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Answer the following questions.  

(Note that SND Table is attached in page 3)    

Q1: 8[4+4] 

If the random variable X  has probability density function 
2 2

( ) (1 2 ) ,  0.
xf x x e x

    

(a) Determine the survival and hazard rate functions. 

(b) Find the mean excess loss function ( )Xe x  and limited expected value function ( ).E X x  

Q2: 8[4+4] 

(a) Consider the exponential-inverse Gaussian frailty model with 

( ) ,  0
2 1

a x
x





 


 

(i) Determine the conditional survival function ( ).XS x 


 

(ii) If   has a gamma distribution with parameters 1   and   replaced by 2 ,  determine the 

marginal or unconditional survival function of .X  

(b) Claim sizes have an exponential distribution with mean .  For 80% of risks, 8,  and for 20% of risks, 

2.   A randomly selected policy had a claim of size 5 in year 1. Determine both the Bayesian and 

Bühlmann estimates of the expected claim size in year 2. 

Q3: 8[4+4] 

(a) An insurance company has decided to establish its full-credibility requirements for an individual state 

rate filing. The full-credibility standard is to be set so that the observed total amount of claims underlying 

the rate filing would be within 5% of the true value with probability 0.90. The claim frequency follows a 

Poisson distribution and the severity distribution has pdf 

100
( ) ,   0 100

5,000 

x
f x x


    

Determine the expected number of claims necessary to obtain full credibility using the normal 

approximation. 
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(b) For a particular policyholder, the manual premium is 600 per year. The past claims experience is given 

in the following table 

 Year 1 2 3 

 Claims 475 550 400 

Determine the full credibility and partial credibility through premium by assuming the normal 

approximation. Use 0.05r   and 0.95.p   

Q4: 8[2+2+2+2] 

The amount of a claim X  has an exponential distribution with mean 1 / .  Among the class of insureds 

and potential insureds, the risk parameter   varies according to the gamma distribution with 4   and 

scale parameter 0.001.   Suppose that a person had claims of 100, 950, and 450.  

Find each of the following. 

(a) The probability models for ,X  and risk parameter .  

(b) The predictive distribution of the fourth claim and the posterior distribution of .  

(c) The Bayesian premium. 

(d) The Bühlmann premium. 

Hint: For Bühlmann premium use, 
2

,  ,
1 ( 1)( 2)

 


  
 

  
  

where   here is the reciprocal of the usual scale parameter of gamma distribution.   

Q5: 8[4+4] 

(a) Suppose, you have observed the following five claim severities: 521, 658, 702, 819, and 1,217. 

Determine the maximum likelihood estimate of   for the following model (which is the Pareto 

distribution): 

500
( ) 1 ,  500,  0.F x x

x




 

    
 

 

Also, find the value of the log-likelihood function. 

(b) Five hundred losses are observed. Five of the losses are 1100, 3200, 3300, 3500, and 3900. All that is 

known about the other 495 losses is that they exceed 4000. Determine the maximum likelihood estimate 

of the mean of an exponential model and the value of the log-likelihood function. 

 ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ
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The Model Answer 

Q1: 8[4+4] 

(a)  

 (i)  

 

2

2 2

2 2 21
2

2 2

2 2 21
4 2 2

2 2

2 2

The survival function is

( ) (1 2 )

        2 ,  where 

   

 ( ) (1 )

            (1 ) ,  0

t

x

t t

x

t

t t tt t

t

x

x

S x t e dt

e I I t e dt

I t e dt

e e e

S x t t e

x x e x





 



  






 

   



   

    

   





  

(ii) 

2 2

2

2

2

2

 The hazard rate function is

( ) [ln ( )]

and ( ) (1 )

ln ( ) 2 ln(1 )

1 2
 ( ) 2

1

or simply,

( ) 1 2
( )

( ) 1

x

d
h x S x

dx

S x x x e

S x x x x

x
h x

x x

f x x
h x

S x x x



 

  

    


  

 


 

 

 

(b)  

(i) 
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2 2

The mean excess loss function is

( )
( )                                 (1)

( )

From (i)  ( ) (1 )           (2)

x
X

x

S t dt
e x

S x

S x x x e







  


 

We can deduce that, 

2 2

2 21
2

2 21
2

( ) (1 )

              (1 )

              (1 )                  (3)

t

x x

t

x

x

S t dt t t e dt

t t e

x x e

 







  

   

  

 
 

22 2 2 2 21
4 2 2

2 2 2 2 21 1
4 2 2

Where ,

  and 

t t t tt t

t t t t tt

I t e dt e e e

te dt e e e dt e

   

    

    

    



 
 

21
2

2

 By substituting (2) and (3) in (1), we get

1
( )     

1
X

x x
e x

x x



 


 

 

(ii) 

0

0

2 2

0

2 21
2 0

2 21
2

( ) ( ) ( )

 ( ) 0 (1 )

                      = (1 )

                      =1 (1 )

x

x t

xt

x

E X x F t dt S t dt

E X x t t e dt

t t e

x x e









   

     

  

  

 

  

Q2: 8[4+4] 

(a) 

(i)

We first find ( )A x  
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1
2

0

0

0

( ) ( ) 

        
2 1

1
         = (1 )

2

( ) = 1 1

x

x

x

A x a t dt

dt
t

t dt

A x x





 












  







 

( )

( 1 1)

( )

                =                

A x
X

x

S x e

e



 

 



  


 

(ii)

 (2 ,1)              gamma   

The moment generating function of the frailty random variable   is  

2

2

( ) ( )

1
            = (1 )

1

zM z E e

z
z













 
  

 

 

The marginal survival function is 

( )

2

( ) ( )

          [ ( )]

( ) (1 1 1)

              (1 )

A x
X

X

S x E e

M A x

S x x

x



















 

    

 

 

Which is a Pareto distribution. 

(b) 

The Bayesian estimate of the expected claim size in year 2. 

We have ( 8) 0.80 and ( 2) 0.20       , and # of claims (claim size ) is 5 in year 1. 

2 1 1

1 1

1

1

1 1

5 8

5 8 5 2

( 5) ( 5)

                      = ( =8) ( 8 5) ( =2) ( 2 5)

Pr( 5 8) ( 8)
( 8 5)

Pr( 5 8) ( 8) Pr( 5 2) ( 2)

(1 8) (0.8)
                          =

(1 8) (0.8) (1 2) (

E X X E X

X X

X
X

X X

e

e e

   




 



 

   

        

    
   

          


0.867035

0.2)

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1

1

1 1

5 2

5 8 5 2

Pr( 5 2) ( 2)
Similarly, ( 2 5)

Pr( 5 8) ( 8) Pr( 5 2) ( 2)

(1 2) (0.2)
                          = 0.132965

(1 8) (0.8) (1 2) (0.2)

X
X

X X

e

e e




 



 

    
   

          




 

2 1( 5) 8 0.867035 2 0.132965

                          =7.2022

E X X     
 

The Bühlmann estimate of the expected claim size in year 2. 

To determine the Bühlmann credibility estimate, we should find the following quantities. 

[ ( )]

    8(0.80) (2)(0.20) 6.8,

E  

  
 

2 2 2

var[ ( )]

    8 (0.8) 2 (0.2) - 6.8 5.76,

a  

  
 

2 2

[ ( )]

    = ( ) ( )

  8 0.8 2 0.2 52,

v E v

v


  

 

    

  

Note that for 2exp( ) the mean ( )  and var( ) X E X X        

52
   = =9.02778, 

5.76

v
k
a



 

1
    

1 9.02778

 Z 0.099723.

n
Z
n k







 

 

The Bühlmann estimate is  

2( 100) (1 )

                 0.099723 5 (1 0.099723) 6.8

                 6.6205.

cE X P ZX Z    

    


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Q3: 8[4+4] 

(a) 

2 2

0

at 0.90,  ( ) (1 ) / 2 0.95

1.645 (by using SND table)

( / ) (1.645 / 0.05) 1082.41

p

p

p

p y p

y

y r

    

 

   

 

100

0

2100

0

100
2 3

0

3

100
2 2

0

2 3100

0

100
( )  

5000

100
         =  

5,000

1
         = 100( 2) 3

5,000

100 1 1 100
( )

5,000 2 3 3

100
( )  

5,000

100 5,000
         =  

5,000 3

x
E X x dx

x x
dx

x x

E X

x
E X x dx

x x
dx

Var

 
  

 



  

 
    

 

 
  

 













2 2( ) ( ) [ ( )]

5,000 10,000 5,000
                 =

3 9 9

X E X E X 

 

 

0

2

2 2

To get the expected number of claims, use the following formula:

5, 000 10, 000
where = , =

9 9

The expected # of claims 1082.41[1 0.5]

                       

                              [1 ( ) ]

 

 

n 


 

 

 

 



                       1623.615                              

 

(b) 

2 2

0

at 0.95,  ( ) (1 ) / 2 0.975

1.96 (by using SND table)

( / ) (1.96 / 0.05) 1536.64

p

p

p

p y p

y

y r

    

 

   

 

2

2 2 2
2

475 550 400
The mean is ( ) 475,

3

( )
0 75 75

variance is 5625
1 2

j

j
j

E X

x

n







 
  


 

  



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2

0

2

For full credibility 

5625
1536.64

475

38.3095845

n

n

n






 
  

 

 
   

 

 

 

2 2/
0

3
38.3095845

The credibility factor is 

                                         0.279838

nZ
  



 

 

The partial credibility through premium is

(1 )

     0.279838(475) (1 0.279838)(600)

565.02025

c

c

P ZX Z M

P

  

  

 

 

Q4: 8[2+2+2+2] 

(a) 

For claims, 0( ) ,     ,x
Xf x e x

  



  

and for the risk parameter, 

4 4

3 4

/0.001

( ) >0

1000
(1000)

( ) >0

(1000)
,          

 (4)

,          
 6

e

e



 



 




















 

 

(b) 

The marginal density at the observed values is  

1

( ) ( ) ( )
j

n

X jX
j

f x f x d   




 
  

 
  

4
3

0

1000100 950 450 1000 
6

(100, 950, 450) e e e ef d       


      

4
1000 6 2500

6 0

(100,950, 450)f e d 


    
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Let 2500t   

4 6

6
0

1000
(100,950, 450)

25006 (2500)

t dtt
f e


   

4
6

7
0

1000
(100,950, 450)

6(2500)

tf t e dt


   

4

7

1000
(100,950, 450) (7)

6(2500)
f    

4

7

1000 720
(100,950, 450)

(2500)6
f   

Similarly,  

4

4
34

0

4

8
4

4

4

1000100 950 450 1000  
6

                                    =                   
8

(100, 950, 450, )

1000 (8)
                                = 

(2500 )6

1000 5040
 

(2500 )6

e e e e exf d

x

x

x          


   









 

The predictive density is 

i.e.
4

4

7

4

(100,950,450, )4

(100,950,450)

7(2500)
,

8

( 100, 950, 450)

( 100, 950, 450)
(2500 )

f x

f
f

f
x

x

x






 

which is a Pareto density with parameters 7 and 2500. 

To get posterior density of   given X , use the formula 

X,

X

X

x
x

x

( , )
( )

( )

f

f



 


  
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4
100 950 450 3 1000

4

7

6 2500 7

100,950,450

1000
 

6

1000 720

(2500)6

(2500)
=

720

( )

                           

e e e e

e

   





   





   





 

(c) For Bayesian premium, 

Since, the amount of a claim has an exponential distribution with mean 1 / .  

4

1 1
( ) 


 

   

For Bayesian premium estimate, we can use the following Eq. 

1 1 X
( ) ( x)E( X=x)n n dX      

   

4

0

0

5

0

6 2500 7

7
5 2500

1
. 

                                 

                                 ,  2500

                                  

(2500)

720

(2500)

720

2500

720

2

E( 100,950,450)

u

d

d

u du u

e

e

e

X







 


































4

500 2500(120)

720 720
(6)

E( 100,950,450) 416.67X

 



 

Another solution 

4

7

4

7(2500)
,

8
( 100, 950, 450)

(2500 )
f

x
x 


 

which is a Pareto density function with parameters ( , ) (7, 2500)    

4

2500
416, 67.

1 6
( 100,950, 450)E x 


 


   

(d) To get the Bühlmann premium, 

The hypothetical mean is 1( )     where (4,1000),gamma 4   and 1000  (the reciprocal of 

the usual scale parameter).  
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1 1,000
[ ( )] ( )

1 3
E E


 



     


  is the expected value of hypothetical means, 

2
2 500,000

[ ( )] ( )
( 1)( 2) 3

E E


 
 

     
 

 is the  expected value of process variance and 

2
1

2

500,000
( )

( 1) ( 2) 9
a Var



 

   
 

is the variance of hypothetical means.  

We can also find a  as  

2

1 500,000 1,000 500,000
( )

3 3 9
a Var   
     

 
 

3 1
3,  Z= .

6 2

n
k
a n k


    


 

So, the Bühlmann Premium is  

 1

1 1 1000 100 950 450
(500) ( ) 416.67,   where = =500, 

2 2 3 3

c

c

P ZX Z

P X

  

 
   

 

which matches the result of Bayesian premium that introduced in (c).  

Q5: 8[4+4] 

(a)
500

( ) 1 ,   500,  >0.F x x
x




 

   
 

 

i.e.  single-parameter Pareto ( , ),X   500where    

1

(500)
( )f x

x








   

The log-likelihood function is 

ln ( ) ln ln500 ( 1) lnf x x         

1

( ) ln ( )
j

n

X j
j

l f x


   
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5

1

5

1

( ) (ln ln 500 ( 1) ln )

           5ln 5 ln 500 ( 1) ln

j
j

j
j

l x

x





    

   





   

  

 

To get 
^

',  set ( ) 0l    

5

1

5
5ln 500 ln 0j

j

x


   


  

1

1

5 5ln 500 33.1111 0

5 2.0381 0





   

  




 

^

^

5
2.45

2.0381

( ) 33.6239l



 





 

(b)  

495

1 1100/ 1 3200/ 1 3300/ 1 3500/ 1 3900/ 4000/ 495

5 1995000/

( ) (1100) (3200) (3300) (3500) (3900).[ (4000)]

        [ ]

        

L f f f f f S

e e e e e e

e

     





    



          

 







 

^
'

2

^

^

1995000
( ) 5ln

To get ,  set ( ) 0

5 1995000
 0

1995000
399000

5

and ( ) 69.4836

l

l

l

l

 


 

  





   



 
   



  

 
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