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Chapter 4: Digital Processing of Continuous-Time
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Figure 4.58: Equivalent representation of a practical s/H circuit.

Note that the frequency response of the discrete-time system is similar in form to that of the zero-order hr
circuit as given in Eq. (4.81) and shown in Figure 4.55(a). Thus, the discrete-rime system of pigure +
acts like a narrowband lowpass filter that performs the averaging operation. If the tracking p..ioO ;:
much smaller compared to the sampling period I, as is usually the case, the effect of the lowp"ass fii;;i
be neglected, and the practical S/II circuit can be considered as an ideal sampler.

4,12 $ummary
Various issues concerned with the digital processing of continuous-time signals are studied in this chap
A discrete-time signal is obtained by uniformly sampling a continuour-iirn" signal. The discrete-ti
representation is unique if the sampling frequency is greater than twice the highest frequency contair
in the continuous-time signal, and the latter can be fully recovered from its discrete-time equivalentl
passing it through anideal analog lowpass reconstruction filter with a cutoff frequency thai is half,r
sampling frequency. If the sampling frequency is lower than twice the highest tiequ"n.y .o",uin.j
the continuous-time signal, in general, the latter cannot be recovered fromlts discrete-time version
to aliasing. In practice, the continuous-time signal is first passed through an analog lowpass anti-alia
fllter' with the cutoff frequency chosen as half of the sampling fr"qu"o"y *hose output is sampled to prev
aliasing. It is also shown that a bandpass continuous-tlme iignal can be ,""or"."d from its discrete-ti
equivalent by undersampling, provided the highest frequency is an integer multiple of trr. bil*i6rh
the continuous-time signal and the sampling frequency ir gr.ut"r than twice the bandwidth. l

A brief review of the theory behind some popul* urulog lowpass filter design tectrnllues is incl
and their design using Marran is illustrated. Also discussed are the procedires for designing a
highpass, bandpass, and bandstop fllters and their implementations using Merres. tne spelincltions
the analog fllters are usually given in terms of the locations of the passbarid and stopband edge frequenc
and the passband and stopband ripples. Effects of these parameters on the perfo.*un"", of the anti-aliad
and reconstruction fllters are examined. :

Otherinterface devices involvedin the digitalprocessing of continuous-time signals arethe r
hold circuit, comparator, analog-to-digital 

"onu".t"r, 
and dlgital-to-analog 

"oru.i"r. 
A brief i

to these devices is included for completeness.

4.13 Frsbtrems

4.L Prove the Poisson's sum formula of Eq. (4.7).

4'2 Show that if the spectrum G o(i a) of goQ) @and-limited to Q,, ) also contained an impulse at er, , the
rate {27 must be greater than2{l* to recover fully goe) from the sampled version.

!'] rne Nyquist frequency of a continuous-time signal go (r) is Qr,?. Determine the Nyquist frequency of each offollowing continuous- ;me signals derived from go (r) :

(a) vt?) : saG)sa?), G) vz(r) : laG/3), (c) y:(r) : 8o(3r), (d) y+(r) : /:. laG - r)g,(t)dt,
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^{.{ .{ nrure-energy continuous-time signal g, (r) is sampled at a rate satisfying the Nyquist condiiion of Eq. (4.1 1,1.

o.nerann_s a discrete-time sequence g[rz]. Develop the relation between the total energy €r,,111 of the continuous-time

'r*r;lr) anA the total.n.igy tslr1 of the disciete-tin're signal g[n]. 6a'

4.5 L2.5 s long segment of a continuous-time signal is uniformly sampled without aliasing and generating a finite-

lengrh sequenc: 
:"_1,:,r:*g 

5001 samples. What is the highest frequency component that could be present in the

contiluous-trme slgnal /

4,6 A continuous-time signal xa (r) is composed of a linear combination of sinusoidal signals of frequencies 300 Hz,

500Hz,l.2klIz,2.!5Y.J12, and3.5kHz. Thesignalxr(t)issampledata2.0-kHzrate,andthesampledsequenceis

oassed tfuough an ideal lowpass filter with a cutoff frequency of 900 Hz, generating a continuous-time signal ya (r).

Utrat are the frequencv components present in the reconstructed signal yo (r)?

4.7 A continuous-time signal x, (r) is composed of a linear combination of sinusoidal signals of frequencies F1Hz,
F2Hz, fuHz, and F4Hz. The signal xo(t) is sampled at an 10-kHz rate, and the sampled sequence is then passed

through an ideal lowpass fl1ter with a cutoff frequency of 4 kHz, generating a continuous-time signal y, (l) composed

of three sinusoidal signals of frequencies 350 Hz, 515 Hz, and 815 FIz, respectively. W1rat are the possible values of
F1,F2, F3, andFa? Isyouranswerunique? If not,indicateanothersetof possiblevaluesof thesefrequencies.

4.8 The continuous-time signal xo(r) : 4sin(Z1tt) - 5 cos(24nt) + 3 sin(1202t) 'l2cos(l'y6rl) is sampled at a

50 Hz rate, -eenerating the sequence x[n]. Detemine the exact expression of -x[n].

1.9 The left and right channels of an analog stereo audio signal are sampled at a 45-kHz rate, with each channel then

beirg converled into a digital bit stream using a 12-bit AID converter. Determine the combined bit rate of the two
;hannels after sampling and digitization.

{.10 Shonthattheimpulseresponsehr(t)ofanideallowpassfilterasderivedinEq.(4.19)takesthevahehrQtT):
lfnl lor all rr if the cutoff frequency Qc : {2r 12, where Q7 is the sampling frequency.

4.11 Consider the system of Figure 4.2, wherethe input continuous-time signal xa(t) has a band-limitecl spectrum
Xp(jQ1, as sketched in Figure P4.1(a), and is being sampled at the Nyquist rate. The discrete-time processor is
an ideal lowpass filter with a frequency response H @J 

a1 , as shown in Figure P4. 1 (b), and has a cutoff frequency
clc : QmT 13, where 7 is the sampling period. Sketch as accurately as possible the spectrum YIQA) of the output
coniinuous-time signal ya (r).
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4.12 A continuous-time signal xo (r) has a bandlimited spectrum XoQ Q), as indicated in Figure P4.2.
the smallest sampling frequency F7 that can be employed to sample xa(r) so that it can be fully recovered from
sampledversion.r[n]foreachof thefollowingsetsof valuesof thebandedges Q1andS22. SketchtheFourier
of the sampled version .x [n] obtained by samplin E xa|) at the smallest sampling rate F7 and the frequency
of the ideal reconstruction filter needed to fuIly recover xoQ) for each case.

(a) Ar : 1002, Qz : l50r; (b) Or : 160:2, 9z : 250n; (c) Or : ll}n,Qz : 1802.

Figure P4.2

4.13 For each set of desired peak passband deviation ap andthe minimum stopband attenuation a,
lowpass filter given below, determine the corresponding passband and stopband ripples, Ep and 65 :

(a)ao :0.21d8, as : 52dB; (b)ap: 0.03d8, d5 :69dB; (c)ap -0.33dB, ss : 57dB.

4.14 Show that the analog transfer function

HoG):*, a>0,
s+ct

has a lowpass magnitude response with a monotonically decreasing magnitude response with lHdg0)l
lHoja)l : 0. Determine the 3-dB cutoff frequency Q. at which the gain response is 3 dB below the
value of0dB at Q :0.

4.15 Show that the analog transfer function

GoG)--s-, a)0,s+a
has a highpass magnitude response with a monotonically increasing magnitude response with lGoe0)l
lGo("loo)l : 1' Determine the 3-dB cutoff frequency Q. at which the gain response is 3 dB below the
value of0 dB at 52 : oo.

4.16 The lowpass transfer function 11, (s) of Eq . (4.92) and the highpass transfer function Ga (s) of Eq . (4.93) can
expressed in the form

Hs(s): ]tao{r) - At(s)}, GoG) - }tao{r) *41(s)},
where Ag (s) and A 1 (s) are stable analog allpass transfer functions. Determine 46 (s) and A r (s) .

4.17 Show that the analog transfer function

H6$):
s2+bs+azo'

b>0,

has a bandpass magnitude response with l11o(j0)l: lHo(f oo)l : 0 and llir(jeo)l : 1. Determine the frequencies
Q1 and Q2 atwhichthe gainis 3 dB below the maximumvalue of 0 dB at Qo. Show that erez - Ol. fne differencq

bs

f,2z - Qt is called the 3-dB bandwidth of the bandpass transfer function. Show that b : {Zz - O1.

of an
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4.1E Sho\i' that the analog transfer function

"2 L02
G6(s): =" '"'n =. b>0,

s2+bs+azo'

229

(4.9s)

(4.96)

r,ac a bandsrop magnitude response with lGr(70)l : lG,(joo)l : 1 and lGoClAo)l : 0. Since the magnitude is

"I^.tf " 
zero at Qo, it is called the notch frequency, and Go (s) is often called the notch transfer function. Determine

,i.fr.qr.n.irsS21 andQ2atwhichthegainis3dBbelowthemaximumvalueof0dBatO:0andQ:oo.Show

iurAtAz=t\t.ThedifferenceO2-Q1iscalledthe3-dBnotchbandwidthofthebandpasstransferfunction. Show

thatb=92-Qt

4J9 The bandpass transfer function I1a (s) of Eq. @.9$ and the bandstop transfer function Ga (s) of Eq. (4.95) can

be exPressed in the forrn

H6g) : j{aotr) - Ar(s)}, Go(s) - }{ao{rl + Ar(s)},

where Ao(s) and A1(s) are stable analog allpass transfer functions. Determine Ag(s) and At (s).

4.20 Ananalog real-coefficient allpass transfer function A(s) is defined by lA(f O)12 : 1, where A(7Q) is the

magnitude function of the transfer function.

(a) Show that an analog real-coefflcient causal and stable allpass transt'er function A(s) is given by

.4(s) :ut=l
where Re{i,;} < 0.

(b) Show that an analog real-coefflcient causal and stable allpass transi'er function A(s) satisfies the following
property:

f < I forRe(s) > 0.

lA(sll l:t forRels;:0.
[= i forRe(s) < 0.

4.21 Show that the first 2N - 1 derivatives of the squared-magnitude response lHoU$12 of a Butterworth filter of
order N as given by Eq. (4.33) are equal to zero at Q : 0.

4,22 rJsrngEq. (4.35), determine the lowest order of a lowpass Butterworth filter with a 0.25-dB cutoff frequency at

1.5 kHz and a minimum attenuation of 25 dB at 6 kHz. Verify your result using buttord.

4.23 Using Eq. (4.31), determine the pole locations and the coefficients of a sixth-order Butterworth polynomial with
uniry 3-dB cutoff frequency.

4.24 Show that the Chebyshev polynomial Z.v(A) deflned in Eq. (4.40) satisfies the recurrence relation given in
Eq. (a.a1) with 7s(A) : 1, and 71(Sz) : 9.

4.25 UsingEq.( .a!,deterrninethelowestorderofalowpassTypelChebyshevfilterwitha0.25-dBcutofffrequency
at 1.5 kHz and a minimum attenuation of 25 dB at 6 kHz. Verify your result using cheblord.

4.26 Using Eq. (a.54) determine the lowest order of a lowpass elliptic filter with a 0.25-dB cutoff frequency at 1.5 kHz
and a minimum attenuation of 25 dB at 6 kHz. Verify your result using el1ipord.

4.27 Determine the Bessel polynomials 87,7(s) for the following values of N: (a) N : 4 and (b) N : 5"
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4.28 The transfer function of a third-order analog Butterworth lowpass filter with a passband edge ar O-24H2
passband ripple of 0.5 dB is given by

H;p$) :
s3 +4.309s2 * 9.2835s * io

Determine the transfer function Hn pb) of an analog highpass filter with a passband edge at 3 Hz and a
ripple of 0.5 dB by applying the spectral transformation of Eq. (4.62).

4.29 Tt,e transfer function of a third-order analog Butterworth highpass filter with a passband edge at 0.9 Hz
passband ripple of 1 dB is given by

Hs p(s) :
t3 +g.z13sz *40.087s + 1oo

Determine the transfer function H r p G) of an analog lowpass fllter with a passband edge at 3 Hz and a passband
of 1 dB by applying the spectral transformation of Eq. (4.62).

4.30 The transfer function of a second-order analog elliptic lowpass filter with a passband edge at 0.25 Hz
passband ripple of 0.5 dB is given by

10

s"

431 A Butterworth analog highpass fllter is to be designed with the following speciflcations: Fp : 6.5
Fs:1.5kLIz,ar:0.5dB,andcrr:40dB.Whatarethebandedgesandtheorderof thecorrespondinga
lowpass fllter? What is the order of the highpass filter? Verify your results using the function buttord.

4.32 An elliptic analog bandpass filter is to be designed with the following specifications: passband edges at 20
and45 kllz, stopbandedges at 15 kHz and 50kHz, peakpassbandripple of 0.25 dB,andminimum stopband atten
of 50 dB. What are the bandedges and the order of the corresponding analog lowpass fllter? What is the order of
bandpass filter? Verify your results using the function ellipord.

4.33 A Type 1 Chebyshev analog bandstop filter is to be designed with the following specifications: passband
l0MHzandT0MHz,stopbandedges at2}MHzand45MHz,peakpassbandrippleof0.5dB,andminimums
attenuation of 30 dB. What are the bandedges and the order of the corresponding analog lowpass filter? What is
order of the bandstop filter? verify your results using the function cheblord.

4.34 Verify Table 4.1.

4.35 Derive Eq. (a.76).

4.36 Derive Eq. @.77).

4.37 An alternative to the zero-order hold circuit of Figure 4.54 used for signal reconstruction at the output of a
converter is the first-order hold circuit, which approximate s yaG) according to the following relation:

0.01(s2 + 367 .93)Hrp\s): 
,2. *726rurr*

Determine the transfer function H a p G) of an analog bandpass filter with a center frequency at 3 Hz and a
of 0.5 Hz by applying the spectral transformation of Eq. (4.64).

As indicated by the above equation, the first-order hold circuit approximates ya (r) by straighrline segments. The s

of the segment between t : nT and , : (n * 1)T is determined from the sample values lp@T) and yr(nT -
Determine the impulse response h y G) wrdthe frequency response H y U $ of the first-order irold circuit, and
its performance with that of the zero-order hold circuit.



Mnn-ne Exercises 231

r 1* A rnore improved signal reconstruction at the output of a D/A converter is provided by a linear interpolation

J*u, *r,i.n ^lty'ii::l l,:lil.ol:?-T_.::-s 
successive sample points of ),p(r) with straight-line segments. rhe

'fip-r*utpu, relation of this circuit is given by

ty(r):rp(nT-r)+'ryft-rtT). rtT <t < (r*l)2.

,"rr*r. the impulse response hy(t) and the frequency response Hy(i$ of the linear interpoiation circuit, and

,, ionpu"its performance with that of the first-order hold circuit.

4,14 [Ut*rms ExercEses

:M 
4.1 Determine the transfer function of a lowpass Butterworth analog filter with specifications as given in Prob-

.lem4.2Z, using Program 4_2. Plot the gain response and verify that the filter designed meets the given speciflcations.

Show all stePs'

\[4,2 Determine the transfer function of a lowpass Type 1 Chebyshev analog filter with specifications as given

in problem 4.25, using Program 4_3. Plot the gain response and verify that the filter designed meets the given

specif,cations. Show all stePs.

M 4.3 Modify Program 4-3 to design lowpass Typ" 2 Chebyshev analog filters. Using this program, determine the

transfer function of a lowpass Type 2 Chebyshev analog filter with specifications as given in Problem 4.25. Plotthe
gain response and verify that the filter designed meets the given specifications. Show all steps.

1I4.4 Derermine the transfer function of a lowpass elliptic analog fllter with specifications as given in Problem 4.26,

usil_e Program -1_-1. Plot the gain response and verify that the filter designed meets the given speciflcations. Show all
sEps.

1I {-5 Design. usin-e M.lrrA.s, a Butterworth analog highpass filter with specifications given in Problem 4.31. Show

the u'ansfer functions of the prototype analog lowpass and the highpass filters. Plot their gain responses and verify
rhar both filters meet their respective specifications. Show all steps.

1[ 1.6 Design an eiliptic analog bandpass filter with specifications given in Problem 4.32. Show the transfer functions
of the prototype analog lowpass and the bandpass filters. Plot their gain responses and verify that both filters meet
their respective specifications. Show all steps.

M 4.7 Design a Type 1 analog bandstop filter with specifications given in Problem 4.33. Show the transfer functions
of the prototype analog lowpass and the bandstop filters. Plot their gain responses and verify that both fllters meet
their respective specifications. Show all steps.

M 4.8 Write a Merla.r program to verify the plots of Figure 4.56.


