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Answer the following questions.

Q1: [4+4-+4]

An automobile insurance policy with no coverage modifications has the following possible
losses, with probabilities in parentheses: 100(0.4), 500(0.2), 1000(0.2), 2500(0.1), and
10,000(0.1). Determine the probability mass functions and expected values for the excess
loss and left censored and shifted variables, where the deductible is set at 750. Also,
calculate the probability mass function and the expected value of the limited loss variable
(right censored variable) with a limit of 750.

Q2: [5+5]

(@) Show that the gamma distribution is a member of the linear exponential family, then
derive the mean and the variance of the gamma distribution.

(b) Let A have a gamma distribution and let X|A have a Weibull distribution with
conditional survival function SX\A(“’| 2) =7 Determine the unconditional or marginal

distribution of X.
Q3:[8]

Five losses are observed as 521, 658, 702, 819, and 1,217. Determine the maximum
likelihood estimate of the parameter ¢ of the single-parameter Pareto distribution, where its
distribution function is defined as

(04
F(x):l—(@j . 2>500, a>0.
X

Also, find the value of the log-likelihood function.




The Model Answer
Q1: [4+4+4]
The probability of exceeding the deductible is

Pr(X > 750) =1— F(750), d =750
=0.2+0.1+0.1=0.4

For the excess loss variable Y? =X -d, we have

X, —d: 250 1750 9250

p(z,)

© 0.2/0.4 0.1/0.4 0.1/0.4
1-F(d)

0.5 0.25 0.25
The expected value for the excess loss variable is defined as
ey (d)=E(Y")=E(X-d|X > d)

. e, (d) = 250(0.5) +1750(0.25) + 9250(0.25)
=2,875

For the left censored and shifted variable y* =(x —ad),

(X,-d),: 0 250 1750 9250
p(z): 06 02 01 01

The expected value for the left censored and shifted variable is

0, X<d

E(Y")=E[(X -d),], where Y* Z{X—d, X>d

L E(YY) = B[(X -d).]
= 0(0.6) + 250(0.2) +1750(0.1) + 9250(0.1)
=1,150

For the limited loss variable (right censored variable)

X, nd: 100 500 750
p(z;): 04 02 04



The expected value for the limited loss variable (right censored variable) is
X, X<d

E(Y)=FE(X"d), where Y =
d, X>d

. E(X ~d) =100(0.4) +500(0.2) + 750(0.4)
=440
Not that:

E(X)=E[(X-d).]+E(X"d)
=1,150+ 440
=1,590

Q2: [5+5]
(a)

For X ~ gamma(«, 0)

e—axafle—mla

= f(x;0) = @)

Clearly, f(z;0)= %

@) e
9(1

Where, r(6) =-1/6, q(8) = 6% and p(z) = 2% L I T(a)

.-. The gamma distributionis amember of the linear exponential family.

~. The mean, E(X) = u(0) = .q ©)
r (0)q(0)
a-1

al

=YY e
1/ 6% 0%

and the variance, Var(X) = v(0)



(b)
let A ~ gamma (6,a), X |A ~ weibull(4,y)
L Sy (el =e*
o A(z)=a7
v Sy (x) = Ele™]
=M, [-A(z)]
o S, (@)= M, [-2"]

and - M, (2)=(01-62)"
S (@)=0+627)"

which is a Burr distribution with parameters

-1
-0, a—>«a

Q3: [8]

- X ~ single-parameter Pareto («, &)

a
F(z):l—[@j , 2>500, a>0.
X

a/(500)“

+1 !

where 8 =500

ma
The log-likelihood function is

~n f(:c|a) =Ina+aIn500—(a+1)Inz

Ua) = Z Inf, (v,|)



Slla) = i(lna +alIn500—(a +1)Inz))

j=1
5
=5Inar+5aIn500—(ar+1)) Inz,

=

Toget a, set [ (a) =0

5
:>E+5In500—ZInxj:O
o =y

~.5a7 +5In500-33.1111=0
=507 -2.0381=0

o= > =245
2.0381

- (a) = —33.6239




