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Definition

We define the natural logarithm function ln(x) as follows:

ln(x) =

∫ x

1

1

x
dx .

Properties:If p > 0 and q > 0, then

(i) ln(pq) = ln(p) + ln(q).

(ii) ln(p/q) = ln(p)− ln(q).

(iii) ln(pr ) = r ln(p), r is a rational number.
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Note that:

ln(x) =


> 0 if x > 1

= 0 if x = 1

< 0 if x < 1

Example:

ln(12)≈− 0.693
ln(14)≈− 1.386
ln(18)≈− 2.079
limx→0+ = −∞

ln(2)≈0.693
ln(4)≈1.386
ln(8)≈2.079
limx→+∞ = +∞
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Since f (t) = 1
t is continuous on the interval (0,+∞),

then

d

dx
(ln(x)) =

d

dx

∫ x

1

1

t
dt =

1

x
.

Theorem: If u = g(x), g is a differentiable function of x , then

d
dx (ln(u)) = 1

u
du
dx , u > 0.

d
dx (ln(|u|)) = 1

u
du
dx , u 6= 0.
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Examples: Find y ′ in each of the following:

[1] y = ln(5x7 + 3x2 + 9).

dy

dx
=

35x6 + 6x

5x7 + 3x2 + 9
.

[2] y = ln(|100x100 − x−1 + 10x10|).

dy

dx
=

1002x99 + x−2 + 102x9

100x100 − x−1 + 10x10
.
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[3] y = ln( 99

√
9−x2
9+x2

).

Using laws of logarithm function, we get:

ln

 99

√
9− x2

9 + x2

 =
1

99

[
ln

(
9− x2

9 + x2

)]
=

1

99

[
ln(9− x2)− ln(9 + x2)

]
.

Now we differentiate with respect to x , we get

dy

dx
=

1

99

[
−2x

9− x2
+

2x

9 + x2

]
=

1

99

[
−4x3

92 − x4

]
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[4] y = 1
ln(x) + ln( 1

x ).

y ′ =
−1/x

(ln(x))2
− 1

x

=
−1

x(ln(x))2
− 1

x
.

[5] y = ln
(

15
√

3x7 + 13(x3 + x2 + x)5
)

.

We use the logarithm function laws to simplify y ,

y = ln
(

15
√

3x7 + 13
)

+ ln
(
(x3 + x2 + x)5

)
=

1

15
ln(3x7 + 13) + 5 ln(x3 + x2 + x).

Now we differentiate y ,

y ′ =
1

15
.

21x6

3x7 + 13
+ 5.

3x2 + 2x + 1

x3 + x2 + x
.
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[6] y = (x + 1)(x2 + 2)2(x3 + 3)3(x4 + 4)4.

By logarithm function law, we get,

ln(y) = ln(x + 1) + 2 ln(x2 + 2) + 3 ln(x3 + 3) + 4 ln(x4 + 4).

Now we differentiate ln(y), so

1

y
y ′ =

1

x + 1
+ 2

2x

x2 + 2
+ 3

3x2

x3 + 3
+ 4

4x3

x4 + 4
.

Now we have

y ′ = y .

[
1

x + 1
+ 2

2x

x2 + 2
+ 3

3x2

x3 + 3
+ 4

4x3

x4 + 4

]
.
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Definition

The natural exponential function exp (or e) is the inverse
function of the natural logarithm function,

Thus, for x ∈ R and y > 0

y = exp(x) = ex if and only if x = ln(y)

Also,

ln(ex) = x if x ∈ R
e ln(x) = x if x > 0.
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Facts:

limx→∞ ex =∞.

limx→−∞ ex = 0.

e = limh→∞(1 + h)1/h = lim(1 + 1/h)h.

Theorem: For every real number x , there is a unique positive
real number y such that:

ln(y) = x .

If ln(x) = 1, then by the theorem, there is a unique positive
real number which is x = e, so ln(e) = 1, where e ≈ 2.718.
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real number which is x = e, so ln(e) = 1, where e ≈ 2.718.
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Properties: If p and q are real numbers and r is a rational
number, then

(i) epeq = ep+q.

(ii) ep/eq = ep−q.

(iii) (ep)r = epr .

Theorem: d
dx (ex) = ex .

Proof:
We differentiate ln(ex) = x , so

d

dx
[ln(ex)] =

d

dx
[x ]

1

ex
d

dx
(ex) = 1⇒ d

dx
(ex) = ex .
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If u is a differentiable function of x , then

d

dx
(eu) = eu

d

dx
(u) = euu′.

Examples: Find f ′(x) for the following
[1] f (x) = ex

11−x10 .

f ′(x) = (11x10 − 10x9)ex
11−x10 .

[2] f (x) = e
√
x2 +

√
ex .

f ′(x) =
2x

2
√
x2

e
√
x2 +

ex

2
√
ex

[3] f (x) = ex ln(x).

f ′(x) = [ln(x) + 1]ex ln(x).
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Q: Find y ′ if xey + 2x − ln(y + 1) = 3.

Solution:

[ey + yxeyy ′] + 2− 1

y + 1
y ′ = 0

Therefore,[
xey − 1

y + 1

]
y ′ =

[
x(y + 1)ey − 1

y + 1

]
y ′ = −2− ey

Hence

y ′ =
(−2− ey )(y + 1)

x(y + 1)ey − 1
.
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Q: Find an equation of the tangent line to the graph
y = x − e−x that is parallel to the line 6x − 2y = 7.

Solution:
The tangent line is

y − y1 = m(x − x1).

where m is the slop of the tangent line to y = x − e−x , so
y ′ = 1 + e−x = m. The point (x1, y1) is where the tangent line
is touching the curve. Slope of the line 6x − 2y = 7 is m1 = 3.
Tangent line is parallel to the line 6x − 2y = 7, therefore,
m1 = m, so

1 + e−x = 3⇒ e−x = 2⇒ x = − ln(2) = x1.
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Now,

y1 = x1 − e−x1 = − ln(2)− e− ln(2) = − ln(2)− 2.

Finally,
y − (− ln(2)− 2) = 3(x − (− ln(2))).

so,
y + (ln(2) + 2) = 3(x + ln(2)).
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Theorem:

If f (x) 6= 0 is a differentiable function of x , then

(a) ∫
1

f (x)
f ′(x)dx = ln |f (x)|+ c .

Special case,
∫

1
x dx = ln |x |+ c .

(b) ∫
f ′(x)ef (x)dx = ef (x) + c.

Special case,
∫
exdx = ex + c.
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Examples:

[1] ∫
1

2x + 7
dx =

1

2

∫
2

2x + 7
dx =

1

2
ln |2x + 7|+ c .

[2] ∫ 1

−2

1

2x + 7
dx =

1

2
[ln(9)− ln(3)] = ln(

√
3).

[3]
∫

4x5ex
6+3dx .

Put u = x6 + 3, then du = 6x5dx and hence x5dx = 1
6du. Now

substitute in the integration, we get∫
4x5ex

6+3dx =
4

6

∫
eudu =

1

3
eu + c =

1

3
ex

6+3 + c.
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x − 2

x2 − 4x + 9
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du
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[5] ∫
(4 + ln(x))20

x
dx

Put u = 4 + ln(x), then du = dx/x . Substitute in the
integration we get∫

(4 + ln(x))20

x
dx =

∫
u20du =

1

21
u21 + c

= (4 + ln(x))21 + c .
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[5] ∫
ex − e−x

ex + e−x
dx

Put u = ex + e−x , then du = ex − e−xdx and hence,∫
ex − e−x

ex + e−x
dx =

∫
1

u
du = ln |u|+ c = ln |ex + e−x |+ c .
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Integrations of Trigonometric Functions:

(a) ∫
tan(x)dx = − ln |cos(x)|+ c .

(b) ∫
cot(x)dx = ln |sin(x)|+ c

.

(c) ∫
sec(x)dx = ln | sec(u) + tan(u)|+ c

(d) ∫
csc(x)dx = ln | csc(x)− cot(x)|+ c

.
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