
- -." S---a--, fp*" Le*,
107

2.11 summary ct+*PTe<t> E{- 4)o i 
Y

), q ru r'€ r7: : i'u,,,il,'^"
- 'ntroduced some important and fundamental concepts regarding the characterization of I- -1'--:--=-. 't: ll.*=---t-t.-.=: 

s--*.is and systems in theiime domain. Certain basic discrete-time signals that play important
:---:. '- :'.--:::e-time signal processing have been deflned, along with basic mathematicat operltions used
:--: .--;:.-;-g trlore complex signais and systems. The relation between a continuous-timeiignal and the
''-<::::-:ie sisnal ,senerated by sampling the former at uniform time intervals has been examined.

l1-' ::r: Ceals almost exclusively with linear, time-invariant (LII) discrete-time systems that find
- '-:-a"' :rnli'-rtiqns in practice. These systems are defined, and their convolution sum representation,. -- *r-ts

-- -': :j'-3 dtrmain is derived. The concepts of causality and stability of LTI systems are introduced. Also
'':--:s.ed is an important class of LII systems characteized by an input-output relation composed of a
'-e- ,:cnslant coefficient difference equation and the procedure for computing- its output for a given input
'-: :riial conditions. Several types of classiflcation of LTI discrete-tim" ryrt"*, are then considered, of
:" L i . h ihe more common one is in terms of the length of the impulse ..rponi". Finally, the concepts of the
:'-i,-tolrelstion of a sequence and the cross-coffelation between a pair of s"quen"es are introduced.

F:nher insi-ehts can often be obtained by considering the frequency-do.nui, representations of discrete-
::-: sienals and LTI discrete-time systems. These are discussed in Chapters 3, 5, 6, and7.

2.12 Prob!ems

2.1 D:::=rile rhe c1-. L2-, and,c6e-norms of the following flnite-length sequences:

. '.';: 
inl) : {4.50 - 2.68 - 0-14 3.91 2.62 - 0.43 - 4.81 3.2t - 0.55},: ..'::[ir]] : {0.92 2.34 3.37 1.90 - 2.59 - O3S 3.48 3.33}.

l.l ii:::e ss rhe sequence xftl - 1, -oo < ,r < rc, in terms of the unit step sequenc e ppfi.

l-1 
".--.' 

:he:elation between the unit sample sequence 6[n] and the unit step sequenc e y.frt)given in Eq. (2.31).

1'l:r:::ss=:length-4sequencexfn):{L 3 -2 4},0<ru<3,intermsoftheunitstepsequenceLL[n].

l-i l::-!:::: -'3 rollorving sequences:

xln):{-4 5 1 -2 -3 0 2}. -3<n<3
.r'[n]:{6 -l -t 0 8 j -Z},_t<n<5
u[n]:{3 2 2 -1 0 -Z 5},2<n<g.

Iir= :'-:-3 r'alues of each of the above sequexces ourside the ranges specified are all zeros. Generate the followinge---:-:is: tat c[n] :.r[-n+2], (b) dftl: _r.[-n-3], (c) efifl - w[_n),(d)u[n): xfn]*yln_2),: : -:- : .r[rr] . uin -al. rft s[n] - ybtl - ulrt* 41, and (g r[n] : 3.Sy[rit.

16 " E.rpress the sequences .r[rz], y[rz], and u'[n] of Problem 2.5 as a linear combination of derayed unit sample
-'\- -=_- i:.

:, Erpress the sequences ;[rr], y[ru], and u,[r] of Problem 2.5 as a linear combination of delayed unit step

2'7 -t-nai)'ze the biock dia-srams of Figure P2.1 and develop the relation between ylfl and, x[r].
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xlnl

Tnpl
1"1Vwt \l_,* htzl

v[n]

(a)

(d)(c)

Figure P2.1

2'8 Determine the conjugate ly*T9t i! and conjugate antisymmetric parrs of the following sequences:

1r]r,[r] :{.1!,i1,"-2+is 3- j2 -7+ j3 - 1+j}, -z<n<2, @)izt"l:rli"/t,
(c) -r: [n] : j e-Jirnl5 .

,.2J Deterrnine the even and odd parts of the sequences xfnl, yfnl, and. wlnlof problem 2.5.

2.10 Determine the even and odd parts of the following real sequences:
(a) xtlnl : plfn + 21, (b) x2lnf - u, t-tln - 31, (c) x3fn) : nqn pLnl, @) x4ftl - qlnl.

2.11 Show that the even and odd parts of a real sequence are, respectively, even and odd sequences.

2'12 Let xevlnl and -r.6 [n] be even and odd real sequences, respectively. Which one of the following sequences is an
even sequence, and which one is an odd sequence?

(a) SLn): xevfn-)xev[n], (b) uLnl - xsyfn)xs6fnl, (c) u[n] : xo1fnlxoTfnl.

2'13 (a) Show that a causal real sequence xlnl canbe fully recovered from its even part ,ev [n] for all n > 0, whereas
it can be recovered from its odd part xoolnlonly for all n > 0.

(b) Is it possible to fully recover a causal complex sequence y[n] from its conjugate antisymmetri c part y"ufnf?
Can y[n] be fully recovered from its conjugate symmetric part y.rtnii Justify you."un.*"rr.

2.14 Determine the causal sequence x[n ] whose even part is given by xsyln) : cos(ohn).

--'x.t-l which ones of the following sequences are bounded sequences?

f (a) x[nJ : Adn, where A and cu are complex numbers, and lal < 1,

e ,4 b\yln): Aan p.Ln), where A and o are complex numbers, and lal < 1,F-\ i (c) hln): Cfr'pln), where C and B are complex numbers, and lpi > 1,

L (d) strzl :4cos(o4n), (e) u[n] : (r - $) uW - t1



2.16

2.17

2.18

2,19
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Showthatthesequence xlnl= t-?'*t 
ttln-llisnotabsolutelysummableeventhough 2;=, xynl=ln;.

n

Show that the following sequences are absolutely summable: (a) x1 [n ] : an pln- 1 l, (b) xzlnT = na, pln - l),(c)4lnl:n2a"pfn- ll, where lal< 1.

Showthatthefollowingsequencesareabsolutelysummable. (a)x.lnl: j ULrl,O)xa[n] = G*1.,pln...
Show that an absolutely summable sequence has finite energy, but a finite energy sequence may not be absolutely
summable.

2,20 Show that the square-summable sequencex,[z] of Eq. (2.29) is not absolutely summable.

2,21 Show that the sequenc e x2lnf = Y U[n -t] is square-summable but not absolutely summable.ltn

2,22 The odd part of a real-valued sequence x[n] is given by xou

P*: L0, detennine the average power of its even partx"r.

If the average power of x[n] is

2.25

Compute the energy of the length-iy'sequence xlnf : sin(2nknlN), O 3 n < N- 1.

Compute the energy of the following sequences:

(a) x,lnl = Aa'plnl,lol . t, (b) x6lnl = ) Ul, -tl.
Determine the average power and the energy of the following sequences:

(a)x{n):(-1)', (b)x2[n]=Ltlnl,(c).x3[r] :npfn),(d)xafn): Ao"it,, (e)xrlnl: e*t(ff.0)
Determine the period and the average power of the following periodic sequences:

(a) iln)=4cos(Znnl5), O) irlnl=3cos(3nn/5), (c) irlnl=Zcos(3nnl7), (d) ioln|=4cos(5nn/3),
(e) ir[n] =4cos(2rcnl5)+3cos(3ryni 5), (f) iulnl=4cos(Snnl3\+3cos(3nnl5).
Letxlnlbe an absolutely summable sequence. Show that the sequence ![n ] formed by an N-periodic extension
according to Eq. (2.38) is a periodic sequence with a period N.

Determine the samples of one period of the periodic sequences obtained by an iI-periodic extension of the
sequences of Problem 2.5 for the following values of N:.(a) N: 5, and N: 7.

The following sequences represent one period of a sinusoidal sequence of the fomr ilnl = Acos(ol,n + Q) :

(a) {1 -1 -l 1},(b) {0 -\6 0 "..,6},(c) {1 -0.366 -1.366 -1 0.366 r.3661,

(d){2 0 1 0}.

Determine the values of the parameters.,4, @o and @ for each case.

Determine the fundamental period of the following periodic sequences:

(a) i,lnl = ei0'5o' , (b) iulnl = sin(0.82ru + 0.82), (c) i"[n] = Re("ion/ s) + knleto, rto1,

(d) ialn) = 3 cos(l.3arz) - 4 sin(0.5 ztn + O.5r), (e) i5ln)= 5 cos (l.Sttn + 0.75n) * 4 cos(0.6nn) - sin(0.Szrn),

Determine the fundamental period of the sinusoidal sequenc e xlnf : Asin (alrn) for the following values of the
angular frequency atr:

(a) 0.6tc,(b) 0.284 @) 0.45tt, (d) 0.55a (e) 0.65a.

2.27

2.29

_1
n

= (i1,,,

2.23

2.24

2.26

2.28

2.30

2.31
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2.39 A discrere-time system is characrerized by tKaig0l

Iylnl: x2frt) - xfn - tlxln I Ll, .

where y[n] and xftt) atethe output and input sequences. Is the above system linear? Is it time-invariant? Is it causal?;

2'40 Consider the discrete-time system characteized by the input-output relation [Cadg7] j
fvEEv,, 

o

Ytnt:)(rr"-1r+#) ,

:

(2.138)'

2.32 Determine the period of the sinusoidal sequence xllnl: sin(0.0gzn). Determine at least two other distincsinusoidal sequences having the same period as i1[n].

2.33 Show that the continuous-time signal xaG) - A cos(Oor * d) can be uniquely recovered from its samplecversion xLn) - xa(nT), -oo < tL < @, if the sampling frequency er : Xrlf > ZAr.

2'34 Acontinuous-timesinusoidal signal xa(t) - cosQr/ is sampled att : nT, -@ < n < oo, generatingthe
discrete-time sequence x[n] - xo(nT): cos(Qonr). For what val-ues of z is xlnl aperiodic sequence? what is thefundamental period of x[n) if eo - 20 radians and r : z/g seconds ? '

2'35 Show that the discrete-time systems described by the following equations are linear systems:(a)Eq.(2.18), (b)Eq.(z.ZO), (c)Eq. (2.21), (d)Eq. (2.6t), (e)Eq. (2.65), and (f)Eq. (2.66).

2'36 For each of the following discrete-time systems, where y[n] and xlnl are,respectively, the output and the inputsequences' determine whether or not the system is (1) tinear, (zJ causat, (3) stable, and (4) shift-invariant:(a)yftd:n3xbtli 0)ylnl:(xlnl)5; 1c1y,1n1:fr+Dtr=o*ir'_rl 
'B*unonr"roconsranr;

(d) vtnl :ln(2 * lxlnll); (e) ylnl : ax[-n ]-i]; a is inonzero constanu @ yln): xln - 41. .,

2.37 show that rhe median filter defined by Eq. (2.67) isa time-invariant sysrem.

2'38 The second derivative yfuil of a sequenc e xlnl at time instant n is usually approximated by 
,

ylnl: xfn I L) - 2xlnl * xln - tl.
-rt yLnl and xlnl denote the output and input of a discrete-time system, is the system linear? Is it time-invariant? Is itcausal? -J -----' IrYursuL

.::where x[n] and ylnf te,r-espectively, the input and output sequences. Show that the output y[n] of the abor" .yrtr.'ifor an input xln) - al'Lnl with y[ 1] : I converg 
"tio Jo'u n -+ oo when cy is a positive number. r, tn" uio-u]jsystem linear or nonrinear? Is it time-invariant? lusiiry you, *r*ar. 'r!r v v 'u,ruvr' rD L,e " 

=,

2'41 An algorithm for the calculation of the square root of a number a is given by tMikg2l
a:

::i

(2.139),.iylnl : xLnl - y2ln - 1l -f yln - 11,

2'42 Determne the expression for the impulse response of the factor-of-3 linear interpolator of Eq. (2.66).

2'43 Determine the expression for the impulse response of the factor-of-z linear interpolator.

twhere xlnl - dt'LLnl with 0 < ,, < 1. rf xlnl and y[n] are considered as the input and output of a discrete-ti-, jsystem, is the system linear or nonlinear? Is it time-invariant? As n -+ @,show that ylnl -+ r/a. Note trrat yi-11 ,;is a suitable initial approximation to ,fr. 
tt tLt*' 

' 
Ltor ' \'/ u' l\uLE L,dL , 

,

J
':i
7
j;

{
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by first evaluating Eq. (2.108) for n :0,1,2,..., and then solving for
lil
l

, ctt| Derive Eq' (2'111) by induction

iiol,hlt), hlzl' etc'

2.4s Letylnl: hln)@xlnl, whereh[ nf andxln]areright-sidedsequences. showthatf ylnl = (! lrtnl) (f xtnl).

2,46 Develop closed-form expressions for the following convolution sums: (a) a" plnl@ t't[n], (b) nun plnl@ p'lnl'

Z,4i Develop a general expression for the output y[n] of an LTI discrete-time system in terms of its input xlnf and

tr rnlt step response s[n] of the system'

7 Lg Aperiodic sequence i [n] with a period N is applied as an input to an LII discretetime system characterized by

;;;;i;;.rpon." h[z] generating an output ylnl. Is yln) aperiodic sequence? If it is, what is its period?

2.49 Consider the following sequences:
''-- Olr;.nj:361n-Zl-iAfu+1, (i1)xzln): 56[n -3]*231n*l), (nt)hinl: -6ln*21*461n1-261n-ll,

iiu> h2ln):361n -41* 1'56[n -z)- 6[n* 1]' t - --:-^r.L^ ^,-^-.^
ij"rrriri"" the following sequences obtained by a linear convolution of a pair of the above sequences:

(ujyt4: x{n)@hrtrl, 
-(u) 

tzlnf : x2lnl@h2lnl, (c)y:[n] : xllnl@h2lnl, (d)vqlnl: x2lnl@h1fn|

2.50 Determine the following sequences obtained by a linear convolution of the sequences given in Problem 2'5:
-'-i"l ulnl: xln)@ylnl, (b) ulnl : xlnf@wlnf, (c) glnl : wlnl@vln1

2,Sl Let gfn)bea finite-length sequence defined for -3 < n < 4, and let h[n] be a finite-length sequence defined

riz="",e. Define ylnl: slnl@htnl. (a){haristhelengthof y[n]?G)Whatistherangeof theindexn for

which y[n] is defined?

Z.Sl Letylnl: x{nl@x2fnl and u[n] : xtln - Nrl@xztn - Nzl. Express ulnl interms of y[n]'

253 Let glnf : x{n)@x2lnl@x:[n] andhln): xtln - Nrl@xzIn - Nfl@x:[n - N:]' Express hlnl in terms

of glnl.

2.54 prove that the convolution sum operalion is commutative and distributive.

2.55 Consider the following three sequences:

x{nl -A (a constant), x2lnl: 1t'ln), .,rtnt : { 
lf ' [:; : ?:

[ 0, otherwise'

Show that xzlnl@ xzlnl @ x r [n ] t' x2lnl@ x3 [n] @ x 1 [te ]'

2.56 prove that the convolution oferation is associative for stable and single-sided sequences.

2.57 Show that the convolution of a length-M sequence with a length-N sequence leads to a sequence of length

(M+N-1).

2.5g Let {xln)lbealength-Nsequencedefinedfor0 < n < N - 1, withitsn-thsamplegivenby an'lf allsamples

of x[n] are non-negative, determine the location and ttre value of the largest positive sample of y[n] : xlnl@xln)

without performing the convolution operation.

2.S9 Let {xln.]l and {hlnllbe two length-N sequences defined for 0 < n < N - 1, with their n-th samples given by

an andbz, respectivav, #"u samples of xlnl and hln) arcnon-negative, determine the location and the value of the

largest positive sample of y[n] : il"l@nlnl without performing the convolution operation'



:
2.60 Consider two real sequences hftl and g[n] expressed as a sum of theirrespective even and odd parts, i.e.;i
hln):h"rln)*hs6lnl,ands[r?]:Sevbtf*goo[n].Foreachofthefollowingsequences,determineifitisevenorri
odd. .,

(a) ftevlnl@ gevfn), (b) he6[n]@ Bevlnf, (c) ho6[rz]@8oalnl. 
'.::

l2.61 Consider a cascade of two causal stable LII systems characterized by impulse responses un ttlnl and, Bn p,[n],;
where0<a < 1and0< P < 1. Determinetheexpressionfortheimpulse."riorr" nLi)otthecascade. ' 

.;
.i

2.62 Determine the impulse response g[n ] of the inverse system of the LTI discrete-time system of Example 2.3L. '::i+

+
:.2.63 Determine the impulse response g [n ] charact eizingthe inverse system of the cascaded LII discrete-time system,i

of Problem 2.61. -.:
?

2.64 Determine the expression for the impulse response of each of the LTI systems shown in Figure p2.2.

Figure P2.2

2.65 Determine the overall impulse response of the system of Figure P2.3, where the impulse responses of the
component systems arc: hlLnl:26Ln -21-361n*ll, h2lnl:\fn _ Il*Z6ln.*21, and,h3[n]:5d[n _ 5] *
76ln - 3) * 26Ln - il - 6[ru] + 36[ru * 1].
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xln) ylnl

Figure P2.3

2'66 Let yfn)bethe sequence obtained by a linear convolution of two causal finite-length sequences hlnl and. xln).
For each pair of y[n] and hlnl listed below, determine xfn). Thefirst sample in each ,.qir.o"" is at time index z : 0.

(a) iytnl] - {6, 11, -13, L6, !, g, Z, 8},{hlnll: {2, 5, -1, 4},
(b) {ytnl} : {2, L, 2, 6; 017 t2}, {hLnl} - {2, -3, 2, 3},
(c) {ylnl} : {-4, 10, -15, 8, 0, 1, -3, L}, {h[n)l : {-4, 2, 1, 0, -1}.

2'67 Consider a causal discrete-time system characterized by a first-order linear, constant-coefficient difference equa-
tion given by

yln) : ayln - Il + bx[n], n >0,
where y[n) and xlnf are,respectively, the output and input sequences. Compute the expression for the output sample
yln) in terms of the initial condition y[- 1] and the input samples.

h[n)
h{n)



(a)

(b)

(c)

Problems

Is the system time-invariant if yt-11 : 1? Is the system linear if )l[-1] : 1?

Repeat part (a) if y[-1] : 0.

Generaltze the results of parts (a) and (b) to the case of an Nth-order causal discrete-time system given by
Eq. Q.82).

113

(2.r40)

2.68 Consider the causal LTI system described by the difference equation

ylnl : psxfn] * ppln - 1] - dlyln _ tl,

where x[n] andyln)denote, respectively, its input and output. Determine the difference equation representation of its
inverse system.

2.69 A causal LTI discrete-time system is said to have an overshoor in its step response if the response exhibits an

oscillatory behavior with decaying amplitudes around a final constant value. Show that the system has no overshoot

in its step response if the impulse response hlnl of the system is nonnegative for all n > 0.

2.70 The sequence of Fibonacci numbers f lnl is a causal sequence defined by

fln): fln-11* f[n-2], nZ2,

with /[0] : 0 and 
"f [1] : 1.

(a) Develop an exact formula to calculate /[n] directly for any n.

(b) Show that f lnl is the impulse response of a causal LII system described by the difference equation Uoh89l

y[n] : yln - 1l + yln - 2l * xln - l).

2.71 Consider a first-order complex digital filter characteizedby a difference equation

Ylnl: aYln - 1l *.xlnl,

where x [n] is the real input sequence, yfnf : lrefnl + jyr lnl is the complex output sequence with yrc [n] and y;ro [n]
denoting its real and imaginary parts, and a : a * jb is a complex constant. Develop an equivalenttwo-output,
single-input real ffierence equation representation of the above complex digital fllter. Show that the single-input,
single-output digital fllter relating yrclnf to x[n] is described by a second-order difference equation.

2.72 Let hl}l, hU7, and hlLl denote the first three impulse response samples of the first-order causal LTI system
of Problem 2.68. Show that the coefficients of the difference equation characterizing this system can be uniquely
detemrined from these impulse response samples.

2,73 Leta causal IIR digital filter be described by the difference equation

NM
Dd*yl" - kl:l r*x[n - k),
&=0 t:0'

where y[n] and xln) denote thb output and the input sequences, respectively. If ft[n] denotes its impulse response,
show that

k

pk:Lh[n]d1r-n, k :0,1,...,M.
n:0

From the above result, show that p4 : hln)@dn.

2,74 Prove that the BIBO stability condition otEq. (2.74) also holds for an LII digital filter with a complex impulse
response.
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2.75 Is the cascade connection of two stable LII systems also stable? Justify your answer.

2.76 ls the parallel connection of two stable LTI systems also stable? Justify your answer.

2.77 Prove that the cascade connection of two passive (lossless) LTI systems is also passive (lossless).

2,78 ls the parallel connection of two passive (lossless) LII systems also passive (lossless)? Justify your answer.

2.79 ConsideracausalFlRfilterof length tr* l with animpulseresponsegivenby {Sln)},n:0,1, ...,1,. Develop
the difference equation representation of the form of Eq. (2.90) wheie M + N : Z of a causal finite_dimensional IIR
digital filter with an impulse response {h[n]] such that h[n) : gln) for n :0, 1, . . . , L.

2.80 Compute the output of the accumulator of Eq. (2.60) for an inpur xln) - np,fnl and the following initial
conditions: (a) y[-1] :0, and (b) yt-11 - -2.

2.81 In the rectangular method of numerical integration, the integral on the right-hand side of Eq. (2.g5) is expressed 
,

-i:fnT
I x(t)dt : T .x ((n - DD. (2.14r)i

J (n-t)T .,

Develop the difference equation representation of the rectangular method of numerical integration. I
,i

2.E2 Develop a recursive implementation of the time-varying linear discrete-time system characterized by ;

vlnl:IiDt=r'ttl' n>o'' [0, n <0.

2.83 Detennine the total solution for n : 0 of the difference equation

yLn) - 0.35yln - 1l : Z.4p,lnl,

with the initial condition y[-1] : l.

2.84 Determine the total solution for n > 0 of the difference equation

ylnl - 0.3yln - 1l - 0.04yln - 2l : 3n Ltfnl,

with the initial condition y[-1] :2, andil-21: l.

2.85 Determine the total solution for n > 0 of the difference equation

y[n] - 0.3y[n - 1] - 0.04yfu - Zl : x[n) + Zx[n - I],
with the initial condition y[-1] : 2, and yL-Zl: 1, when the forcing function is r[n] : 3o pinf.

2.86 Determine the impulse response hlnl of theLTI system described by the difference equation

yln) - 0.35yln'- l1 : xbt'[.

2'87 Determine the impulse response hlnl of theLTI system described by the difference equation

ylnl - 0.3ylt - 1l - O.O4yln - 2j : xLnl + Zx[n _ L].

2'88 Determine the step response of an LTI discrete-time system characterized by an impulse response h[n](-a)npLnl,0 < a < 1.


