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 مولعلا ةیلك
 كلفلاو ءایزیفلا مسق

     College of Sciences 
    Department of Physics & Astronomy 

Final Exam 
 Academic Year 1441 Hijri- Second Semester   

 Exam Information ناحتملاا تامولعم
  Classical Electrodynamics Course name  ررقملا مسا
  PHYS 507 Course Code  ررقملا زمر
  April th28 Tuesday Exam Date 2020 1441-09-05  ناحتملاا خیرات
  Exam Time 19:00 – 13:00  ناحتملاا تقو
 minutes Exam Duration 360 ةقیقد  360  ناحتملاا ةدم
 .Take Home Exam Classroom No  رابتخلاا ةعاق مقر
  Instructor Name   ررقملا ذاتسا مسا

 
 Student Information بلاطلا تامولعم

 Student’s Name  بلاطلا مسا
 ID number  يعماجلا مقرلا
 .Section No  ةبعشلا مقر
 Serial Number  يلسلستلا مقرلا
   :ةماع تامیلعت

 وضع لبق نم ددحتس يتلا رابتخلاا ةیاھنو ةیمیداكلاا ةباوبلا يف ةجردملا رابتخلاا ةیادب تقوب مازتللاا .1
 .سیردتلا ةئیھ

 .ھنم لبقی نل میلستلا دعوم نع رخأتی نمو .ریخأت نود رابتخلاا ةباجا میلست .2
 .)اًیئوض ةحوسمم ةروص وأ pdf دنتسم امإ( امھیلك وأ ينورتكللإا دیربلا وأ دروب كلابلا ربع ةباجلإا میلست .3
 ىلع(  كلذ يف امب ،رخآ صخش يأ عم ھتشقانم وأ ھضرع رظحُیو .يدرف لكشب رابتخلاا مامتإ متی نأ بجی .4

 .ررقملا سفن يف نیرخلآا بلاطلا  )رصحلا لا لاثملا لیبس
 بتكلاو تارضاحملا ةركذمو ةیمیدقتلا ضورعلا كلذ يف امب ،اھدیری ةحاتم ةدام يأ مادختسا بلاطلل نكمی .5

 ةجرد ىلع رثؤی اسابتقإ ربتعتس لاإو بلاطلا مھف بسح بتكت نكلو يھ امك ةمولعملا خسن بجی لاو ،تنرتنلإاو
 .بلاطلا

 يف اھل لیدبرابتخا دقعب يلزنملا رابتخلاا ءادأ نم اونكمتی مل يتلا ةیبلاطلا تلااحلا عیمج يف رظنلا متی فوس .6
 .لولأا يساردلا لصفلا ةیادب

 
  ةداملا ذاتسأب صاخ ءزجلا اذھ

This section is ONLY for instructor 
# Course Learning Outcomes (CLOs) Related Question (s) Points Final Score 
1 CLO 1.1:         

20 2 CLO 1.2:         
3 CLO 1.3:       
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Section A: Please answer all the following questions 
 
SECTION A 
 

1. A spherical charge distribution has a density given by: 

𝜌 = #𝜌! $1 −
𝑟"

𝑎"
),									(𝑟 ≤ 𝑎)

0																															(𝑟 > 𝑎)
 

 
 
(a) Calculate the total charge Q. (1 mark) 

 
(b) Find the electric field inside the sphere. (2 marks) 

 
(c) Find the electric field outside the sphere. (2 marks) 

 
(d) Find the potential outside the sphere. Set infinity as reference point. (2 marks) 

 
(e) Find the potential inside the sphere. Set infinity as reference point. (2 marks) 

 
(f) At which radial distance r (inside the spherical region) the electric field has its 

maximum value? (1 marks) 
 

(g) Find the electric energy of this distribution. (2 marks) 

Solution 
 
(a) 𝑄 = ∫𝜌𝑑𝑉 = 4𝜋 ∫ 𝜌𝑟"𝑑𝑟#

$%! = 4𝜋 ∫ 𝜌! 71 −
$!

&!
8 𝑟"𝑑𝑟&

$%! = 

 

4𝜋𝜌!9 $1 −
𝑟"

𝑎")𝑟
"𝑑𝑟

&

$%!
= 4𝜋𝜌!

2
15𝑎

' =
8
15𝜋𝜌!𝑎

' 

(b) The electric field is calculated with the help of Gauss’ law. Assume first a 
spherical Gaussian surface of radius r such that r < a. 
 
Then: 
 

9𝐄 ∙ 𝑑𝐒 =
𝑞()*
𝜀!

⇒ 9𝐄 ∙ 𝑑𝐒 =
1
𝜀!
9 𝜌𝑑𝑉
$

!
⇒ 

 

𝐸4𝜋𝑟" = 4𝜋
1
𝜀!
9 𝜌! $1 −

𝑟+"

𝑎")𝑟
+"𝑑𝑟+

$

!
⇒ 
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𝐸 =
𝜌!
𝜀!𝑟"

D
𝑟'

3 −
𝑟,

5𝑎"F 

 
And since the electric field is a vector it has a radial direction due to radial 
symmetry of the charge distribution. So 
 

𝐄 =
𝜌!
𝜀!𝑟"

D
𝑟'

3 −
𝑟,

5𝑎"F 𝐫
H =

𝜌!
𝜀!
D
𝑟
3 −

𝑟'

5𝑎"F 𝐫
H 

 
(c) Again the electric field is calculated with the help of Gauss’ law. Assume first a 

spherical Gaussian surface of radius r such that r >a. 
 
Then: 
 

9𝐄 ∙ 𝑑𝐒 =
𝑞()*
𝜀!

⇒ 9𝐄 ∙ 𝑑𝐒 =
8

15𝜀!
𝜋𝜌!𝑎' ⇒ 

 

𝐸4𝜋𝑟" =
8

15𝜀!
𝜋𝜌!𝑎' ⇒ 

 

𝐸 =
2𝜌!𝑎'

15𝜀!
1
𝑟" 

 
And since the electric field is a vector it has a radial direction due to radial 
symmetry of the charge distribution. So 
 

𝐄 =
2𝜌!𝑎'

15𝜀!
1
𝑟" 𝐫
H 

 
(d) For the electric potential at a point outside the sphere we have: 

 

𝑉(𝑟) = −9 𝐄 ∙ 𝑑𝐥
$

#
= −9 𝐄 ∙ (𝑑𝑟+𝐫H)

$

#
 

 

𝑉(𝑟) = −9
1
𝑟" 𝐫
H ∙ (𝑑𝑟+𝐫H)

$

#
 

 

𝑉(𝑟) = −
2𝜌!𝑎'

15𝜀!
9

1
𝑟+" 𝑑𝑟

+
$

#
 

 

𝑉(𝑟) =
2𝜌!𝑎'

15𝜀!
1
𝑟+J#

$

=
2𝜌!𝑎'

15𝜀!𝑟
 

 
(e) For the electric potential at a position r inside the sphere we have: 
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𝑉(𝑟) = −9 𝐄 ∙ 𝑑𝐥
$

#
= −9 𝐄 ∙ (𝑑𝑟+𝐫H)

$

#
 

We split the integral in two parts: 
 

𝑉(𝑟) = −9 𝐄 ∙ (𝑑𝑟+𝐫H)
$

#
⟹ 

 

𝑉(𝑟) = −9 𝐄-./ ∙ (𝑑𝑟+𝐫H)
&

#
−9 𝐄0) ∙ (𝑑𝑟+𝐫H)

$

&
⟹ 

 

𝑉(𝑟) = −9
2𝜌!𝑎'

15𝜀!
1
𝑟+" 𝑑𝑟

+
&

#
−9

𝜌!
𝜀!𝑟"

D
𝑟+'

3 −
𝑟+,

5𝑎"F 𝑑𝑟
+

$

&
⟹ 

 

𝑉(𝑟) = −
2𝜌!𝑎'

15𝜀!
9

1
𝑟+" 𝑑𝑟

+
&

#
−

𝜌!
𝜀!𝑟"

9
1
𝑟" D

𝑟+'

3 −
𝑟+,

5𝑎"F 𝑑𝑟
+

$

&
⟹ 

 

𝑉(𝑟) =
2𝜌!𝑎"

15𝜀!
−
𝜌!
𝜀!
D
1
6
(𝑟" − 𝑎") −

1
20$

𝑟1

𝑎" − 𝑎
")F 

 
 
 

(f) Inside the sphere the magnitude of the electric field is: 
 

𝐸 =
𝜌!
𝜀!
D
𝑟
3 −

𝑟'

5𝑎"F 

 
The derivative of this field with respect to r is: 
 

𝑑𝐸
𝑑𝑟 =

𝜌!
𝜀!
D
1
3 −

3𝑟"

5𝑎"F 

 
𝑑𝐸
𝑑𝑟 = 0 ⇒

1
3 −

3𝑟"

5𝑎" = 0 ⇒
3𝑟"

5𝑎" =
1
3 

 

𝑟" =
5
9𝑎

" ⟹ 𝑟 =
√5
3 𝑎 

 
The second derivative is  
 

𝑑"𝐸
𝑑𝑟" = −

𝜌!
𝜀!

6𝑟
5𝑎" < 0 
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This means that at the distance 𝑟 = √,
'
𝑎 the field maximizes. 

 
(g) The energy of the configuration is given by: 

 

𝑊 =
𝜀!
2 9 𝐸"𝑑𝑉

344	67389
⟹ 

 

𝑊 =
𝜀!
2 D9 𝐸"𝑑𝑉

:;6:<9
+9 𝐸"𝑑𝑉

=>?6:<9
F ⟹ 

 

𝑊 =
𝜀!
2 D4𝜋9 𝐸:;6:<9" 𝑟"𝑑𝑟

&

!
+ 4𝜋9 𝐸=>?6:<9" 𝑟"𝑑𝑟

#

&
F ⟹ 

 

𝑊 =
𝜀!
2 R4𝜋9 D

𝜌!
𝜀!
$
𝑟
3 −

𝑟'

5𝑎")F
"

𝑟"𝑑𝑟
&

!
+ 4𝜋9 D

2𝜌!𝑎'

15𝜀!
1
𝑟"F

"

𝑟"𝑑𝑟
#

&
S ⟹ 

 

𝑊 =
𝜀!
2 R4𝜋 T

𝜌!
𝜀!
U
"
9 D$

𝑟
3 −

𝑟'

5𝑎")F
"

𝑟"𝑑𝑟
&

!
+ 4𝜋 $

2𝜌!𝑎'

15𝜀!
)
"

9
1
𝑟" 𝑑𝑟

#

&
S ⟹ 

 

𝑊 =
𝜀!
2 R4𝜋 T

𝜌!
𝜀!
U
" 4
525𝑎

, + 4𝜋 $
2𝜌!𝑎'

15𝜀!
)
" 1
𝑎S ⟹ 

 

𝑊 =
4𝜋𝜌!"𝑎,

2𝜀!
V
4
525 +

4
225W ⟹ 

 

𝑊 =
16𝜋𝜌!"𝑎,

315𝜀!
 

 
2. The figure shows the cross section of a long conducting cylinder with inner radius a and an 
outer radius b. The cylinder carries a current out of the page. The current density in the cross 
section is given by J = Ar. What is the magnetic field  at a point that is at a distance r  (a < 
r <b) from the central axis of the cylinder? (2 marks) 

 

 

 (4 marks) 
 

Solution 
 

B
!
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Due to the symmetry of the problem the generated magnetic field is tangent to the 
Amperian loop. Applying Ampere’s law we get: 

 

X𝐁 ∙ 𝑑𝐥 = 𝜇!𝐼()* 

𝐵2𝜋𝑟 = 𝜇!9𝐉 ∙ 𝑑𝐀 

 

𝐵2𝜋𝑟 = 2𝜋𝜇!9 𝐴𝑟+𝑟+𝑑𝑟+
@

&
 

 

𝐵 =
𝐴𝜇!
𝑟 9 𝑟+"𝑑𝑟+

$

&
 

 

𝐵 =
𝐴𝜇!
3𝑟

(𝑟' − 𝑎') 

 

𝐁 =
𝐴𝜇!
3𝑟

(𝑟' − 𝑎')𝜙a 
 
Section B: Please answer only ONE question 
 
SECTION B (Solve ONLY one of the two following problems) 

 
3. Two point charges, 3q and –q by a distance a. For each of the arrangements shown in the 
figure find (i) the monopole moment, (ii) the dipole moment, and (iii) the approximate 
potential (in spherical coordinates) at large r (include both monopole and dipole 
contributions). (Hint: read carefully pages 149 and 150 of our textbook) 

 

 
 

(4 marks) 
Solution: 
 
(a) (i) the monopole term is the total charge so Q = 2q. (ii) The dipole moment is 

given by:   (iii) The approximate potential at large 

distances is given by the potential of the monopole term and the potential due to 
the dipole term:  

 

p = qiri
'

i=1

2

∑ = −q ⋅0+3qak̂ = 3qak̂

V ≈
1
4πε0

Q
r
+
p ⋅ r̂
r2

⎛

⎝
⎜

⎞

⎠
⎟=

1
4πε0

2q
r
+
3qak̂( ) ⋅ r̂
r2

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
=

1
4πε0

2q
r
+
3qacosθ

r2
⎡

⎣⎢
⎤

⎦⎥
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(b) (i) the monopole term is the total charge so Q = 2q. (ii) The dipole moment is 

given by:   (iii) The approximate potential at large 

distances is given by the potential of the monopole term and the potential due to 
the dipole term:  

 

 
4. A metal sphere of radius a carries a charge Q. It is surrounded, out to a radius b, by a linear 
dielectric material of permittivity ε and electric susceptibility 𝜒(.  
 
A) Find the electric field in all regions of space. (Inside the conductor, in the dielectric and in 
the vacuum) (1 mark).  
 
B) Find the potential at the center of the sphere (relative to infinity) (1 mark).  
 
C) Find the polarization of the dielectric (1 mark).  
 
D) Find the surface bound charge densities in the inner and outer surfaces of the dielectric (1 
mark). 

 

 
Solution: 
 
A) Inside the conductor there is no electric field. Thus E = D = P = 0. 
 
Also the free charge in the system is Q. Thus applying Gauss’ law for the electric 
displacement D or a Gaussian surface of radius r inside the dielectric (i.e. a < r < b) we 
get: 
 

9𝐃 ∙ 𝑑𝐒 = 𝑄 ⇒ 9𝐷𝐫H ∙ (𝑑𝑆𝐫H) = 𝑄 ⇒ 

 

𝐷9𝑑𝑆 = 𝑄 ⇒ 𝐷4𝜋𝑟" = 𝑄 

 

𝐷 =
𝑄

4𝜋𝑟" 

 

𝐃 =
𝑄

4𝜋𝑟" 𝐫H 

p = qiri
'

i=1

2

∑ = −q ⋅ −ak̂( ) = qak̂

V ≈
1
4πε0

Q
r
+
p ⋅ r̂
r2

⎛

⎝
⎜

⎞

⎠
⎟=

1
4πε0

2q
r
+
qak̂( ) ⋅ r̂
r2

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
=

1
4πε0

2q
r
+
qacosθ
r2

⎡

⎣⎢
⎤

⎦⎥
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The electric field is related to the displacement by E = D/ε. Thus the electric field is given 
by: 
 

𝐄 =

⎩
⎨

⎧
𝑄

4𝜋𝜀𝑟" 𝐫
H,											𝑎 < 𝑟 < 𝑏

𝑄
4𝜋𝜀!𝑟"

𝐫H,																		𝑟 > 𝑏
 

 
B) Thus for the potential we have: 
 

𝑉(𝑟) = −9 𝐄 ∙ 𝑑𝐥
!

#
= −9 (𝐸𝐫H) ∙ (𝑑𝑟+𝐫H) = −9 𝐸𝑑𝑟

!

#

!

#
 

 
but the integral is split into three parts: 

𝑉(𝑟) = −9 𝐸𝑑𝑟
!

#
= −9 𝐸𝑑𝑟

@

#
−9 𝐸𝑑𝑟

&

@
−9 𝐸𝑑𝑟

!

&
 

 

𝑉(𝑟) = −9
𝑄

4𝜋𝜀!𝑟"
𝑑𝑟

@

#
−9

𝑄
4𝜋𝜀𝑟" 𝑑𝑟

&

@
−9 0𝑑𝑟

!

&
 

 

𝑉(𝑟) =
𝑄
4𝜋 j−

1
𝜀!
9

1
𝑟" 𝑑𝑟

@

#
−
1
𝜀 9

1
𝑟" 𝑑𝑟

&

@
k 

 

𝑉(𝑟) =
𝑄
4𝜋 l

1
𝜀!𝑏

+
1
𝜀𝑎 −

1
𝜀𝑏m 

 
C) The polarization of the material is given by: 
 

𝐏 = 𝜀!𝜒(𝐄 =
𝜀!𝜒(𝑄
4𝜋𝜀𝑟" 𝐫

H 
 
D) The surface bound charge density is given by: 
 

𝜎A = 𝐏 ∙ 𝐧q|6>BC389 = l𝐏 ∙ 𝐧
q|=>?9B	6>BC389

𝐏 ∙ 𝐧q|:;;9B	6>BC389
 

 

𝜎A = l 𝐏 ∙ 𝐫
H|=>?9B	6>BC389

−𝐏 ∙ 𝐫H|:;;9B	6>BC389
 

 

𝜎A = s

𝜀!𝜒(𝑄
4𝜋𝜀𝑏" ,					(outer	surface)

−
𝜀!𝜒(𝑄
4𝜋𝜀𝑎"

			(inner	surface)
 

 
 

 
 


