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Hyperbolic Trigonometric Functions

Definition

1 The hyperbolic sine function sinh is define as follows:

sinh(x) =
ex − e−x

2
, x ∈ R.

2 The hyperbolic cosine function cosh is define as follows:

cosh(x) =
ex + e−x

2
, x ∈ R.
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Hyperbolic Trigonometric Functions

The other hyperbolic functions are:

tanh(x) =
sinh(x)

cosh(x)
=

ex − e−x

ex + e−x

coth(x) =
sinh(x)

cosh(x)
=

ex + e−x

ex − e−x

sech(x) =
1

cosh(x)
=

2

ex + e−x

csch(x) =
1

sinh(x)
=

2

ex − e−x
.
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Hyperbolic Trigonometric Functions

Theorem

cosh2(x)− sinh2(x) = 1.

Proof:

cosh2(x)− sinh2(x) =

(
ex + e−x

2

)2

−
(
ex − e−x

2

)2

=
1

4

(
e2x + 2exe−x + e−2x

)
− 1

4

(
e2x − 2exe−x + e−2x

)
=

1

4

(
e2x + 2 + e−2x − e2x + 2− e−2x

)
=

1

4
(4) = 1.

Similarly,

1− tanh2(x) = sech2(x)

coth2(x)− 1 = csch2(x).
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Derivatives of Hyperbolic Trigonometric Functions

If u = u(x) is a differentiable function of x , then

d

dx
(sinh(u)) = cosh(u)u′

d

dx
(cosh(u)) = sinh(u)u′

d

dx
(tanh(u)) = sech2(u)u′

d

dx
(coth(u)) = − csch2(u)u′

d

dx
(sech(u)) = − sech(u) tanh(u)u′

d

dx
(csch(u)) = − csch(u) coth(u)u′,

where u′ = du/dx .
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Derivatives of Hyperbolic Trigonometric Functions

Examples:

Find f ′(x), for the following:
[1] f (x) = sinh(x3 + e).
Solution:

f ′(x) = cosh(x3 + e).
d

dx
(x3 + e)

= 3x2 cosh(x3 + e).

[2] f (x) = arctan(tanh(x2)).(arctan(x) = tan−1(x)).
Solution:

f ′(x) =
1

1 + (tanh(x2))2
.
d

dx
(tanh(x2))

=
1

1 + (tanh(x2))2
. sech2(x2).2x .
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[3] f (x) = cosh2(
√

3x4 + x + 5).

Solution:

f ′(x) = 2 cosh(
√

3x4 + x + 5).
d

dx
(cosh(

√
3x4 + x + 5))

= 2 cosh(
√

3x4 + x + 5). sinh(
√

3x4 + x + 5).12x3 + 12
√

3x4 + x + 5.

[4] f (x) = ln | tanh(x)|.

f ′(x) =
1

tanh(x)
.
d

dx
(tanh(x))

=
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Integrals of Hyperbolic Trigonometric Functions

∫
sinh(x)dx

= cosh(x) + c∫
cosh(x)dx = sinh(x) + c∫

sech2(x)dx = tanh(x) + c∫
csch2(x)dx = − coth(x) + c∫

sech(x) tanh(x)dx = − sech(x) + c∫
csch(x) coth(x)dx = − csch(x) + c
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Integrals of Hyperbolic Trigonometric Functions

[3] Find the points on the graph of y = sinh(x) at which the tangent line
has slop 2.

Solution:
We have m = y ′ = cosh(x) = 2.

ex + e−x

2
= 2 ⇒ ex + e−x = 4

⇒ (ex)2 − 4ex + 1 = 0

⇒ ex =
−(−4)±

√
(−4)2 − 4

2
=

4±
√

12

2

⇒ ex =
4± 2

√
3

2
= 2±

√
3

⇒ x = ln(2±
√

3).

Now we have y = sinh(ln(2±
√

3)) = ±
√

3. The required points are
(ln(2±

√
3, 2±

√
3).
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⇒ ex =
−(−4)±

√
(−4)2 − 4

2
=

4±
√

12

2

⇒ ex =
4± 2

√
3

2
= 2±

√
3

⇒ x = ln(2±
√

3).

Now we have y = sinh(ln(2±
√

3)) = ±
√

3.

The required points are
(ln(2±

√
3, 2±

√
3).
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