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Answer the following questions.

(Note that SND Table is attached in page 3)
Q1:8[4+4]

If the random variable X has probability density function f(z)=(1+ sz)e_zx, 1 >0.

(a) Determine the survival and hazard rate functions.

(b) Find the mean excess loss function €X(CU) and limited expected value function E(X A z).

Q2: 8[4+4]
(a) Consider the exponential-inverse Gaussian frailty model with

, >0

a(z) = 0
21+ 61

(i) Determine the conditional survival function SX‘A (a:|/1).

(ii) If A has a gamma distribution with parameters & =1 and « replaced by 2c, determine the
marginal or unconditional survival function of X.
(b) Claimsizes have an exponential distribution with mean 6. For 80% of risks, & =8, and for 20% of risks,

& =2. Arandomly selected policy had a claim of size 5 inyear 1. Determine both the Bayesian and
BihImann estimates of the expected claimsize in year 2.

Q3: 8[4+4]

(a) An insurance company has decided to establish its full-credibility requirements for an individual state
rate filing. The full-credibility standard is to be set so that the observed total amount of claims underlying
the rate filing would be within 5% of the true value with probability 0.90. The claim frequency follows a
Poisson distribution and the severity distribution has pdf

- 100-=
5,000

f(z) , 0<z<100

Determine the expected number of claims necessary to obtain full credibility using the normal
approximation.



(b) For a particular policyholder, the manual premium is 600 per year. The past claims experience is given
in the following table

Year 1 2 3

Claims 475 550 400

Determine the full credibility and partial credibility through premium by assuming the normal
approximation. Use r=0.05 and p =0.95.

Q4:8[2+2+2+2]

The amount of a claim X has an exponential distribution with mean 1/®. Among the class of insureds
and potential insureds, the risk parameter ©® varies according to the gamma distribution with « =4 and
scale parameter 3 =0.001. Suppose that a person had claims of 100, 950, and 450.

Find each of the following.

(a) The probability models for X, and risk parameter @.

(b) The predictive distribution of the fourth claim and the posterior distribution of ®.

(c) The Bayesian premium.

(d) The Bihlmann premium.

2
Hint: For Biihimann premium use, ﬂ=%’ U:m‘

where g here is the reciprocal of the usual scale parameter of gamma distribution.
Q5: 8[4+4]

(a) Suppose, you have observed the following five claim severities: 521, 658, 702, 819, and 1,217.
Determine the maximum likelihood estimate of & for the following model (which is the Pareto
distribution):

F(x):l—L@) , x>500, a>0.
X

Also, find the value of the log-likelihood function.

(b) Five hundred losses are observed. Five of the losses are 1100, 3200, 3300, 3500, and 3900. All that is
known about the other 495 losses is that they exceed 4000. Determine the maximum likelihood estimate
of the mean of an exponential model and the value of the log-likelihood function.




Standard Normal Cumulative Probability Table
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The Model Answer
Q1:8[4+4]
(a)
(i)
The survival function is
()= (+2t)edt
=—1e¢*+2I, where I = Ijtze‘tht
I=[te?dt
R T

= 46 26 ?e

soS(x) = —(1+t+t2)e’2t‘

o0
T

=(Q+z+2%)e?, 2>0

(ii)

*» The hazard rate function is

h(z) = —%[ln S(@)]

and e S(.Z‘) = (1+$+$2)6*2.T
|nS(x) =—2x+|n(l+$+x2)
1+ 2z

Soh(x)=2-
(@) 1+ +2°

or simply,

h(z) = flz)  1+22?
_S(a:) Cltz+1’

(b)
(i)



The mean excess loss function is
“S(t)dt
L— 1)
S(z)
From (i) S(z)=(+z+z%)e™ (2

ex(z) =

We can deduce that,

r’S(t)dt = J.w(l+t+t2)e’2tdt
= —(1+t+%t2)e’2t‘

= (1+a;+%x2)e_2‘” 3)

0
T

Where I = J‘tze_%dt =l L L
J‘te"%dt =-1e¢? —Le™? and J‘e‘%dt =—1ie™

.. By substituting (2) and (3) in (1), we get

l+z+is’
o e

(ii)
E(X Ax) =—j F(t)dt+_TS(t)dt

— E(XAz)=0+ j: L+ +t%)e % dt
=—@A+t+1t?)e™ ‘Z
=1-(l+z+iz%)e™

Q2: 8[4+4]

(a)

(i)

We firstfind A(z)



Aw) = j :a(t) dt

[
0 21+ 6t

=1 I (L+01) 0dt
2Jo
SA(x) =1+ 0z -1
—AA(z

SX‘A(:L’M):e #A()

- e*ﬂ(~/1+91*1)
(i)
A~ gamma (2a,1)
..The momentgenerating function of the frailty randomvariable A is

M, (z)=E(™)

(LY gy
() e

The marginal survival functionis

Sy (z)=E(e ™)
=M, [-A(2)]

58 (2) = L+ N1+ 62 -1)™*
=@1+6x)"

Whichis a Paretodistribution.
(b)

The Bayesian estimate of the expected claim size inyear 2.

We have 7(® =8)=0.80 and z(® = 2) =0.20, and # of claims (claimsize ) is 5in year 1.

E(X,|X,=5)=E(®|X, =5)
=1(0=8)7(® =8| X, =5)+ 1(0=2)7(®© = 2| X, =5)

7(©=8X,=5)= Pr(X, =5/® =8)7(0 =8)

(18)e**(0.8)

= (l/8)€—5/8 (08) + (1/2)6_5/2 (02) =0.867035

Pr(X, =5/© =8)7(® =8)+Pr(X, =5/0 =2)7(0 = 2)



Pr(X, =50 =2)7(©=2)
Pr(X, =5/© =8)7(® =8)+Pr(X, =50 =2)7(© = 2)
_ (1/2)e¥%(0.2)
(1/8)e*%(0.8) + (1/2)e ¥?(0.2)
~E(X, |Xl =5)=8x0.867035+2x0.132965
=7.2022
The Biuhlmann estimate of the expected claimsize in year 2.
To determine the BiihImann credibility estimate, we should find the following quantities.

u=E[u(0)]
=8(0.80) +(2)(0.20) = 6.8,

Similarly, 7(© =2| X, =5) =

=0.132965

a = var[u(®)]
~82(0.8) +2°(0.2) - 6.82 =5.76,

v=E[v(0)]
:Z v(0)7(6)

=8%%x0.8+2?x0.2=52,
Note that for X ~exp(&) the mean = F(X) =6 and var(X) =6°

k=2
a

= 2=9.02778,
5.76

1+9.02778
- Z =0.099723.

The Buhlmann estimate is

E(X,[100)=P, =ZX +(1-Z)u
=0.099723x5+ (1—0.099723) x 6.8
= 6.6205.



Q3: 8[4+4]
(a)

at p=0.90, ®(y,) =(1+p)/2=0.95
=y, =1.645 (by using SND table)
=4, =(, /)% = (1.645/0.05)* =1082.41

100 _
E(X) :I 1{100 "”j dz
o | 5000

_J‘mo 100z — 22
o 5,000

— l 2 3
=500 [100(2*/2) - 2°/3]

B = 20 [1 1}:@

"500002 3] 3

100 _
E(X?) =J' 219021 4
0 5,000
_ roo 100z° - 2° 5,000
= dr =
o 5,000 3
s Var(X) = E(X?) -[E(X))
_5,000 10,000 _ 5,000
3 9 9

100

0

To get the expected number of claims, use the following formula:

ni = A[1+(2)°]

5,000 10,000
where 02: 92 = 5

.. The expected # of claims =1082.41]1+ 0.5]
=1623.615

(b)

at p=0.95, ®(y,)=(+p)/2=0.975
=y, =1.96 (by using SND table)

= A, =(y, /)" =(1.96/0.05)* =1536.64

Themeanis & = E(X].) = 475+520+400 =475,
z(% _5)2 2 2 2
variance is o = -2 _0 TS 5625
n-1 2



2
For full credibility > 4, (%)

n 21536.64(562?j
475

-.n > 38.3095845

The credibility factor is Z = ﬂT"/fQEZ
(o2

— 3 —
= Jaaacdeams = 0279838

The partial credibility through premium is
P=ZX+Q1-Z)M

=0.279838(475) + (1-0.279838)(600)
. P =565.02025

Q4: 8[24+2+2+2]

(a)

For claims, fy, (z|0)=0¢™, =z,6>0

and for the risk parameter,

0* (1000)* 010001
INOE , 0>0
0 T'(4)
§%,~10000 ;14
NOE 5 , 0>0

(b)

The marginal density at the observed values is
fe(@)=] {H Fjo (x,-\m}z(e)de
i1

0 4
£(100,950, 450) = [ gc~10005,~9500 5, -4500 %936—1000%9
0

4
1000 *°

£(100,950,450) = —— | 652590949
6 0



Let ¢ = 25000

1000* % 46 g

(100,950, 450) = ¢

4

1000* =

£(100,950,450) = - [ t%dt
6(2500)" o

4

. (100,950, 450) =201 7)
B T 6(2500)"

4
1000
- £(100,950,450) =~ LO7
6 (2500)

Similarly,

© 4
£(100,950,450, ;) = [ 6¢1000,~9500,-4500 5, ~140 %936—1000%9
0
1000  r(8)
6  (2500+z,)°

1000* 5040
6 (2500+4)%

The predictive density is

£(100,950,450,24)

f(x,[100,950, 450) = * 100.850.450)

i.e.

7
f(x,[100,950, 450) = 7(2500)

(2500+24)8
which is a Pareto density with parameters 7 and 2500.

To get posterior density of ® given X, use the formula

fx,(a (x,0)

Jx ()

7[@‘)( (H‘X) =

10



4
_ _ _u50p 1000
e 1006?9e 950996 4500
6
1000* 720

6 (2500)7
(2500)"
720

3 -10006
€

1% 4

.. 71(6]100,950,450) =

B 1966_25009

(c) For Bayesian premium,

Since, the amount of a claim has an exponential distribution with mean 1/6.

a1
S, (0) =6 1:5

For Bayesian premium estimate, we can use the following Eq.

E(X,.4 |X:X )= I/‘ml('g)”@\x ¢ |X)d9

0 6 —-25000 7
0 2500
~ E(X,[100,950,450) = [ £, #¢ 000
) 720
7 o
_ (2500) J‘ 525000
720 3
2500 ¢ s _
= J. we " du, u = 25000
720 3
2500 2500(120
=22 r(6) = 2500(120)
720 720

- E(X,[100,950,450) = 416.67
Another solution

7
+ f(z,[100,950,450) = ﬂo)s

(2500+z4)
which is a Pareto density function with parameters («,6) = (7, 2500)

<. B(x,[100,950, 450) = % = @ = 416, 67.

(d) To getthe Bihlmann premium,

The hypothetical meanis 1(®) = ® ' where ® ~ gamma(4,1000), o =4 and S =1000 (the reciprocal of

the usual scale parameter).
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1=FE[u®)]=E0O")= il = @ isthe expected value of hypothetical means,
-

B’ ~ 500,000
(a-D(a-2) 3
B ~ 500,000
(a-)*(a-2) 9

is the expectedvalue of process variance and

v=E[v(©)]=E(07)=

isthe variance of hypothetical means.

a=Var(®@™) =

500,000 _(1, 000]2 500,000

We can alsofind ¢ as a = Var(@‘l) =
3 3 9

k=2-3 z=_" :§=£
a n+k 6 2

So, the Buhlmann Premium is

P=2X+(1-2)u

AP = % (500) + % (@) _ 416,67, where X=2207 920 450 _500,

which matches the result of Bayesian premium thatintroducedin (c).
Q5: 8[4+4]

[24
(a)F(x)zl—[@j , £>500, a>0.
x

i.e. X ~ single-parameter Pareto («, 8), Where 6 =500

a(500)*

f(l‘) = a+l
M

The log-likelihood function is

~In f(x|a) =Ina+aIn500—(a+1)Inz

Ua) = Z Inf, ()
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SA(a) = i(lnaJra In500—(a +1)Inz,)

j=1
5
=5Ina+5aIn500—(a+1)) Inz;

=

Toget a, set [ (a) =0

5
:>E+5In500—ZInxj:O
o =y

~.5a7+5In500-33.1111=0
=5a"-2.0381=0
o= S =245
2.0381

- I(er) = ~33.6239
(b)

L(6) = £(1100) f(3200) £(3300) f(3500) f (3900).[S(4000)]**

-1 _-1100/6 n-1 _-3200/0 n-1 —-3300/6 -1 -3500/6 n-1 -3900/6  —4000/6 7495
=0"¢ 0 e O¢ O¢ O ¢ [e ]

-5 -1995000/6
=0

1995000

—1(0)=-5Ino-

Toget 6, set [ (8)=0
ol -5 1995000

T —=—+ > 0
00 0 7
=0= 1995000 _ 399000

and 1(0) = —69.4836
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