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Answer the following questions. 

Q1: [4+4] 

Compute the system reliability for the following configuration diagram where each component has 

the indicated reliability 

(a)  

 

 

 

(b)  

 

 

 

 

 

 

Q2: [4+4] 

 

(a) Using the differential equations 

 

 

where all birth parameters are the same constant with initial condition X(0)=0 ,  
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Show that 
( )

( ) ,  0,1,2,...
!

n t

n

t e
p t n

n

 

   

(b) Messages arrive at a telegraph office as a Poisson Process with mean rate of 3 messages per 

hour.  

(i) What is the probability that no messages arrive during the morning hours 8:00 A.M. to noon? 

(ii) What is the distribution of the time at which the first afternoon message arrives?  

Q3: [4+4] 

If X is the life of an item of a product. Find the mean time to failure MTTF, the median 
0.50x , the 

failure rate at 500 hours (500) , and also, determine the probability that the item will survive 

until age 500 hours, in each of the following cases. 

(a) ~ Weibull( , )X    where 1.5,  1000    

(b) 2~ Lognormal( , )X    where 6.908,  0.317    

Q4: [4+4] 

(a) For the Markov process  ,  0,1,2,...,tX t n  with states 0 1 2 1, , ,  ... , ,  n ni i i i i  

Prove that:  
0 0 1 1 2 10 0 1 1 2 2Pr , , ,  ... , ... 

n nn n i i i i i i iX i X i X i X i p P P P


     where  
0 0 0Prip X i   

(b) The random variables 1 2, ,...  are independent and with the common probability mass 

function 

 

                   0         1        2        3

Pr    0.1      0.3     0.2     0.4



 

ـ ــــــــــــــــــــــــــــــــــــــــ ـــــــــــــــــــــــــــــــــ

k

k

ـ ـــــــــــــــــــــــــــــــــــــــ ــــــــــــــــــــــــــــــــــ

 

Set 0 0,X   and let  1max ,...,n nX   be the largest   observed to date. Determine the transition 

probability matrix for the Markov chain  .nX  

Q5: [8] 

A company produces two types of mobile phones, Model A and Model B and that it takes 5 hours 

to produce a unit of Model A and two hours to produce a unit of Model B, knowing that the 

number of working hours is 900 hours per week. Consider that the unit cost of Model A is $8, and 

the unit cost of Model B is $10 and the budget for production per week is $2800. If the profit per 

unit of Model A is $3 and the profit per unit of Model B is $2, how many mobiles of each model 

are needed to produce per week to make the maximum profit? 

 ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ
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      Table 1 
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   Table 2 
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Model Answer 

Q1: [4+4] 

(a) 

2[1 (1 0.97)(1 0.92)](0.95)[1 (1 0.9) (1 0.95)]

       = 0.94725

sys
R       

 

(b)  

We use the decomposition method and we take the component 3 of reliability 0,97 as a pivot 

element. 

 

2 2

sys 3 3

R [1- (1- 0.9) ][1- (1- 0.95) ]

    0.987525

R 1 (1 0.9 0.95)(1 0.9 0.95)

    0.978975

 R R R (1 R )R

          0.98 0.987525 0.02 0.978975

          0.9874





 





     



   

   



 

Q2: [4+4] 

(a) 

Let ( )X t  represents the size of the population, and the initial condition is 

 (0) 0X     0 (0) 1p      

                     
1                   ,  0                 
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 
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1

1

1

1

( )
(2) ( ) ( ),  1,2,3,  ...     

( )
 ( ) ( )

Multiply both sides by e

( )
 e ( ) ( )e

 ( ) ( )e

 By separation of variables and Int

n
n n

n
n n
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n n

t t
n n
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dt
dp t
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 egration from 0 to t, we get
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1 0
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(4) ( ) e ( )e

( ) e   from eq. (3)

( ) e e e

             = e
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 
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

 

From Eqs (3), (5) and (6), we can deduce that 
( )

( ) ,  0,1,2,...
!

n t

n

t e
p t n

n

 

   

(b) 

(i) For Poisson Process   ( );  0X t t  , where ( )X t  is the random variable that represents the 

number of messages that arrive at the telegraph office at any time .t   

 
( )

Pr ( ) ( ) ,  0,1,2,...
!

k tt e
X s t X s k k

k

 

      

 
0 3(4)

12

6

(3 4)
Pr (12) (8) 0

0!

                                       6.1442 10

e
X X e







    

 
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where 3,  12 -8 4 and 0t k      

(ii) Consider T  is the random variable that represents the time at which the first afternoon 
message arrives. Afternoon is the period between 12:00 P.M. and 12:00 A.M. i.e. (12,24)t  

So, we can write 

 

 
0 3( 12)

3( 12)

Pr( ) Pr{The first afternoon message arrives after t units of time}

                = Pr ( ) (12) 0

3( 12)
               

0!

                

t

t

T t

X t X

t e

e

 

 

 

 






 

Which is the survival/reliability function. 
Also,  
 

3( 12)

3

Pr( ) 1 Pr( )

               1-

 Pr( ) 1- ,  where 12

which is the cumulative distribution function. 

  exp(3)

i.e. exponential distribution with parameter equals 3.         

t

x

T t T t

e

T t e x t

T

T

 



   



    



 

Q3: [4+4] 

(a) 

For Weibull distribution 

MTTF 
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 

1/1.5

0.50

1/1.5

1
ln

1

1
 = ln 1000

1 0.50

        = ln 2 1000

       783.2198







  
   

  

  
  

  





px
p

x  

The failure rate at 500 hours (500) , 

1

1

1.5 1

0.5

3

( )
( )

( )

exp[ ( ) ]

        
exp[ ( ) ]

        

1.5 500
(500) 

1000 1000

1.5
             (0.5)

1000

             1.0607 10  

x

x

f x
x

R x

x

x

hours

















 



 













 
 

 




 
  

 

 
   

 



 

 

The reliability at 500 hours (500)R , 

1.5500
1000

( )

1.5

( ) exp[ ( ) ]

          

          exp (0.5)

         0.70219

xR x

e







 



   



 

(b) 

For Lognormal distribution 

MTTF 

  

 

2

2

/2

[6.908 0.5(0.317) ]

  

             

             1051.785526

 









MTTF e

e
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The median 
0.50

x  

0.50

6.908

exp( )

 = exp( 0 )

        = 

       

        = 1000.244751



 

 

 

 



p px z

x

e

e
 

The failure rate at 500 hours (500) , 

2 2(ln ) 2

4

4

4

( )
( )

( )

1 ln

        
ln

1

1 1

2
        

ln
1

7.258965119 10
(500) 

(2.19)

7.258965119 10
             

0.9857

             7.3643 10  hours

x

f x
x

R x

x

x

x

e
x

x

 






 





 






 









 
 
 


 

  
 


 

  
 









 

 

The reliability at 500 hours (500)R , 

 

ln
( ) 1

ln 500 6.908
          = 1

0.317

          = 1 2.19

         (2.19)

(500) 0.9857





 
   

 

 
  

 

 

 

 

x
R x

R

 

Q4: [4+4] 
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(a) 

 

   

 
1

0 0 1 1 2 2

0 0 1 1 2 2 1 1 0 0 1 1 2 2 1 1

0 0 1 1 2 2 1 1 i i

Pr X i ,X i ,X i , ... ,X i

Pr X i ,X i ,X i , ... ,X i .Pr X i X i ,X i ,X i , ... ,X i  

= Pr X i ,X i ,X i , ... ,X i .P   Definition of Markov

By repeating this argume



   

 

   

         

   
n n

n n

n n n n n n

n n

 

 
0 0 1 1 2 2 1 1 0

0 0 1 1 2 2

i i i i i i i i i i 0 0

nt 1 times 

 Pr X i ,X i ,X i , ... ,X i

p P P  ... P P  where p Pr X i  is obtained from the initial distribution of the process.
  



    

  
n n n n

n n

n
 

(b) 

For transition probability matrix of a Markov chain 

The elements of first row are given by 

 

 

 

 

0,0 1 0

0,1 1 1

0,2 1 2

0,3 1 3

Pr X 0 0.1

Pr X 1 0.3

Pr X 2 0.2

Pr X 3 0.4

P p

P p

P p

P p

   

   

   

   

 

The elements of second row are given by 

   

   

   

1,0

1,1 1

1,2 1

1,3 1

0  where  cannot decrease

Pr 1 1 Pr 1 0.1 0.3 0.4

Pr 2 1 Pr 2 0.2

Pr 3 1 Pr 3 0.4

n

n n

n n

n n

P X

P X X

P X X

P X X















       

     

     

 

The elements of third row are given by 

   

   

2,0 2,1

2,2 1

2,3 1

0  where  cannot decrease

Pr 2 2 Pr 2 0.1 0.3 0.2 0.6

Pr 3 2 Pr 3 0.4

n

n n

n n

P P X

P X X

P X X









 

        

     

 

The elements of fourth row are given by 

   

3,0 3,1 3,2

3,3 1

0  where  cannot decrease

Pr 3 3 Pr 3 0.1 0.3 0.2 0.4 1

n

n n

P P P X

P X X 

  

         
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The transition probability matrix will be of the form 

0 1 2 3

0 0.1 0.3 0.2 0.4

1 0 0.4 0.2 0.4

2 0 0 0.6 0.4

3 0 0 0 1

             

 

   

         

 

Q5: [8] 

The LP pb. is of form: 

1 2

1 2

1 2

1 2

max   3 2                       

          5 2 900                      

          8 10 2800            

            0  ,   0                    

x x

x x

x x

x x



 

  

 

 

The canonical form: 

1 2

1 2 3

1 2 4

1 2

 max   3 2   

           5 2 900 

           8 10 2800 

           0  ,   0                    

x x

x x x

x x x

x x



  

  

 

 

where 3x  and 4x  are slack variables. 

Let    1 2 1 2 3 40    NBVs = ,  and  BVs = ,  x x x x x x  

3 1 2

4 1 2

1 2

1st dictionary 

                900 5 2

          2800  8 10

                0 3 2

                    

x x x

x x x

z x x

  

   

  
 

Let 1x  be incoming variable (it has a +ve coefficient In the equation for z  ) 

Ratio test  

3 4

900 2800
: 180,  : 350   

5 8
x x   

Min. ratio for 3x  
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3

1 2 3

4 2 3

180 2 / 5 1 / 5

1360 34 / 5 8 / 5

outgoing variable  

  

       

x

x x x

x x x





 

  

 

 

1 2 3

4 2 3

2 3

180 2 / 5 1 / 5

1360 34 / 5 8 / 5

540 4 / 5 3 / 5 

2nd dictionary 

       

  

      

           

x x x

x x x

z x x





 

 

  


 

Let 
2x  be incoming variable (it has a +ve coefficient In the equation for z  ) 

Ratio test  

1 4

180 1360
: 450,  : 200

2 / 5 34 / 5

   x x   

Min. ratio for
4x  

4

2 3 4

1 3 4 3

200 4 / 17 5 / 34

180 200 4 / 17 5 / 34
2 ( ) 1 / 5
5

outgoing variable  

  

       

x

x x x

x x x x



  

 

  

 

 

1 3 4

2 3 4

3 4

100 5 / 17 5 / 85

200 4 / 17 5 / 34

700 7 / 17 2 / 17 

3rd dictionary 

       

  

      

                

x x x

x x x

z x x





 

 

  


 

Here, we have –ve coefficients for all variables in the z   equation, so we should stop. 

  The optimal solution is 1 2100, 200 x x   where  max  $700z   

 ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ 

 


