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Section A: Please answer all the following questions
SECTION A

1. A spherical charge distribution has a density given by:

A
0 (r>a)

(a) Calculate the total charge Q. (1 mark)
(b) Find the electric field inside the sphere. (2 marks)

(c) Find the electric field outside the sphere. (2 marks)
(d) Find the potential outside the sphere. Set infinity as reference point. (2 marks)
(e) Find the potential inside the sphere. Set infinity as reference point. (2 marks)

(f) At which radial distance r (inside the spherical region) the electric field has its
maximum value? (1 marks)

(g) Find the electric energy of this distribution. (2 marks)

Solution
o] 2
() Q= [pdV =4n [ _ pridr =4m fra=0 Po (1 — 2—2) ridr =

4 fa <1 r2> 241 = 4mpy—= a® = — 3
TP —— |redr = 4npy-—a’ = —=mpya
) az %15 15°7°

(b) The electric field is calculated with the help of Gauss’ law. Assume first a
spherical Gaussian surface of radius 7 such that » < a.

Then:

1 r
fE-dque"C:fE-dS=—f pdV =
€0 Jo

&

12

— |r'%dr’ =
a

1 (7 r
E4nr? = 411—] Po <1 —
€0 Jo
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E =
N

po [r® 7°
3 5a?

And since the electric field is a vector it has a radial direction due to radial
symmetry of the charge distribution. So

EoT?

po [r® 1. pofr 1°
3 5a2r_eo3 5az|"

(c) Again the electric field is calculated with the help of Gauss’ law. Assume first a
spherical Gaussian surface of radius » such that » >a.

Then:

quLC 8
E-dS = E-dS= 3
f e f o R0 =

E4nr? = T5e, Tpoa’ =
2poa® 1
E = poa” 1
15¢, r?

And since the electric field is a vector it has a radial direction due to radial
symmetry of the charge distribution. So

2p0a3 1
E= Pod” 1
15¢, r?

(d) For the electric potential at a point outside the sphere we have:

V(r) =— fo:E -dl = — frE - (dr'f)

oo

V(r) = —frrizf-(dr’i")

2poa® (M1
V(r) =— fm r—lzdr

15¢,
2ppa® 1|"  2pgya®
V(r) = Pod” 1 _ 4Po
15¢, 'l 15g,r

(e) For the electric potential at a position » inside the sphere we have:
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r

V(r) =— fo:E -dl = — me - (dr'f)

We split the integral in two parts:
T
V(r) = —f E-(dr't)=
a T
V(r) = —f E,y - (dr'F) —f E;, - (dr'f) =
0 a

a2p0a3 1 . r Po r'3 r's )
4 __L, 15¢, r_’zdr _fa er?| 3  5a? dr' =

2 a3 a1 ™1 T’3 T"S
V() =-— Po —dr' — Po f —Zl—— ldr’ =
o a7 3

15¢, r'? N 5a?
2ppa® pofl. ., 1(r*
V) = T5e "5 6" %) Tag\az @

(f) Inside the sphere the magnitude of the electric field is:

po[r 1°

& |3 5a?
The derivative of this field with respect to 7 is:

dE _po[1 3r?

dr & |3 5a?

dE 1 3r? 3rz 1

520:>3 5a? :>5a2 3

r? 5612 =71 = Ea
9 3
The second derivative is
d’E _ pg 6r 0
dr?2 g, 5a?
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) . 5 ..
This means that at the distance r = g a the field maximizes.

(g) The energy of the configuration is given by:

_% 2
W=— E“dV =
2 all space

&
=—°U Ezdv+f Ezdvl =
2 inside outside

£ @ ®
W = ?0 [471] EZ Giqer?dr + 471] Egutsiderzdrl =
0 a
& r 73 ®2poa® 1]
e | 156 T
2 2
& po\2 (*[(r 13 5 2poa’ f‘” 1
W=7 [4”<so) fo [(3 5a2>l rar+an\Tg ) | ==

W Ampia® [ 4 N 4]
= =
2¢, 1525 " 225
_ 16mpga®
~ 315¢,

2. The figure shows the cross section of a long conducting cylinder with inner radius @ and an
outer radius b. The cylinder carries a current out of the page. The current density in the cross

section is given by J = Ar. What is the magnetic field B at a point that is at a distance r (a <
r <b) from the central axis of the cylinder? (2 marks)

(@)
(4 marks)

Solution
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Due to the symmetry of the problem the generated magnetic field is tangent to the
Amperian loop. Applying Ampere’s law we get:

f B dl = polen,

BZmﬂz,uOf]-dA

b
B2nr = Znyof Ar'r'dr’
a

r
A
A ~
=520 —a)d

Section B: Please answer only ONE question
SECTION B (Solve ONLY one of the two following problems)

3. Two point charges, 3¢ and —¢ by a distance a. For each of the arrangements shown in the
figure find (i) the monopole moment, (ii) the dipole moment, and (iii) the approximate
potential (in spherical coordinates) at large » (include both monopole and dipole
contributions). (Hint: read carefully pages 149 and 150 of our textbook)

(4 marks)
Solution:

(a) (i) the monopole term is the total charge so Q = 2¢q. (ii) The dipole moment is

2
given by: p= Eqiri' =-q-0+3gak =3gak (iii) The approximate potential at large
i=1
distances is given by the potential of the monopole term and the potential due to
the dipole term:

1 (Q p'f') 1 |2g (3qak)'f 1 [2q 3qacos€]
V= =+—|= —+ 5 —
4re,

ror dme, | r r dme, | r r
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(b) (i) the monopole term is the total charge so Q = 2¢. (ii) The dipole moment is
2

given by: p= Eqil’; = —q-(—ak) =qak (iii) The approximate potential at large
i=1

distances is given by the potential of the monopole term and the potential due to
the dipole term:

| (Q p'f') 1 |2g (qak)'f‘ 1 [2q qacos@]
V= =+—|= —+ 5 - —+ >
4,

ror 4me, | r r dme, | r r

4. A metal sphere of radius a carries a charge Q. It is surrounded, out to a radius b, by a linear
dielectric material of permittivity € and electric susceptibility y,.

A) Find the electric field in all regions of space. (Inside the conductor, in the dielectric and in
the vacuum) (1 mark).

B) Find the potential at the center of the sphere (relative to infinity) (1 mark).
C) Find the polarization of the dielectric (1 mark).

D) Find the surface bound charge densities in the inner and outer surfaces of the dielectric (1
mark).

Solution:
A) Inside the conductor there is no electric field. Thus E=D =P = 0.
Also the free charge in the system is Q. Thus applying Gauss’ law for the electric

displacement D or a Gaussian surface of radius r inside the dielectric (i.e. a < r < b) we
get:

fD-dSzQ::»fDi“-(de)zQ:

Dfds=Q=>D4nr2=Q

Q
D =
412
Q
D= r
4mr? r
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The electric field is related to the displacement by E = D/e. Thus the electric field is given
by:

r, a<r<hb
4rrer?
E - Q
—T7F r>b
4meyr?

B) Thus for the potential we have:
0 0 0
V(r) = —f E-dlz—f (ET) - (dr't) =—f Edr
but the integral is split into three parts:

0 b a 0
V(r) =—f Edr:—f Edr — Edr—f Edr
o b a

[0¢]

b Q a Q 0
V(r) = —L pr— dr —fb pp— dr —fa 0dr

v =L

4 legh  €a  €b

C) The polarization of the material is given by:

EoXeQ 2

P= E =
€oXe 4mer?

D) The surface bound charge density is given by:

~ P- ﬁlouter surface
o, =P-n = ~
b Isurface {P ! nIinner surface

_ { P- rIouter surface
Oy =

~
—P- rIinner surface

€
o 4;);2, (outer surface)
i —SOXQQ (inner surface)
4dmea?
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