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Functions of Several Variables

Definition
o A function of two variables is a rule that assigns an ordered pair (x1, x2) to a real number w:
2
f:R®" — R

(x1, %) — w .

e A function of three variables is a rule that assigns an ordered triple (x1, x2, x3) to a real number w:
3
f:R" — R

(x1,%,x3) — w .

e A function of n variables is a rule that assigns an ordered n-tuple (x1, x2, ..., xp) to a real number w:
f:R" — R
(X1, %2, o0y Xn) —> w .
Dr. M. Alghamdi MATH 104 November 3, 2022 4/8



Functions of Several Variables

Definition

o A function of two variables is a rule that assigns an ordered pair (x1, x2) to a real number w:
2
f:R®" — R

(x1, %) — w .

e A function of three variables is a rule that assigns an ordered triple (x1, x2, x3) to a real number w:
3
f:R" — R

(x1,%,x3) — w .

e A function of n variables is a rule that assigns an ordered n-tuple (x1, x2, ..., xp) to a real number w:
f:R" — R
(X1, %2, o0y Xn) —> w .

Example : f(x,y,z,u,v) = 2+ y2 — 7zu + v? is a function of five variables.

It takes (x,y, z,u,v) € R® to w € R, for example, the function f takes (1,0,1,1,2) € R to —2 € R.

Dr.

Alghamdi MATH 104 November 3, 2022 4/8



First Partial Derivative

Definition

Let w = f(x, y) be a function of two variables.

o The partial derivative of w = f(x, y) with respect to x denoted %, % , fx or wy is calculated by applying the rules
of differentiation to x holding y constant.

e The partial derivative of w = f(x, y) with respect to y denoted g—; s %—;’ , fy orwy is calculated by applying the rules
of differentiation to y holding x constant.
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Solution:
o fo = % +cos(xy) y +0 = % +y cos(xy) .
e f(x,y,2) = 2xy "L +sin(xy) + 42° = fy = 2x(—1)y =2 4 cos(xy) x + 0 = 72—’5 + x cos(xy) .
y

@ £ =0+0+4(32%) =127

Iff(x,y,2) = 22y% — y2(x® + 2), calculate (1) fy () £y 3) fz.

Solution:
o fi =0 — y?(3x%) = —3y2x% .
e fy = 22(3y?) — 2y(x3 + 2) = 32%)% — 2y(x3 + 2) .

Q r=22°— (1) =223 — 2.
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Second Partial Derivative

°
° 2
°

2 - . .
f means the second derivative with respect to x holding y constant.
means the second derivative with respect to y holding x constant.

2 . . .
O°f means differentiate first with respect to y and then with respect to x.
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Second Partial Derivative

] 52 means the second derivative with respect to x holding y constant.
o g— means the second derivative with respect to y holding x constant.
o

8x0fy means differentiate first with respect to y and then with respect to x.

Let f(x, y) be a function of two variables, then
Q 3% = 58D = &t = 5
© L - 5 = 55 = fy
© 5% = B8 = &6 = 5
Q3% = 58D = G5 =5

Alghamdi MATH 104 November 3, 2022 7/8



Second Partial Derivative

52 means the second derivative with respect to x holding y constant.
a

ay2 means the second derivative with respect to y holding x constant.
y
9

2 . . .
onfy means differentiate first with respect to y and then with respect to x.

Let f(x, y) be a function of two variables, then
Q 3% = 58D = &t = 5
© L - 5 = 55 = fy
© 5% = B8 = &6 = 5
Q3% = 58D = G5 =5

Iff(x,y) = x> + 2x%y2 + y3, calculate (1) oy (2) fyx.
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Second Partial Derivative

means the second derivative with respect to x holding y constant.

5 means the second derivative with respect to y holding x constant.

onfy means differentiate first with respect to y and then with respect to x.

)
O 2= 2= &n =t
© Lt - 5B = Bh =t
© & = &) = &h = b
Qo B@Zé’x (%(%) = d@yfx = fyy.

Iff(x,y) = x> + 2x%y2 + y3, calculate (1) oy (2) fyx.

Solution:

o fi = 3x% + 4xy?, then fy = 4x (2y) = 8xy.
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Second Partial Derivative

52 means the second derivative with respect to x holding y constant.
a

ay2 means the second derivative with respect to y holding x constant.
y
9

2 . . .
onfy means differentiate first with respect to y and then with respect to x.

Let f(x, y) be a function of two variables, then
Q 3% = 58D = &t = 5
© L - 5 = 55 = fy
© 5% = B8 = &6 = 5
Q3% = 58D = G5 =5

Iff(x,y) = x> + 2x%y2 + y3, calculate (1) oy (2) fyx.

Solution:

o fi = 3x% + 4xy?, then fy = 4x (2y) = 8xy.
g f, = 452y + 3y?, then fix = 8xy.

Dr.
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Second Partial Derivative

Iff(x,y,z) = 23x + y2(x + yz), calculate
Q . fandf,at(1,1,1).
Q . fyy and ;.
© 1y fyz and £ at (0, —1,1).
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Second Partial Derivative

Iff(x,y,z) = 23x + y2(x + yz), calculate
Q . fandf,at(1,1,1).
Q . fyy and ;.
© 1y fyz and £ at (0, —1,1).

Solution:

Q="+
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Second Partial Derivative

Iff(x,y,z) = 23x + y2(x + yz), calculate
Q . fandf,at(1,1,1).
Q . fyy and ;.
© 1y fyz and £ at (0, —1,1).

Solution:

Q="+

fy = 2y(x + yz) + y?z = 2xy + 3y°z
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Second Partial Derivative

Iff(x,y,z) = 23x + y2(x + yz), calculate
Q . fandf,at(1,1,1).

Q . fyy and ;.
© £y, fiz and £ at (0, —1,1).

Solution:

Q="+

fy = 2y(x + yz) + y?z = 2xy + 3y°z

f, = 3xz2 + ,V3
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Second Partial Derivative

Iff(x,y,z) = 23x + y2(x + yz), calculate
Q . fandf,at(1,1,1).
Q . fyy and ;.
© 1y fyz and £ at (0, —1,1).

Solution:
Q="+
fy = 2y(x + yz) + y?z = 2xy + 3y?z
f, = 3xz2 + ,V3

At (1,1,1), we have fy =2, f, =5 and f; = 4.
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Second Partial Derivative

Iff(x,y,z) = 23x + y2(x + yz), calculate
Q . fandf,at(1,1,1).
Q . fyy and ;.
© 1y fyz and £ at (0, —1,1).

Solution:
Q="+
fy = 2y(x + yz) + y?z = 2xy + 3y?z
f, = 3xz2 + ,V3

At (1,1,1), we have fy =2, f, =5 and f; = 4.

e fox =0,
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Second Partial Derivative

Iff(x,y,z) = 23x + y2(x + yz), calculate
Q . fandf,at(1,1,1).
Q . fyy and ;.
© 1y fyz and £ at (0, —1,1).

Solution:
Q="+
fy = 2y(x + yz) + y?z = 2xy + 3y?z
f, = 3xz2 + ,V3

At (1,1,1), we have fy =2, f, =5 and f; = 4.

Q@ i« =0, fy =2x+6yz
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Second Partial Derivative

Iff(x,y,z) = 23x + y2(x + yz), calculate
Q . fandf,at(1,1,1).
Q . fyy and ;.
© 1y fyz and £ at (0, —1,1).

Solution:
Q="+
fy = 2y(x + yz) + y?z = 2xy + 3y?z
f, = 3xz2 + ,V3

At (1,1,1), we have fy =2, f, =5 and f; = 4.

e fix = 0, fyy = 2x + 6yz and fz; = 6xz.

Dr. M. Alghamdi MATH 104 November 3, 2022 8/8



Second Partial Derivative

Iff(x,y,z) = 23x + y2(x + yz), calculate
Q . fandf,at(1,1,1).
Q . fyy and ;.
© 1y fyz and £ at (0, —1,1).

Solution:
Q="+
fy = 2y(x + yz) + y?z = 2xy + 3y?z
f, = 3xz2 + ,V3

At (1,1,1), we have fy =2, f, =5 and f; = 4.

e fix = 0, fyy = 2x + 6yz and fz; = 6xz.

e fxy =2y,
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Second Partial Derivative

Iff(x,y,z) = 23x + y2(x + yz), calculate
Q . fandf,at(1,1,1).
Q . fyy and ;.
© 1y fyz and £ at (0, —1,1).

Solution:
Q="+
fy = 2y(x + yz) + y?z = 2xy + 3y?z
f, = 3xz2 + ,V3

At (1,1,1), we have fy =2, f, =5 and f; = 4.

e fix = 0, fyy = 2x + 6yz and fz; = 6xz.

e fioy =2y, fyz = 3)’2
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Second Partial Derivative

Iff(x,y,z) = 23x + y2(x + yz), calculate
Q . fandf,at(1,1,1).
Q . fyy and ;.
© 1y fyz and £ at (0, —1,1).

Solution:
Q="+
fy = 2y(x + yz) + y?z = 2xy + 3y?z
f, = 3xz2 + ,V3

At (1,1,1), we have fy =2, f, =5 and f; = 4.
e fix = 0, fyy = 2x + 6yz and fz; = 6xz.

© fv =2y fiz =3y% and fi = 322
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Second Partial Derivative

Iff(x,y,z) = 23x + y2(x + yz), calculate
Q . fandf,at(1,1,1).
Q . fyy and ;.
© 1y fyz and £ at (0, —1,1).

Solution:
o fi =28 +y2,
fy = 2y(x + yz) + yzz = 2xy + 3y22
f, = 3xz2 + ,V3
At (1,1,1), we have fy =2, f, =5 and f; = 4.
e fix = 0, fyy = 2x + 6yz and fz; = 6xz.
e foy =2y, fyz = 3y2 and fz = 322

At (0, —1,1), we have fy, = =2, f,, = 3 and fx = 3.
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