PHYS 502

Lecture 8: Legendre Functions



Introduction

Legendre functions or Legendre polynomials are the
solutions of Legendre’s differential equation that
appear when we separate the variables of Helmholtz’
equation, Laplace equation or Schrodinger equation
using spherical coordinate.

They are solutions of the following differential
equation:

i[(l _xz)dPn(X)

) = ()
T T +nn+1)P,(x)

*The constant » is an integer (n=0,1,2....).

* P, (x)converge only when  |x| < 1




Legendre Functions

* Legendre functions (or polynomials) 1s a power series solution
of Legendre differential equation about the origin

(x =0).
*The series solution should converge to be terminated in order to

meet the physical requirements. The series solution converges
when|x| < 1 satisfies.

* The Legendre polynomials can be expressed as Rodrigues’
Formula: 1 dn

P‘n(x) — 2Ny an (XZ T 1)71

The degree of Legendre polynomial depends on the value of n, such as




Legendre Polynomial
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Legendre Polynomial
The generating function

The generating function of Legendre polynomials:
g(t,x) = (1 — 2xt + t2)—1/2

Which has an important application in electric multipole
expansions. If we expand this function as a binomial
series if |t| < 1 we obtain

g(t,0) = ) B(0)t"
n=0



Legendre Polynomial
The generating function (example)

Consider an electric charge g placed on the z-axis at z = 0. the
electrostatic potential of the charge at point P is

q
O =ki=
Ao
If we express the electrostatic potential in terms 9’ .

of spherical polar coordinates.

-1/2

1 1 a a2
—: = (r? — 2arcos(6) + a?) /2 = — (1 —2—cos(8) + (—) )
| R| r r r

a . .
In case of — < 1Wwe can express the electrostatic potential as
series of Legendre polynomial

@ = kq Z P, (cos(8)) (g)n

n=0



Legendre Polynomials
The recurrence function

the Legendre polynomials obey the three term
recurrence relations:

(271 + l)xpn (X) — (n + l)Pn+1(x) + npn—l(x)
p1;+1 (X) o P?i—l (X) — (271 + l)Pn(x)

(1 —x?)P,(x) = nP,_;(x) — nxP, (x)

But these relations are valid for n =1,2,3, ...



Legendre Polynomials
Special Properties

* Some special values
P(1) =1

P,(—1) =(-1)"
and ( -
2n — 1)!

PZn(O) — (_1) (zn)”

P2n+1(0) =0 y,

nn—2)(n—4)..1if nis odd
Where n!' ={n(n — 2)(n — 4) ... 2 if nis even (called double factorial)
1 if n=20

"

forn=20,1,2, ...




Legendre Polynomials
Special Properties

* The Parity property:(with respecttox =0 ,0 =/2)
B,(—x) = (=1)"B,(x)

P,(cos(m — 6)) = (—1)"B,(cos(8))
If n 1s odd the parity of the polynomial 1s odd, but if 1t 1s
even the parity of the polynomial is even.

 Upper and lower Bounds for P,(cos(6))
|P,(cos(6))| <P, (1) =1



Legendre Polynomials
Orthogonality

* Legendre’s equation is self-adjoint. Which satisfies

Sturm-Liouiville theory where the solutions are expected to
be orthogonal to satisfying certain boundary conditions.

Legendre polynomials are a set of orthogonal functions on
(-1,1).

1
2
P.(x)P, (x)dx = 5 .
f_l (P () = 55,

h
Wereg _{0 if n = m
nm

1 ifn=m



Legendre Polynomials
legendre Series

 According to Sturm-Liouville theory that Legendre
polynomial form a complete set.

o0

f(X) — Z anpn(x)

n=0

* The coefficients a,, are obtained by multiplying the series by
P, (x) and integrating in the interval [-1,1]
S 2m+1 (7

An = 2 f(x)Pm(x)dx =0




Legendre Polynomials

Potential Applications

* Electrostatic potential, and gravitational potential
involving spherical symmetry.

o &)

UG, — 7)) o ——— =lz(5)n P, (cos(6))

Ir, — 15| —n
where
r- = |T1|} _ I~ = |7”2|
or |ry| = || and or || = |ny|
re = |1y f . 2 r- = |ny| ! ? .



Legendre Polynomials
Alternate Definitions of Legendre Polynomials

* Schaefli Integral:
Schaefli integral 1s obtained by using Cauchy’s integral

f(z) = y WAO de With f(z) = (z22 - 1"

2mi) t—2z

by differentiatingf(z) n times with respect to z and
multiplying by 1/2™n! , then we can get
2—11 (tz L 1)11

P(z) = —— dt
n(2) = o (t — )"+t

with the contour enclosing the point ¢ = z. Schaefli integral 1s
useful to define P,(z) for nonintegral v.




Associated Legendre Functions

If Laplace’s or Helmholtz’'s equations are separated in
spherical polar coordinates we get associated Legendre
equation (with x = cos6):
d dP"(x
_[( L~ x?) (x)
dx

2

m
+ [n(n + 1)—1 PM™(x)=0

dx

The new 1nteger m associated with another polar angle ¢. The
solutions of this equation are called associated Legendre
functions

m

d .
P™(x) = (1 —x?)™?2——B,(x)
dx™

If the separation only has the azimuthal part then m =0, the
equation become Legendre equation.




Associated Legendre Functions
Properties

Since the highest power of x in P, (x) is x™ then m < n (or
the m-fold differentiation will drive our function to zero).
The integer m can be negative or positive and take the values
—ns<ms<sn.
The relation between B™(x) and B, ™(x) is given by
(n —m)!

P,™(x) = (—1)™ e ) P (x)

The generating function for the associated Legendre function
(2m)! (1 — x2)™/? N
= Z P (X)t°
2mm! (1 - 2tx + £2)m/2 L




Associated Legendre Functions
Recurrence Relations

Because of the existence of two indices, we have wide variety of
recurrence relation:

pmtt _ M o (4 1) — m(m — ]P0
n ( 2)1/2

Cn+1D)xB*=Mm+m)P", +(n—m+ 1)B",

(2n+1)(1 —x?)¥/2pm = pmit _ pmil
=nmn+mn+m-1)P"'+(n—-m+1)(n—m+ 2)B"1

1 1
(1—x?)V2p = SP =S+ m)(n—m+ DA



Associated Legendre Functions
Parity

* Associated Legendre function satisfies the parity
relation as x —» —x about the origin. Because P™ m-
fold differentiation yields a factor of (—1)™ :

P (—x) = (=1)™"™B™(x)
* From the parity property and the defintion of B(x)

we can deduce that:
P™(+1) =0 for m=0



Associated Legendre Functions
Orthogonality

* The orthogonality of associated Legendre function
depends on the values of two indices n and m:

e [fm 1s the same for both functions:
2 (g + m)!
2g+1 (g—m)! P4

| PP OPI ()dx =

e [f n 1s the same for both functions:

fl PM(x)BF(x)(1 — x?) tdx = (n +m)!

m(n —m)!

m,k

where (1 — x?)~! 1s the weighting factor.



Associated Legendre Functions

Spherical Harmonics
* The Schrodinger equation for central force

VA +k*f()Y =0
1f use the spherical polar coordinates

d> 2d L?
—f————+ K

T2t Y(r,6,9) =0

If the wavefunction expressed asy(r, 8, ¢) = R(r)Y,"(6, ¢) then

1 d d 1 &
—121;(6, ¢) = (sin(e) ) v (o,
(9, 9) [sin(e)de sin(6) 25 +sin2(9)d(p2] (9, ¢)

= —n(n+1)Y,™(0, ¢)

Where Yy,(8, @) called Spherical Harmonics and [, the angular
momentum operator.



Associated Legendre Functions
Spherical Harmonics (part2)

* The spherical harmonics are product of two functions, a
function depend on the azimuthal angle ¢:

1 .
®(¢) = —=eim*

and another function depends on polar angle 6:

2n+ 1(n —m)!

pM(cos(8)) ZJ > (n+m)!P"m(COS(9))

where the spherical harmonics defined as

2n+1(n—m)! .
Ar (n+m)! B (cos(6))e™?

Y0, 9) = (—1)"’\/
Where the factor(—1)™



Associated Legendre Functions
Spherical Harmonics (Orthogonality)

The functions @(¢) are orthogonal with respect to the
azimuthal angle ¢.

The functions p*(cos(8)) are orthogonal with respect to the
polar angle 6.

The spherical harmonic functions of two angles are orthogonal
such that

21
J J (6, 9)Y, %(6, ) sin(8)dbde = 6, n,6m,m,
=0



Associated Legendre Functions
Spherical Harmonics (Laplace Series)

* Spherical Harmonics form a complete set.
Means that any functionf(8,¢) evaluated over
the sphere can be expanded in a uniformly
convergent double series of spherical
harmonics:

f(6,9) = Z L Yo't (6, @)

m,n



