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Solving Linear Last week we studied the Gaussian Elimination Method, which is to

System

Sy do some row operations on the augmented matrix in order to get the
following form:

ai ap aiz b A A Az B
axn ax axn b= |10 An Asx B
as ax ass  bs 0 0 Az Bs

The Gauss-Jordan Elimination Method is by using row operations to
find the following form:

ain a2 a3z b 1 00 B
a1 a»n axn b|—= (01 0 B
a1 a3y a; b3 0 01 Bs
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Q:Solve the following linear system by Gauss-Jordan method:

X1+ X+ 2x3 = 8
—X1 — 2X2 +3X3 =1
3X1 - 7X2 + 4X3 = 10.
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i 1 1 2 38 1 1 2 8
Bander Almutairi 1 -2 3 1 Ri+R, 0 -1 5 9
3 -7 4 10 RR o 10 2 14
11 2 8
N 01 -5 -9
CRtR o 0 52 -104
11 2 8
ks 01 -5 —9
00 1 2
[1 1 0 4]
2RtR 1o 1 0 1
Rtk o o 1 2
1 0 0 3]
“Reth o1 0 1
0 0 1 2
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Equivalent system of equations is:

X1
X2

X3
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A form of matrix, which satisfy the following conditions, is called row
Echelon form:
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Row Echelon

(i) 1’ (leading entry) must be in the beginning of each row;
(ii) '1" must be on the right of the above leading entry;
(iii) Below the leading entry all values must be zero;
)

(iv) A row containing all zero values must be in the bottom.

Examples::

(1)

O O
O = N
=N W
N W b
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Row Echelon

(i) 1’ (leading entry) must be in the beginning of each row;
(ii) '1" must be on the right of the above leading entry;
(iii) Below the leading entry all values must be zero;
)

(iv) A row containing all zero values must be in the bottom.

Examples::

123 4 s 1o
(|10 1 2 3|, (ii) ,
00 1 2 0 01 2

0 0 0O
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A form of matrix, which satisfy the following conditions, is called row
Echelon form:

Bander Almutairi

Row Echelon

(i) 1’ (leading entry) must be in the beginning of each row;
(ii

) 1’ must be on the right of the above leading entry;
(iii) Below the leading entry all values must be zero;
)

(iv) A row containing all zero values must be in the bottom.

Examples::
1 2 3 4 (1) i g ;1 01 2 3 4
(|10 1 2 3|, (ii) 00 1 2| (fiiy 10 01 2 3
0 01 2 000 0 0 001 2
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Reduced Row
Echelon Form

A form of matrix, which satisfy the following conditions, is called
reduced row Echelon form:

(i) 1’ (leading entry) must be in the beginning of each row;
(i) “1" must be on the right of the above leading entry;

(iii) All entries in the column containing leading leading entry must
be zero;

(iv) A row containing all zero values must be in the bottom.

Examples::
1 0 0 3
(10 1.0 2|,
0 011
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Sy A form of matrix, which satisfy the following conditions, is called
Sander Almutai reduced row Echelon form:

(i) 1’ (leading entry) must be in the beginning of each row;

Reduced Row
Echelon Form

(i) “1" must be on the right of the above leading entry;

(iii) All entries in the column containing leading leading entry must
be zero;

(iv) A row containing all zero values must be in the bottom.

Examples::
1 0 0 3 1 00
()10 1.0 2|, @) |0 1 0],
0 011 0 01
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Reduced Row
Echelon Form

A form of matrix, which satisfy the following conditions, is called
reduced row Echelon form:

(i) 1’ (leading entry) must be in the beginning of each row;
(i) “1" must be on the right of the above leading entry;

(iii) All entries in the column containing leading leading entry must
be zero;

(iv) A row containing all zero values must be in the bottom.

Examples::

1 0 0 3 1 00 8(1)_02(1)§

(i [0 1 0 2f, @) [0 1 of, (i)

00 1 1 00 1 00 0 00
00 0 0O




Method of
Solving Linear
System

Bander Almutairi

Reduced Row Example: Use Gauss-Jordan method to solve the system of linear

Echelon Form

equation:
X—y+2z-w = -1
2x+y—2z—-2w = =2
—x4+2y—4z4+w = 1

3x —3w = -3
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Solution: Gauss-Jordan method is same as to reduced row echelon

form:
Reduced Row

Echelon Form 1 _ 1 2 _ 1 _ 1

2 1 -2 -2 =2
-1 2 -4 1 1
3 0 0 -3 -3



Method of
Solving Linear
System

Bander Almutairi

form:
Reduced Row
Echelon Form 1 -1 2 -1 -1
2 1 -2 -2 -2
-1 2 -4 1 1
3 0 0 -3 -3

Solution: Gauss-Jordan method is same as to reduced row echelon

—2R1+R-2
R1+R3

—3R1+Rs
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Solution: Gauss-Jordan method is same as to reduced
form:

row echelon

Reduced Row

Echelon Form 1 -1 2 -1 -1 2R+ R—2 1 -1 2 -1 -1
2 1 -2 -2 =2 R1+R3 0 3 -6 0 O
-1 2 -4 1 1 —3RI+R 0 1 -2 0 O
3 0 0 -3 -3 0 3 -6 0 0
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Solution: Gauss-Jordan method is same as to reduced
form:

row echelon

Reduced Row

Echelon Form 1 -1 2 -1 -1

1 -2 -2 =2 Ry+R3
-1 2 -4 1 1 —3R;+R,
0 0 -3 -3

-1 2 -1 -1

O O o
w = W
o
o
o O o
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Solution: Gauss-Jordan method is same as to reduced row echelon

form:
Reduced Row

Echelon Form 1 -1 2 -1 -1 iR 1 -1 ) 1 _1_
2 1 -2 -2 -2 Ry Ry 0 3 -6 0 0

-1 2 -4 1 1 “3Ri+Rs 0 1 -2 0 O

3 0 0 -3 -3 0 3 -6 0 0]
SiRHRTD 1 2 o1 -1

3R 0o 1 -2 0 0

Ro+Rs 0O 0 0 o0 O

0 0 0 0 0

which is reduced Echelon form.
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System

Bander Almutairi x—w = -1

y—2z = 0.
Reduced Row . . . . .
Echelon Form The variables appearing as leading entries are called Leading

Variables, and the other variables are called Free Variable. Here x,y
are leading variables and z, w are free variables.
We take w = t and z = s, where t,s € R, then the solution is:

= -1+t
2s

= S

T N X X
|
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Reduced Row
Echelon Form

Equivalent system of linear equations is:

x—w = -1

y—2z = 0.

The variables appearing as leading entries are called Leading
Variables, and the other variables are called Free Variable. Here x,y
are leading variables and z, w are free variables.

We take w = t and z = s, where t,s € R, then the solution is:

= -1+t
2s
= s
= t.

T N X X
|

There are infinite solution, for example if we put s = t = 0, then the
solution is
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Reduced Row
Echelon Form

Equivalent system of linear equations is:

x—w = -1

y—2z = 0.
The variables appearing as leading entries are called Leading
Variables, and the other variables are called Free Variable. Here x,y

are leading variables and z, w are free variables.
We take w = t and z = s, where t,s € R, then the solution is:

= -1+t
2s
= s
= t.

T N X X
|

There are infinite solution, for example if we put s = t = 0, then the

solution is
x=-1ly=z=w=0.
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Q: For which values of "2’ will the following system:

x+2y—-3z = 4
Sohtions 3x—y+5z = 2
4x+y+ (2 -14)z = a+2,

(i) have infinitely many solutions?
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Q: For which values of "2’ will the following system:

x+2y—-3z = 4
Sohtions 3x—y+5z = 2
4x+y+ (2 -14)z = a+2,

(i) have infinitely many solutions?
(ii) have no solution?

(iii) have just one solution?.
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Bander Almutairi Method:

1 2 -3 4 ok 1 2 -3 4

3 -1 5 2 SRR 1o -7 —14 0 —10
Conditions on 4 1 (32 — 14) a+?2 —4Ri+Rs 0 -7 (82 — 2) a—14

Solutions
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System Solution: We will first solve the system by Gaussian Elimination

Bander Almutairi Method:
1 2 -3 4
3 —1 5 2 —3R1+R>
e 4 1 (-14) a+2| TP
—R+R3
1

77R2

1 2 -3 4
0 -7 —14 -10
0 -7 (a°-2) a—14
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1 2 -3 4
3 —1 5 2 —3R1+R>
Sopolialy 4 1 (@-14) at2] NE
—Ro+Rs3
1
77R2

1
0
0
1
0
0

Solution: We will first solve the system by Gaussian Elimination

2 -3
7 14
-7 (-2
2 -3
1 -2

0 (a®—16)

4
—10
a—14
4
10

7
a—+4
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1 2 -3 4 o
3 -1 5 2 SRR,
e 4 1 (-14) a+2| TP
—R+R3
1
77R2

The equivalent linear system form is:

1
0
0
1
0
0

2 -3
7 14
-7 (-2
2 -3
1 -2
0 (% 16)

Solution: We will first solve the system by Gaussian Elimination

4
—10
a—14
4
10

7
a—+4
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Bander Almutairi Method:
1 2 -3 4 o
3 -1 5 2 SRR,
e 4 1 (-14) a+2| TP
—R+R3
1
77R2

The equivalent linear system form is:

x+2y -3z

Solution: We will first solve the system by Gaussian Elimination

-7 (-2

oo R OO+
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Conditions on
Solutions

Method:

1 2 -3 4

3 -1 5 2 SRR,

4 1 (2-14) a+2| TR
—R+R3
1
77R2

The equivalent linear system form is:

x+2y -3z
y—2z

1
0
0
1
0
0

=
S

Solution: We will first solve the system by Gaussian Elimination

2 -3
7 14
-7 (-2
2 -3
1 -2
0 (% 16)

4
-10
a—14
4
10

7
a—+4
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System Solution: We will first solve the system by Gaussian Elimination

Bander Almutairi Method:
1 2 -3 4 1
3 -1 5 2 SRR, g
St 4 1 (@2-14) a+2] TR o
" 1
—R+Rs 0
,%RQ 0

The equivalent linear system form is:

x+2y -3z 4
y—2z 170

(a? —16)z =a— 4.

-7 (-2

4
—10

a—14

4
10
7

a—+4

(1)
(2)
(3)
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As the number of equations are less than the number of the variables
(unknowns), then there are infinite solutions.
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Case I: when a = 4, then 0z = 0. So the linear system is:

Bander Almutairi

x+2y—-3z = 4
y—2z = 17—0.

Conditions on
Solutions

As the number of equations are less than the number of the variables
(unknowns), then there are infinite solutions. Choosing z = t, where
t € R, then the solution is
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x+2y—-3z = 4
_ 10
y—2z = =.
Cond!tions on
Solutions As the number of equations are less than the number of the variables

(unknowns), then there are infinite solutions. Choosing z = t, where
t € R, then the solution is

=t
y = ¥+or
x = 443t—4t—-2=—-t+8
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x+2y—-3z = 4
y—2z = 170.

Conditions on
Solutions As the number of equations are less than the number of the variables
(unknowns), then there are infinite solutions. Choosing z = t, where

t € R, then the solution is

t
y = ¥+or
x = 443t—4t—-2=—-t+8

Case Il: When a = —4,
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System Case |: when a = 4, then 0z = 0. So the linear system is:

Bander Almutairi

x+2y—-3z = 4
_ 10
y—2z = =.
Cond!tions on
Solutions As the number of equations are less than the number of the variables

(unknowns), then there are infinite solutions. Choosing z = t, where
t € R, then the solution is

=t
y = ¥+or
x = 443t—4t—-2=—-t+8

Case Il: When a = —4, then 0z = —8, therefore, there is no solution.
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Case Ill: When a # +4, we have only one solution. For example
when a = 0, the solution is:

Conditions on
Solutions 1
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Case Ill: When a # +4, we have only one solution. For example
when a = 0, the solution is:

Conditions on
Solutions 1
z = -
4
10 1 13

y =3 (Z):ﬁ
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Case Ill: When a # +4, we have only one solution. For example
when a = 0, the solution is:

Conditions on

Solutions 1
z = =
4
1 13
yo= g
1 1
x = 472(—3)+3(7):§. (check!!)

14 4 28
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Example: What conditions must a, b and ¢ satisfy in order for the
linear system:

Conditions on

Solutions
X+y+2z =
X +z = b
2x+y+3z = ¢

to be consistent?.
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Q: For what value of A\ does the system of equations have
(i) have infinitely many solutions?
Conditions on

Solutions (ii) have no solution?

(iii) have just one solution?.

3x+ Az =
3x+3y+4z =
y+2z = 3.
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