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Answer the following questions.  

(Note that SND Table is attached in page 3)    

Q1: [3+4] 

Consider the model of the total dollars paid on a medical malpractice policy in one year that is defined by 

an insurance company as  

 

(i) Determine the survival, density, and hazard rate functions. 

(ii) Determine the mean excess loss and limited expected value functions.  

Q2: [2+4] 

(a) Consider a frailty model with frailty random variable  , such that 
1

( ) ,   0.
1

a x x
x

 


 

Find the conditional survival function of .X  

(b) Let X  have a Pareto distribution, where ( ) 1






 
  

 
F x

x
. Determine the cdf of the inverse, 

transformed, and inverse transformed distributions. Identify the names of these distributions. 

Q3: [2+2+1.5+2+2.5] 

There are two types of drivers. Good drivers make up 70% of the population and in one year have zero 

claims with probability 0.6, one claim with probability 0.3, and two claims with probability 0.1. Bad 

drivers make up the other 30% of the population and have zero, one, or two claims with probabilities 0.4, 

0.3, and 0.3, respectively.                                   

(a) Describe this process by using the concept of the risk parameter .  

(b) For a particular policyholder, suppose that we have observed 1 0x  and  2 1x  for past claims. 

Determine each of the following: 

(i) The posterior distribution of 
1 20,  1X X     

(ii) The predictive distribution of 
3 1 20,  X 1 X X  

(iii) The Bayesian premium estimate 
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(iv) The Bühlmann premium estimate 

Q4: [4+4] 

(a) The average claim size for a group of insureds is 1500, with a standard deviation of 7500. Assume that 

claim counts have the Poisson distribution. Determine the expected number of claims so that the total loss 

will be within 5% of the expected total loss with probability 0.90.  

(b) Suppose that the number of claims from jm  policies is jN  in year j  for a group policyholder with risk 

parameter   has a Poisson distribution with mean ,jm   that is ,  for 1,..., ,j n  

 

 

where   has a gamma distribution with parameters    and .  Determine the Bühlmann- Straub estimate 

of the expected number of claims in year 1n   for the 1nm   policies. 

Q5: [6+3] 

(a) A sample of 100 losses revealed that 62 were below 1,000 and 38 were above 1,000. An exponential 

distribution with mean   is considered. Using only the given information, determine the maximum 

likelihood estimate of .  Now suppose you are also given that the 62 losses that were below 1,000 totaled 

28,140, while the total for the 38 above 1,000 remains unknown. Using this additional information, 

determine the maximum likelihood estimate of .  

(b) Suppose, you have observed the following five claim severities: 

16.0, 20.2, 20.0, 19.0 and 36.8. Determine the maximum likelihood estimate of   for the following 

model. 

21
2

1
( ) exp[ ( ) ],  , 0

2
 


   xf x x x

x
 

 ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ

 

 

( )
Pr( ) ,  0,1,2,...,

!

jmx
j

j

m e
N x x

x








    
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The Model Answer 

Q1: [6+3] 

(i) The survival function is  

0.00001

( ) ( )

 ( ) 0.3 ,     0x

S x F x

S x e x

 

  
 

The density function is 

' '

0.00001

( ) ( ) ( )

 ( ) 0.000003 ,     0x

f x F x S x

f x e x

  

  
 

The distribution of this model is mixed, so we can write the probability density function as follows: 

 

The hazard rate function 

( )
( ) =

( )

 ( ) =0.00001,  0

f x
h x

S x

h x x 

 

The mean excess loss function  

0.00001

0.00001

0.00001

0.00001

( ) 

( ) =
( )

0.3  

        =
0.3

[ ]
        = -100000

 ( ) =100000              (1)

d

x

d
d

x
d
d

S x dx

e d
S d

e dx

e

e

e
e d









 







  

Which is constant function. 

To get the limited expected value function ( )E X u  

0.00001

0.7,                           0,
( )

0.000003 ,     0.x

x
f x

e x


 


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First Method 

0.00001 0.00001

0

( ) ( ) [1 ( )]

 ( ) (0.000003) (0.3)

u

u
x u

E X u xf x dx u F u

E X u x e dx u e



 

   

   





 

0.00001

0

0.00001 0.00001

0
0

0.00001 0.00001

2

0.00001 0.00001

(0.000003)

   0.000003
0.00001 0.00001

1
    0.000003

0.00001 (0.00001)

 0.3 30000( 1)     (2

u
x

ux x
u

u u

u u

I x e dx

xe e
dx

ue e

I ue e



 

 

 



 
  

   

  
  

 

    





)

 

0.00001( ) 30000 1  uE X u e       

Second Method 

By using the following formula 

( )  ( ) ( ) ( )  E X u E X e u S u  

To obtain ( )E X , let u in (2)  

 ( ) 30000E X   

Also, ( )e u is determined before in (1),  ( ) 100000e u   

0.00001

0.00001

 ( ) 30000 100000(0.3 )

                    30000(1- )

          





   



u

u

E X u e

e   

Third Method 

Simply, we can use the following formula 
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0

0

0.00001

0

0.00001

0

0.00001

( ) ( ) ( )

 ( ) 0 0.3

                      = 0.3
0.00001

                      =30,000[1- ]









   

   



 



u

u
x

ux

u

E X u F x dx S x dx

E X u e dx

e

e

 

Q2: [2+4] 

(a) 

We first find ( )A x  

0

0

( ) ( ) 

        ln(1 )
1

x

x

A x a t dt

dt
x

t



  





 

Thus, 

 

( )

ln(1 )

( )

                =

1
                =

(1 )

A x
X

x

S x e

e

x







 



 





 

(b) 

For Pareto distribution with parameters ,   ( ) 1






 
  

 
XF x x

 

For 0,  ( ) ( )  Y XF y F y  

( ) 1









 
   

 
YF y y

 

1/

1
( ) 1

1 ( / )



 

 
    

 
YF y y

 

Which is the Burr distribution with three parameters 
1/

,,


    
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For 1
,  1 ( ) 1 ( )    Y XF y F y  

1

1

1

( ) 1 1

             =

( )























  
     

   

 
 

 

 
   

 

Y

Y

F y
y

y

y
F y

y

 

which is the inverse Pareto distribution with parameters 1
, 

    

For negative ,   ( ) 1 ( ) Y XF y F y  

 

1

1/

( ) 1 1

             =

             =

             =


















 





















  
     

   

 
 

 

 
 

 

 
 
 
 

YF y y

y

y

y

y

y

 

 

 

1/

1/

/
( )  

1 /

















 
  
 
 

Y

y
F y

y
 

which is the inverse Burr distribution with three parameters 
1/

,,


  


 

Q3: [2+2+1.5+2+2.5] 

(a) 
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x  Pr( )X x G    Pr( )X x B      Pr( )   

 0 0.6 0.4 G  0.7 

 1 0.3 0.3 B  0.3 

 2 0.1 0.3   

 

(b) 

(i) 

For the posterior distribution, the posterior probabilities are given by  

1 2

(0 ) (1 ) ( )
( 0,1)

(0,1)

where (0,1) (0 ) (1 ) ( )

X

X X X

f G f G G
G

f

f f f





   
 




 

(0,1) 0.6(0.3)(0.7) 0.4(0.3)(0.3)

             0.162

0.6(0.3)(0.7) 7
( 0,1) 0.7778

0.162 9

0.4(0.3)(0.3) 2
( 0,1) 0.2222

0.162 9





 



  

  

Xf

G

B

 

(ii) 

For the predictive distribution, the predictive probabilities are given by  

3
(0 0,1) (0 ) ( 0,1)

                  (0 ) ( 0,1) (0 ) ( 0,1)

                  0.6(0.7778) 0.4(0.2222)

                  0.55556,

X Xf f

f G G f B B


  

 



 

 





 

3
(1 0,1) (1 ) ( 0,1)

                  (1 ) ( 0,1) (1 ) ( 0,1)

                  0.3(0.7778) 0.3(0.2222)

                  0.3,

X Xf f

f G G f B B


  

 



 

 




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3
and (2 0,1) (2 ) ( 0,1)

                  (2 ) ( 0,1) (2 ) ( 0,1)

                  0.1(0.7778) 0.3(0.2222)

                  0.14444.

X Xf f

f G G f B B


  

 



 

 





 

(iii) 

For Bayesian premium estimate 

3( 0,1) (G) (G 0,1)+ (B) (B 0,1)   E X  

(G) 0(0.6)+1(0.3)+2(0.1)

         0.5

 


 

 
(B) 0(0.4)+1(0.3)+2(0.3)

        0.9

 


 

3( 0,1) 0.5(0.7778) 0.9(0.2222)

                    0.58888

                    0.6

  



E X

 

(iv)  

For Bühlmann premium estimate 

The collective premium is 

[ ( )]

   ( ) ( ) ( ) ( )

   (0.5)(0.7) (0.9)(0.3)

 0.62

 

   



 

 

 

 

E

G G B B
 

The variance of hypothetical means is 

2 2 2

2 2 2

var[ ( )]

   ( ) ( ) ( ) ( )

   (0.5) (0.7) (0.9) (0.3) 0.62

 0.0336



    

 

  

  

 

a

G G B B

a

 

For the process variancev  
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[ ( )]

    ( ) ( ) ( ) ( ) 

 

 

v E v

v G G v B B
 

2 2 2 2

( ) var( )

         0 (0.6) 1 (0.3) 2 (0.1) 0.5

( ) 0.45 



   

 

jv G X G

v G

 

2 2 2 2

( ) var( )

         0 (0.4) 1 (0.3) 2 (0.3) 0.9

( ) 0.69



   

 

jv B X B

v B

 

[ ( )]

  0.45(0.7) 0.69(0.3)

0.522

 

 

 

v E v

v

 

   = 15.53571429


v

k
a  

2
    

2 15.53571429

 Z 0.11405







 

n
Z
n k

 

The Bühlmann premium is  

3( 0,1) (1 )

                 0.11405(0.5) (1 0.11405)(0.62)

                 0.6063

                 0.6

0 1
where 0.5,  0.62

2





   

  




  

cE X P ZX Z

X

 

Clearly, this result is closed to Bayesian premium estimate. 

Q4: [4+4] 

(a) 
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2 2

0

at 0.90,  ( ) (1 ) / 2 0.95

1.645 (by using SND table)

( / ) (1.645 / 0.05) 1082.41

p

p

p

p y p

y

y r

    

 

   

 

 

2

0

2 2

2
7500
1500

To get the expected number of claims, use the following formula:

                              [1 ( ) ]

where =7500 , =1500

 The expected # of claims 1082.41[1 ]

                      

n 


 

 

 

  

                        28142.66                              

 

(b) 

Let /j j jX N m be the average of claims per individual in year .j  

jN  has a Poisson distribution with mean ,jm   

( ) ( )
j j

j
j j

N m
E X E

m m


  
        

 
 

 

and  

2 2

( )

1
                   = ( )

( )
                   =

j
j

j

j
j

j j

j j

N
Var X Var

m

m
Var N

m m

m m





 
    

 
 


 

 


 

  

[ ( )] ( )E E        is the expected value of hypothetical means, where ( , ),gamma    

[ ( )] ( )E E        is the  expected value of process variance and 2( )a Var    is the variance of 

hypothetical means.  

1
,  .

1

 

 
    

 

m m
k Z
a m k m

 

So, the Bühlmann-Straub estimate for one policyholder is  
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1

1

1
1 1

1
    where =m  

1 1

c

n

j j
j

m m
P X
m m

m
X X m X

m m

 


 




 





 
   

  

 
 



 

For year 1,n   the estimate is 
1 .n cm P  

Q5: [6+3] 

(a) 

For the first part of the pb, we have 

   
62 38

62 38
1000/ 1000/

( ) (1000) 1 (1000)

         = 1       

L F F

e e 



 

 

      

 

Let 1000/x e  , then  

62 38

'

( ) (1 )

( ) 62 ln(1 ) 38ln

62 38
( )

1

L x x x

l x x x

l x
x x

 



  




 



 

Set ' ( )l x  0, then 
62 38(1 )

0
(1 )

x x

x x

  



 

 0.38

1000/
0.38

  ^
 1000 / ln 0.38 1033.50

x

e 



 






   

 

For the second part of the pb (additional information), we have 

 
62

38

1

62 28,140/ 38,000/

62 66,140/

( ) ( ) (1000)

        

( ) 

j
j

L f x S

e e

L e

 







 



  

 

 
  
 






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'

2

( ) 62ln( ) 66,140 /

62 66,140
 ( )

l

l

  


 



  


  

 

2

   ^

62 66,140 0

 1,066.77

 





  

 

 

(b) 

21
2

1
( ) exp[ ( ) ],  , 0

2
xf x x x

x
 


     

2

2

1 1 1
ln ( ) ln ln ( )

22

1 1 1
                    ln 2 ln

2 2 2 2

f x x
xx

x x
x

 



 

    

     

 

1

2

1 1 1

 ( ) ln ( )

1 1 1
 ( ) ln 2 ln

2 2 2 2

j

n

X j
j

n n n

j j
j j j j

l f x

n
l x x n

x

 


  



  
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