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First Question :
(1) State and prove Baire’s Category Theorem.

(#4) Let X be a normed space such that absolute convergence of any series
always implies convergence of that series. Prove that X is complete.

Second Question :
Prove or disprove each of the following:
(1) There is a non-reflexive Banach space X whose dual X* is reflexive.

(2) For each x in a normed space X, ||z|| = sup Dﬂ(ft\l)‘
fex=\{o}
(3) If X is a Banach space, Y is a normed space and T,, € B(X,Y) such

that (T, (z))52, is a Cauchy sequence in Y for every « € X, then (||7,)]|)52, is
bounded.

(4) Any closed linear operator T' : X — Y of normed spaces X and Y is
bounded.

(5) If f # 0 is a linear functional on a normed space X, then f € X*.
Third Question :

(1) Let M # ¢ be a closed convex subset of a Hilbert space H. Prove that
M contains a unique vector of smallest norm.

(#4) Let X and Y be normed spaces, and let T : X — Y be a a closed linear
operator. Prove that:

(1) The null space N(T') is a closed subspace of X.

(2) IfY is compact, then T is bounded.

(3) If X is compact, and T is bijective, then T~ is bounded.
Forth Question :

(7) Let T':[°° — [*° be the linear map defined by T'((§;)) = (%) Show that
T is bounded. Is T" an open map?. Is T a colsed map?. Justify your answers.

(it) Let A = (o k) be an r x n matrix of real numbers. Show that A defines
a bounded linear operator A : (R”,[.|;) — (R",|.|l5), where |[(&,....&,) |, =



n T
Yo 1€kl and [[(ny, om)]le = Do |77j|. Also, prove that the norm ||A]| of A given
k=1 j=1
T
by ||A| = m]?xz |aji| is compatable with ||.||; and ||.||,.
i=1

(#4i) Let Y and Z be closed subspaces of a Hilbert space H such that Y 1 Z.
Prove that the subspace Y + Z is also closed.

Fifth Question :

(1) Let T : X — Y be a bounded linear operator of normed spaces X and
Y. Prove the following:

(1) There is a bounded linear oprator T : Y* — X* defined by (T (¢))(z) =
g(Tx) for all x € X, g € Y*, and HTX H = |||

(2) If T~ exists and bounded,then (7 )~! exists, bounded and (T )~ =
(T,

(3) If X and Y are Hilbert spaces, what is the relation between T" and the
Hilbert adjoint operator T%7.
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First Question :

(1) Let X and Y be normed spaces and let T : X — Y be a non-zero linear
operator such that T' continuous at a point z, € X. Show that:
(1) T is bounded on X.
(2) |Tz| < ||T|| for all z € X such that ||z| < 1.

i) Let f : X — C be a bounded non-zero linear functional, and let
z € X : f(z) = 1}. Prove that ||f|| = %, where d is the distance
to the origin.

g
=
<

Second Question :

(1) Let X and Y be normed spaces. Prove that if the space B(X,Y") of all
bounded linear oprators from X into Y is complete then Y is complete.

(#4) Consider the space R™ with the norm

||| max || s T = (T1, s Tp)-

Find the dual (R™)* of R™ with this norm.
(#3i) Prove that any Hilbert space H is isometrically isomorphic to its dual
H*.

Third Question :

Prove or disprove each of the following:

(1) The normed space (C[—1, 1], ||.||) with the the norm defind by ||x|| teIFi),(l] |z(¢)]
is a Hilbert space.

(2) Every finite dimensional normed space is reflexive.

(3) every bounded linear operator T': D(T') — Y is closed, where D(T') C X,
X and Y are normed spaces.

(4) If Y is a subspace of a Hilbert space H such that Y = Y+, then Y is
closed in H.

(5) If X # {0} is a normed space, then its dual X* # {0} .



Forth Question :

(1) Let T be a non-zero bounded linear operator of a normed space X onto
a Banch space Y. Prove that, for each n € N, the norm closure T(B,,) of T'(B,,)
contains an open ball about Oy, where B, = B(0x;27") = {z € X : ||z| <
27"}

(#3) Let X be a subspace of [*° consists of all elements z = (£;)$2,, & = 0 for
all but finite number of #’s. Define T': X — X by T'(z) = (%);ﬁl, x=(£)2,.
(1) Show that T is linear and bounded.
(2) Does T7': R(T) — X exists?.
(3) If T—! exists, is it bounded?.

Fifth Question :

Let X and Y be Banach spaces, and let T': D(T") — Y, be a closed linear
operator, where D(T") C X. Prove that:

(1) If D(T) is closed in X, then T is bounded.
(2) T~': R(T) — X exists and is bounded, then R(T) is closed in Y.

(3) If T,, € B(X,Y) such that (T,x)52, is a Cauchy sequence in Y, for
every z € X, then (||T5, )82, is bounded.
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First Question

(¢) : Define a C*-algebra, then show that the set C'(X) of all continuous
complex valued functions on a compact set X is a commutative C*-algera with
the norm given by || f]| = sup |f(x)].

rzeX

(i4) : Let ¢ : A — B be a *-homomorphism of C*-algebras A and B. Show

that
(a) ¢ is continuous.
(b) o(é(z)) C o(x) for each z € A.

Second Question

Prove or disprove each of the following where A is a C*-algebra
with identity I and B is a C*-subalgebra of A:

(1) If x € B, then op(z) = oa(x).
(2) If x € B which is invertible in A, then 27! € B.
(3) If z is a normal element in A, then r(z) < ||z .
(4) If z is a self-adjoint element in A such that ||z|| > 1, then || —z| > 1.

(5) There exists a non-zero element x € A such that p(x) = 0 for every
state p of A.

(6) If 2.y € Ay such that —y <z <y, then [lz] < [y].

Third Question

(¢) Let H be a complex Hilbert space. Show that for each £, € H, the map
we,u : B(H) — C defined by we ,(x) =< x&, p > is a bounded linear functional
on B(H).

(#4) Prove that the map wee = we, £ € H, is positive on B(H) and is a
state when [|£]| = 1.

(#4i) If B(H), is the norm closure of the vector subspace B(H)~. of B(H)*,
prove that B(H) ~ (B(H).)*.

Fourth Question

Let A be a C*-algebra. Prove that

(¢) a linear functional p on A is positive if and only if p(I) = | p|| -

(13) if z € A and X\ € o(z), then there is a state p of A such that p(z) = A.

Fifth Question

Let E and F' be Banach spaces and let ¢ : E — F be a bounded linear
operator.

If " : F* — E* is the adjoint of ¢, prove that

(1) ¢"is o(F*, F) — o(E*, E)- continuous and |¢*|| = ||¢]|



(#7) if ¢ is an isometry, then ¢* maps the closed unit ball (F*); of F*onto
the closed unit ball (E*); of E*,

(2i) if M is a subspace of E, then M° is a o(E*, E)-closed subspace of
E*and (M°)o = M





