Time Response

 The mathematical representation of a system (Transfer function or State space) is used to
analyze its transient and steady-state responses to see if these characteristics yield the desired
behavior.

* This chapter is devoted to the analysis of system transient response.
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Time Response

Poles, Zeros, and System Response

The output response of a system is the sum of two responses:

1. the forced response (steady-state response or particular solution),
2. the natural response (the homogeneous solution).

Output response = forced response (e.g. constant) + natural response (e.g. exponential)

roots of the denominator (characteristic }
Poles of a Transfer Function (TF): The values of § that cause TF — oo /f

_\polynomlal) of the transfer function

Zeros Of a TF the ValueS Of S that cause TF — O /-(roots of the numerator of the transfer function ]

Example: Poles and Zeros of a First-Order System

j@
A
C(S‘) _ (‘S + 2) — é 1 B — 2 j 5 1 3 "Ilrﬁ %System Output (unit step response) ]
h s(s+3) s s4+5 S s+35 G s-plane
Rs)=5 |s+2]| )
2) 2 (s +2) 3 s lst2 - « O
where 4 =97 =% and B= - . )
ere A=iis)l, =5 and s S 73 -5 -2
% System showing input and output
Inverse Laplace transform: ¢(7) = g + e {SVStem Output in time }
p ) 5 5 domain (time response)

pole-zero plot of the system
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Example: Poles and Zeros of First Order System

Input function Input pole System zero System pole
|m———————————]  rem——————=——n T A
' 1

System poles Emmmm=) Natural response

h --------------------
Transfer function

I
I I
generates | I
Input poles — Forced response I : s+5
(pole at the origin generated a step function at the output) : : jo
I : s-plane
generates : : o

I I

(Apole a on the real axis generates an exponential response of Output I
—-at i =+
the form e™** that will decay to zero). transform I g s +571
‘ I
Output I _______ f_--;t_-
System poles generates Amplitudes for both the time | ¢()= = + 2|
> response | > |
And zeros forced and natural responses Y T2 ~

Forced response Natural response

Evolution of a system response.
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Evaluating Response using Poles

1
Problem: R(s)=— |
(s) : (543) C(s)
Given the following system, write the output, c(t), in general terms. » — 2 = E—
Specify the forced and natural parts of the solution. (s +2)(s +4)(s +3)
Solution:
K K K K
C(s)=—F+—2—+ 32 4
s (s+2) (s+4) (s+5)

\_Y_} ( . J

Forced Natural

response response

Taking inverse Laplace transform,

 Each system pole generates an exponential as part of the c(t) = K, + K?E—EF n Kje—m- n K4E—5r
natural response. | | | 2 ‘

« The input's pole generates the forced response. Forced Natural
response response
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First-Order System: Time Constant

A first-order system without zero: /0
(ri%) s-plang
il 5 -f: a S - X -
il

« If the inputis a unit step: R(s) = % then the Laplace
transform of the step response is :

]

C(s)=R(5)G(s) = i)

Taking the inverse transform

)=, +e,(N=1-¢"

The system pole at}

the input pole at the
origin generated the
forced response

—a generated the

Significance of parameter a (only parameter | ... response

needed to describe the transient response),

—ar

When f=1/a. e

f=1/a

—e =037

Hence, F(f)‘mm =1-0.37=0.63
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Some Terminology

(three transient response performance specifications).

1. Time constant T.: Time it takes for the step response to rise to 63% of its final value.

« we can call the parameter a (system pole) the exponential frequency (The reciprocal of the time constant)
» T,is relatedto the speed at which the system responds to a step input.

2. Rise Time T,.: Rise time is defined as the time for the response to go from 0.1 to 0.9 of its final value.

found by solving for the differencein time at ¢(t) = 0.9 and ¢(t) = 0.1

time for C(t) = 0.1
C(t,)=09=1—e % mmp  — _In(0.D) _ 231 /213 011 22

2= a m) T, =t,—t; = — =~ Risetime:

a
In(0.9) 0.11 a a
1= — = time for C(t) =09
a a

C(t))=01=1—e 0 ==

3. Settling time T: The time for the response to reach, and stay within, 2% of its final value.
Letting C(t) = 0.98 and solving for time, t, we find the settling time to be

In(0.98) 4

C(T)=098=1—-¢ 02 mmp Ty=—— —=- =4
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First-Order Transfer Function via Testing

* With a step input, we can measure the time constant and the steady-state value, from which the transfer function can be
calculated. f
0.8

inal value about 0.72

« Asimple first order system has: G(s) = K/ (s+a).

. y y 0.7 F
K Kia Kia

s(s+a) s (s+a) 0.6 [
« From the response, we identify K and a to obtain the
transfer function.

TO f|nd a final value about 0.72

Time constant = Time(0.63 X 0.72) 0.3
= Time(0.45) = 0.13 second

a = 1/013 = 77 %ude =0.45)=0.13s ]
.

To find K: The forced response reaches a steady-state value of ! . . s |

and step response is: ¢ (s) =

0.5

([ 63%o0f0.72 =045 )

Amplitude

0.4

0.2

0.1

K/a =0.72 » K = 5.54 0 (.1 0.2 0.3 0.4 0.5 (L6 0.7
Time (seconds)
5.54

Transfer function, | G(s)=——
(s+7.7)
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Second-Order System

» Parameters of First-order system determine the speed of the system.
* Parameters of Second-order system determine the form (shape) of the system.

(r(5)
 Some examples of second-order response: ,
.. : , Ris) =3 h Cis)
By assigning appropriate values to parameters a and b, we can show all possible B -
second-order transient responses. s<tas b
1. Over-damped Response: (pole at the origin from the unit step input and Two real the general case

poles that come from the system)

C(s)=

9

9

a=9and b =9

s(s*+9549)  s(s+7.854)(s +1.146)

jim
i
G(s) s-plane
R(s) 9 C1s)
s¢+ 9y +9 - A A o
' ' —7.854 —1.146
Overdamped %

[ Two real poles J
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Second-Order System

2. Under-damped Response: (pole at the origin from the input and Two complex poles that come from the system).
9 0

s(s°+25+9) ) 5(s +[1+j*~.-"§])(3+[1—jx@]}

C(s)= Poles from the system: s =—]+ jw-"rS

exponentiW/ frequency of the

T sinusoidal oscillation.
[a=2andb=9( c( cirnp)=1-e¢ t{i;t:n.ﬂ'H."‘"J;E siny &1
je | 41 =1—1.06e™ cos(y8t—19.477)
(i(5) i S
1 s-plane | 1.2
(X5 ) 5 © ji8 1
s2+25+9 0.8
L i ]
Underdamped -1 0.6
, 0.4
X __-""rE 0.2
[ Two complex poles L1

il |

| |
w O L 2 3 4°5
Exponential decay generated by

real part of complex pole pair

c() =K, +e" (K, cos/8t + K, sin /&)

Second-order

= K, + K,e " (cos+/8f — @) step response

Where, components ——
X — :, generated by
p=tan” —  and K, =./K, + K.’ complex poles

- L 3 T T 7

K 5 Sinusoidal oscillation generated by
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Second-Order System

3. Un-damped Response: pole at the origin that comes
from the input and two imaginary poles that come from
the system.

9

—_— r2
C(s)=— s=17j3
s(s”+9)
_ _ two system poles on
[a = Oandb = 9( [the Imaginary axis
- . =
c(t)=K,+ K, cos(3r—¢)
There is no exponential term, so no decay.
(i)
jm 21 c(f)=1—cos 3¢
s-plang
’ %f’ﬁ
-~ (T I |-
4( —j3
| | L g g

4. Critically Damped Response: pole at the origin that comes from the
input and two multiple real poles that come from the system.

9 9
C(,s) - 2 - -2 s =—3,—3
s(s*+65+9) s(s+3) Py
two poles (double) on
[a =6andb = 9V [the real axis at —3 }
. system poles
input pole [ﬁ Q
L - —3f s -3t
c(t)=K,+K,te” + Kite
There is no sinusoidal term, so no oscillation.
cii)
Jjo |
. —5F 1
s-plane A ”‘ ‘
% -0
3
| | | -
3 4 5 !
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Two real poles at —oy, —0, All Together

Over-damped responses Second-Order SYSTem
EI[IJ = KIE_"I" + KIE—FEI

c(1)

/)

A
Under-damped responses I Undamped -
Two complex poles at —a; F jwy / \
c(t) = Ae " cos(wat — @) B
1.6 | \
Un-damped responses A Under-
. . —. damped
Two imaginary poles at Fjw, 1.2 I e
tically
c(t) = Acos(wit — @) or Ainosd Y S
0.8 |-
Critically damped responses 0.6 |-
Two real poles at —o- 0.4 - Overdamped
c(f) = Kie " + Kyte™"' . \
! L ! l ! l _——
0 0.5 1 1.5 2 2.5 3 3.5 4

Step responses for second-order system damping cases
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The General Second-Order System

» we define two physically meaningful specifications to describe the characteristics of the second-order transient
response systems, natural frequency and damping ratio.

Natural Freguency w,, : the frequency of oscillation of the system without damping.
Damping Ratio & : dimensionless measure describing how oscillations in a system decay.

Exponential Decay Frequency 1 Natural period (seconds)

E
-

Natural Frequency (rad/second) 27 Exponential time constant

» Generalization of second-order system in terms of € and w,,.

Consider the general system, G(s)=— b
s“+as+b

b

For un-damped(without damping) system, a = 0, and the poles are on jow — axis at ¥jvb, G(s) = 2+ b

[
S =+/D, Hence b = w,?

For an under-damped system, poles have real part o = — ¢/, (exponential decay )
Exponential decay frequency] - -
ol Zal2 G(s) =
Lol _al2_ . The general second-order transfer » DY 2
c==——=a=2o, function finally looks like S+ 2505+ 0,

i n
Natural frequency CENA455: Dr. Nassim Ammour 12




Second-Order System As a Function of Damping Ratio

 Relationship between the quantities w,, and € and the pole location.

Solving for the poles of the transfer function

2 .
)] Denominator roots N 5 g Poles Step response
G(s)=——" ; s,=—¢o to | E -1 . |
sT+28m s+ 0 - - mrs "~ o)

Example :
For the system find the value of & and report the kind of
response expected.

R(s) 12 C(s)
R = -
s +8s5+12 0<E<
G(s) = w2 B 12
We have GAS) = G ks + w2 sZ+8s + 12
B ;=12 m) o, =12 fimd

and 28w, =8 M) £ - 8 2

= >1
System is over-damped. . —
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; s-plane
+J“’n P

=
+-J"’n

0 s-plane

5 NPT
Jw, \f 1= =

=& JE2
L tmy, G

\;11

s
/

s-plane

i (J

0
|
s-plane

- (7

)

—Sw,w, J52-1

=

Undamped

c(t)

f

Underdamped

~
—~
~—

I

Critcally damped

c(r)

S

Overdamped

Second-order response as a function of damping ratio 13



Underdamped Second-Order Systems

« The nature of the response obtained is related to the value of the damping ratio & (over-damped, critically damped,
underdamped, and un-damped responses.).

» Step response for the general second-order system,

C(s) = R(s)G(s) =

Expanding by partial fractions, (€ < 1 the underdamped case )

wp

s2 4+ 28w,s + w2

© | =

& 1 — P2
1 {5+{mu]‘|‘ﬂﬂ?n 1-¢

C{'T:] - 2 7
| $ (8 + dwn)” + wi(1 - £°)
Inverse
Laplace ,
transform . f - =
) (1) =1—-e| cosa@ +/1-E7 1+
x 1*1—
1 a—
=1- T e CDS{&.‘-‘
W\ -
Where, ¢@=tan™| ———
"“II]._ ‘:‘ J

m CG)=

_sin @, /1- &£t ]

o)

y

o

: K, Ks+kK,

s(s* +

c(w,t)

1.8
1.6
1.4
1.2
1.0
0.8
0.6
0.4

0.2

0

A

A
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The lower the value of , the
2 more oscillatory the response is.

" -

| | | | | | I | ] | | | | | I | |

o
:

Wt
1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 '
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Underdamped Second-Order Systems

Specifications
» Other parameters associated with the underdamped response are rise time, peak time, percent overshoot, and settling time.
- _ ) c(1)
Rise time ;I'he tlfme regli | ridt:]orf’Fhelwa\I/efotrm A
T, 0go from ©.1 of the Tinal value 1o - Second-order underdamped
0.9 of the final value. S - response specifications
) l '02(-'final
The time required to reach the first, Bt \—: i b -
Peak time or maximum, peak. T T /—> f B
T, P [P 0.98¢final
P fﬂn d"u'l 1- ‘TT
- 0.9¢(ipa
The amount that the waveform overshoots the steady-

PErcent | state, or final, value at the peak time, expressed asa

overshoot | percentage of the steady-state value. |_ex |
— Ly1-2* )
%0S %IOS:CM € fnat 100 | Cenax =c(I,)=1+e
I Cﬁna{ and Cf].l.l.‘ll — ]-

tling t The time required for the transient's damped ©-1¢final >

SEHINGUME Y oseillations to reach and stay within £2% of
T the steady-state value. > T, k= T, T

—1n{0.02,/1-& | 4 | Derivation: self study.

s
s

k3 b -
- ._.“.'I."-"_?H ;{Uﬂ CEN455: Dr. Nassim Ammour 15




Under-damped Second-Order Systems
Specifications (continued)
from the Pythagorean theorem

w3+ 05 = w?
_ »wd= wi—of = w%—{zw,%zwnll—iz
Oq = E(,()n damped frequency
of oscillation,
4 Swn - +jw, V1= 82 =jw
COS(H) = = = E JWp J®q
n wn

s-plane

nversely proportional to the
magmarv part of the pole.
_Cﬂ')n = _(

TPZ i : - - W

@,

Enversely proportional to the )l(— ————— i _j(J)nV 1 - §2 = _j(Ud
real part of the DQ

exponential damping
— ]_11(0 DZ;‘.,'II - f ) 4 - 4 4 [ frequency.

)
p— St

E £ e
Ea, o, fo, O

5
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poles move in a
vertical direction
(with constant real
part )

poles move in a
horizontal direction
(with constant
imaginary part )

poles move in along a
constant radial line
direction

=)

=

=

Under-damped Second-Order Systems

Step Response as Pole moves

frequency increases

envelope remains the same (constant real part )
settling time is virtually the same
overshoot increases, the rise time decreases

(1)
A

Envelope the same

As the poles move to the left, response damps et

out more rapidly.

peak time is the same for all waveforms

(constant imaginary part )

. L
The percent overshoot remains the same.

The farther the poles are from the origin, the more

rapid the response.

(a)

Frequency the same

2

c(r)

(b)

Same overshoot

4
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Finding TP, %0S, and TS From Pole Location

Problem: Given the pole plot find &, w,, T, %0S, and Ts.

Solution:

Damping ration, C = cos(8) = cos[arctan(7 / 3)] = 0.394.

Natural frequency, wp = /wﬁ +02=+72-3%=7616

Peak time, T, = z T 0.449 second

—
& !

_(§m
Percent overshoot, %0S = e ( w/1—‘g’2> X 100 = 26%

The approximate settlingtime, Z; =—=—=1.333 second
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System Response with Additional Poles

* If a system has more than two poles or has zeros, we cannot use the formulas to calculate the performance
specifications that we derived.

* \We need to approximate that system to a second-order system that has just two dominant complex poles.

i 1

Assuming two complex polesat —<&@, * j@,/1-& And the real pole at — ¢,

Time domain step response, ¢(7) = Au(r)+e**(Bcos@, i+ Csin@.t )+ De ™'

Jjw Jjo jaor
4 . - . . = Pi 14 Pi
Case I: o, 1s not much larger than o, X IWIW . 3 I X I”)Iam
X - (7 ¥ - (7 - (7
-a, —&o, —&, -&w, -&m,
X Can’t be approximated as 2%-order system. & 2 .
Case | Case 11 Case III
(a)
Case IT: o, is much larger than Co.. R
111 Au(t) + ¢ (B cos wyt + C sin wyf)
Il e
Can be approximated as 2%¢-order system. Cosel
0
- 11 e ¢ ’r
Case III: o, = =0 s
Case |
Pure 2%-order system.
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Comparing Responses of Three-Pole Systems

24.542
T,(5)=— » 2%d-order system
5" +4s+ 24,542
24.542 :
I,(s)= - » 3"-order system. nondominant pole at -10
(s+10)(s" + 45+ 24.542)
24.542 _
I(s) = - » 3"-order system. nondominant pole at -3
(s+3)(s" +45+24.542)
Ak
1.4
c1(9)
1.2
3
£ 1.0
73
o
_‘5 0.8
S
'-g 0.6 C,(t) 1s a better approximation of ¢,(t)
> 04
0.2
| | | | | .
0 0.5 1.0 1.5 2.0 2:5 3.0

Time (seconds) CEN455: Dr. Nassim Ammour
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Evaluating Pole-Zero Cancellation

Problem: For any function for which pole-zero cancellation is valid, find the approximate response.

2625(s+4)
C‘l(.ﬁ':} = \ % _--
s(s+3.5)(s +5)(s +6)
§) = 26.25(3-'—4) .‘._-————
s(s+4.01)(s+5)(s+6)

__——  ZFeroisat -4

Solution: |
1 35 35 1< Fesidue = 1
The partial-fraction expansion of C;(t) is ¢ (§)=———— 4" —
' § 545 5406 5+3.5
/

That residue (1) is not negligible. So a 2w-order step response - carest pole =-3.5 close to zero

approximation cannot be made for C, (t).

mﬁi « Residue = 0.033

— _+ + Fi
§ 545 5406 s5+#401

¥~ Nearest pole

The partial-fraction expansion of C,(t) is C (s) = 0.87 53 44

That residue (0.033) is negligible, so cancel zero and that pole.
Hence, the approximate response, ¢ (1) =0.87 —5.3¢”" +4.4e™
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