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 مولعلا ةیلك
 كلفلاو ءایزیفلا مسق

     College of Sciences 
    Department of Physics & Astronomy 

Final Exam 
 Academic Year 1442 Hijri- Second Semester   

 Exam Information ناحتملاا تامولعم
  Classical Electrodynamics Course name  ررقملا مسا
  PHYS 507 Course Code  ررقملا زمر
  April th52 Sunday Exam Date 2020 1442-09-13  ناحتملاا خیرات
  Exam Time 12:00 – 09:00  ناحتملاا تقو
 minutes Exam Duration 180 ةقیقد  180  ناحتملاا ةدم
 .Classroom No   رابتخلاا ةعاق مقر
  Professor Vasileios Lempesis Instructor Name  ررقملا ذاتسا مسا

 
 Student Information بلاطلا تامولعم

 Student’s Name  بلاطلا مسا
 ID number  يعماجلا مقرلا
 .Section No 48936/72551 ةبعشلا مقر
 Serial Number  يلسلستلا مقرلا
   :ةماع تامیلعت

 وضع لبق نم ددحتس يتلا رابتخلاا ةیاھنو ةیمیداكلاا ةباوبلا يف ةجردملا رابتخلاا ةیادب تقوب مازتللاا .1
 .سیردتلا ةئیھ

 .ھنم لبقی نل میلستلا دعوم نع رخأتی نمو .ریخأت نود رابتخلاا ةباجا میلست .2
 .)اًیئوض ةحوسمم ةروص وأ pdf دنتسم امإ( امھیلك وأ ينورتكللإا دیربلا وأ دروب كلابلا ربع ةباجلإا میلست .3
 ىلع(  كلذ يف امب ،رخآ صخش يأ عم ھتشقانم وأ ھضرع رظحُیو .يدرف لكشب رابتخلاا مامتإ متی نأ بجی .4

 .ررقملا سفن يف نیرخلآا بلاطلا  )رصحلا لا لاثملا لیبس
 بتكلاو تارضاحملا ةركذمو ةیمیدقتلا ضورعلا كلذ يف امب ،اھدیری ةحاتم ةدام يأ مادختسا بلاطلل نكمی .5

 ةجرد ىلع رثؤی اسابتقإ ربتعتس لاإو بلاطلا مھف بسح بتكت نكلو يھ امك ةمولعملا خسن بجی لاو ،تنرتنلإاو
 .بلاطلا

 يف اھل لیدبرابتخا دقعب يلزنملا رابتخلاا ءادأ نم اونكمتی مل يتلا ةیبلاطلا تلااحلا عیمج يف رظنلا متی فوس .6
 .لولأا يساردلا لصفلا ةیادب

 
  ةداملا ذاتسأب صاخ ءزجلا اذھ

This section is ONLY for instructor 
# Course Learning Outcomes (CLOs) Related Question (s) Points Final Score 
1 CLO 1.1:         

40 2 CLO 1.2:         
3 CLO 1.3:       
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Please answer all the following questions. The best four will contribute to your exam grade. 
 
 

1. The rod in the figure has a positive charge q and a length l. The charge is 
uniformly distributed along the rod. Find the electric potential at the point P. You 

are given:  

(5 marks) 

 
 

Solution 
 
The rod has a linear charge density  

 

 
The elementary charge dq shown in the figure creates an elementary potential at P 
 

 

 
 
To find the total potential we need to integrate from x = -l/4 to x = 3l/4. 
 
Thus 
 

dx

x2 + k( )
1/2∫ = ln x + x2 + k( )

λ = q / l

dV =
1
4πε0

dq

x2 + l2 /16( )
1/2 =

1
4πε0

λdx

x2 + l2 /16( )
1/2

Commented [VL1]: Some of you found the electric field  
Instead of electric potential. This is a completely wrong answer 
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2. Two infinite plane sheets with equal but opposite surface charge densities (±σ) 
divide the space in four regions (I, II, III and IV) as shown in figure. Find the 
electric field (magnitude and direction) at each region. The axes directions are 
shown in the figure.  

 
(5 marks) 

 

 
 

Solution: 
 

V = dV
x=−l/4

x=3l/4

∫ =
λ
4πε0

dx

x2 + l2 /16( )
1/2

x=−l/4

x=3l/4

∫ =

λ
4πε0

ln x + x2 + l2 /16( )⎡
⎣⎢

⎤
⎦⎥x=−l/4

3l/4

=

λ
4πε0

ln 3l / 4+ 9l2 /16+ l2 /16( )− ln −l / 4+ l2 /16+ l2 /16( )⎡
⎣⎢

⎤
⎦⎥
=

λ
4πε0

ln 3l / 4+ 10l2 /16( )− ln −l / 4+ l2 / 8( )⎡
⎣⎢

⎤
⎦⎥
=

λ
4πε0

ln 3l / 4+ 10l2 /16
−l / 4+ l2 / 8

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
=

q
4πε0l

ln 3l / 4+ 10l2 /16
−l / 4+ l2 / 8

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
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The total electric field is the resultant of the field E1 due to the positively charged 
sheet and of the field E2 of the negatively charged sheet. Both of them are 
everywhere perpendicular to each other and have the same magnitude σ/2ε0. Thus 
for the total field we have: 
 

I. ,   

II. ,   

III. ,   

IV. ,   

 
 
 

 

 
 

3. We have shown that the field created by a polarized object is made up by the field 
of a volume charge density and a field of a surface charge density. Assume that we 
have an electrically polarized sphere of polarization 𝐏 = 𝐴𝑟𝐫& (spherical 
coordinates), with A being a positive constant. The radius of the sphere is R. Find 
the electric field at a point outside the sphere (r > R).  

(5 marks) 
Solution: 
Our first job is to find the volume charge density: 
 

𝜌! = −∇**⃗ 𝐏 = −
1
𝑟"

𝜕
𝜕𝑟 (𝑟

"𝐴𝑟) = −3𝐴 

E = σ
2ε0
x̂+ σ
2ε0
ŷ θ = 450

E = − σ
2ε0
x̂+ σ
2ε0
ŷ θ =1350

E = − σ
2ε0
x̂− σ
2ε0
ŷ θ = 2250

E = σ
2ε0
x̂− σ
2ε0
ŷ θ = 3150

E = E1
2 +E2

2 =
σ
2ε0

⎛

⎝
⎜

⎞

⎠
⎟

2

+
σ
2ε0

⎛

⎝
⎜

⎞

⎠
⎟

2

=
σ 2
2ε0
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Then we calculate the surface charge density: 
 

𝜎! = 𝑛$ ∙ 𝐏|"#$ = 𝐫$ ∙ 𝐏|"#$ = 𝐫$ ∙ (𝐴𝑅𝐫$) = 𝐴 
 
The total electric field is the resultant of (a) field of a charged sphere of density 𝜌! =
−3𝐴 and thus of total charge 𝑄! = −3𝐴 #

$
𝜋𝑅$ = −4𝐴𝜋𝑅$ and (b) of a charged 

spherical shell of surface charge density  𝜎! = 𝐴𝑅 and thus of total charge 𝑄% =
𝐴𝑅4𝜋𝑅" = 4𝐴𝜋𝑅$. The problem has a spherical symmetry and thus the electric field 
at a point outside the sphere will be: 
 

𝐄 = −
1

4𝜋𝜀&
4𝐴𝜋𝑅$

𝑟" 𝐫& +
1

4𝜋𝜀&
4𝐴𝜋𝑅$

𝑟" 𝐫& = 0 

 
4. An arc-like wire with radius a is shown in the figure. The wire carries a current I. 

(i) Find the magnetic field at the center C. (ii) Find the magnetic potential at the 

center C. You are given the Biot-Savart formula:  and that 

𝑑𝐀 = '!(
#)

*𝐬
,

. 
 

(5 marks) 

 
 

Solutions: 
 

 
 

B(r) = µ0
4π

Ids×r
r3∫

Commented [VL2]: Most of you had here Ar. 
 Surface density means that we are on the surface  
Where r =R 
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(i) As we see in the figure an element ds of the wire creates an elementary magnetic 
field at the center of the wire given by: 

 

𝑑𝐁 =
𝜇&
4𝜋

𝐼𝑑𝐬 × 𝐫
𝑟$ =

𝜇&
4𝜋

𝑎𝑑𝜃𝑎
𝑎$ =

𝜇&
4𝜋

𝑑𝜃
𝑎 𝐤A  

 
Thus, the total magnetic field is given by: 
 

𝐁 = 𝐤A
𝑰𝜇&
4𝜋𝑎C 𝑑𝜃

$)/"

&
 

 

𝐁 = 𝐤A
3𝜋𝜇&𝐼
4𝜋𝑎2 =

3𝜇&𝐼
8𝑎 𝐤A  

 
(ii) For the magnetic potential we have 

 

𝑑𝐀 =
𝜇&𝐼
4𝜋

𝑑𝐬
𝑟 ⇒ 𝑑𝐀 =

𝜇&𝐼
4𝜋

𝑎𝑑𝜃
𝑎 𝜽H 

 

𝐀 = 𝜽H
𝜇&𝐼
4𝜋 C 𝑑𝜃

$)/"

&
 

 

𝐀 = 𝜽H
𝜇&𝐼
4𝜋

3𝜋
2  

 

𝐀 =
3𝜇&𝐼
8 𝜽H 

 
 
 

5. A long circular cylinder of radius R carries a magnetization 𝐌 = 𝑘𝑟"𝜽H (cylindrical 
coordinates) where k is a constant and r is the distance from the axis and 𝜽H is the 
usual azimuthal unit vector. Find (i) the bound current density 𝐉!, (ii) the surface 
current density 𝐊!, (iii) the total current, (iv) magnetic field due to M, for points 
inside and outside the cylinder. 

(5 marks) 
Solutions: 
 
(i) 𝐉! = ∇**⃗ × 𝐌 = M

.
,
/0"
/1

− /0#
/2 N 𝐫& + M

/0$
/2

− /0"
/, N 𝜽H +

.
, M

/
/, (𝑟𝑀1) −

/0$
/1 N 𝐳& 

 

𝐉! = R0 −
𝜕𝑘𝑟2

𝜕𝑧 U 𝐫& + (0 − 0)𝜽H +
1
𝑟 V

𝜕
𝜕𝑟 (𝑟𝑘𝑟

2) − 0W 𝐳& 

 
𝐉! = 3𝑘𝑟𝐳& 

 
(iii) 𝐊& = 𝐌×𝐧2 = 𝑘𝑟'3𝜽5 × 𝐫$67"#$ = −𝑘𝑅'𝐳$ 

 
Commented [VL3]: Most of you had here -kr2. 
 Surface density means that we are on the surface  
Where r =R. 
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(iv) To find the total current we need to calculate the current due to the bound current 
density and the current due to the surface current density. 

 

C𝐉! ∙ 𝑑𝐚 +C𝐾𝑏𝑑𝑙 = C 3𝑘𝑟2𝜋𝑟𝑑𝑟
3

&
−C 𝑘𝑅22𝜋𝑑𝑟

3

&
= 

 

= 6𝜋𝑘C 𝑟"𝑑𝑟
3

&
− 2𝜋𝑘𝑅2C 𝑑𝑟

3

&
= 

 

= 6𝜋𝑘
𝑅$

3 − 2𝜋𝑘𝑅3 = 0 

 
 

(v) To find the magnetic field we need to apply the Ampere’s law (we have a 
cylindrically symmetric problem thus the magnetic field has an azimuthal 
direction): 
 
For r < R the magnetic field is due to bound current thus 
 

𝐵2𝜋𝑟 = 𝜇&𝐼456 C𝐉! ∙ 𝑑𝐚 

 

𝐵2𝜋𝑟 = 𝜇&𝐼456C 3𝑘𝑟72𝜋𝑟7𝑑𝑟7
,

&
 

 

𝐵2𝜋𝑟 = 6𝑘𝜋𝜇&𝐼456
𝑟$

3  

 

𝐵2𝜋𝑟 = 6𝑘𝜋𝜇&𝐼456
𝑟$

3  

 
𝐵 = 𝜇&𝑘𝑟" 

 
𝐁 = 𝜇&𝑘𝑟"𝜽H 

 
𝐁 = 𝜇&𝐌 

 
For the case outside the cylinder, where r > R the magnetic field is zero because 
the enclosed current is zero. 
 
 

 
MATHEMATICAL SUPPLEMENT 
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• CYLINDRICAL COORDINATES 
 
Surface element on x-y plane:  
 
Elementary volume:  

 
 

 
 
 
 
 
 

 
 
 

• SPHERICAL COORDINATES 
 
Elementary volume:  
 

dA= ρdρdϕ

dτ = ρdρdϕdz

0 ≤ϕ ≤ 2π

Cylindrical

Unit vectors
{

r̂, θ̂, ẑ
}

, r̂×θ̂ = ẑ, A = Ar r̂+Aθθ̂+ Az ẑ.

x = r cos θ

y = r sin θ

z = z

r =
√

x2 + y2

tan θ =
y

x
z = z

∇ψ =
∂ψ

∂r
r̂ +

1

r

∂ψ

∂θ
θ̂ +

∂ψ

∂z
ẑ

∇ ·A =
1

r

∂

∂r
(r Ar) +

1

r

∂Aθ
∂θ
+
∂Az
∂z

∇×A =
(

1

r

∂Az
∂θ
−
∂Aθ
∂z

)

r̂ +

(

∂Ar
∂z
−
∂Az
∂r

)

θ̂ +
1

r

(

∂

∂r
(r Aθ)−

∂Ar
∂θ

)

ẑ

Note that

∇×A =
1

r

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

r̂ rθ̂ ẑ

∂

∂r

∂

∂θ

∂

∂z

Ar r Aθ Az

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

∇2ψ =
1

r

∂

∂r

(

r
∂ψ

∂r

)

+
1

r2
∂2ψ

∂θ2
+
∂2ψ

∂z2

2

dτ = r2drsinθdθdϕ
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Elementary surface on a sphere of radius r:  
 

 
 

 
 
 
 

 

dA= r2 sinθdθdϕ

0 ≤θ ≤ π ,    0 ≤ϕ ≤ 2πSpherical

Unit vectors
{

r̂, θ̂, φ̂
}

, r̂×θ̂ =φ̂, A = Ar r̂+ Aθθ̂+ Aφφ̂.

x = r sin θ cosφ

y = r sin θ sinφ

z = r cos θ

r =
√

x2 + y2 + z2

cos θ =
z

√

x2 + y2 + z2

tanφ =
y

x

0 ≤ θ ≤ π, 0 ≤ φ ≤ 2 π

∇ψ =
∂ψ

∂r
r̂ +

1

r

∂ψ

∂θ
θ̂ +

1

r sin θ

∂ψ

∂φ
φ̂

∇ ·A =
1

r2
∂

∂r

(

r2Ar
)

+
1

r sin θ

∂

∂θ
(sin θAθ) +

1

r sin θ

∂Aφ
∂φ

∇×A =
1

r sin θ

[

∂

∂θ
(sin θAφ)−

∂Aθ
∂φ

]

r̂

+

[

1

r sin θ

∂Ar
∂φ
−
1

r

∂

∂r
(r Aφ)

]

θ̂ +
1

r

[

∂

∂r
(r Aθ)−

∂Ar
∂θ

]

φ̂

Note that

∇×A =
1

r2 sin θ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

r̂ rθ̂ r sin θφ̂

∂

∂r

∂

∂θ

∂

∂φ

Ar r Aθ r sin θAφ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

∇2ψ =
1

r2
∂

∂r

(

r2
∂ψ

∂r

)

+
1

r2 sin θ

∂

∂θ

(

sin θ
∂ψ

∂θ

)

+
1

r2 sin2 θ

∂2ψ

∂φ2

[

Note that
1

r2
∂

∂r

(

r2
∂ψ

∂r

)

=
1

r

∂2

∂r2
(rψ) .

]

3


