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Answer the following questions.

Q1:[2+2]

(@) The lifetime 7" of a certain component has an exponential distribution with parameter A=0.02.
Find Pr(7" <1207 >100)

(b) Suppose that X is a Poisson distributed random variable with mean A =2. Determine
Pr{X <2aj.

Q2: [2+1]

An observation is made of a Poisson random variable /V with parameter A. Then /V independent
Bernoulli trials are performed, each with probability p of success. Let Z be the total number of
successes observed in the /V trials. Formulate 7 asa random sum and determine its mean and
variance. What is the distribution of 2?7

Q3: [1+42]

(@) Define a martingale.
(b) Suppose X, X,,X,, ... are identically independent distributed random variables where
1

Pr{X, =1} =Pr{X, =-1} = and S, :ixk. Show that S is a martingale.
k=1

Answer:



The Model Answer

Q1l:[2+42]

(@)

Pr(T <120|T >100) =1- pr(T >120|T" >100)
=1-pr(T > 20)
=1— e—o.oz(zo)

- Pr(T <120|T >100)=1-e** = 0.33

(b)
2 —22:17
Prix<2j=>
=0 !
2
= ‘{1+£+2—}
1 21

- Pr{X <2} =5¢7 =06767
Q2: [2+1]

Let Z=&+&,+...+&,, N>0 Then
E(&)=u=p, Var(§,)=c" = p(l-p)
E(N)=v=A, Var(N)=t*=1
wE(Z)=puv
~E(Z)=4p
o Var(2) =vo? + u’r?
- Var(Z2) = Ap(l—p)+ p*A

= /1p
Consequently, Z ~ Poisson(Ap).

Q3: [1+2]

@)

A stochastic process {Xn;n =0,1,2, } is a martingale if
(i) E[ X, ] <o,

(i) E[ X, XX, =X,
(b)




(1) To show that E[]|S, |] <o,
S,

=X+t X, | <X+ X,
<l+..+1=n
E[|Sn|]SE[n]=n<oo.
(2) Toshow that E[ S, [X,,... X, =S,
E[S, 1% X, [=E[ 8, + X ,|X0n X
=E[S, X, X, |+ E[X
=S, +E[X ,.].
where S is determined byX,,..., X and X, ,
and - E[X, ., ]=@).Pr{X ,, =1} +(-1).Pr{X ,, =-1}
=(M)(1/2)+(-1)(1/2) =0
X X, ]=8

n n

n+l

Xy, X, |

n+l

is independent of X..,

S

~E[S

n+l

That is from (1) and (2), we have proved that S, is a martingale.




