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Answer the following questions:  

(Note that SND Table is attached in page 3)    

Q1: [6+3] 

(a) If the random variable X has probability density function 
2 2( ) (1 2 ) ,  0.xf x x e x    

(i) Determine the survival function. 

(ii) Determine the hazard rate function. 

(iii) Determine the mean excess loss function. 

(b) The cdf of a random variable is 
2( ) 1 ,  1.F x x x    Determine the mean, median, and mode of this 

random variable. 

Q2: [4+2] 

(a) Let X   have a Poisson distribution with parameter .  Let  have a Gamma distribution with 

parameters  and .   Determine the expectation of   and then the unconditional expectation of .X  

(b) Consider a frailty model with frailty random variable  , such that 
1

( ) ,   0.
1

a x x
x

 


 

Find the conditional survival function of .X  

Q3: [5+5] 

(a) The average claim size for a group of insureds is 1500, with a standard deviation of 7500. Assume that 

claim counts have the Poisson distribution. Determine the expected number of claims so that the total 

loss will be within 5% of the expected total loss with probability 0.90.  

(b) A group of insureds had 6000 claims and a total loss of 15,600,000. The prior estimate of the total loss 

was 16,500,000. Determine the limited fluctuation credibility estimate of the total loss for the group. Use 

the standard for full credibility determined in (a). 

Q4: [5+5] 

(a) There are two types of drivers. Good drivers make up 70% of the population and in one year have zero 

claims with probability 0.6, one claim with probability 0.3, and two claims with probability 0.1. Bad drivers 

King Saud University 
College of Sciences 

Department of Mathematics 
 

Final Exam, S2-1442H 

ACTU 475 
Credibility Theory and Loss Distributions. 

Time: 3 hours - Marks: 20 
 



2 
 

make up the other 30% of the population and have zero, one, or two claims with probabilities 0.4, 0.3, 

and 0.3, respectively.                                   

(i) Describe this process by using the concept of the risk parameter .  

(ii) For a particular policyholder, suppose that we have observed 1 20 and 1x x   for past claims. 

Determine the posterior distribution of 1 20,  1X X    and the predictive distribution of 

3 1 20,  X 1.X X    

(b)  

Risk 1 produces claims of amounts 100, 1,000, and 20,000 with probabilities 0.5, 0.3, and 0.2, 

respectively. For risk 2, the probabilities are 0.7, 0.2 and 0.1. Risk 1 is twice as likely as risk 2 of being 

observed. A claim of 100 is observed, but the observed risk is unknown. Determine the Buhlmann

credibility estimate of the expected value of the second claim amount from the same risk.  

Q5: [5] 

Polices have a deductible of 7. Six losses are observed, with value 10, 13, 14, 15, 17, 19. Ground-up losses 

have an exponential distribution with parameter   . Determine the maximum likelihood estimate of .  

 ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ
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The Model Answer 

Q1: [6+3] 

(a) 

(i) 

 

2

2 2

2 2 21
2

2 2

2 2 21
4 2 2

2 2

2 2

The survival function is

( ) (1 2 )

        2 ,  where 

   

 ( ) (1 )

            (1 ) ,  0

t

x

t t

x
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t t tt t
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x

S x t e dt

e I I t e dt
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S x t t e

x x e x





 



  






 

   



   

    

   





  

(ii) 

2 2

2

2

2

2

 The hazard rate function is

( ) [ln ( )]

and ( ) (1 )

ln ( ) 2 ln(1 )

1 2
 ( ) 2

1

or simply,

( ) 1 2
( )

( ) 1

x

d
h x S x

dx

S x x x e

S x x x x

x
h x

x x

f x x
h x

S x x x



 

  

    


  

 


 

 

 

(iii) 

2 2

The mean excess loss function is

( )
( )                                 (1)

( )

From (i)  ( ) (1 )           (2)

x
X

x

S t dt
e x

S x

S x x x e







  


 

We can deduce that, 
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2 2

2 21
2

2 21
2

( ) (1 )

              (1 )

              (1 )                 (3)
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22 2 2 2 21
4 2 2

2 2 2 2 21 1
4 2 2

Where ,

  and 
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t t t t tt

I t e dt e e e
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   

    

    

    



 
 

21
2

2

 By substituting (2) and (3) in (1), we get

1
( )     

1
X

x x
e x

x x



 


 

 

 (b) 

 The pdf is 
3( ) 2 ,  1.f x x x   

The mean is 

2

1
( ) 2

          2

E X x dx






  

2To get the median, solve the equation ( ) 1 0.5

 The median

 

 1.4142

F x x   


 

The mode is the value at which the pdf is highest, so to get the mode, 

3 ( ) 2 ,  1 is a decreasing function and its highest value at 1

 The mode =1

f x x x x  


 

Q2: [4+2] 

(a) 
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/
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( / )
 ( )

( )

 ( )

   Poisson ( )
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   

 

Note: Also, you can obtain this result by using the formula  

0

 ( ) ( ) ( )  where ( )
!

x

X X X

e
f x f x f d f x

x


   

 

 
   

(b) 

We first find ( )A x  

0

0

( ) ( ) 

        ln(1 )
1

x

x

A x a t dt

dt
x

t



  





 

Thus, 

 

( )

ln(1 )

( )

                =

1
                =

(1 )

A x
X

x

S x e

e

x







 



 





 

Q3: [5+5] 

(a) 

2 2

0

at 0.90,  ( ) (1 ) / 2 0.95

1.645 (by using SND table)

( / ) (1.645 / 0.05) 1082.41

p

p

p

p y p

y

y r

    

 

   
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 

2

0

2 2

2
7500
1500

To get the expected number of claims, use the following formula:

                              [1 ( ) ]

where =7500 , =1500

 The expected # of claims 1082.41[1 ]

                      

n 


 

 

 

  

                        28142.66                              

 

(b) 

2 2
0 /

6000
28142.66

The credibility factor is 

                                          0.461735

nZ
  



   

The partial credibility through premium is

(1 )

     0.461735(15600000) (1 0.461735)(16500000)

     16084438.5

cP ZX Z M  

  



 

Q4: [5+5] 

(a) 

(i) 

x  Pr( )X x G    Pr( )X x B      Pr( )   

 0 0.6 0.4 G  0.7 

 1 0.3 0.3 B  0.3 

 2 0.1 0.3   

 

 

(ii) 

For the posterior distribution, the posterior probabilities are given by  



8 
 

1 2

(0 ) (1 ) ( )
( 0,1)

(0,1)

where (0,1) (0 ) (1 ) ( )

X

X X X

f G f G G
G

f

f f f





   
 




 

(0,1) 0.6(0.3)(0.7) 0.4(0.3)(0.3)

             0.162

0.6(0.3)(0.7)
( 0,1) 0.7778

0.162

0.4(0.3)(0.3)
( 0,1) 0.2222

0.162

Xf

G

B





 



 

 

 

For the predictive distribution, the predictive probabilities are given by  

3
(0 0,1) (0 ) ( 0,1)

                  (0 ) ( 0,1) (0 ) ( 0,1)

                  0.6(0.7778) 0.4(0.2222)

                  0.55556,

X Xf f

f G G f B B


  

 



 

 





 

3
(1 0,1) (1 ) ( 0,1)

                  (1 ) ( 0,1) (1 ) ( 0,1)

                  0.3(0.7778) 0.3(0.2222)

                  0.3,

X Xf f

f G G f B B


  

 



 

 





 

3
and (2 0,1) (2 ) ( 0,1)

                  (2 ) ( 0,1) (2 ) ( 0,1)

                  0.1(0.7778) 0.3(0.2222)

                  0.14444.

X Xf f

f G G f B B


  

 



 

 





 

(b) 

The required calculations are given in the following table. 

 

Risk 100 1,000 20,000 ( )      ( )v   Pr( )   

1 0.5 0.3 0.2 4,350 61,382,500 2/3 

2 0.7 0.2 0.1 2,270 35,054,100 1/3 



9 
 

  

To determine the Buhlmann credibility estimate of the expected value of the second claim amount from 

the same risk, we should find the following quantities. 

[ ( )]

    =(2/3)(4350)+(1/3)(2270)=3,656.667,

E  
 

[ ( )]

    =(2/3)(61,382,500)+(1/3)(35,054,100)=52,606,366.67,

v E v 
 

2 2 2

var[ ( )]

  (2 / 3)(4350) (1/ 3)(2270) -3,656.667 961,419.7845,

a  

  
 

   = 54.71737, 

v
k
a


 

1
    

1 54.71737

1
 Z 0.0179477.

55.71737

n
Z
n k







  

 

The Buhlmann estimate is  

2

1

( 100) (1 )

                 0.0179477(100) (1 0.0179477)(3,656.667)

                 3,592.83.

where 100

cE X P ZX Z

X

   

  





 

Q5: [5] 
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6

6

6

1

6

1/ (10 13 14 15 17 19)1

6
7/

46/1

The likelihood function is

( )
( )

1 (7 )

(10 ) (13 ) (14 ) (15 ) (17 ) (19 )
         

[1 (7 )]

         

  ( )

j

j

f x
L

F

f f f f f f

F

e

e

L e
















     







     












  

 



 

The loglikelihood function is

46
( ) 6lnl  


  

 

^
'

'

2

^

To get ,  set ( ) 0

46 6
( ) 0

46
 

6

        7.6667

l

l

 


 





   

 

 

Another Solution 

6
/1

6
1

7/ 6
1

( )
( )

1 (7 ) ( )

jx

j j

j

e
f x

L
F e



















 



  

6

1

The loglikelihood function is

1 7
( ) 6ln 6j

j

l x 
 

 
     

 


 

^
'

6
'

2 2
1

'

2

^

To get ,  set ( ) 0

6 88 42
( ) 0 where 88

6 46
    ( ) 0

46
 

6

        7.6667

j
j

l

l x

l

 


  


 







      

   

 


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