
1 
 

       

ـــ  ـــ ــــ ـــ ــــ ـــ ـــ ــــ ـــ ـــ ــــ ـــ ـــ ــــ ـــ ــــ ـــ ـــ ــــ ـــ ـــ ــــ ـــ ـــ ــــ ـــ ـــ ــــ ـــ ــــ ـــ ـــ ــــ ـــ ـــــــــــــ ــــ ـــ ـــ ــــ ـــ ــــ ـــ ـــ ــــ ـــ ـــ ــــ ـــ ـــ ـــــــ ــ ـ  

Answer the following questions:  

(Note that SND Table is attached in page 3)    

 

Q1: [4+4] 

(a) The cdf of a random variable X  is ( ) 1 exp ,  0.
x

F x x


 
    

 
 

Determine the mean excess loss and limited expected value functions. 

(b) Show that the gamma distribution is a member of the linear exponential family, then derive the mean 

and variance of the gamma distribution. 

Q2: [2+6] 

(a) LetX  have cdf 
( / )

( ) .
1 ( / )











X

x
F x

x
 Determine the inverse distribution of ,X  with clarifying, the 

names of distributions. 

(b) A sample of 100 losses revealed that 62 were below 1,000 and 38 were above 1,000. An exponential 

distribution with mean   is considered. Using only the given information, determine the maximum 

likelihood estimate of .  Now suppose you are also given that the 62 losses that were below 1,000 

totaled 28,140, while the total for the 38 above 1,000 remains unknown. Using this additional 

information, determine the maximum likelihood estimate of .  

Q3: [4+4] 

(a) The average claim size for a group of insureds is 1,500, with a standard deviation of 7,500. Assume 

that claim counts have the Poisson distribution. Determine the expected number of claims so that the 

total loss will be within 5% of the expected total loss with probability 0.90.  

(b) A group of insureds had 6,000 claims and a total loss of 15,600,000. The prior estimate of the total loss 

was 16,500,000. Determine the limited fluctuation credibility estimate of the total loss for the group. Use 

the standard for full credibility determined in (a). 
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Q4: [8] 

The amount of a claim X  has an exponential distribution with mean 1 / .  Among the class of insureds 

and potential insureds, the risk parameter   varies according to the gamma distribution with 4   and 

scale parameter 0.001.   Suppose that a person had claims of 100, 950, and 450.  

Find each of the following. 

(a) The probability models for ,X  and risk parameter .  

(b) The predictive distribution of the fourth claim and the posterior distribution of .  

(c) The Bayesian premium. 

(d) The Bühlmann premium. 

Hint: For Bühlmann premium use, 
2

,  ,
1 ( 1)( 2)

 


  
 

  
  

where   here is the reciprocal of the usual scale parameter of gamma distribution.   

 

Q5: [8] 

Suppose that the number of claims from jm  policies is jN  in year j  for a group policyholder with risk 

parameter   has a Poisson distribution with mean ,jm   that is ,  for 1,..., ,j n  

 

 

where   has a gamma distribution with parameters    and .  Determine the Bühlmann- Straub 

estimate of the expected number of claims in year 1n   for the 1nm   policies. 
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( )
Pr( ) ,  0,1,2,...,

!

jmx
j

j

m e
N x x

x








    
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The Model Answer 

Q1: [4+4] 

(a) 

The mean excess function is

( )
( )                                 

( )

( ) exp   

exp

( )  

exp

.exp

 ( ) = 

exp

x
X

x

X

x
X

S t dt
e x

S x

x
S x

t
dt

e x
x

t

e x
x






















 
  

 

 
 
 

 
 
 
 

 
  

 
 

 
 
 





 

( )  ( ) ( ) ( )E X x E X e x S x    

( ) .exp

                   (1 )x

x
E X x

e 

 


 

 
     

 

 

 

(b) 

For ( , ) X gamma  

1 /

( ; )
( )

  




  

 


xx e
f x  

Clearly, 
( )( )

( ; )
( )







r xp x e

f x
q

 

                             

1
1[ / ( )]. 

= ,

xx e 







 
 

where 
1( ) 1/ ,  q( )=  and ( ) / ( )r p x x          

The gamma distribution is a member of the linear exponential family. 
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 The mean, 

 

'

'

1

2

( )
( ) ( )

( ) ( )

                     
1/ .

q
E X

r q





 

 




 



 

 

                   

and the variance, 

 '

'

2

2

( ) ( )

( )
             

( )

             
1/

Var X v

r



 












 

   

Q2: [2+6] 

(a) 

For loglogistic distribution with 2 parameters  and , 
( / )

( )
1 ( / )











X

x
F x

x
 

For 1Y X , we have 
1( ) 1 ( ) Y XF y F y  

1

1

1

( / )
( ) 1

1 ( / )

1
              =

1 ( / )

( )
             =

1 ( )



























  






Y

y
F y

y

y

y

y

 

Which is also loglogistic distribution with 2 parameters  and ,     unchanged and 1/ .   

(b) 

For the first part of the pb, we have 

   
62 38

62 38
1000/ 1000/

( ) (1000) 1 (1000)

         = 1       

L F F

e e 



 

 

      

 

Let 1000/x e  , then  
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62 38

'

( ) (1 )

( ) 62 ln(1 ) 38ln

62 38
( )

1

L x x x

l x x x

l x
x x

 



  




 



 

Set ' ( )l x  0, then 
62 38(1 )

0
(1 )

x x

x x

  



 

 0.38

1000/
0.38

  ^
 1000 / ln 0.38 1033.50

x

e 



 






   

 

For the second part of the pb (additional information), we have 

 
62

38

1

62 28,140/ 38,000/

62 66,140/

( ) ( ) (1000)

        

( ) 

j
j

L f x S

e e

L e

 







 



  

 

 
  
 







 

'

2

( ) 62ln( ) 66,140 /

62 66,140
 ( )

l

l

  


 



  


  

 

2

   ^

62 66,140 0

 1,066.77

 





  

 

 

Q3: [4+4] 

(a) 

2 2

0

at 0.90,  ( ) (1 ) / 2 0.95

1.645 (by using SND table)

( / ) (1.645 / 0.05) 1082.41

p

p

p

p y p

y

y r

    

 

   
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 

2

0

2 2

2
7500
1500

To get the expected number of claims, use the following formula:

                              [1 ( ) ]

where =7500 , =1500

 The expected # of claims 1082.41[1 ]

                      

n 


 

 

 

  

                        28142.66                              

 

(b) 

2 2
0 /

6000
28142.66

The credibility factor is 

                                          0.461735

nZ
  



   

The partial credibility through premium is

(1 )

     0.461735(15600000) (1 0.461735)(16500000)

     16084438.5

cP ZX Z M  

  



 

Q4: [8] 

(a) 

For claims, 0( ) ,     ,x
Xf x e x

  



  

and for the risk parameter, 

4 4

3 4

/0.001

( ) >0

1000
(1000)

( ) >0

(1000)
,          

 (4)

,          
 6

e

e



 



 




















 

 

(b) 

The marginal density at the observed values is  

1

( ) ( ) ( )
j

n

X jX
j

f x f x d   




 
  

 
  

4
3

0

1000100 950 450 1000 
6

(100, 950, 450) e e e ef d       


      
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4
1000 6 2500

6 0

(100,950, 450)f e d 


    

Let 2500t   

4 6

6
0

1000
(100,950, 450)

25006 (2500)

t dtt
f e


   

4
6

7
0

1000
(100,950, 450)

6(2500)

tf t e dt


   

4

7

1000
(100,950, 450) (7)

6(2500)
f    

4

7

1000 720
(100,950, 450)

(2500)6
f   

Similarly,  

4

4
34

0

4

8
4

4

4

1000100 950 450 1000  
6

                                    =                   
8

(100, 950, 450, )

1000 (8)
                                = 

(2500 )6

1000 5040
 

(2500 )6

e e e e exf d

x

x

x          


   









 

The predictive density is 

i.e
4

4

7

4

(100,950,450, )4

(100,950,450)

7(2500)
,

8

( 100, 950, 450)

( 100, 950, 450)
(2500 )

f x

f
f

f
x

x

x






 

which is a Pareto density with parameter 7 and 2500. 

To get posterior density of   given X , use the formula 

X,

X

X

x
(x, )

( )
(x)

f

f



 


  
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4
100 950 450 3 1000

4

7

6 2500 7

100,950,450

1000
 

6

1000 720

(2500)6

(2500)
=

720

( )

                           

e e e e

e

   





   





   





 

(c) For Bayesian premium, 

Since, the amount of a claim has an exponential distribution with mean 1 / .  

4

1 1
( ) 


 

   

For Bayesian premium estimate, we can use the following Eq. 

1 1 X
( ) ( x)E( X=x)n n dX      

   

4

0

0

5

0

6 2500 7

7
5 2500

1
. 

                                 

                                 ,  2500

                                  

(2500)

720

(2500)

720

2500

720

2

E( 100,950,450)

u

d

d

u du u

e

e

e

X







 


































4

500 2500(120)

720 720
(6)

E( 100,950,450) 416.67X

 



 

(d) To get the Bühlmann premium, 

The hypothetical mean is 1( )     where (4,1000),gamma 1000  (the reciprocal of the usual scale 

parameter) and 4.   

1 1,000
[ ( )] ( )

1 3
E E


 



     


  is the expected value of hypothetical means, 

2
2 500,000

[ ( )] ( )
( 1)( 2) 3

E E


 
 

     
 

 is the  expected value of process variance and 

2
1

2

500,000
( )

( 1) ( 2) 9
a Var



 

   
 

is the variance of hypothetical means.  
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We can also find a  as  
2

1 500,000 1,000 500,000
( )

3 3 9
a Var   
     

 
 

3 1
3,  Z= .

6 2

n
k
a n k


    


 

So, the Bühlmann Premium is  

 1

1 1 1000 100 950 450
(500) ( ) 416.67,   where = =500, 

2 2 3 3

c

c

P ZX Z

P X

  

 
   

 

which matches the result of Bayesian premium that introduced in (c). 

Q5: [8] 

Let /j j jX N m be the average of claims per individual in year .j  

jN  has a Poisson distribution with mean ,jm   

( ) ( )
j j

j
j j

N m
E X E

m m


  
        

 
 

 

and  

2 2

( )

1
                   = ( )

( )
                   =

j
j

j

j
j

j j

j j

N
Var X Var

m

m
Var N

m m

m m





 
    

 
 


 

 


 

  

[ ( )] ( )E E        is the expected value of hypothetical means, where ( , ),gamma    

[ ( )] ( )E E        is the  expected value of process variance and 2( )a Var    is the variance of 

hypothetical means.  

1
,  Z= .

1

m m
k
a m k m

 

 
   

 
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So, the Bühlmann-Straub estimate for one policyholder is  

1

1

1
1 1

1
    where =m  

1 1

c

n

j j
j

m m
P X
m m

m
X X m X

m m

 


 




 





 
   

  

 
 



 

For year 1,n   the estimate is 
1 .n cm P  
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