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Functions of Several Variables

(1) Functions of one variable.

f : R −→ R

x −→ ω .

Example 1: F (x) = 3x2 − x + 1

For x = 2, F (2) = 3(22)− 2 + 1 = 11

2 −→ 11

F ′(x) OR d F
d x

?? F ′(x) = 3 (2x1)− 1 + 0

⇒ F ′(x) = 6 x − 1

Example 2: F (x) = sin(5 x) + x3 + 4

For x = 0, F (0) = sin(5× 0) + (0)3 + 4

0 −→ 4

F ′(x) ?? F ′(x) = cos(5 x) (5) + 3x2 + 0

⇒ F ′(x) = 5 cos(5 x) + 3 x2

(2) Functions of two variables.

f : R2 −→ R

(x1, x2) −→ ω .

Example : F (x, y) = 3x2 y − x y3 + x

For (2,−1),

F (2,−1) = 3 (2)2 (−1)− 2 (−1)3 + 2 = −8

(2,−1) −→ −8

∂F
∂x

?? ∂F
∂x

= 3 (2x1) y − (1) y3 + 1

⇒ ∂F
∂x

= 6 x y − y3 + 1

∂F
∂y

?? ∂F
∂y

= 3x2(1)− x(3y2) + 0

⇒ ∂F
∂y

= 3x2 − 3xy2
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x −→ ω .

Example 1: F (x) = 3x2 − x + 1

For x = 2, F (2) = 3(22)− 2 + 1 = 11

2 −→ 11

F ′(x) OR d F
d x

?? F ′(x) = 3 (2x1)− 1 + 0

⇒ F ′(x) = 6 x − 1

Example 2: F (x) = sin(5 x) + x3 + 4

For x = 0, F (0) = sin(5× 0) + (0)3 + 4

0 −→ 4

F ′(x) ?? F ′(x) = cos(5 x) (5) + 3x2 + 0

⇒ F ′(x) = 5 cos(5 x) + 3 x2
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Functions of Several Variables

Definition

1 A function of two variables is a rule that assigns an ordered pair (x1, x2) to a real number w:

f : R2 −→ R

(x1, x2) −→ ω .

2 A function of three variables is a rule that assigns an ordered triple (x1, x2, x3) to a real number w:

f : R3 −→ R

(x1, x2, x3) −→ ω .

3 A function of n variables is a rule that assigns an ordered n-tuple (x1, x2, ..., xn) to a real number w:

f : Rn −→ R

(x1, x2, ..., xn) −→ ω .

Example : f (x, y, z, u, v) = x2 + y2 − 7zu + v2 is a function of five variables.

It takes (x, y, z, u, v) ∈ R5 to ω ∈ R, for example, the function f takes (1, 0, 1, 1, 2) ∈ R5 to −2 ∈ R.
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First Partial Derivative

Definition
Let w = f (x, y) be a function of two variables.

1 The partial derivative of w = f (x, y) with respect to x denoted ∂f
∂x

, ∂w
∂x

, fx or wx is calculated by applying the rules
of differentiation to x holding y constant.

2 The partial derivative of w = f (x, y) with respect to y denoted ∂f
∂y

, ∂w
∂y

, fy or wy is calculated by applying the rules

of differentiation to y holding x constant.

Example
If f (x, y) = x2y3 + xy + y2, calculate (1) fx (2) fy .

Solution:
(1) fx = 2 x y3 + (1) y + 0

⇒ fx = 2 x y3 + y

(2) fy = x2 (3 y2) + x (1) + 2 y

⇒ fy = 3 x2 y2 + x + 2 y
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First Partial Derivative

Example
If f (x, y, z) = 2x

y
+ sin(xy) + 4z3, calculate (1) fx (2) fy (3) fz .

Solution:

1 fx = 2
y

+ cos(xy) y + 0 = 2
y

+ y cos(xy) .

2 f (x, y, z) = 2xy−1 + sin(xy) + 4z3 ⇒ fy = 2x(−1)y−2 + cos(xy) x + 0 = − 2x
y2 + x cos(xy) .

3 fz = 0 + 0 + 4 (3z2) = 12z2

Example
If f (x, y, z) = z2y3 − y2(x3 + z), calculate (1) fx (2) fy (3) fz .

Solution:

1 fx = 0− y2(3x2) = −3y2x2 .

2 fy = z2(3y2)− 2y(x3 + z) = 3z2y2 − 2y(x3 + z) .

3 fz = 2zy3 − y2(1) = 2zy3 − y2 .
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Second Partial Derivative

∂2 f
∂x2 means the second derivative with respect to x holding y constant.

∂2 f
∂y2 means the second derivative with respect to y holding x constant.

∂2 f
∂x∂y

means differentiate first with respect to y and then with respect to x .

Definition
Let f (x, y) be a function of two variables, then

1 ∂2 f
∂x2 = ∂

∂x
( ∂f
∂x

) = ∂
∂x

fx = fxx .

2 ∂2 f
∂y2 = ∂

∂y
( ∂f
∂y

) = ∂
∂y

fy = fyy .

3 ∂2 f
∂x∂y

= ∂
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( ∂f
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) = ∂
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fy = fyx .

4 ∂2 f
∂y∂x

= ∂
∂y

( ∂f
∂x

) = ∂
∂y

fx = fxy .

Example
If f (x, y) = x3 + 2x2y2 + y3, calculate (1) fxy (2) fyx .

Solution:

1 fx = 3x2 + 4xy2, then fxy = 4x (2y) = 8xy .

2 fy = 4x2y + 3y2, then fyx = 8xy .
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Second Partial Derivative

Example
If f (x, y, z) = z3x + y2(x + yz), calculate

1 fx , fy and fz at (1, 1, 1).

2 fxx , fyy and fzz .

3 fxy , fyz and fzx at (0,−1, 1).

Solution:

1 fx = z3 + y2,

fy = 2y(x + yz) + y2z = 2xy + 3y2z

fz = 3xz2 + y3

At (1, 1, 1), we have fx = 2, fy = 5 and fz = 4.

2 fxx = 0, fyy = 2x + 6yz and fzz = 6xz.

3 fxy = 2y , fyz = 3y2 and fzx = 3z2.

At (0,−1, 1), we have fxy = −2, fyz = 3 and fzx = 3.
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