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∑n

k=1 a

= a
∑n

k=1 1 = a(1 + . . .+ 1︸ ︷︷ ︸
n times

) = an.
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(a)
∑250

k=1 10 = 2500.

(b)
∑50

k=1 1 = 50.



Riemann
Sums, Area
and Definite

Integral

Bander
Almutairi

Sums
Properties

Riemann
Sums

Definite
Integral

Man-Value
Theorem for
the Definite
Integral

The
Fundamental
Theorem of
Calculus

*
∑n

k=1 a = a
∑n

k=1 1

= a(1 + . . .+ 1︸ ︷︷ ︸
n times

) = an.

Example:

(a)
∑250

k=1 10 = 2500.

(b)
∑50

k=1 1 = 50.



Riemann
Sums, Area
and Definite

Integral

Bander
Almutairi

Sums
Properties

Riemann
Sums

Definite
Integral

Man-Value
Theorem for
the Definite
Integral

The
Fundamental
Theorem of
Calculus

*
∑n

k=1 a = a
∑n

k=1 1 = a(1 + . . .+ 1︸ ︷︷ ︸
n times

)

= an.

Example:

(a)
∑250

k=1 10 = 2500.

(b)
∑50

k=1 1 = 50.



Riemann
Sums, Area
and Definite

Integral

Bander
Almutairi

Sums
Properties

Riemann
Sums

Definite
Integral

Man-Value
Theorem for
the Definite
Integral

The
Fundamental
Theorem of
Calculus

*
∑n

k=1 a = a
∑n

k=1 1 = a(1 + . . .+ 1︸ ︷︷ ︸
n times

) = an.

Example:

(a)
∑250

k=1 10 = 2500.

(b)
∑50

k=1 1 = 50.



Riemann
Sums, Area
and Definite

Integral

Bander
Almutairi

Sums
Properties

Riemann
Sums

Definite
Integral

Man-Value
Theorem for
the Definite
Integral

The
Fundamental
Theorem of
Calculus

*
∑n

k=1 a = a
∑n

k=1 1 = a(1 + . . .+ 1︸ ︷︷ ︸
n times

) = an.

Example:

(a)
∑250

k=1 10 = 2500.

(b)
∑50

k=1 1 = 50.



Riemann
Sums, Area
and Definite

Integral

Bander
Almutairi

Sums
Properties

Riemann
Sums

Definite
Integral

Man-Value
Theorem for
the Definite
Integral

The
Fundamental
Theorem of
Calculus

*
∑n

k=1 a = a
∑n

k=1 1 = a(1 + . . .+ 1︸ ︷︷ ︸
n times

) = an.

Example:

(a)
∑250

k=1 10 = 2500.

(b)
∑50

k=1 1 = 50.



Riemann
Sums, Area
and Definite

Integral

Bander
Almutairi

Sums
Properties

Riemann
Sums

Definite
Integral

Man-Value
Theorem for
the Definite
Integral

The
Fundamental
Theorem of
Calculus

*
∑n

k=1 a = a
∑n

k=1 1 = a(1 + . . .+ 1︸ ︷︷ ︸
n times

) = an.

Example:

(a)
∑250

k=1 10 = 2500.

(b)
∑50

k=1 1 = 50.



Riemann
Sums, Area
and Definite

Integral

Bander
Almutairi

Sums
Properties

Riemann
Sums

Definite
Integral

Man-Value
Theorem for
the Definite
Integral

The
Fundamental
Theorem of
Calculus

*
∑n

k=1 k

= 1 + 2 + . . .+ n = n(n+1)
2 .

Example:

(a)
∑100

k=1 k = 100(100+1)
2 = 5050.

(b)
∑20

k=1 k = 20(21)
2 = 210.



Riemann
Sums, Area
and Definite

Integral

Bander
Almutairi

Sums
Properties

Riemann
Sums

Definite
Integral

Man-Value
Theorem for
the Definite
Integral

The
Fundamental
Theorem of
Calculus

*
∑n

k=1 k = 1 + 2 + . . .+ n

= n(n+1)
2 .

Example:

(a)
∑100

k=1 k = 100(100+1)
2 = 5050.

(b)
∑20

k=1 k = 20(21)
2 = 210.



Riemann
Sums, Area
and Definite

Integral

Bander
Almutairi

Sums
Properties

Riemann
Sums

Definite
Integral

Man-Value
Theorem for
the Definite
Integral

The
Fundamental
Theorem of
Calculus

*
∑n

k=1 k = 1 + 2 + . . .+ n = n(n+1)
2 .

Example:

(a)
∑100

k=1 k = 100(100+1)
2 = 5050.

(b)
∑20

k=1 k = 20(21)
2 = 210.



Riemann
Sums, Area
and Definite

Integral

Bander
Almutairi

Sums
Properties

Riemann
Sums

Definite
Integral

Man-Value
Theorem for
the Definite
Integral

The
Fundamental
Theorem of
Calculus

*
∑n

k=1 k = 1 + 2 + . . .+ n = n(n+1)
2 .

Example:

(a)
∑100

k=1 k

= 100(100+1)
2 = 5050.

(b)
∑20

k=1 k = 20(21)
2 = 210.



Riemann
Sums, Area
and Definite

Integral

Bander
Almutairi

Sums
Properties

Riemann
Sums

Definite
Integral

Man-Value
Theorem for
the Definite
Integral

The
Fundamental
Theorem of
Calculus

*
∑n

k=1 k = 1 + 2 + . . .+ n = n(n+1)
2 .

Example:

(a)
∑100

k=1 k = 100(100+1)
2

= 5050.

(b)
∑20

k=1 k = 20(21)
2 = 210.



Riemann
Sums, Area
and Definite

Integral

Bander
Almutairi

Sums
Properties

Riemann
Sums

Definite
Integral

Man-Value
Theorem for
the Definite
Integral

The
Fundamental
Theorem of
Calculus

*
∑n

k=1 k = 1 + 2 + . . .+ n = n(n+1)
2 .

Example:

(a)
∑100

k=1 k = 100(100+1)
2 = 5050.

(b)
∑20

k=1 k = 20(21)
2 = 210.



Riemann
Sums, Area
and Definite

Integral

Bander
Almutairi

Sums
Properties

Riemann
Sums

Definite
Integral

Man-Value
Theorem for
the Definite
Integral

The
Fundamental
Theorem of
Calculus

*
∑n

k=1 k = 1 + 2 + . . .+ n = n(n+1)
2 .

Example:

(a)
∑100

k=1 k = 100(100+1)
2 = 5050.

(b)
∑20

k=1 k

= 20(21)
2 = 210.



Riemann
Sums, Area
and Definite

Integral

Bander
Almutairi

Sums
Properties

Riemann
Sums

Definite
Integral

Man-Value
Theorem for
the Definite
Integral

The
Fundamental
Theorem of
Calculus

*
∑n

k=1 k = 1 + 2 + . . .+ n = n(n+1)
2 .

Example:

(a)
∑100

k=1 k = 100(100+1)
2 = 5050.

(b)
∑20

k=1 k = 20(21)
2 = 210.



Riemann
Sums, Area
and Definite

Integral

Bander
Almutairi

Sums
Properties

Riemann
Sums

Definite
Integral

Man-Value
Theorem for
the Definite
Integral

The
Fundamental
Theorem of
Calculus

*
∑n

k=1 k = 1 + 2 + . . .+ n = n(n+1)
2 .

Example:

(a)
∑100

k=1 k = 100(100+1)
2 = 5050.

(b)
∑20

k=1 k = 20(21)
2 = 210.



Riemann
Sums, Area
and Definite

Integral

Bander
Almutairi

Sums
Properties

Riemann
Sums

Definite
Integral

Man-Value
Theorem for
the Definite
Integral

The
Fundamental
Theorem of
Calculus

*
∑n

k=1 k
2

= 12 + 22 + . . .+ n2 = n(n+1)(2n+1)
6 .

Example:

(a)
∑15

k=1 k
2 = 15(15+1)(2(15)+1)

6 = 1240.

(b)
∑10

k=1 k = 10(10+1)(2(10)+1)
6 = 358.
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∑n

k=1 k
3

= 13 + 23 + . . .+ n3 =
[
n(n+1)

2

]2
.

Example:

(a)
∑100

k=1 k
3 =

[
100(100+1)

2

]2
= 50502.

(b)
∑20

k=1 k
3 =

[
20(21)

2

]2
= 2102.
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* We say P = {x0, x1, . . . , xn} is a partition of [a, b] if we can
divide the interval [a, b] into subitervals

[x0, x1], [x1, x2], . . . , [xn−1, xn]

where
a = x0 < x1 < . . . < xn−1 < xn.

* The length of the subintrval [xk−1, xk ] is
∆xk = xk − xk−1 > 0.

* The norm of P is

||P|| = max{∆x1, . . . ,∆xn}.
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* Let f be a function defined on [a, b] and P is a partition of
[a, b]. Let wk ∈ [xk−1, xk ], for k = 1, . . . , n.

The Riemann sum
of f for P is

RP =
n∑

k=1

f (wk)∆xk .

* Let A be the area under the graph of the function f from a
to b.Then

A = lim
n→∞

n∑
k=1

f (wk)∆x ,

where ∆x = b−a
n and wk = a +

(
b−a
n

)
k .
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So the Riemann sum is

Rp = 20− 8

(
1 +

1

n

)
.

Finally the area A is

A = lim
n→∞

Rp

= lim
n→∞

(
20− 8

(
1 +

1

n

))
= 12.
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* Let f be a function defined on [a, b].

The definite integral of f
from a to b is:∫ b

a
f (x)dx = lim

||p||→0

n∑
k=1

f (wk)∆xk .

The numbers a and b are called the limits of the integration.

Q: Use the above definition to express each of the following
limits as a definite integral on the specified intervals [a, b]

(a) lim||p||→0

∑n
k=1 π(w2

k − 4)∆xk ; [a, b] = [2, 3].

(b) lim||p||→0

∑n
k=1( 3
√
wk + 4wk)∆xk ; [a, b] = [−4,−3].
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For part (a), we have:

lim
||p||→0

n∑
k=1

π(w2
k − 4)∆xk

=

∫ 3

2
π(x2 − 4)

For part (b), we have:

lim
||p||→0

n∑
k=1

( 3
√
wk + 4wk)∆xk =

∫ −3

−4
( 3
√
x + 4x).
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Fact:

(a) If c > d , then
∫ d
c f (x)dx = −

∫ c
d f (x)dx .

(b) If f (x) exists, then
∫ a
a f (x)dx = 0.

Examples:

Given
∫ 4

1

√
xdx = 14

3 , then∫ 4

1

√
xdx +

∫ 1

4

√
xdx =

∫ 4

1

√
xdx −

∫ 4

1

√
xdx = 0.

The integral
∫ 4

4

√
xdx is zero by (b).

Q: Can we say
∫ −2
−2

√
xdx = 0?.
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∫ 4

1

√
xdx −

∫ 4

1

√
xdx = 0.

The integral
∫ 4

4

√
xdx is zero by (b).

Q: Can we say
∫ −2
−2

√
xdx = 0?.
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Theorem: If f is integrable and f (x) ≥ 0 for every x ∈ [a, b],
then the area A of the region under thee graph f from a to b is

A =

∫ b

a
f (x)dx

Example: Evaluate the definite integral by regarding it as the
area under the graph of a function:∫ 3

−2 4dx = 4x |3−2 = 20∫ 4
−1 |x |dx =

∫ 0
−1(−x)dx +

∫ 4
0 xdx = 17
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Properties of the Definite Integral

Property 1: If c is a real number, then
∫ b
a cdx

= c(b − a).

Property 2: If f is integrable on [a, b] and c is any real
number then cf is integrable on [a, b]∫ b

a
cf (x)dx = c

∫ b

a
f (x)dx .

Property 3: If f and g are integrable on [a, b], then f + g and
f − g are also integrable on [a, b]∫ b

a
(f (x)± g(x))dx =

∫ b

a
f (x)dx ±

∫ b

a
g(x)dx .
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Properties of the Definite Integral

Property 4: If a < c < b and f integrable on [a, c] and [c , b],
then f is integrable on [a, b] and∫ b

a
f (x)dx =

∫ b

a
f (x)dx +

∫ b

c
f (x)dx .

Property 5: If f integrable on [a0, b0] and
a0 ≤ a < c < b ≤ b0, then∫ b

a
f (x)dx =

∫ b

a
f (x)dx +

∫ b

c
f (x)dx .

Property 5: If f is integrable on [a, b] and f (x) ≥ 0 for all
x ∈ [a, b], then ∫ b

a
f (x)dx ≥ 0.
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Property 6: If f and g are integrable on [a, b], and
f (x) ≥ g(x), ∀x ∈ [a, b], then∫ b

a
f (x)dx ≥

∫ b

a
g(x)dx .

Q: Is
∫ 4/3

0 x2dx ≥
∫ 4/3

0 x2dx??.
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Theorem (Man Value): If f is continuous on [a, b], then
there exists a number z ∈ (a, b) such that

∫ b

a
f (x)dx = (b − a)f (z).

Definition:: Let f is continuous on [a, b]. Then the average
value fav of f on [a, b] is given by

fav =
1

b − a

∫ b

a
f (x)dx .

Example: Let
∫ 3

0 3x2dx = 27.

(a) Find a number z that satisfy the mean-value theorem.

(b) Find the average value of f on [0, 3].
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(i) This theorem is very useful in evaluating definite integral;

(ii) This theorem also tells us the relationship between
derivative and definite integral.

The Fundamental Theorem of Calculus:Suppose f is
continuous on the closed interval [a, b].

1 If G (x) =
∫ x
a f (t)dt, for every x ∈ [a, b],then G (x) is an

antiderivative of f on [a, b].

2 If F (x) is any antiderivative of f on [a, b],then∫ b

a
f (x)dx = F (b)− F (a).
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a
f (x)dx = F (b)− F (a).
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Theorem: Let f be a continuous on [a, b]. If
G (x) =

∫ x
c f (t)dt, where a ≤ c ≤ b,

then for every x ∈ [a, b],

G ′(x) =
d

dx

[∫ x

c
f (t)dt

]
= f (x).

Example: If G (x) =
∫ x

1
1
t dt and x > 0, find G ′(x) without

integrating.
Theorem:If g and k are differentiable and f is a continuous
function,then

d

dx

∫ g(x)

k(x)
f (t)dt = f (g(x))g ′(x)− f (k(x))k ′(x).

Example: Find

d

dx

∫ x2

3x
(t3 + 1)10dt,

without integrating.
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