03[y, +0.35,_,]

& =y +0.3y,_; + 0.3%¢,_,

& =y + 0.3y, + 0.3%[5,_,]

& =y + 03y, +0.3%[y,_, + 0.35,_5]

& =y +03y,_; +0.3%y,_, +0.3%3¢,_,

& =y + 0.3y, + 0.3%y,_, + 0.33[,_5]

& =y + 03y, +0.3%y,_, + 0.33[y,_5 + 0.35,_,]
&=y +03y,_; +0.3%y,_, + 0.33y,_3 + 0.3%s_,
Ve = & — 03y, —0.3%y,_, —0.3%,_3 — 0.3%,_,

m, =-03 mw,=-03%2 13;=-033




e Finding m-weights and y-weights for mixed:

The - weights formula

Ve = & + l/)].gt—l + wzgt_z + 110381'—3 + ey t = 0, il, iz,

Y(B) =vYo+ B + 11)232 + 11)333 + -
The - weights formula

yt - St + T[lyt—l + T[Zyt_z + 7T3:Vt—3 + a0 t = 0, il,iz,

n(B) = my + mB + m,B* + m3B3 + -+

To find y- weights ¢ (B) ¥(B) = 6(B)

To find - weights | 6(B) m(B) = ¢(B)

Question 3:
FOI’ the mOdEI ylf = O'7yt—1 + Et + 0.68t_1 - 0'48t—2

find y-weights and m-weights.

solution:

to find the y-weight and -weights:

Ve = 0.7y;4 +& +0.66_1 —0.4e_,

Ve —0.7y,1 =& +0.66_1 —0.4¢_,

Ve — 0.7y,1 =& +0.66,_1 —0.4¢,_,

y; —0.7By, =¢& + 0.6 Be, — 0.4 B%¢,

(1-0.7B)y, =(1+ 0.6 B—0.4 B?)¢,
¢(B) y: = 0(B) &



To find - weights

¢(B) P(B) = 6(B)

(1—-0.7B) (g + Y4B + Y,B* + Y3B3 +---) = (1 + 0.6 B— 0.4 B?)

BO: l/)o =1

(1—=0.78) Yo + Y1 B + Y,B? + Y3B3 +--) = (1+ 0.6 B — 0.4 B?)

Bl ¢, — 07, =06 = [P, =13

(1—-0.7B) (Yo + Y;B+ Y,B? + P3B3+ ) =(1+ 0.6 B — 0.4 B?)

B%: Y, — 0.7, = —04 = [, =03

(1—-0.7B) (Yo + Y1B + Y,B? + 3B +--) = (1+ 0.6 B — 0.4 B?)

B3 ;—07Y,=0 = [3 =021

(1-0.7B) o + Y1B + Y,B*+ Y3B>+--) = (1+ 0.6 B— 0.4 B?)

B*: ), — 0.735 = 0
BS: 1/)5—077’04 == O

Yo=1
. W, =1.3
Y- weights= { l/le — 03



To find - weights |0(B) m(B) = ¢(B)

(1 + 06 B - 04‘ BZ) (77:0 + 7T1B + ﬂsz + 7T3B3 + "‘) - (1 - O7B)

BO: T[O =1

Bl: T, + 0.6 Ty = —-0.7 = T, = —-1.3

BZ: 7T2+067T1_04‘7T0=0
B3: 7T3+067T2_04‘7T1=0

T[O == 1
- weights= m, =-—1.3
7Tl'+0.677,'i_1—0.477:i_220 ; i =2



Question 4:

For the model y; = 0.1y,_; + & + 0.2&;,_4

find y-weights and m-weights.

to find the y-weight and r-weights:
Ve =01y, +& +0.2¢_4
Ve — 01y, 4 =& +0.2¢6_4
(1-0.1B)y, = (1+ 0.2 B)¢;

¢(B) ye = 0(B) &

e To find Y- weights|p(B) Y(B) = 6(B)

(1—-0.1B) (Yo + Y4B + Y,B*+--) = (1 + 0.2 B)
BY% |Yp=1

Bl W, — 0.1y =02 = [, =03
BZ: 1/)2_0.11’01 =0

Yo =1
Y- weights= Y, =03
Y;—01yp;_1 =0 ; j=2

e To find - weights [6(B) m(B) = ¢(B)

BO: 7-[0:1

Bl: T, + 0.2 Ty = _0.1 == mn = _0.3

B?: my,+02m =0

Ty = 1
- weights= m, = —0.3
n;+02m,_4,=0 ; i>1




o AUtO-ngfESSiVG processes.:
AR(P): ye=¢& td1Yeo1 t PoYep + -+ ¢pyt—p
p(k) = ¢p1p(k = 1) + pop(k —2) + -+ +Ppp(k —p) ; k=12, ..

AR (1):y; = & + P1Ye-1
AR models are always invertible.

Stationary condition for AR (1):

lp,] <1 or |B|>1

Auto-correlation function (ACF) for AR (1):

p(k) =¢%; k=1,2,..

(w“s::fc.'".' .ela"f'l‘mfi‘:s"f:r'?:e fx:ﬂ\(/"'“m? Partial Autocorrelation Function for Trade
(with 5% significance limits for the partial autocorrelations)
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Question 5:

Assume the process {y; } follow the AR (1) model with parameter ¢, = 0.4, and
assuming that E(y;) = 0

1. write down the mathematical form of this model.
Ve = & + 0.4y,

where g,~iid N(0,52) is the white noise process

2. is {y,} stationary, why?
the stationary condition for the AR (1) is:
lp] <1=>004| <1

S0, this process is stationary.

3. Drive the autocorrelation function p;,

Ve =& +0.4y;,4,
multiply both sides by y;_, and taking the expectation.
VeVe-k = €Ve-k T 0.4V 1Vek
EQeyi-ix) = E(&:Yt—x) + 04E (Ve 1Ye—k)

0

Vi = 0-4]/1{—1 for k> 1
dividing both sides by y,

Q — 0 4yk—1
Yo Yo

Pr = 0'4pk—1 fOF k > 1

p; = 0.4p, = 0.4(1) = 0.4

p, = 0.4p; = 0.4(0.4) = 0.42

p3 = 0.4p, = 0.4(0.4%) = 0.43

pr = 0.4p,_, = 0.4(0.4%"1) = 0.4%



AR (2): y¢ = & + P1Ye—1 + P2Ve2

AR models are always invertible.
Stationary condition for AR (2):
|2l <1

b, +¢, <1

¢, —P1 <1

Auto-correlation function (ACF) for AR (2):

p(k) = p1p(k = 1) + Ppop(k = 2) ;

k=12,..

Autocorrelation Function for C1
[with 5% significance limits for the autocorrelations)
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[with 5% significance limits for the partial atocorrelations)
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Question 6:

In the following question assume &,~WN(0,02)

For the following model, state its type, and check its stationarity and/or
invertibility:

Ve = 0.7y;_1 + 0.5y, + &

model type: AR (2) or ARMA (2,0) or ARIMA (2,0,0)
stationarity: since |¢,| =[0.5] <1

¢, — ¢, =0.5-0.7=-0.2 <1

¢, + ¢p; =05+0.7=1.2 >1

then this model is not stationarity

invertibility: AR models are always invertible
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e Moving average:
MA(q) y: = & — 0161 — 0260 — =+ — 9q€t—q

_9k+919k+1+"'+9q—k9q

R - ; k=1.2,..,q
(14+62+63+-+62 )

0 ;

p(k) =
k>q

MA (1): yr = & — 0164

MA models are always stationary.
Invertibility conditions for the MA (1):

10:] <1

Auto-correlation function (ACF) for MA (1):
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MA (2): y: = & — 0161 — 0262

MA models are always stationary.

Invertibility conditions for the MA (2):

10;] <1
6, +6, <1
02_91<1

Auto-correlation function (ACF) for MA (2):

—-01(1-63)

(1+6%2+ 62)

p(k) =

(1+6%2+ 62)

Partial Autocorrelation Function
(with F% significance fimits for the partial autocorrelstions)
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Question 7:
For MA (1) process with p(1) = 0.4,

Find the value of 8 that make this model is invertible.
Ve =& —0 &4
Var(y,) =Var(s, — 0 1) = 62 + 0% 2 = (1 + 6% )o?
Cov(ye, Ye—i) = E[(er — 0 &,1)(er—i — 0 &r—g—1)]
fork=1 E[(ef =0 &r1)(er-1— 0, )] =-007

1
0
p(k) = - (1+92)
0
p()=L=—0% 0 _qg4

Yo  (1462)0%  1+62

1oz 04 = —60 =04+ 0.46°

= 040°4+60+04=0

or we can use the calculator

1:Simul Equation
2:Polynomial «—

. ver
Polynomial ArZHR+C
Degree? I = +

Select 2~4

g = bxvPmrac _ —14/1-s0H08 _ (g 5y o (—2)

2a 2(0.4)

MA (1) is invertibility = || < 1 then, 8 = —0.5
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Question 8:
Assume the process {y; } follow the MA (2) model with parameters
6; =04 and 6, = —-0.8
1. write down the mathematical form of this model.
Ve = & — 0.4e,_4 + 0.8¢4_,
where &, is WN(0, c2)

2. is {y;} invertible?
the invertible condition for the MA (2) is:

e |0,]<1 = |-0.8| <1
e 0,4+60,<1=>-08+04>-04<1
e 0,-0,<1=>-08-04>-12<1

the invertibility conditions are satisfied.

Question 9:

In the following question assume &,~WN(0, 62)

For the following model, state its type, and check its stationarity and/or
invertibility:

yt - gt + O'Sgt—l - 1.2€t_2

model type: MA (2) or ARMA (0,2) or ARIMA (0,0,2)
Stationarity: Moving Average models are always stationary

Invertibility: since 6, =1.2 >1, then this model is not invertible.
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Autoregressive-Moving average processes:

$(B) y:=0(B) &

then, ARIMA(p, d, q) is:
¢(B) Vly. = 0(B) &
=>¢((B) zz =60(B) &

ARMA(p,q) ye = $1Ye-1+ P2Ye—2 + - + ({bp}’t—p t+e— 0161 — 065 — 0 — qut—q
for ARMA(p, q):
Ve = P1Ye-1+ P2y + -+ ({bp)’t—p +e— 0161 — 026 5 — 0 — 9q5t—q
Ve — P1Ye-1— P2Yt—2 — = — ¢p3’t—p =& — 0164 — 0605 — - — qut—q
Ve — 1By — (15232%: - ¢poYt =& —0,Bg; — 62B25t - Hqugt
(1-¢B—¢,B2——$,B?) y,=(1—6,B—0,B2 —--—9,B9) ¢

Model ARMA(p, q) ARIMA(p, d, q)
AR(p) ARMA(p, 0) ARIMA(p, 0,0)
AR(2) ARMA(2,0) ARIMA(2,0,0)
MA(q) ARMA(O0, q) ARIMA(0,0,q)
MA(1) ARMA(0,1) ARIMA(0,0,1)
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ARMA(L1) yy = $1Ye—1 + & — 0184

Auto-correlation function (ACF) for ARMA (1,1):
(1 —601)(1 —¢,6,)
Pr = (1+67 —2¢:6,)
b1Px-1 k=23, ..

k=1

Question 10:

In the following question assume &,~WN (0, c2)

For the following model, state its type, and check its stationarity and/or
invertibility:

ve = 1.5y, 1 + & + 0.25¢,_4
model type:  ARMA (1,1) or ARIMA (1,0,1)
stationarity: since |¢,| =|1.5] >1, then this model is not stationarity

invertibility: since |6,| = | —0.25| <1, then this model is invertible.

Question 11:

for the following model y;, = 0.2y, + &, —1.1&_, +0.18 &_,
g.~WN (0, 0?), state its type, and check its stationary and / or invertibility.
Ve— 02y, 4 =& —11¢&_,+018¢_,
y. —0.2By, =g —1.1Bg + 0.18 B?¢,
(1—0.2B)y, = (1—1.1B+ 0.18 B?)¢,
(1-0.2B)y, =(1—-0.2B)(1—0.9 B)s,
y, = (1-0.9 B)e,

model type: MA (1) or ARMA (0,1) or ARIMA (0,0,1)
stationarity: MA (1) always stationarity

invertibility: since |6,| = [0.9] < 1 then this model is invertible.
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Question 12:
write the model ARIMA(1,1,1) in the final form in terms of

zy = Vy, ,y: and &

for ARMA(1,1)
Ve = Q1YVe-1 + & — 0161
Ve = P1Ve-1 = & — 0164
Ve — 1By =& — 0164
(1—¢1B) yr =& — 0164

for ARIMA(1,1,1)
(1—¢1B) z =& — 0164 32t =YY =Y — Y1 = (1= By,
Zy — 1Bz =& — 0164
Zt — 1 2Zpq = & — 016

Zy = Qg Zp g + & — 0184

Ve = Vie1 = G1 (Ve —Ye—2) t & — 0184
Ve = Vi1 = P1YVe—1 — P1Ye—2 + & — 0164
Ve =Ye-1t P1Ve1 — P1Ye—2 + & — 0164

Ve= 1+ P) Vi1 — P1ye—p + & — 0164
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