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Exercise 1 Auto liability losses for a group of insureds (Group R) follow a
Pareto distribution with � = 2 and � = 2; 000. Losses from a second group
(Group S) follow a Pareto distribution with � = 2 and � = 3; 000. Group R
has an ordinary deductible of 500, while Group S has a franchise deductible
of 200. Calculate the amount that the expected cost per payment for Group
S exceeds that for Group R.

700 800 900 1000

Exercise 2 Determine the loss elimination ratio for the Pareto distribution
with � = 3 and � = 2; 000 with an ordinary deductible of 500, and interpret
this number.

0:26 0:36 0:46 0:56

Exercise 3 a) Consider a Poisson distribution with mean � = 1:2. Evaluate
the probabilities pk where k = 0; 1; 2; 3; 4; 5.
b) Consider the corresponding zero-truncated Poisson distribution. Evaluate
the probabilities pTk where k = 1; 2; 3; 4; 5.
c) Consider the corresponding zero-modi�ed Poisson distribution with pM0 =
0:4. Evaluate the probabilities pMk where k = 1; 2; 3; 4; 5.

Exercise 4 Losses follow an exponential distribution with mean 5; 000. An
insurance policy covers losses subject to a franchise deductible of 2; 000. De-
termine the expected insurance payment per loss.

2; 692 3; 692 4; 692 5; 692

1
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A.3.3 One-parameter distributions

A.3.3.1 Exponential–θ

f(x) =
e−x/θ

θ
F (x) = 1− e−x/θ

M(t) = (1− θt)−1 E[Xk] = θkΓ(k + 1), k > −1
E[Xk] = θkk!, if k is an integer

VaRp(X) = −θ ln(1− p)

TVaRp(X) = −θ ln(1− p) + θ

E[X ∧ x] = θ(1− e−x/θ)
E[(X ∧ x)k] = θkΓ(k + 1)Γ(k + 1;x/θ) + xke−x/θ, k > −1

= θkk!Γ(k + 1;x/θ) + xke−x/θ, k an integer

mode = 0

A.3.3.2 Inverse exponential–θ

f(x) =
θe−θ/x

x2
F (x) = e−θ/x

E[Xk] = θkΓ(1− k), k < 1

VaRp(X) = θ(− ln p)−1
E[(X ∧ x)k] = θkG(1− k; θ/x) + xk(1− e−θ/x), all k

mode = θ/2

A.5 Other distributions
A.5.1.1 Lognormal–μ,σ (μ can be negative)

f(x) =
1

xσ
√
2π
exp(−z2/2) = φ(z)/(σx), z =

lnx− μ

σ
F (x) = Φ(z)

E[Xk] = exp(kμ+ k2σ2/2)

E[(X ∧ x)k] = exp(kμ+ k2σ2/2)Φ

µ
lnx− μ− kσ2

σ

¶
+ xk[1− F (x)]

mode = exp(μ− σ2)
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A.2.3 Two-parameter distributions

A.2.3.1 Pareto (Pareto Type II, Lomax)–α, θ

f(x) =
αθα

(x+ θ)α+1
F (x) = 1−

µ
θ

x+ θ

¶α
E[Xk] =

θkΓ(k + 1)Γ(α− k)

Γ(α)
, −1 < k < α

E[Xk] =
θkk!

(α− 1) · · · (α− k)
, if k is an integer

VaRp(X) = θ[(1− p)−1/α − 1]

TVaRp(X) = VaRp(X) +
θ(1− p)−1/α

α− 1 , α > 1

E[X ∧ x] =
θ

α− 1

"
1−

µ
θ

x+ θ

¶α−1#
, α 6= 1

E[X ∧ x] = −θ ln
µ

θ

x+ θ

¶
, α = 1

E[(X ∧ x)k] =
θkΓ(k + 1)Γ(α− k)

Γ(α)
β[k + 1, α− k;x/(x+ θ)] + xk

µ
θ

x+ θ

¶α
, all k

mode = 0

A.2.3.2 Inverse Pareto–τ , θ

f(x) =
τθxτ−1

(x+ θ)τ+1
F (x) =

µ
x

x+ θ

¶τ
E[Xk] =

θkΓ(τ + k)Γ(1− k)

Γ(τ)
, −τ < k < 1

E[Xk] =
θk(−k)!

(τ − 1) · · · (τ + k)
, if k is a negative integer

VaRp(X) = θ[p−1/τ − 1]−1

E[(X ∧ x)k] = θkτ

Z x/(x+θ)

0

yτ+k−1(1− y)−kdy + xk
∙
1−

µ
x

x+ θ

¶τ¸
, k > −τ

mode = θ
τ − 1
2

, τ > 1, else 0

A.2.3.3 Loglogistic (Fisk)–γ, θ

f(x) =
γ(x/θ)γ

x[1 + (x/θ)γ ]2
F (x) = u, u =

(x/θ)γ

1 + (x/θ)γ

E[Xk] = θkΓ(1 + k/γ)Γ(1− k/γ), −γ < k < γ

VaRp(X) = θ(p−1 − 1)−1/γ
E[(X ∧ x)k] = θkΓ(1 + k/γ)Γ(1− k/γ)β(1 + k/γ, 1− k/γ;u) + xk(1− u), k > −γ

mode = θ

µ
γ − 1
γ + 1

¶1/γ
, γ > 1, else 0
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Appendix B

An Inventory of Discrete
Distributions

B.1 Introduction
The 16 models fall into three classes. The divisions are based on the algorithm by which the probabilities are
computed. For some of the more familiar distributions these formulas will look different from the ones you
may have learned, but they produce the same probabilities. After each name, the parameters are given. All
parameters are positive unless otherwise indicated. In all cases, pk is the probability of observing k losses.
For finding moments, the most convenient form is to give the factorial moments. The jth factorial

moment is μ(j) = E[N(N − 1) · · · (N − j + 1)]. We have E[N ] = μ(1) and Var(N) = μ(2) + μ(1) − μ2(1).
The estimators which are presented are not intended to be useful estimators but rather for providing

starting values for maximizing the likelihood (or other) function. For determining starting values, the
following quantities are used [where nk is the observed frequency at k (if, for the last entry, nk represents
the number of observations at k or more, assume it was at exactly k) and n is the sample size]:

μ̂ =
1

n

∞X
k=1

knk, σ̂2 =
1

n

∞X
k=1

k2nk − μ̂2.

When the method of moments is used to determine the starting value, a circumflex (e.g., λ̂) is used. For
any other method, a tilde (e.g., λ̃) is used. When the starting value formulas do not provide admissible
parameter values, a truly crude guess is to set the product of all λ and β parameters equal to the sample
mean and set all other parameters equal to 1. If there are two λ and/or β parameters, an easy choice is to
set each to the square root of the sample mean.
The last item presented is the probability generating function,

P (z) = E[zN ].

B.2 The (a, b, 0) class
B.2.1.1 Poisson–λ

p0 = e−λ, a = 0, b = λ pk =
e−λλk

k!

E[N ] = λ, Var[N ] = λ P (z) = eλ(z−1)

9
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