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The Natural Logarithmic Function

The Natural Logarithmic Function

For a € Q, the function x — x“ is continuous on (0, +00), then
it is Riemann integrable on any interval [a, b] C (0, +0o0).

Xa+1
F € Q, -1, Ydx =
oraeQ, a# /x Ix P

+ c.
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The Natural Logarithmic Function

Definition
For x > 0, tbe function

dt
In(x) = / 5 represents the

1 y
algebraic area of the region be-
tween the graph of the function
1 .
f(t) = T the x— axis and the
straight lines t = 1 and t = x. f(t):%
The function x —— In(x) is 1 X X

called the Natural Logarithmic

Function.
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The Natural Logarithmic Function

Theorem

For all x,y in ]0, +00[, we have
QO Inxy=Inx+Iny.
Q In% = —I|nx.

@ Inx"=nlnx, for all n € N,

Q Inx"=rlnx, forall r € Q.
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The Natural Logarithmic Function

Example

1
Simplification of & [2In|x + 1| + In|x| — In |x* — 2|].
1
R [In|x(x + 1)?| —In|x? — 2|]
1
‘ (x(x + 1)2) 5

= In||=5—~

x4 —2

1
g[2In|x+1|+|n|x|—In|x2—2]] =
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The Natural Logarithmic Function

In(1+ h
Q lim M — i
h—0 h
lim Inx = 4o0,
X—>+00
Q@ Ilim Inx=—o0,
x—0t
|
Q0 Iim ~X_o,
X—+00 X
. In x
e xﬂToo? :0; VSEQi.
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The Natural Logarithmic Function

The Logarithmic function In: |0, +00[— R is bijective. There
exists a unique real number which will be denoted by e such that
In(e) =1, (2 < e < 3), eis called the base of the Natural
Logarithmic function. (e ~ 2.71828)
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The Natural Logarithmic Function

© coo
=3
Ag\/\/
Il
o
x
|

1
In(x)) = 2 0; Vx > 0, (i.e. The function

+— In(x) is concave on (0, 00)).
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The Natural Logarithmic Function

The Logarithmic Differentiation

In some cases, the derivative of the function In|f]| is used to
compute the derivative of f.

(The Logarithmic Differentiation)
Let u: | — R\ {0} be a differentiable function, then

d U (x)
a(ln ’U(X)D - U(X) :
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The Natural Logarithmic Function

Examples
4 + x2 1 n 1 5

0f(X)—|n m —Eln(4+X)*§|n(4*X)Then

F(x) = 1 2x  1(=2x) _ 8x

244+ x2 24—x2  (4+x%)(4—x2)
4 3

Q Ify= % Iny:%[4|n|x+1|+3|n|x+2|—2|n|x—1\].

Differentiate both sides, we get y? = % [x i 1 + x i 5~ xi 1} .

s 1 [(x+1)*(x+2)3 [ 4 3 2
Hencey—E (x—=1)2 [x+1+x+2_x—1}'
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The Exponential Function

The Exponential Function

The natural logarithmic function In: ]0, +00o[— R is increasing
and bijective, then it has an inverse function.

Definition

The natural exponential function is the inverse of the natural
logarithmic function. It is denoted by e*.
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The Exponential Function

Properties

The exponential function is bijective and increasing.
d
dx
ety = eXeY,

(1)
o
()
o |im67_1:
(5]
(6)
(7]
(8)

eX = e,

1Y
x—0 X

lim e* =0,
X—>—00

lim & = +oo,
X——+00

eX

lim — = +o0,
xX—4+00 X

lim xe* =0.
X——00
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The Exponential Function

If u: | — R is a differentiable function, then

d

a(eu(x)) _ u'(x)e“(x).
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The Exponential Function

Examples

o aelfx — —2X617X
d
2} aexln(x) (|n(x)+1) x In(x)
(3] dX(eX—i_ex) =5 —e .
Q If xe¥ +2x —In(y +1) =3, then using implicit differentiation,
y' 24+ ¢
we get & +xy'e¥ +2— —~— =0and y =——
y+1 xey — )

Mongi Blel & Tariq Al Fadhel The Transcendental Functions



Integration Using “In"” and “exp" Functions

Integration Using “In" and “exp” Functions

Using the last properties of the logarithmic and exponential
functions, we have

d
o /len\x|—i—c,
X

(2] /exdx:ex+c,

u,(X) = In|u\x C
Q/U(X)dx_l ()] + <,

Q / x) ”(X dx = "™ ¢ ¢
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Integration Using “In"” and “exp" Functions

Examples

Evaluation of the following integrals:

e X u=e~x du _ -1
o /_xzdx = _/(l—u)2_(1—e—x)+c'

v—er 1 1 s
G/ = —3/du——3ei+c,

sm(x . .
o / /es'"(x) cos(x)dx = ") 4 ¢,

sec(x

(4] /e(X Hnx) gy — /xexzdx = %exz +c.
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Integration Using “In"” and “exp" Functions

e 3| u—in x 1
(5] / X g v / u%du:§(|ne)%:§.
1 X 0 4 4

U=cos x dU

Q [tan(x)dx =" — il In|cos(x)| + ¢ =

In|sec(x)| + c,

u=sin x d .
(7] /cot(x)dx = 7“ = In|sin(x)| + c,
o /dx u=lnx u_%du—2(lnx)%+c
xVIinx B -
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Integration Using “In"” and “exp" Functions

/sec(x)dx = In|sec(x) + tan(x)| + ¢

/csc(x)dx = In|csc(x) — cot(x)| + ¢
= —In|csc(x) + cot(x)| + c.
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The General Exponential Functions

The General Exponential Functions

Definition

For a > 0, the function f(x) = eX'"() defined for x € R is called
the exponential function with base a and denoted by a*.
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The General Exponential Functions

Let a > 0and b > 0, x and y two real numbers, then
Q I =3,
oy _ &
e a - ayv
Q (X =av,
Q (ab)* =a*b*
Ayx _ a~
e (b) bX,
d
o d—(ax) = a*In(a)
Q di(a”(x)) = 2" In(a)u'(x), if u is differentiable
Ix
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The General Exponential Functions

Properties

d
If a>1, a(ax) = a*In(a) > 0, and the function a* is increasing
on R. J
fo<a<l, a(ax = a*In(a) < 0, and the function a* is

decreasing on R.
y A y = a¥

a>1

A
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The General Exponential Functions

a<l1

y=2a

| g

Ifa>Oanda7é1,/a“du: +c.
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The General Exponential Functions

Examples

d X\ X
(1] d—(5 ) = 5%In(5),

(2} d(6f) 6f|n(6)2

o /3xdx— B
X 1_
° / 3de* In( )} ~ In(3) _3|n2(3)’

ptan (x) J 5tan(x) J 5tan(x)
e/cos2()x_/ sec()x—W+c.

1

X

W[
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The General Exponential Functions

lim (14 A)% = lim (1 + 1) s

h—0 X—00

Exercise Find f'(x) if

Q 2x = 40,
Q f(x) = 7%
f(x) =
f(x) = Ism( )
f(X) _ ( )2x+1,
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The General Exponential Functions

Examples

2% t=2 1 dt In(2* 4+ 1)
e(/2x+1x n2 ) t+1 h2 €
3- cot(x) t_—cot x) 3- cot(x)

—_— 3tdt =

° / sin?(x) / In3 te
nx t—xIn 2x|nx

Q [ 2" (1+Inx)dx = 2tdt = i +c

4%

x —4X 1 5
M#dté/ym:
9/ x In4 |n4|n5+c
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The General Logarithmic Function

The General Logarithmic Function

Definition
If a € (0,00) and a # 1, the function f: R — (0, 00) defined by
f(x) = a~ is bijective. Its inverse function f~! is denoted by log,
and called the logarithmic function with base a. For y € (0, c0)
and x € R,

x =log,(y) < y=2a" (1)

<
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The General Logarithmic Function

Examples

Q 9 =132 <=2 =logz(9),

Q 16 = 42 <= 2 = log,(16),

© 64 =43 < 3 = log,(64).

Q logypx=3ex=23=8

Q log,125 =3 125 =a% <= a= /125 ="5.
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The General Logarithmic Function

Theorem
For all a € (0,00) \ {1},

1

o dd |Oga( )_ (a)
Vx

0 log,(x) = 8
© log.(x) = In(x).

Notation. For a = 10 the function log; is denoted by Log.

> 0,

Mongi Blel & Tariq Al Fadhel The Transcendental Functions



The General Logarithmic Function

Properties

Fora>0,b>0,a#1and b# 1, we have
Q log,(b) =1, log,(1) =0, and log,(b*) = x, Vx € R,
Q log(xy) = log, x + log,y, Vx >0, y > 0,
o |0gb(§) = log, x —log, y, Vx>0, y >0,
Q log,(x’) =ylogyx, x>0, x #1, Vy € R,
@ (log, x)(log, b) = log, x.
Q y = blogsY) for y > 0,
Q@ bna — gnb.
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Inverse Trigonometric Functions

Theorem

Let f: | — J be a bijective function where | and J are intervals,
then

@ If f is continuous, then f~1 is also continuous.

Q |If f is differentiable and f’(x) # 0 for all x € /, then f~1is
1
differentiable on J and (f 1) (y) = ————.
Y= F 1)
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Inverse Trigonometric Functions

The Sine Function

The function f: [-5, 5] — [~1,1] defined by f(x) = sin(x) is
continuous and bijective. The inverse function f~! is denoted by
sin~1(x) or Arcsinx. The inverse function is continuous on [—1, 1].

-1
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Inverse Trigonometric Functions

Q sin~I(sin(x)) 3

@ sin (sin"}(x)) = x; Vx € [-1,1].

@ Since sin~!(x) € [-Z, ] for all x € [-1,1], then
cos(sin~1(x)) = \/1 —sin?(sin~}(x)) = V1 — x2.
d 1

o a(sinfl)(x) = cos(sin T(x)) = \/11—7x27 for all x €] —1,1].

x only for x € [-7F, 7]
X
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Inverse Trigonometric Functions

The Cosine Function

The function f: [0, 7] — [—1, 1] defined by f(x) = cos(x) is
continuous and bijective. The inverse function f~! is denoted by
f~1(x) = cos~}(x) or f1(x) = Arccos(x).

Ya Y
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Inverse Trigonometric Functions

L(x)) = x, if x € [-1,1],

= x, if x € [0, 7].
O sin(cos71(x)) = V1 —x2, if x € [-1,1].

icos*1 X -1 = -1 or X —
O Gxleos )N = Sty ~ vise e el bik
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Inverse Trigonometric Functions

The Tangent Function

The function f: | — 7, Z[— R defined by f(x) = tan(x) is
increasing, continuous and differentiable,
(f/(x) = 1+ tan?(x) = sec?(x)). The inverse function 1 is
denoted by tan~!(x), for x € R.

yn

= tan(x)

INJEY

. y =tan"1(x)

|
SIE]
SIE]

™
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Inverse Trigonometric Functions

Q@ y=tan"}(x) < x=tany, Vx e RandVy €] - 3,3,

@ tan(tan~(x)) = x, Vx € R,

@ tan '(tan(x)) = x; Vx €] — 5, 5],

(%) i(tan Hx) = ! _ 1 for all x € R.
dx 1+ tan2(tan—1(x)) 1+ x2’

In the same way we define the function cot™!: R —]0, [, as the
inverse function of cot: |0, 7[— R.

(cot™)'(x) =

1+ cot?(cotL(x)) 1+ x2°
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Inverse Trigonometric Functions

The Secant Function

The function f: [0, 5[U]5, 7] defined by f(x) = cos(x) = sec(x) is
X

increasing and C*°. Its inverse function is denoted by
f~1(x) = sec™1(x), for x €] — o0, —1] U [1, +o0.
Y y = sec(x)
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Inverse Trigonometric Functions

@ sec’(x) = sec(x) tan(x), sec®(x) = 1 + tan?(x),
@ tan?(sec !(x)) = x2 — 1 and tan(sec 1(x)) = vx2 — 1, if

x €]1, +oo[
© tan(sec !(x)) = —v/x2 — 1, if x €] — o0, 1],
1
o I —(sec™H(x) = x ‘m for all x €] — oo, —1[U]1, +oc].
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Inverse Trigonometric Functions

The Cosecant Function

The function f: [-5,0[U]0, 5] defined by f(x) = Sin(x) = csc(x)
is decreasing and C*, (f'(x) = — csc(x) cot(x) = — CIOZ(X) ). Its
sin“(x)

inverse function is denoted by f~1(x) = csc™*(x) for
x €] — 00, —1] U [1, +oc.
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Inverse Trigonometric Functions

1)- Y y=esci(v)
_z ! -
2 ] -~ 2
R |
N -1 P
! B VX
|
z
172
y = csc(x)
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Inverse Trigonometric Functions

csc’(x) = — csc(x) cot(x), csc?(x) = 1+ cot?(x),
cot?(csc1(x)) = x% — 1,

cot(csc™1(x)) = vx2 — 1, if x €]1, +o0],
cot(csc™Y(x)) = \/T if x €] — o0, —1],

d _
a(csc 1)(x)

© 0000

, for all x €] — oo, —1[U]1, +o0].

II\/
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Inverse Trigonometric Functions

0—sm 1(x) = \/%,kal,
0 e (x)=ﬁ Vi <1
edi 0= 1o VXER

0 - cot'(x) = +12,VXER

o X)) = ||m,V\X|>1.
0 i) = W%,V\X|>l.
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Inverse Trigonometric Functions

Theorem

For a > 0,

o/\/%:sin—l(g)ﬂ (14 < a)

() /\/de:sin_1 (@)—Fc . (If] < a))

(8] L:%tan_1 (§)+C

a2 + x?

o/a2+[f —%tanfl(@)—i—c

Q/ﬁzésecfl(g)ﬁ-c , (x> a)

e/fx) f(Xlz,az :ésecil(@)-ﬂr ., (f > a))

Mongi Blel & Tariq Al Fadhel The Transcendental Functions




Hyperbolic and Inverse Hyperbolic Functions

The Hyperbolic Functions

X —X

@ The function sinh(x) = %, for x € R is called the
hyperbolic sine function.
. e +e .
@ The function cosh(x) = — for x € R, is called the
hyperbolic cosine function.
© The function tanh(x) = sinh(x) _ e* = e_i, for x e R, is

cosh(x) e +e~
called the hyperbolic tangent function.
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Hyperbolic and Inverse Hyperbolic Functions

: cosh(x) e*+e™*
© The function coth(x) = Sinh(x) = e for x € R\ {0},
is called the hyperbolic cotangent function.

I 2
cosh(x) e +e~
called the hyperbolic secant function:

1 2
@ The function csch(x) = Sinh(x) e for x e R\ {0},
inh(x —

is called the hyperbolic cosecant function:

@ The function sech(x) =

—, for x eR, is
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Hyperbolic and Inverse Hyperbolic Functions

Some properties of the hyperbolic functions:

Q cosh?(x) —sinh?(x) =1, Vx€R,

@ 1 — tanh?(x) = sech?(x), Vx € R,

@ coth?(x) — 1 = csch?(x), Vx € R\ {0},

Q cosh(x + y) = cosh(x) cosh(y) + sinh(x)sinh(y),
@ sinh(x + y) = sinh(x) cosh(y) + cosh(x) sinh(y).
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Hyperbolic and Inverse Hyperbolic Functions

Theorem

(Derivative of Hyperbolic Functions)
o di)l((sinh(x)) = cosh(x)
[} dix(cosh(x)) = sinh(x)
o dix(tanh(x)) = sech?(x)
o ix(coth(x)) = —csch?(x)
5 dix(sech(x)) .
o dix(csch(x)) = —csch(x) coth(x).
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Hyperbolic and Inverse Hyperbolic Functions

(Integration of Hyperbolic Functions)
(1) /sinh(x)dx = cosh(x) + ¢

Q /cosh(x)dx =sinh(x) + ¢
o /sechz(x)dx = tanh(x) + ¢
(4 ] /cschz(x)dx = —coth(x) + ¢

Q /sech(x) tanh(x)dx = —sech(x) + ¢

Q /csch(x) coth(x)dx=—csch(x)+c
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Hyperbolic and Inverse Hyperbolic Functions

Examples

(1) / smh(\f x Y 2/sinh(u)du = 2cosh(u) + ¢ = 2cosh(v/x) + ¢

0 [etgmattym = [ 2o iy e
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Hyperbolic and Inverse Hyperbolic Functions

The Sine Hyperbolic Function and its Inverse

@ The function f(x) = sinh(x) is odd and f’(x) = cosh(x) > 0,

inh
@ lim sinh(x) = +oco and lim sinh(x) = 4o0.
X—>+400 X—+00 X
© f is continuous and bijective. The inverse function f~1 is

denoted by
f~1 — sinh~1 and it is continuous,

Q x,y €R, y =sinh7}(x) <= x =sinh(y).
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Hyperbolic and Inverse Hyperbolic Functions

y = sinh(x) Ya
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Hyperbolic and Inverse Hyperbolic Functions

d 1
Q@ —sinh i(x) = ——, Vx eR,
dx (x) vx2+1

Q sinh™1(x) = In(x + Vx2 + 1), Vx € R.
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Hyperbolic and Inverse Hyperbolic Functions

The Cosine Hyperbolic Function

@ The function f(x) = cosh(x) defined on R is even and
f'(x) = sinh(x),

@ f(x) = cosh(x), f'(x) = sinh(x),

© The restriction of the function f on the interval [0, 400 is
continuous and increasing. Then f: [0, +0o[— [1, +o0[ is
bijective. The inverse function f=1: [1, +-00[— [0, +o0] is
denoted by cosh™*. The function cosh™! is continuous on
[1, +ool.

cosh(x)

Q lim cosh(x) =400 and lim = 400,
X—+00 X—+00 X

Q If x € [1,00) and y € [0, 00),
y = cosh™}(x) <= x = cosh(y).
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Hyperbolic and Inverse Hyperbolic Functions

y, y = cosh(x) y,

/ y = cosh™1(x)

4

xY
<~
><V
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Hyperbolic and Inverse Hyperbolic Functions

d .1
o &COSh (X) = \/)(277_, VX 6]1,+OO[,

Q@ cosh1(x) = In(x + vx2 — 1), V¥x € [1, +o0[.
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Hyperbolic and Inverse Hyperbolic Functions

The Tangent Hyperbolic Function

@ The function f(x) = tanh(x) defined on R is odd and
f'(x) = 1 — tanh?(x) = sech®(x) > 0,

@ The function f: R —] — 1, 1] is continuous and increasing.
Then f is bijective. The inverse function f~! denoted by
tanh™! is continuous on ] — 1, 1[.

© lim tanh(x) =1,
X—r400

Q@ y =tanh™}(x) <= x =tanh(y) for all y € R and
x€]—-1,1[.
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Hyperbolic and Inverse Hyperbolic Functions

y = tanh™1(x)

H
Y

H

y = tanh(x)
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Hyperbolic and Inverse Hyperbolic Functions

o atanh (X) = m, VX 6] — ].7 1[,

1 1
Q tanh(x) = 5 In (1 ii) , Vx €] —-1,1].
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Hyperbolic and Inverse Hyperbolic Functions

The Inverse Hyperbolic Cotangent Function

@ The function f(x) = coth(x) defined on R* is odd and
f'(x) = 1 — coth’(x) = —csch?®(x) < 0. The function f is continuous and
decreasing, then f is bijective. The inverse function f~! is denoted by

. . — 1 1
f~* = coth™ and it is also continuous. coth™'(x) = 3 In (X + 1) .
X —

Q x~“>Too coth(x) =1,
© vy = coth™}(x) <= x = coth(y) for all y €]0, +oo[ and x €]0, 1[.
O (FY(=1—

1—x2°

d -
(5] /1_7);2:—coth Y(x) + ¢ for x| > 1.
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Hyperbolic and Inverse Hyperbolic Functions

The Inverse Hyperbolic Secant Function

@ The function f: [0, +-00[—]0, 1] defined by:

f(x) = sech(x) = P is bijective and decreasing since
f'(x) = —sech(x) tanh(x) < 0.

@ The inverse function f~1 is denoted by f~1 = sech™! and it is
continuous,

@ lim sech(x) =0,

X——+00
Q For all x €]0,1] and y € [0, +o0],
y =sech™}(x) <= x =sech(y).
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Hyperbolic and Inverse Hyperbolic Functions

Y Y gy =sech™1(x)

A\

= sech(x)
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Hyperbolic and Inverse Hyperbolic Functions

O (sech 1) (x) = X\/].ii Vx €]0, 1],

1++v1—x2
@ sech!(x) =In % , Vx €]0,1].
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Hyperbolic and Inverse Hyperbolic Functions

The Inverse Cosecant Hyperbolic Function

@ The function f: R\ {0} — R\ {0} defined by:
f(x) = csch(x) = ﬁ
f'(x) = —csch(x) coth(x) < 0.

Q@ IfxcRandy € R\ {0}, y = csch™!(x) <= x = csch(y).

(s xﬂToo csch(x) =0,

is bijective and decreasing since

Q Forall x,y € R\ {0}, y = csch™}(x) <= x = csch(y).
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Hyperbolic and Inverse Hyperbolic Functions

Mongi Blel & Tariq Al Fadhel The Transcendental Functions



Hyperbolic and Inverse Hyperbolic Functions

-1
xV1+x2’
@ csch!(x) = In (Hivj“z) Vx €]0, +o0].

Q (csch™1)(x) = Vx €]0, o0,
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Indeterminate Forms and L'Hépital Rule

Indeterminate Forms

The indeterminate forms arise from the fact that (R, +,.) is not a
field, where R = R U {—o00, +-00}. The only operations that are
wrong are 0.00 and 400 4 (—o00). These operations are obtained
for example within the real sequences or the limits of functions.
For example if a sequence (u,), converges to 0 and the sequences
(vn)n tends to oo, we can not decide if the limit of the sequence
(Un-Vn)n exists.

The only indeterminate forms are 0.00 and 400 + —oo. The other
indeterminate forms can be transformed to these two forms. For
examples we have

g = 0.00, oo = 0.00, 1 — e‘ooln(l) — eO.oo’ 00 — eOIn(O) — g0
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Indeterminate Forms and L'Hépital Rule

Example
HOH _ H (X — 2)2 . 1 f—
o = Jmii—yy & lmkx-2 =0
Doy 322 lim 3 - 3
0 x—2 (X — 2) x—2
T C et TR S
0 o x—2 (X — 2)4 o x—2 (X — 2)2 o '

In each of above cases the functions are undefined at x = 2. And
both numerator and denominator in each example approach to 0 as
x — 0.
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Indeterminate Forms and L'Hépital Rule

Example

m M) i 3014 L) im (14 %) — Vit Fx 2,

x=0 sin(x) ' x—oo X" x—00

lim (14 =)* are all indeterminate forms.
X—00 X
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Indeterminate Forms and L'Hépital Rule

The Hoépital's Rule

Theorem

Let f and g be two continuous functions on the interval [a, b] and
differentiable on ]a, b[. We assume that g’(x) # 0 for all x €]a, b].
Then there exists ¢ €]a, b[ such that

(b) —f(a) _ f'(c)
— &

f —
g(b)—g(a)  g'(c)’
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Indeterminate Forms and L'Hépital Rule

Theorem

[The Hopital's Rule]
Let f, g be two differentiable functions on ]a, b[\{c}. Assume that
g'(x) # 0 for all x €]a, b[\{c} and Ii_n;n f(x)= Ii_n)w g(x) =0.

X—C X—C

) . f(x) _
If )!inc 70 £ e RU{—o00,+00}, then )I(@Cm =/
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Indeterminate Forms and L'Hépital Rule

Remark

@ The theorem is valid for one-sided limits as well as the two
sided limit. This theorem is also true if ¢ = +00 or ¢ = —o0.

@ The theorem is valid for the case, lim f(x) = oo or —oco and
X—C

lim g(x) = oo or —oc.
X—C
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Indeterminate Forms and L'Hépital Rule

Examples

Inx
Q@ limxlnx = I|m—— lim —x =0,

x—0 x—0 % x—0

e G

° >|<[>nl Inx le 1 >I<T>11 2[ DX
X
. / V1 +sin(t) dt o T+sin() VIT0 1
| = |l = g
x—0 X x—0 1 1 '
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Indeterminate Forms and L'Hépital Rule

1 m 1
) tan X — Z ) 1 + X2 1
Q lim = lim =,
x—1 x —1 x—1 1 2
Q@ Ilim = lim x = +o0,
X—r00 In(x) X—300
1 In(1+1)
QO lim(1+>)»=lime x =¢°
X—00 X X—00
Q lim x* = lim "X = 1,
X—00 X—00
Inx 1
Im — = Ilim — =0
X—00 X X—00 X
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Indeterminate Forms and L'Hépital Rule

2
. 2 .o xc—=1 ) 2x
@ lim(x2—1)e ™™ = lim —5= = lim —/— =
X—00 x—o0  eX x—00 2x eX
1
lim Q5 = 0,
x—r00 @X
5 1 In(1+e2X) 2e2X
@ Iim (1+e™)* = lim e x = lim el+e® =
X—00 X—00 X—00
4e2X
lim e2> = 2.
X—>00
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