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1 Exercises on Chapter I

Exercises

Evaluate the following indefinite integrals:

6) / escl() cot () d,

7) /(az—%#—%) de,

8) /(m+2+ﬁ> dz,
Sy
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Solutions of Exercises

1) /secz(m)dm = tan(z) + ¢,

csc?(x)dr = — cot(z) + ¢,

/ (Secl(ﬂf)_cscl(x)>dx - / (cos() - sin(a)) da

= sin(z) + cos(x) + c.



Exercises

[1-2-1] Evaluate the following

1) /sin(2x + 3)dz,

%) / Fl(ﬁx)dx,
3) /x\/x—ﬂdx,

x
4 —d
) /\/3—4$2 “

) | s

24+ 3r4+6
v+l

7) /3:3\/904 + 1 dx

6) dr,

Evaluate the following

able:

D /0 % cs(iz?’((xx)) dz,

integrals

T
12) sec (%);an (%) I
13) (2 + sinx)* .

secx

integrals with the indicated change of vari-

(t = cos(x)),

%) /O (d—m (z = tan(6)),

1+ 22)2

1
3) / zvVa? + ldx,
0

(t=2+1),
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Solutions of Exercises

121] 1)
=2z 1
/sin(2x+3)d:c (=20r9) i/sin(t)dt
1 1
= —3 cos(t) + ¢ = ~5 cos(2x + 3) + ¢
1 (t=rz) 1 9 1
2 _— =7 = S
) /cosZ(mE)dx - /Sec (t)dt 7rtaun(ww) +c,
3)
(t=va+1) 2 2 5 3
/m\/x+1dx = 2/(t —Dt“dt = —t° — =t +¢
2 2 :
= b+ 1) — S 1)2 +c,
4)
x (t=V3=4z2) 1 1
/mdx = 4/dt— 4t+c
1
= _A_ng — 422 + ¢,
5)
1 (t=y/) 5
——————dx =" 2 [ sec’(t)dt =2tan(t) + ¢
Vi cos? (/1) /
= 2tan(v/z) +c
6)
243 6 =z
./gi;%%—@:“ 2+ g/«ﬂ-1ﬁ+3@-&)+®dt
T
= 2/«#+ﬁ+@dt
2

[Slfe

= —(r+1)

2 s
- +§(a:+1)%+4(x+1)5+c,



i 2
i—‘rl 5(1'4‘1' 1)% +c

3 fdt 1 3
5/?:§<1+x2>3+c

11

3
8) / ° 2 d -
(1+a2)5 !
3a° =241 1 [dt 3 g 5
ol fdt 3 1
) [ At
10) /flf2 sec?(a? —2) du 7= /sec rd= gt o
2 vz
1) /CSC\/(E\/E) dr =Y Q/CSC tdt = —2cot(v/z) + ¢
1 t 1 1 1
12) /sec(x) ;m( ) de = _ /secttantdt —sec(—) +c
. T
2 1 4 sinz 1 ]
13) /( + sin ) g 2T /t4dt= —(2+sinz)’ +c¢
sec x g
v N
Tosin(r) ,oeosa) [T dt [ 1]% 1
122] 1 e A I 721 R
) /0 cos3(x) ! B 26% |, 2
2)
1 dx (z=tan(0)) Todf i 2
dw an _ 0)do
| e | swom = e
1 g
_ §/O4l+cos(29)d9=%+
25 — 1

1
= m 1
9 [ eV T /fdt 1],
; 1







Exercises

3 1 D2n+1
RecallthatZk:M7 Zkzzn(nJr )(2n + )7
k=1 k=1

Zkg ( n+1)) '

1-3-1] 1) Find the value of n such that Z(2k2 —k+1)=147.
k=1

6
2) Find the value of « such that Z (k* + 3k + 2a) = 130,
k=1

Express the sum Z k(k + 1) in terms of n.
k=1
Find the value of a satisfying the following identities

1

[e=]

15
(ak — 10) = 120 3) ) (ak +5) = 275
1 k=5

1)

(]

k

o |

2) (ak® +2) = 120

k=1
Find the following limits.
1 ngrfoo 3 (3k —2)

3) lim Z (3k* — 2k + 1)

n——4o0o TLS

n

1
4) lim — ) (K -3k +2)

n—+oo N,
k=1
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n

1 )
6) nlggoﬁ ;(lﬁ —k+1)
R T
7) nh_}rgoﬁ ;(% +4)

1-3-5| Find the Riemann sum R(f, P,w) for the function f defined by
f(z) = 3z — 2 on the interval [—2,2] with respect to the parti-
tion P = {—2,0,1,1.5,2} by choosing on each sub-interval of the

partition

1) The left-hand end point wy, = x5
2) The right-hand end point wy = xy

Tp—1+2k

3) The mid-point w, = ==

Use the Riemann sums to find the following integrals:

1 4
1) / (3z + 7)dx, 6) / (2z+1) dx
0 -1
4 4
2) / (z° + 2 + 2)dx, 7) / (% 4+ 1) do
1 0
2 4
3) / (62° + 1)dx, 8) / (z° —z) do
0 2
2 3
4) / (3z — 2) dx 9) / (2 — 1) do
0 0
3 4
5) / (5z — 6) dx 10) / (z° + 2) do
1 1
Find the following limits:
1) i li 2 (K 2) 1 ii(l{;—l)(k%—Z)
Jm e (G 2 -
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Evaluate the following integrals:

" cos(t), for te[-F, 7]

1) f(t)dt, where f(t) = {sin(t),

-3
/ |x — 1| dz.

Express the following limits as an indefinite integrals:

n

1 ) = n
D niIEookz:n—Fk’ 6) nimroo;anLkQ’

n

n
2) 1 —_—
) nﬁufoo; (Qn + k:) HEEOOZ /n2 T+ K2

k? n
i - o k
3) nin-‘}oo n ; n2’ lim E k’2sm 7T

n—>-+oo n

ka:
k
nln—&oo n Z sin . 9) lim, 400 Z — cos ( W) ,

n
R, =1

=k
5) TLETOO kz—; m’ 11mn—>+oo Z 24n’
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Solutions of Exercises

n

n
1-3-1] 1) ) (2K —5k+1) = A (4n? — 9n — 7).

k=1
The value of n such that Z(Z/{Q —bk+1)=1471is 7.
k=1
6
6(7)(13 6(7
2) Y (K +3k+20) = ( >6( ) 13 <2) +12a = 154 + 12a.

k=1
6
Then the value of o such that Z (k:Q + 3k + Qa) =1301is —2.
k=1

n

S k(k+1) = zn:k%k: = (n+1) (W n g) _nn+ 1;(71 +2)

k=1

=
o

1-33] 1) Y (ak — 10) = 55a — 100 = 120. Then a = 4.

B
Il
—

(ak® 4 2) = 55a + 10 = 120. Then a = 2.

N\
N—
(]

Lo
o
—

3) (ak 4+ 5) = 110a + 55 = 275. Then a = 2.

bl
ot

1 & 1 1
13-4] 1) <3 (3k-2)=— (% — 2n>. Then
k=1
1 3
Jm o5) Bk-2)=2.

k=1

~.k 3,  n+l1 . ook 3
2) ;(2ﬁ—ﬁ)_ — -3 Thennl_lglwk_l(Zﬁ—g)——2
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= 1(2n+1
Sk ok 1) = Mt )2(7” ) 1)+
k=1
B n(n+1)(2n+1)_n2
- 5 '
R R
Then lim — ;(% —2k+1)=1.
1 <, 3 ..o 1 (n?(n+1)? n(n+1)(2n+1)
— — 2) = — - 2
i (k°—3k"+2) n4( 1 5 +2n
k=1
1, 1, 1 1 1. 2
= (1+2) 2 ——(1+)2+ )+ =.
4< +n) Qn( +n)( +n)+n3
Then lim — (K* —3k* +2) = ~.
n—+oo N, 1
1<~k 3k 1L /nn+1)2n+1) _nn+1)
(= -=41) = = -3
nkl(nQ n 1) n< 2n? 2n T
1 1 1. 3 1
= —(1+9)24+)-S1+>)+1
5L+ )2+ —) =51+ )+
1K Kk 3 1
ThennETmﬁg(ﬁ—Bg—i—l)—1—5—1—1—5.
I < 1 (nn+1)2n+1) nn+1)
— E—-k+1) = — -
n3 k:l( +1) n3( 6 2 "

n

.1 1
Then lim — Z(kz—k—kl):g.

n—oo 1
k=1
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3

(oK +4) = - (—“2(”“)2 +4n)

3|,_.
>~

=

Il

i

L& 1
Then lim — Z(2k3+4):§_

n—oco N,

1-35] 1) R(f,P,w) = ((—8)(2) — 2+ (0.5) + (2.5)(0.5)) = —16.25
2) R(f, P,w) = ((2)(—=2) + 1+ (0.5)(2.5) + (4)(0.5)) = 0.25
3) R(f, P,w) = ((—=5)(2) + 1.5+ (0.5)(1.75) + (0.5)(3.25)) = —7

1 1 n 1
1-3-6| 1) / (B3x + 7)dr = lim — Z(gﬁ +7) = lim ( 3 nn+1) i
0

nﬁ+oonk:1 n n—+00 ﬁ 2
3 17
N=5+7=75
2)
4 3 n I 2 I
? 2)dr = lim - 1+3- 1+35) 42
/1(:1: + 2+ 2)dz nffoon;« +3n) +(1+3-)+ )
3 koo k? k
= lim - 14+6=+9— +1+3—+2
_ 0
= 5
3)




19

2 2 (<~ 2k
3z —2)dr = lim = 322 -2

k=1
1

= lim 6(1+~)—4=2
n—-+00 n

2
Then / (3x —2) dx = 2.
0

5)

/3(5x—6)d95 = lim 2 iS(l—i—%)—G
1 n—+oo N, n

1
= lim 10+10(1+—)—12=38.

n—4o0o n

3
Then / (5x — 6) dx = 8.
1

! 15
Then 2z +1) dx = 5
-1

7)

4 n 2
4 16k
(22 +1)dr = lim — 0 )+ 1
0 n—-+oo N B n2

4
Then / (2 +1) do = —.
0
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3 k
i — 2412—4+2
nsTwn(; +12-+27
285
=

_ 25

k by
— | = [ sec’(z)dxr =tanl.
n 0

J(k+2) = lim lzn:(lﬁ-k

n2

n—-+oo N

1
1

= / 22y = =
0 3

k’2

n2

3
T 27k—3)
n

k 2

n? n?

)
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us

58] 1 [ f)d= / * cos(t)dt + / " sin(t)dt = 3.

/02|x—1|dx _ /01(1—m)dw+/12(x—1)dm

1-3-9] 1) Let f(z) = . !

7 the interval [0, 1]. The Riemann sum of
T
fis

1<~ .k "1
R 2T =2

then

n

1 U dx
li = :
niTmZn—Fk /0 1+

k=1

1
2) Let f(x) = SERSTAR the interval [0, 1]. The Riemann sum

1
5

W =

. n /1 dx 1
lim S _
n—-+oo (2n + k)? o 24x)2 2

k=1

3) Let f(z) = z* on the interval [0, 1]. The Riemann sum of f is
1 n
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4) Let f ( ) = Sin(art) on the interval [0, 1]. The Riemann sum of

fis — Z sm , then

3

5) i i lim Zn: - / Ly
1m = 1m — e €X
n—-+o0o n2 + k2 n—+oo N P 1+ ﬁ_z 0 1+ xr2

2 0 the interval [0,1]. The Riemann sum of
T

fis%i le :iL then

2 27
n k
P +

n

’ n / Vode
im = )
n—+o0 £ n2 + k2 o 1+ a2

7) Let f(t) = ———= on the interval |0, 1]. The Riemann sum
1
of fis —————, then
d ; vn? + k2
1 ! T

I P —— / _

o 2 BT RE Jo VIt
8) Let f(t ) =z Sln(ﬂ'l‘) on the interval [0, 1]. The Riemann sum

f — ) K , th
of fis Z sin( n en

& /{77 !

2 2
nl;rg@ = Zk‘ sin( /0 x”sin(mzx)dz.

km !

9) limy,— 400 Z — cos = [ cos(mz)dz = 0.
0

n

R ' 1
10) hmmezmM Q—ZT: v'de = 5
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Exercises

1-4-1| Let I and J be the integrals defined by:

(2 sin(x) e and J — 2 cos(x) .
= /0 sin(x) + cos(a:)d dJ /0 sin(x) + Cos(a:)d ‘

1) Prove that I = J, (Hint: use the substitution t = § — x).
2) Evaluate I + J.
3) Deduce the values of I and J.
Differentiate the following functions:
1 r)=2x cos(t?)dt, /
) )= [ coste) e
%) fla) = / sin® (1), /
1902
3) f(z) = / cos” (t)dt, /sm:v
cos(x) 5
0 fa)= [ - .
e 12) f(z) = / V3 F cost dt
) fa) = [ e -
tan(z) 3
2 . 13) f(x)—/ V3 + cost dt
6) fa) = [ @+ et .
L 3
x T t
z? 14 x) = / dt
7) f(x):/ tIntdt, x > 0, ) fl@) sing 2+
23:06 x2+1 t2
_ [ et 15) f(2) = / _di
1 JE 1+t
32241 t

sin x 1

dt

Find (g) if F(x) :/

cos t2 +1
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Find the number c that satisfies the conclusion of the Mean Value
Theorem for the following functions

1) f(x) =3z +7on [0,1].

2) f(z) =24z +2on [1,4].

3) f(x)=62%+1on [0,2].

4) f(zr)=ar+0b, a#0,on o,/p3].
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Solutions of Exercises

3 sin(z) (=% —2) /’; cos(t)
1-4-1 1) I = d = — 7 _dt=J.
a1 1) /0 e v -

) + cos(x) t) + cos(t)
ml+J:/ﬂng

@2]:I+J=gJMnI:%:J.

1) f’(x):/;cos(t2)dt+xcos(x2),

2) (z) = sind(z),
3) f'(z) = 2xcos’(z®) — cos’(x),

9
flz) = —sin(z)(1— cos?(z))? — cos(z)(1 — sin?(z))?
= —sin(z)|sin®(z)| — cos(x)| cos® ()],
5) f'(x) = sec(x) tan(x)(1 + SeCS(iL'))% —sec?(x)(1 + tan?’(x))%,
6) /() = 54+ )}
7) f'(z) = 42° In(z) — 42 In(27),
8) f'(x) =+2+sinx
9) (o) = o
10) /o) = 5=
 rio- s

12) f'(z) = 2xz+/3 + cos(x?)
13) f'(z) = —2x+/3 + cos(x?)

3 cOS T Sin
/ —
W) S = 5% " o oue
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2z(2? +1)2 1 =z
I+ (22+41)2 2yzl+ax

6z(32% + 1) 9z
Fiw) = 4—(322+1)2 4+ 922 then £7(0) =0.

15) f'(x) =

cos sin x T
[144] F + _then F (-) _ 1,
(@) = V1+sin’z V14cos?x 2
' 3
1) Since / 3x + Tdr = 5 + 7, then the point ¢ where f reached
0

1
its average value verifies 3c + 7 = % +7=c= 3

! 17
2) Since / (2*+2+2)dr = 5 then the point ¢ where f reached
0

1 V13
its average value verifies * +c+2 =& = ¢ = —5(1 — W)

1
5
3) Since / (62° + 1)dr = 3 then the point ¢ where f reached
0
g =c= 273
B+«
5

its average value verifies 6¢® + 1 =

—a/f ﬁ+oz)—i—b Then ¢ =
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Exercises

1) Approximate the integral / v/ 1+ sin(z)dx using trapezoidal
0

rule with n = 4 and the regular partition. Give an approxi-
mation of the error.

2) Approximate using trapezoidal rule with n = 5.

/5 dx
o V1+ a4

2
3) Approximate the integral /
0

T 4 ing Si ’s rul
x using Simpson’s rule
vr+1 s P
for n = 4 and n = 8. Give an approximate of the reminder in
each case.

Let f(z) = 2z—1 and g(z) = 22+32—1 defined on the interval [1, 3].
Use trapezoidal method for n = 5 to approximate the integrals

/1 " f()de and /1 " ().

Let g(z) = 2%+ 3z — 1 and h(x) = 23 defined on the interval [1, 3].
Use Simpson method for n = 8 to approximate the integrals

3 3
/ (2% + 32 — 1)dx and / rid.
1 1
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Solutions of Exercises

k| xp flrg) | mg | mgf(ag)
0] 0 1 1 1
U mfa [ (142 ] 2 2147
1-5-1] 1) ]2 n/2 V2 2 2v/2
3| 3n/a| 142 ] 2 [2/14£
i) = 1 1 1
10.0546

/ V1 +sin(z)dz ~ —(10.0546) ~ 3.9484632.
0 8
1" 1 ]
If f(x) =+/1+sin(z), f (z) = ——'+Sln($). The reminder

4
Ry fulfills
|R2| < 61072.
The exact value of the integral can be calculated by the change

of Variab%e
t= tan(§) as follows:

/ v 1+ sin(z)dx = 2/2 V1 +sin(z)dx
0 0
=tan(Z 1
(tft:(g)) 4/ 1+t _dt
o (1+1¢2)2
(t=tan()) 4/4 (cos(#) + sin(@))do
0
= 4.

~
~

(3.284871) ~ 1.642435

B
N
&
—_
Q,
:‘H
8
N
N —



klwe | flze) | my my.f ()
00 1 1
11| 1/vV2 | 2 V2 ~ 1414213
21 2| 1/vV17 | 2 | 2/V17~ 0.485071
313 1/vV82 | 2 | 2/v82~0.220863
41 4 | 1/V257 | 2 | 2/V257 =~ 0.124756
505 | 1/vV626 | 1 | 1/v/626 ~ 0.039968
3.284871
2 V3
/O \/;_Hda; (=t 2/1 (2 — 1)dt
4
-3
ke | floe) | ma | mpf(o)
00 0 1 0
1] L[ v2/2v3| 4 | 2v2/V3
211 1/vV2 | 2 V2
3] 2] 3/V1i0 | 4 | 12/V10
al 2] 2/vV3 |1 2/V/3
7.9966404
2
O —dv = 1.332773,
r( ) —4(4+2)(z+1)"2. It is easy to prove that ) > 0
then
sup |f (z)] = 8.37%.
z€[0,2]

The reminder R, verifies |Ry| < 373 < 7.102.
For n =8
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k| x| flog) | my my.f ()
00 0 1 0
1 I 2
1| - — 4 — = 0.894427
2| = — 2 — = 0.8164965
R ¥
3| = | — 4 — & 2.2677868
4 2¥7 VT
411 —= | 2 | V2~1.41421356
D \é? 10
- - 4 — =~ 3.
5 % g % 3.33333333
6| = | — 2 | —— ~ 1.89736659
2 VI Vg
7 - | —— | 4 —— =~ 4.2211588
8| 2 — 1 — &~ 1.154701
3 3
15.99948
2 g
dr ~ 1.33329.
/0 ve+1
fW(z) = ——(8+a:)(x+1)’%. It is easy to prove that f(®) > 0,
15

9 5
2(12)(3)78 = < 0.081.
\/_
< 3.1074.

then sup |fW(z)| =
IemQ]l ()] 16

The reminder Ry verifies |Rg| < 2880 S8R0.08F

2

2k 4k 4k
T = 1+F, flzy) = 1+E and g(xy) = 3+2k+%, kE=0,...,5.

3 1 ! 4k
20 — Nde ~ = [ 1 2 1+ — = 6.
/1(x )dx 5(—1—5—1— ;(4—5)) 6

3
The exact value of the integral / (2z — 1)dz is 6.
1
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| =

3 . Ak Ak
/(x2+3m—1)dx ~ Lsr1m+eY 0+ B s+ 2
1 — 5 5

Il
Ul = O] =
N

)

=)

+

o
]~

S
N

)
Cﬂ‘?E

+

)

ol

+

w

N—
~

3
93+ 7) = 1872
3
The exact value of the integral / (z* + 3z — 1)dz is 19 — 1.
1

k 5k k? 3k 3k* K
xkzl—i—z,g(mk):?)—i———k—andh(xk):1+—+—+—

4 16 4 16 64’
k=0,...,8.
k| axg | g(xk) | me | mig(zk)
0 1 3 1 3
5 69 69
1] 2 b 4 | 2 =17
T I
2 — — 2 — =11.5
% 4 2
3 Z 7.3125 4 29.25
4 2 9 2 18
5 z 10.8125 4 43.25
6 g 12.75 2 25.5
1T
Z 14.8125 4 59.25
3 17 1 17
233
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Tk h(zy) my | myh(xy)

1 1 1 1

Z 1.953125 4 7.8125

3 27 27

— — 2 — =06.75

% 8 4

1 5.359375 4 21.4375

2 8 16

2 11.390625 | 4 45.5625

g 15.625 2 31.25

% 20.796875 | 4 83.1875

3 27 27
240
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2 Exercises on Chapter II

Exercises
Solve the following equations:
1) Inlz—1|=7 2) In|z® —1] =0

Differentiate the following functions:

1) f(z) =In(2? + 2z + 4),
2) f(z) =In(]2 - 3z),

1—2z
3) f(x) —ln(1+x), —l<x<l,
4) f(z)=In }x4 + 23+ 1}
5) f(z) =1In|2” + cos(2z)|
6) f(x) =sinz In|5z|
7) f(z) = tan (In |3z])
8) f(z) = [3z + In|sinz|®
Va2 +1 sin®x
10) gy = BE L=

Find the derivative of the following functions:
1) f(x) = Log(a® + 4), 3) f(a) = In(e + Vi+22),
2) (@) = In(x + a2 — 1),

Differentiate the following functions:

(2% + 1)3(22 + 4)10 o (z + 1)3(2z — 3)1

R T e R Al rpe e v
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3) f(z) = \/(3x2+2)m’ 4) f(z)=(2+1)*(z+2)3(z—5)".

Use implicit differentiation to find y' if

1) y* + ln(z) —4r = -3, 2) xze +2r —In(y+1) = 3.
Y



Solutions of Exercises

) Injz—1]=7 < z=1+¢€"
2) In[23 —1]=0 <= 2~ 1=1 = =2

D @)=

) fa)= 5

3) f(=) :_1ix a 1—|1—a: - x22—1;
Y )= 22

5) f(2) 22 — 2sin(2x)

T+ cos(2x) ’

o b
6) f'(z) =cosx =

7) £() = - sec” (in]3e);

8) f'(z) = 8(3+ cotz) [3z + In|sinz|];
2

1
9) f'(x):x +1+5cotx—|— Y

10) f'(x) = f(x) (2(3x9+ n* 3(;524_ 1) 3(:5221 2)
1) f@) = & +421;:ln(10);

12) f() = s

19) f0) = s

6x 20z 10x 8x

)

3 7

x2+1+x2+4_:v2+2_x2+3>’

3

3
r+1 " 202x—-3) 31+7z)

2x + 3

)

35
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16) In(f(z)) = %1n(3:v2 +2)+ iln((m — 7). Then
f'(x) 3z 3

f@) 242 oo
fl(z) = (?m(;)’gfF 5+ 2(6;’_ 7))\/(3:c2 +2)v6z — 7.

17) In|f(z)| =2In|z 4+ 1|+ 3In|z + 2| + Tln|z — 5|.
7

f(x) 2 3
Th = d
o f(x) x+1+x+2+x—5an

2 L 3 L 7
r+1 x+2 x-—5

f@) = ( )@+ 1@+ 2@ = 5)".

: 1 1
2-1-3] 1) 2yy'+ 3 —% —4=0 Then 2y — )y’ =4 — ~ and
Yy xr

, 4—%_4xy—y

y:2y—i_2y2x—x'
Y Y
2) e¥ +zye? +2 — = (0. Then xy'e¥ — = —(2+¢¥
st yor— L= e e
+e
and iy = — -
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Exercises
Solve the following equations:
1) ¥ 1 =5 2) et =1

Differentiate the following functions:

1) fla) = e, 3) f(r) = e,
2) f(z) = e,

Find the equation of the tangent line to the graph of the function
f(z)=z—e" that is parallel to the line (D) of equation 6x—2y=7.

Solve the following equation for z:
e’ 1
l4+er 3
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Solutions of Exercises

2-2-2

1) =5 < 22—1=Ib < z=3(In5+1)
2) et =1 = 1’=4 = 1 =142
1) f'(z) = —2ze'™,

2

)
)
)
)
3)

f
f'(z) = (In(z) + 1)e* ™),
f

'(z) = 2ze™™ — 3zt

The equation of the tangent line is y —y1 = f'(z1)(x — 1) and the
equation of D is y = 3x — 5. Then the tangent line is parallel to D
if and only if f'(z;) = 3. NOW, it suffices to find the solutions of
the equation f'(x) = 3.

fllz) =14+e*=3 <= e =2 <= z = —In(2). Therefore
the equation of the tangent line is y — 2 + In(2) = 3(z + In(2)).




Exercises

39

Evaluate the following integrals with the indicate change of vari-

able:
1) /xe‘xzda:, (t = 2?),
in(1
2) /Mdl‘, (t =1Inx),

T

b dx
t=e¢"
9 [ S =)

Evaluate the following integrals:

r—2 tan(e3?)
D[ 3 [,

%) / @+ In(@)®,

X
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Solutions of Exercises
:;pQ 1 1
1) /xe‘xzdxt: §/e_tdt: —56_:02 +c,

] 1 =Inx .
2) /sm(x—nx’)dm t=ln /Sln(t)dt = —cos(t)+c= —cos(Inz)+c,

1 e e el 1 2
3)/ dl' t—: / L:/(___)dt:1n< e )7
0 €T+ 1 L tt+1) Lt t+1 e+ 1

1 2(x —2 1
2-3-2| 1) —/de:§1n|m2—4x+9|+c,

2) 22 —4x+9

2)

1 u= n\x

/(2 + In(z))"°~dx 2 /ulodu
x
ul! (2 + In(z))!!
= gtesT o te

3)

t —3x B 1
/%dm <’ —g/tan(u)du

1 1
= 3 In|cos(u)| + ¢ = 3 In | cos(e )| + c.
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Exercises

Find the derivative of the following functions:

1) f(z) =107, 6) f(x)=(a*+4)"",

2) f(.l?) = 2(:t3+1), 7) f(x):(Sin($)+3)(4cos(x)+7)’
3) f(z) = 5 .

2 (o) =67 §) (&) = (¢ + 1)),

) 1) = @ 0P, 9) fn) = 2 ),

Evaluate the following integrals:
T 2
1) / (GO 4) / 21073y

23:

8
5
2) /63$ sec?(2 + e**)dx, 5) / (3 E) dz,
1

3) / 10°%) gin(z)dx, 6) / 2327 (3% +1)du.
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Solutions of Exercises

2-4-1] 1) f'(x) = 2210 In(10);

2) f(x) = 3222 +V I 2;

3) f(z) = (42° + 22)5"+*) In 5;
/ _ T 1 .

4) f'(z) = 6f1n(6)m,

5) f/(z) = (22 + 1)5nCo) (%ffff) + 2cos(2z) In(1 + x2));

6) f'(z) = <3x2 In(2? +4) + 2‘”35;” :411)) f();
b , , cos(x)(4cos(x) +7) _

1) (o) = (~asine) ngsinga) + 3) ¢ SOCSTED)
b 22 2x(2z 4 1)e”’ '

o) 7(a) = (24 st + 1)+ 2 o

10) (0) = £Go) (1mle + 1)+ 25 )

1) f(z) = f(z) (cosxlnx + Si“);

T

12) f'(z) = f(z) (32*In(cosz) — (2° — 1) tanz).

2% 4+ 1)2 28)2 412927 + 1 1
/( ;)dl' = /( )+2m +dx:/2“+2+2:dm

xT —x

- 2 —
ma " 1n(2)+c7

—otedr 1 1
3 sec?(2+¢*)dx et g/secz(t)dt: §tan(2—|—63x)+c,

—cos(x 10¢c0s(=)
3 10°5®) gin(z)da: * :()_/10tdt:—
)/ sin(x)dx 10 +c,
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—a243 1 10743
4) / 21073y T 5 / 10tdt = + ¢,

8 1 1 3 1
5) / bsx sdr = 5.55.(4 —1) =
1

6)

U= 22
/ 232 (3% 4 1)y T2

21n(10)

9 1
—5H3.
5 3

+1) 1 _4
41n3/“ du







Exercises

Solve the following equations for x:
logy(x!) + logy(z*) — 2logy(w7) = 5.

Find the derivative of the following functions:

1) f(z) = logs(z® +1);
2) f(z)=+/1+Log(1+a?)logs(1+a").

45
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Solutions of Exercises

In(z*) + In(z3) — 21In(z?)

=5 < Inz®=5In3 < z=35.

T

In3
b RY
252 1) @)= G s
2)
flx) =

+(1 +24)In3

(1+22)y/1+ Log(1 + 2?)

logs(1 + ")

473

V/1+ Log(1 + 22).

oot



Exercises

d
Compute d_y for each of the following:
x

1)y =sin(3), 4) y = cot™ (),

2) y = cos (%), 5) y = sec ' (2),
3 2

3) y = tan”(3), 6) y=csc' (5

Find the exact value of y in each of the following

1) y= 3sml(%) 10) y =sin"'(*F
11) y = tan~!(—
2) y= QCos_l(ﬁ), 1
2 12) y = cot™'(—
1
3) y= 4tan’1(ﬁ) 13) y =sec(—
1 14) y = csc™(=v2
4) y=>5cot™ (—=), 12
3 15) y =sec (=25
5) y = 2sec (=2 — ese—l(_ 2
)y sec ( \)/:_ 16) y =csc (=5
6) y 3COS_1(—73), 17) y =sec™'(-2)
— el
7) y = cos(2cos(x)), 18) y = csc™(=2)
8) y = sin(2cos™!(z)) 19) y = tan~!(Z
9) y =cos™!(—1), 20) y = cot™(—
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Evaluate the following integrals.

1) /ﬁdw, 5) /eSin(Qx)cos(Qx)dx,

xz,

o1 T e d
- 6
D)y e [ =
an" !z
3) /et dx 7) /e””cos(1+26$)dx,

1422
sin~1(z) 4sec’l(x)
€
P A 8 / R )
) V1—2? ) xva? —1
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Solutions of Exercises

- - D
2$ <A |
(]
M~ 4 o e 8
o S
<f 8
_ S _
I I I
= > >
~—~ R Fon
- 0 ©
- 72
W1 EES
— D
0 |+
I LO
| N
I I I
SY SY SY
— —~ —
— N (ap]

o

| _ﬁ
—
— |

~—r
—

1) y = 3sin

2-6-2

k|© W_aau k|

&\ <t
I Il
—~ N

el

o —

~— ~—
T

I

2 =
e}
S
a7 <t
I I
y =
~ ~
[a] ™

i)

—~
S
i
~—
D

4) y = b5cot

5
23
[}

5) y = 2sec ' (—2)

= 3,

|
™

—~

<
N
_
~—
T

o1

6) y = 3cos

2cos?(cos™H(z)) — 1 =22% -1,

7) y = cos(2cos™(x))
8) y = sin(2cos™*(z))

201 — 22.

2z sin(cos () =

~ Eklm
Sle |
ol
—~ ~—~
N2 [
NG
T
S 2
g2 8
ol
=N =N
—~ ~—~
10O Ne)
— —

17) y = sec™H(—2) = 2,
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18) y =csc H(—2)=—-Z
19) y =tan~}(=t = ¢

V36
20) y = cot~!(—/3) = 2.
T 2 1 1.
Sl e e AT
1

2 ——dr = —sin"}(=) = =
[ et e =
etan71 * t=tan" !z t tan™1
3) 1+$2dx = edt=e +c,

() in—1
€ t=sin"*(z) t sin~!(x)
) / vV 1— 22 /

: =sin(2z 1 1
5) /esm(h) cos(2:v)d:pt n(2) 2/ eldt = 3¢ esn(27) 4 ¢

2

(& t:1+62z dt 1 2
6 do T In(1 4 2
)/1+e2xx 5 | 7~ phlte)+e

e’ 1 1 .
7) /em cos(1 + 2¢")dx T E 5 /cos(t)dt: §s1n(1—|—2ex)+c,

(r)

4sec” t sec™ _1 (:r 4sec” L(x)
8 Atdt =
) z/ ac2 / In4 o

I
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Exercises

Find the derivative of the following functions:

1) f(z) = 4esch®(2x — 1),

2) f(x) = sinh(2z)csch(3z),

3) f(x) = logy(sec(x) + tan(z)),

4) f(x) = (3sinh(z) + cos(z) + 5)@**D,
5) sech (1 +/T),

6) tan~!(sinh(z)),

7) In|sinh(1 — 2?)|,

8) eosh(z)

Compute the following integrals:

a du,
@ /sech(:r;) 4 — sinh? ()

o) [ e
( x

e
c —du,
) / V4e?r 49

) /ﬁf/ZZTx
dx
) [
0| i
dx
W=
(b) /@_w%’
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Solutions of Exercises

2-7-2

1) f'(x) = —16csch?(2z — 1)coth(2x — 1),
2) f'(x) = 2cosh(2x)csch(3x) — 3sinh(2x)csch(3x)coth(3z),

) f(r) = 20
y

f'(z) = (32°In(3sinh(z) 4 cos(z) + 5)

(2% + 1)(3 cosh(z) — sin(x))
* 3sinh(z) + cos(x) + 5 ) f(z).

5) %SGCh (1 + \/E) — —sech (1 + \/E) tanh (1 + \/5) %7
d . _cosh(z)  cosh(z) 1
6) %tan (sinh(z)) = 1—}—sinh2($) o COShQ(Q;) N cosh(x) B

sech(x),
—2x cosh(1 — z?)
sinh(1 — z?)

d
7) d—ln |sinh(1 — 2%)| = = —2z coth(1 — %),
T

8)

d h
v, .cosh(x) -
dx dx ¢

h
= (sinh(x) In |z| + M) peosh(@)
x

cosh(z)Inz

(a)

1 cosh(z)
dr = dx
/ sech(z)4/4 — sinh?(x) / V/(2)? — (sinh(z))?

inh
= sin! <Sm2($)> +c,

€x u=e%* d’LL 1
b dr "= |
()/1—e2wx /1—u2 2

1+ e*
1—e®

+ ¢,



23

/ em u:?ez ]_ du 1 . h_l ( 2€x > 4
—_— = — —_— = — _— C’
Vvider +9 2 u? + (3)? “2° 3

- x
= = 2sinh ™! +c,
\/_\/4 +x \/4 + 12 ( )
(e) 4 = = —lsech (i> +c
V16 — 2 u\/ﬁ 4 4 '
d u=e< d —
(f) ’ = Y — _csch "e™) +e,

V1+e uv1+u?
(8)

Va2 —i—2a: /\/x2+2x+

/\/.71:—1—1
(x—l—l)
= cosh™ 3 + c,

()

dx dx
/(:L’—l)\/—x2+2x—i—3 N /(m—l)\/—(x2—2x+1)+4

dx

/ (2= 1V(2)? = (z—1)7

1 -1
= —Ese(:h*1 <I 5 ) +c,
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Exercises

Use L’Hospital’s rule when appropriate. When not appropriate,

say so.
" : :
1) lim, . sin(3x) — 3sin(z)
) Lz o tan~!(4x)’ 11) ylcli% 3.3 ’
2) lim e 3, 12) lim (2z 4 1)@,
T——+00 r—0+
3) lim xsin(l), 13) lim z — tan(z)
z—+00 T z=0 1 — cos(z)’
1
. L . csc(x)
4) glcli%(cot(m) x)’ 14) a:lif(% (sec(z)+tan(z)) ;
5) lim(csc(z) — cot(x)), )
) lim(csc(z) — cot(z) o (L)
6) lim+(tan(2x))x, eott in(z) -z —1
w0 16) lim (" + 1)+,
. tan(z) — 200
7) Dy —5— 4er
= v 17) lim —-,
, 2 — sec(x) z—o0 12
8) hm B ?)t—’ eQm -1
2~(%) an(z) 18) lim ,
9) lim 2 e
a0t 19) lim e */x,
T—00
. 2sinh(z) — sinh(2x) )
10) 1 i =
) lim 2u(cos(r) —1) 20 Jim (1+4z)==.

Use L’Hospital’s rule to find the sum Z k.

k=1
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Solutions of Exercises

1) limg g

2)

3)

4)

t

lim /ze 2 = lim

T—>+00

. .1 .
lim zsin(—) = lim
T——+00 €T r——+00

li t(x) — =) = i
I%(CO (I) ;p) xl—r}%) :vsin(x)
B —zsin(x)
~ z>0sin(x) + 2 cos(x)
— i o sin(x) — mcF)s(x) o,
z—0 2 cos(z) — xsin(z)
1_ :
lim (csc(z) — cot(x)) = lim ,LS@) = lim sin(z) =
0 =0 sin(z) z—0 cos(x)
In(tan(2z))
lim (tan(2z))” lim e”nCtan(2) — Jim e &
z—0t z—0t z—0+t
242
lim e sn(ie) =1,
z—0t
. tan(z) —x . sec’r—1 . tan’z
lim lim = lim
z—0 3 z—0 72 z—0 32

an~!(4x)

T

= lim

VT

1+ (4x)?

1
47
1

— = lim = =0,

r—+00 €2 T—+00 \/565

x cos(z) — sin(x)




9)

10)

11)

12)

lim 2 — sec(x) _ im T sec(x) tan(x)
2 (%) 3tan(x) e (%) 3sec?(z)
— lim o tan(z)
e (z)” 3sec(x)
L
()" 3 3
lim 2% = lim €*™% = lim ex"T = lim e = 1.
z—0t z—0*t z—0t z—0t
2sinh(z) —sinh(2z)  2sinh(z) — sinh(2x) z?
2z(cos(x) —1) 3 2(cos(z) — 1)
9 g e _
- sinh(z) — sinh(2z) — im 2 cosh(x) — 2 cosh(2x)
z—0 3 z—0 322
~ im 2sinh(z) — 4 sinh(22)
2—0 6x
— im 2 cosh(x) — 8 cosh(2x)
r—0 §)
2 2z 2
and lim — = lim =lim ———— =1,
2—0 2(cos(z)—1) 250 2 2sin(zr) a—0—2cos(z)
then lim 2sinh(x) — sinh(2x) _1
=0 2x(cos(x) — 1)
lim sin(3z)  sin(x) — tim sin(3x) — 3sm($)’
z—=0 313 3 z—0 33
i sin(3z) — 3sin(z) ~ im 3 cos(3z) — 3cos(x)
x—0 31‘3 x—0 91‘2
— lim —9sin(3z) + 3sin(x)
z—0 18z
_ hm —27 cos(3x) + 3 cos(z) _
z—0 18
n(2z+1)
lim (22 + 1) = lim e W = lim e@D=TE = e?,

z—0t z—0t z—0t

o7

=1

?



o8

—t —t 2

13) lim Et0@) _ Ztani(@)

z=0 1 —cos(z) +—0 sin(z)
14)
. csc(x) . In(sec(z)ttan(z))
1 t — 1 sin(z)
lim (sec(z) + tan(z)) lim e
= lim <@ = e,
z—07t
15)
3 2 3(x—1)—21

lim ( — ) — lim (z ) nx

e=1+  (z—1)In(x)

= lim ——* — =400

w1+ In(z) + =4

: 1 : In(e®+1) . o
16) lim (ex + 1)z = lim e = = lim e+ = ¢e.
r—+00 T—r+00 T—+00
. 4de” . e’ )
17) lim — = lim — = lim 2e” = 400,
r—00 T2 T—00 I T—00
2x
e - : 2z
18) lim = lim 2e** = 400,
T—00 €T T—00
R VT
19) lim e *y/x = lim ~— = lim =0,
T—00 rz—o00 eT T—00 2\/5695
: a . In(i4da) . 2
20) lim (1 —|—4aj) 22 = lim e~ 2 = lim e=z(+42) = 17
T—00 T—00 T—00

xn—f—l

Letf Zk —1,f0r$7é1.

3

(1) = k= lim f'(z)

(D=1 = 0 2
z—1 ($ _ 1)2
— lim (n+1a"+nn+ 1z Y x—1)— (n+1)2"

z—1 2(x —1)
n(n+1)z" 1 n(n+ 1)'

z—1 2 2




3 Exercises on Chapter III

Exercises

Evaluate the following integrals:
1) /lng(w)dx, 8) /x4sin(x)dx,
/ 9) /cos(x) cosh(z)dz,
? 10) /e‘“”cos(bx)d:v,
11) /e“xsin(b:c)d:c,
5) /:cgcos(x)d:c,

o cos(x)de, 12) /xtanl(a:)da:,

2% sin(z)dx, 13) /msinh_l(x)dx,
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Solutions of Exercises
311 1)
/1n3(x)dx u=in’(g), v=o zIn® () —3/ln2(x)dx
= z(In®(z) — 31In*(z) + 61n(z) — 6) + ¢

2) Using integration by parts with u = In(2? — 1), v = z, we get

2—1+ ldx
In(z? — 1)dr = ah@*-1) -2 [ T4
/n(:p )dx zIn(x ) / o
1
= zln(z* —1) +In v —2r+¢,
x_

3) Using integration by parts with u = In(z? +z +1), v = 1, we

get
202 + 22 +2 —x —2
/ln(x2+:1:+l)dx = xln(x2+x—|—1)—/ < +2x+ R
r*+r+1
1 f2x+1+3
_ 2

1
= (:E+§)1n(m2+x+1)—2x

45 [ s
2) (@+3)°+1

2 1
= V3tan (2 i

) — 2z

&

+(;+x)ln(m2+x+1)+c,

edr = (2° — 32% + 62 — 6)e” + ¢,

2% cos(x)dx = (z° — 62) sin(z) + (32% — 6) cos(z) + c,

2?sin(x)dz = (—2* + 62) cos(z) + (32* — 6) sin(z) + ¢,

/
/

6) /x4 cos(z)dr = (x* —122%+24) sin(z) + (42> — 24z) cos(x) +c,
/
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8) /934 sin(z)dr = (—o*4-122% —24) cos(z) + (42> — 24z) sin(x) +c,

9) Using integration by parts in the first integration with
u = cos(z), v" = cosh(z) and in the second integration with
u = sin(z), v' = sinh(z) , we get

/ cos(z) cosh(z)dr = cos(x)sinh(z) + / sin(x) sinh () dx

= cos(x)sinh(z) + sin(z) cosh(z)

/ cos(x) cosh(z)dz.

/ cos(x) COSh(.Cl?)d.T:% [sin(x) cosh(z)+cos(z) sinh(x)]+c.

Then

axr

10) /e““"’ cos(bx)dx = a2€——|—b2 (acos(bx) + bsin(bz)) + ¢,

ax

ar - ¢ .
11) /e sin(bx)dx = pERE (asin(bx) — beos(bx)) + ¢,

12) Using integration by parts in the first integration with
u = tan"!(x) and v' = z, we get

2 1 241-1
/xtan_l(x)dm = ﬂtan_l(x) — —/de

2 2 1+ a2

1 2
— —;x tan! (1) — g + ¢,

13) Using integration by parts in the first integration with
u = sinh™!(x) and v' = z, we get

. 1 a;—i—l—l

rsinh ' (x)dr = “—sinh
Jasin@ye = Fsint ) -5 [t
1
= + o sinh ™! / vVz?2 + ldz

2
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sec®(t)dt

[veETia T2

—

sec(t) tan(t) — %ln | sec(t) + tan(t)| + ¢

1
V1+a?— 5 sin~*(z) + ¢,

|8 N

In second integration, we use integration by parts with
u = sec(t), v' = sec*(t).



Exercises

m Evaluate the following integrals:
1) / sinh(az) cosh(ba)dz, for |a] # |b|

2) [ cosh®(z)dx,

=
<
=
=
w

(z)dz,

W~
~—

— S S S S S

sinh”(x) cosh®(z)dz,
5) [ sinh®(x) cosh®(z)dz,

sinh®(z) cosh?(z)dx,

J
~—

sinh?(z)dw,

0¢)
~—

sinh*(z)dz,

Ne)
~—

sech®(x) tanh®(z)dz,

10) [ tanh®(x) sech®(x)d,

63
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Solutions of Exercises
321 1)
1
/sinh(ax) cosh(bx)dx = m[bcosh(bx) sinh(ax)
—a cosh(az) sinh(bx)] + ¢

1
— 2a T cosh((a + b)x)

_|_

a1 cosh((a — b)x) + ¢

u=sinh(x ].

/cosh3 () /(u2 —1)du = 3 sinh®(z) —sinh(z) +c,
U= COS 1

/smh3 2h( /(u2 —1)du = 3 cosh®(x) —cosh(z) +c,

/sinh7(x) cosh®(2)dx u=snh() /u7 (1+u?) du

: h8 : th
_ sinh®(z) | sin (x) te
8 10

5) Using the change of variable v = cosh(z), we get

/sinh5(:v) cosh*(z)dz = /(u2 —1)%u* du
cosh’(z)  2cosh’(x) = cosh”(z)

- 5 7 g e
6)
/sinhg(x) cosh?(z)dx useoh(@) /(u2 —1) u? du
5 3
_ cosh’(z)  cosh’(z) ‘e
5 3
7)

/sinh2(m)dm = /(coshZ(x) — 1)dx

sinh(2z) 3 N
= ——r+c
4 2 ’
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/ sinh!(z)dz - / (cosh(z) — 1)2dx

~ llsinh(2x) +sinh(:v) cosh® () N 23 N
- 16 4 s TO

/sech5(:c) tanh®(z)dx usech(®) —/(u4 —u®)du

1 1
= §sech7(x) - gsech5(x) +c

10)

/tanh3(a7) sech®(z)dx ussech(®) —/(1 —ut)u? du

5 3
_ sech’(z)  sech’(z) ‘e
5 3







Exercises

Compute the following integrals:

1)/
2)/
3)/
4)/

m_gda:,

Tz +5

22 +x -5 dx

224+ 2x—35
dx

22(x — 1)

322+ +4

67

dx
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Solutions of Exercises
33-1] 1)

T+9d t

= 2t—13In|t|+c=22x—13In|z+ 5| +c.
2z — 3 13
& 2

Also we have =2— , then
5 5 T +5 T+
/x— dr =2x — 13In |z + 5| + ¢,

r+5
2)

224+x-5 t=x+1 t 30
LETTO gy T 1— dt
/x2+2x—35x /( 736 230

_ LN Sip|t=6
= t+2ln|t 36+4ln‘t+6‘+c
B Ly o a5 a6
= x—|—§ln|x + 2z 35|+4ln x+7‘+c,
1 2 1 2 1
3) —— =4+ - . Th
)xQ(m—l)Q x+m2 x—1+(x—1)2 o
dx x 1 1
9] -
/x2(:v—1)2 " x—l‘ x x—1+c’

3x2—|—m—|—4_ 32 +x+4 x+1 —x+2

2t +322+2 (224 1)(22+2) 2241 i 2+2°
3z 4 241
Then/Md ln(x i )+tan ! (x)+v/2 tan 1 (

T

1
a2 T MR )+

=

¢,

5) / dx _/ dx —itan_1(2x+1)+c
l+z+a2 ) (z+32+3 3 V3 '

d 2 1
6)[:/—x,wesett: vt . We have:
(14 z+ 22)? V3
; 8/ dt LISV TASHR |
= = ——=tan .
3v3J) (1+12)2 /3 3v/3(1 + t2)
4 2r+1 2r +1
Then [ = — tan™"
en \/gan ( 7 )+3(1—|—x+m2)+c7
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7) 1 1 x
(z+D(22+2x+1) x+1 22+z+1

/ dx / dx 1/(2m+1)—1
(x+1D)(22+2+1) z+1 2) 22+z+1

1
= 1n|x+1|—§ln(m2+x+1)
2 +1

then

—{—itan’1( ) +c
V3 V3 ’
dz
8) J =
) /(x—1)2(1+:1:+x2)2
2 dr 1 dx 1 [ (2x+ 1)dz
J = -S| /4o | 4o [T
9) z—1 3) (-1 9) 224z+1
+1/ 20+ 141 d
— | ———dx
6./ (224z+1)>
2 1 1 1
- Chjr—1]-——+-(1 n____ -
9n|m | 3(:p—1)+9 n(l+z+ z%) 60Tz

+/d—‘”+c
(14 + 22)?
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Exercises

Simplify each of the following expressions by eliminating the radical
by using an appropriate trigonometric substitution.

1) x 3) x—2 5) 2—2x
V9 — a? zy/22 =25 Vo =2z -3
1
2) 3+—x’ 4) $7
V16 + 22 Va2 +2r+ 2
3-4-2 | Evaluate the following integrals:
3+uw /
1 ————dx, 6 Va2 + 2z + bdx,
) V16 + 22 )
x—2
2) | —F———=dx dx
o ) Va2 + 2z +3

3)/ 2?2 + a?dzx, for a > 0, p

x
| g [t
4) /\/xQ—anx, for a > 0, x? + 2z —3

) [ VarTae i O

4 4 22?)
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Solutions of Exercises

3-4-1

0 T a=3sin(0) sin(6)

V9 —a? | cos()]”
%) 3+ a=atan(e) 3+ 4 tan(0)
V16 + 22 4] sec(0)|
3) T—2  a=ssec(d) 5 sec(f) — 2
VT2 — 25 5| tan(6)|
5 1+ _ I+x a=tan(0)~1 tan(0)
Ve +22 42 (/(z+1)2+1 | sec(0)|’
5) 2—-2z 2 -2z a=2sec(0)+1 —2 sec(@).
Vaz =2z -3  f(z—1)2—4 | tan(6)]
1)
\/% p R0 /(3 sec(f) + 4 sec(f) tan(6))do
= 31In|sec(d) + tan(d)| + 4sec(d) + ¢
= 3In(z 4+ V16 + 22) + V16 + 22 + ¢,
2)

r—2 =5 sec(0) 1 /
— = - [ (5 0) —2)do
/x\/x2—25 ! 5 (5sec(®) =2)

2
= In |sec() + tan(0)| — 50 +c
2
= In(z + Va2 — 25) — s sec’l(g) +c,
3) Using the change of variable x = atan(f), we get
/\/x2 +a2dr = a® /sec3(9)d9
, (1 1
= a3 sec(f) tan(6) + 5 In |sec(0) + tan(@)| | + ¢
1 2
= 5:10\/932+a2+%1n 93+\/m2+a2‘ +c
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9
/Mdm raseel?) a2/sec(0) tan®(6)d6
= a® /(sec3(9) — sec(6))do
= %x%ﬂ—agln’x—i—m +c.
Then
[VEE G = T E = G+ V|
5)
/mdx =it /,/tQ—gdt
= %tﬂ—glnt—i— t2—§l+c
G R T
) 3
—gln (m+§)+m‘ +c
6)

/v:c2+2x+5dx t=rtl /\/t2+4dt
1
_ Et\/t2+4+21n‘t+\/t2+4’+c
1
NS TEa

2

+2ln‘(:1:+1)+\/x2+2:v+5‘+c
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7)
/ dx t=z+1 dt
NZES TR VB2
t
= sinh ™} (—
(\/i)
— ln’x—i—l—l-\/m t+c
8)
/ dx t=a+1 dt
V2t 2 =3 2 —4
t
= COShil(g) =In ‘$+1+\/m t+c
9)

[N

r=2tan 1
[ T 5w

1 xT

= —sin(f)) +c= ——= +c
Pl A4/A+ 22



Exercises

Compute the following integrals:

D / W’ 2) / sm(sgicr)l(f)iZ(x)‘

75
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Solutions of Exercises

dx B dx cos(x)dr -
1) /sin2(x)1cos(x) N /cos(a:) +/ sin?(z) = Inft <2 +
vl +c,

sin(z)

2)

/ Slﬂ(.’]ﬁ)d t= tan (z) /
sin(x) — cos(x t—1)(1+¢?)

1 1
= 51 n|tan(z) — 1| + = ln|cos( )|—|—g+c.



Exercises

3-6-1| Evaluate the following integrals:

— 3
/\/Qx 5 / Vv iz,

ot

2) /O 21/ 2 — V1 — 22dz,

>/ﬁ’

)/ dx
22422 — 1
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Solutions of Exercises

3-6-1] 1)
Nore= pe— .
/ & A / dt:t—Qtanfl(—)—l—c
2ac—|—3 244 92
V2r —1
= Ver—1- 2tan_1(+) T
5
Vi-a? 2 2
/:17\/2— V1= 22ds TVE /\/Z—dt %—g,
t=yz 2dt
/\/_-i-x\/_ /1+t2_ an” (V) + ¢,
’ \/_ t= V3 gt T T 7
4) 5 v ==,
1T —i—x a1 14t 3 6 6
3 73
5) using the substitution 2z = sec(f), we get
d V1 — 422
S cos(0)df = 2sin(f) +c = VTR L
x2y/4x? — 1 x
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Exercises

3-7-1| Prove that the following improper integrals are convergent and
compute the value of these integrals.

+oo 1
o2 rlnx

/ e “sin(z)dz, ) /1 Inx dr.
o (

1—3:)%

+oo 4 1

9)/ L e — Y
1 (x4 1)(1 + z?)
oo dz

1 x 41+ 22

\

10)

6) /0 de, 11) /0 %cos(x)ln(tan(x))dx.

3-7-2| Determine whether the following integrals are convergent or diver-

gent:
o [T 6) L 4
—dxz, x
0 \4/ 1+ 1V 3—x
o [T L
—dz, +oo
o V(1 +xz)p 7) / wdw’
0 1 Xz
3) / 2%dz,
LS|
8) / dz,
/ cos(mz) 0 2—3z
8 4 +oo t —1
/ 9) / tan” (2) )
6 V 6 1 ZE2
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Solutions of Exercises

3-7-1| 1) Using integration by parts,

¢ 1 1 [¢ 1 1 1
—2x —2c —2z —2c —2c
dr = —— — dr = —— - — —.
/(; xre T 206 +2/0 e T 206 46 —|—4
2c

Since lim —ce™® = 0 and lim -e * = 0, the integral
c—+oo 2 c—+00

+o0o
/ re 2 dx
0

+o0 1
is convergent and / re ¥ dr = 7
0

2) Using integration by parts,
/ e Tsin(z)dr = e ¢ sin(c)—l—/ e * cos(x)dr and by another
0 0
integration by parts,
e “sin(x)dr = e “sin(c)+1—e “cos(c)— [ e “sin(x)dz.
0
. 1, 11
Then [ e “sin(z)dz = —e “sin(c) + = — —e “cos(c).
. 2 22
sin(c) cos(c)

Since lim e~ = lim e
c—-+o00 c——+o0o

+o0 1
/ e~ * sin(z)dx converges to 3
0

—C

= 0, the integral

3) For0 <a<1,

'o4+1, e ! 4 at
dr =< 2 224+ Ddt = 2(= — — — th
B /ﬁ( ¥ e = 2 — %~ V), then

/1 r+1 ., 8
dx is converges to —.
o VT 3

¢ dx T= 1+t2

1 xQ\/m — 1 + t2

Using 1ntegrat10n by parts

dt t £ t P +1-1
= 2 dt = 2 | ——-dt.
/1+t2 1+152Jr /(1+t2)2 1+t2Jr / (1+1¢2)2
dt _ t :
Then Q/W = tan"'(¢) + e Then the integral
+o00 dax

1 2z —1

4)

us
converges to 3
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6)
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2 3
2
For1<a<2,/ Y gz =15 —vVat —1 and

Vot —1
2 28
/ dr = VT,
1 $4 -1
Using integration by parts, for 0 < x < 1,
In(1 — z?) In(1 — z?) dz
Sl A - v ") 9
/ x? dr x / 1— a2
In(1 — 22
_ WO ) (- )
x
. (4+2)h(l+2) (1-z)h(d -2
N T T '
1 In(1 1 —x)In(1 -
Since lim —( +o)ln{l+z) —( z) In( 7) = —2In2and
e In(1 g 1 In(1 ! )
lim—(1+$) n(1+2) — (1=2)In(l—z = 0, then the inte-
x—0 L €T ) €T
In(1 —
gral / H(—Q:E)dx converges.
0 x

Using integration by parts, for 0 < z < 1, v = Inz and
v = W, we get

/ xlnx dr - In(x) _/ dx
1—22p2" = e ) oo
A=VIZ2)i@) |4 v

V1—22
B 22 1n(x) N —
S g i Vi)

Using I’'Hopital rule,

lim 2*In(z) +In(1++v1—-22) =1In2 and
2=0t /1 — 22(1 + /1 — 22)
2?2 1In(z)

lim
z=17 /1 — 22(1 + /1 — 22)

1
1
integral /0 J_n—x(gx)l/gdx converges to — In 2.

+In(1 ++v1—22) = 0, then the
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' In(x) B "n(1 —#?)
/0—(1_x)gdx = 2/0 — dt
_ l(t—l)ln(l—t) (t+1)In(1+)]"

t t ]

= —2Iln2.

In the first step, we take the change of variable, x = 1 — ¢?
and in the second step, we use an integration by parts with
u=In(1—1?) and v' = 4.

9)
Foo i1 /\*@ 1 1 1 z+1
dr = —— Tt d
/1 z3(x+1)(1+22) v 1 ( 2T r+1 * 1+x2) v
™ 1 1
K )
1 2™
10)
/+°° du o112 /+°° 262t
1 a1+ 22 o (1 —1)
too 1 1
= — dt
/2}1 Gy s tiv e
1. 2i+1. =« .
= (= + = —tan"'(27%).
5 n(21 _1) 5 (24)
11)

INIE]
|
C\

el

(@]

o
2
=

=
E
=3
=
=

8

/ cos(z) In(tan(z))dxr =
0
—/ sin(z) In(tan(z))dz.
0
An integration by parts yields

/ * cos(x) In(tan(z))dz = — /O v

0 cos(x)




3-7-2

INE]

/0 sin(x) In(tan(z))dx

s

33

= [(1—cos(z)) In(sin(z))

—cos(x) In(cos(x))—In(1 —I—cos(x))]g
= %(1 +v2)In2 — In(1 + V2).

Then /2 cos(z) In(tan(z))dr = —%(1 +v2)In2.

1)

+o00 1
/ . dr =
0 1+

the integral diverges.
2)

+oo 1

—dx
o (l+z)

the integral converges.

0 or 0
3) / 2%dr = ] 2} =
n —0o0

—00

—— the integral converges.
In2

1) / ’ cos(mt)dt = (%sin(ﬂb) - %sin(ﬁa)). Since

lim
a——00 b—+o00
gral diverges.

™

6) /1 31_ xdx = —-2(3—2x)

dx = 6(x — 6)%]

1 1
lim (— sin(wb) — — sin(wa)) does not exists, the inte-
T

8
= 6.2%, the integral converges.
6

NI

3
} — 21/2, the integral converges.
1
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7) Using integration by parts
o] Inz]™ 1 [Td
R
1 x 3x° |, 31 x
B [ 1 :|+oo B 1
923 |, 9

| 1 |
8)/ dx:/ dx—l—/ dx.
0 2—3z 0 2—3x §2—3x

2
ER | bl
Since / dxr = 400, the integral / dx diverges.
0 2—3x 0 2—3z

win

9) Using integration by parts

400 -1 -1 +oo +00
/ tan Q(x)dx _ {_tan (ac)] +/ dx I
1 x x 1 1 z(l+2?)

7T+/+OO 1 x p
= - - — x
4 1 r 1+
+oo
T T ™ 1
= —+ |In(——= =—+-In2.
4 |: (\/1—0—:62)]1 4 2
T tan!(x

dx converges.

The integral /

1 x?
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4 Exercises on Chapter 1V

Exercises

Set up integrals to evaluate the areas bounded by the graphs of the
following curves

1) y=Ilnz,y=0and z =2,
2) y=e*, x=In4, z=0and y =0,
3) y=2%and y = —a? + 2,
4
4) y=—,z=0,y=1and y = 2.
x

Find the area of the region between the graphs of the functions
y=e"y=4e " and y = 1.

Find the area of the region bounded by the curves x = 42, x4y = 6,

y=-4y=2
Find the area between the curves: y = cos(x),y = sin(z),
0<z<7,

Sketch the region bounded by the curves and find its area

1
2) y=e*,y=e,y=x,x =0,

) dr =4y —y?, dr —y =0,
)
3) 4y =2 and y = -
)

:E2+47
4) The region in the first quadrant bounded by the z-axis, the
parabola y = % and the circle 2% + y? = 4,
5) y =sin’(z), y = tan’z, z € [-F, I].
Sketch the region bounded by the curves and find its area in the
following :

1) y = 32% and y = 22 — 32°.

2) y=—x and x = y? —l—2y
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Find the area of the shaded regions:

Y

y = cos(x)

y=(z-1)>°
y=x+1

Find the area of the region bounded by the graphs of the curves of
y=a2—4r and y =0
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Find the area of the region bounded by the graphs of the curves
y=a>+2rx+1,y=1—-xandy =0

4-1-10| Find the area of the region bounded by the graphs of the curves
y=2y=2’+1,z=0and z = 1.
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Solutions of Exercises

4-1-1

Note that y = Inx intersects the
r—axis
1) at ;& = 1. The desired area is
4
/ Inz dr = [zlnz — 2]} = In(=).
e

1

In4
2) The desired area is / e’ dr = 3.
0

3) Note that y = z? is a parabola opens upward with vertex (0, 0)
and y = —2% + 2 is another parabola opens downward with

vertex (0, 2).

22 = —2? +2 <= 22? = 2, then
x = 1. The intersection points of
y=2z>and y = —2*+ 2 are: (1,1)
and (—1,1). The desired area is

' 2 2 _ 8
/_1[(—1' +2)—x]d:v—§.

2
4

4) The desired area is / —dy =4In2.
1Y

Yy

=2
A/ y=1Inzx

4 :
v, |
yi().l,'

/]
T

r=1In4

y=2

y=1

V&




¥ = 4e™® <= ¢e** = 4, then v _

x = In2. The area of the region y=

between the graphs of the functions

y:ex,yzlle_xandy:lis: 2 |-

In2 21In2 = 1 ‘

A = / (e —1)dx +/ (4e™ — 1)dz 7 LNy =4e
0 In2 ! !

— 2-2In2. I

The area of the region bounded by the curves z = 4%,  +y =
2 -3
: 71
y:—418A:/ (6—y—y2)dy+/ (y2—6+y)dy=§'
—4

-3

Y r+y=2=6
Y
x = y>?
E L
4 : 10 1:6"
-3 : i
y A
The area between the curves: y = sin(z)
y = cos(z),y = sin(x), for
0<z< s
K4
y = cos(x)

us

A = /0 (cos(x) — sin(x))dz + /2 (sin(x) — cos(x))dx

INE]

™

= 2(vV2-1).
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The area between the curves:
4o =4y —y?, 4o —y =0 is:

415 1)

y — efl/'
Yy -
The area of the region bounded by S ’
2) the curves E
y=e", y=e,y=xand z =0, is A/ -
| >
1 e 62
A:/ (e””—:z:)d:r+/ (e —x)dex = — — 1.
0 1 2
yiu
The area of the region bounded by 2 ty = 22
g .
3) .the curves 4y = 22 and y = o %>< - 79:2&14
1S >
-2 2
2 2
8 x
A = ——|d
/_2 <x2 +4 4 ) ‘
312 4
= 4tan_1(§)—x— =21 — -.
2’ 12, 3
Y

The region in the first quadrant ‘
4 bounded by the z-axis, the parabola 7<><
Yy = ””—32, and the circle 2% + y? = 4. L

The area of the given region is: K/ ]
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2

A = /f(@—%)dag

r=2sin % 4 i 2
22n® 2/ (2 cos(f) — %@) cos(0)do
0

= 2 [9 + %sin(%) — gsm?’(e)] - é(47r +V3).

5) y =sin’*(z), y = tan’z, z € [, ]
The area of the given region is:

A = 2/4(tan2(1;) — sin® z)dx
0

(22715
= 2 [tan(x) —z— g + Smi x)]o
_ b 3
24
2 =6r—12> < r=0o0rz=3. y y = L1a2
The area of the given region is: 4
L y=2x-—
I |
1) A = —/ (62 — 22%)dx :
3 Jo !
1 2 .1° ~ |z
= — 322 - 223 =3. 3
3 31,
Yy
z=y*+2y
The area of the region is:
2) 0 2 9 o
AZ/ (~y—y" —2y)dy = 3.
-3
y=-—z
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417 1) _

The area of the region is y
3%’ = sin(z)
A = / | sin(z) — cos(z)|dx
%
/SW T35 o
%

N |

= 2V/2.

The area of the shaded region is
equal to

3(:)3 +1) — (z — 1)%dx

N/
I
I
| © S

1—y?=9y?—-1 < y ==l

3) The area of the shaded region is equal to >(
8

1
A:2/ (1—yHdy = ~.
» 3

Note that 22 — 4z = (22 —4x +4) — 4 = (z — 2)? + 4 is a parabola
opens upward with vertex (2, —4) and y = 0 is the r—axis.

y =2 —dz
|

A = /04[0—(332—49;)]61:5 .

2 —4dr=0 < z=0o0rx=4. Yy
The desired area is L/\J
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Note that y = 22 + 2z + 1 = (z + 1)? is a parabola opens upward

with vertex (-1,0), y = 1 — z is a straight line and y = 0 is the
r—axis.

yu 5
y=ax°+2zx+1

?+2r+1=1-2 < xz=0o0r
x = —3. The intersection point of
y=1—xrandy=0isx = 1. The

. xr
area is =1z
-1 1
0 1
A = /(x+1)2dx+/(1—x)dx
—1 0
]- 30 ]- 21 5

Note that x2 + 1 is a parabola opens upward with vertex (0, 1),
y = x? is another parabola opens upward with vertex (0,0), z =0
is the y—axis and # = 1 is a straight line parallel to the y—axis and

passing through the point (1,0).
Note also that y = 22 + 1 and y = 22 do not intersect.

y=x2+1

The desired area is

A:/l[(x2+1)—x2] dr = 1.

-
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Exercises
Find the volume of a ball of radius R.

Find the volume between the sphere of center (0,0,0) and radius
R and the sphere of center (0,0,0) and radius R + r.

Find the volume of the solid obtained by rotating the region bounded
by y =36 — 22, y =0,z = 2, x = 4, about the z-axis.

Sketch the region bounded by the curves and find the volume of
the solid generated by revolving the region about the x- or y- axis,
as specified below.

1) y=1—|z|, y =0, revolved around the z-axis,
2) y = a2, y =2 — x, revolved around the z-axis,

4) f(x) = cos(5z), y =0, x € [0,1], revolved around the z-axis,

)
)
3) y=|z|, y =2 — 2% revolved around the z-axis,
)
) ©=+/9—y% & =0, revolved around the y-axis.

5

Find the volume of the solid obtained by rotating the region bounded
by y = 1 + sec(x), y = 3, about the line y = 1.

Set up an integration to find the volume and draw an illustration
each of the solid obtained by rotating the region bounded by
y =0,y = cos®z, —5<x<7%
1) About the z-axis,
2) About the line y = 1.

Find the volume of the solid obtained by rotating the region bounded
by the given curves about the specific axis

1) y = cos(z?), y =0, z =0, z = /T about the y-axis.
2) y=1a? y=4—x? about the y-axis.

3) x =y?>+ 1, x = 2, about the line y = —2.

4) 2> —y?> =1, x = 2, about the line y = 3.
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ot

22+ 1 and y = 4 — 22 about the line y = —2

D

Y

2?2 —y? =5, v = 4 about the y-axis,

y = /7, y = x* about the line y = 2,

y =/, the z-axis for 0 < z < 4 about the line y = 2.

J

)
)
)
8)

Let R = {(z,y) € R% =30 3) + y < 1; y > 0}. This region
is bounded by z = 1, x = 5 Yy = 0 and the graph of the function
(z —3)

flx) =34/1-

half of the ellipse with center (3,0) and its left vertex is (1,0), right
vertex is (5,0) and upper vertex is (3, 3)).

. (R is also the region included in the upper

1) Find the volume of the solid of revolution of R around the
T-axis.

2) Find the volume of the solid of revolution of R around the
y-axis.

3) Find the volume of the solid of revolution of R around the
x =1

4) Find the volume of the solid of revolution of R around the

x = 6.
5) Find the volume of the solid of revolution of R around the
y =4.

6) Find the volume of the solid of revolution of R around the
y=—2.



Solutions of Exercises

Let f(v) = VR2 — 22, z € [-R, R).
The volume of a ball of radius R is the volume of the solid of
revolution about the x— axis of the surface under the graph of f.

4-2-2

4-2-3

4-2-4

Then

R R
=T 21‘ €T = 4T 2_.T2 €T = 4T 3
V= /_Rf()d Q/O(R o = 2m(R® ~ ©

R+r
Vo= 7r/ (R+7)? — 2%)da
—(R+r)

97

- /_R (R+7)* —2%)dx f\ ‘x

R

—(R+1)

4 3 3

4
vV = 7'('/ (36 — 2%)dx Th
2
~ a(r2 - 20y 190, P

3 3 9 4 6 g
Y
1 1
) Vo= ﬂ/lfl—|x|)2d:p /\
27 -1 1
= 27r/0(1—:1:)2da::?. 7 \xy_1_|I

2) y=12% y=2—x, revolved around the r-axis,
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y=ux
y=2-= Y
1
vV = 7r/(2—:v)2—934d:v \
0
327
T 15 L
1T
3) y = l|z|, y = 2 — 22, revolved around the z-axis,
)
1
V = 7T/ (2 —2%)? — 2%dx y =zl
-1
767 /! !
= = —1 1 x
15 \ y=2— z2
4) f(x) =cos(5z), y =0, z € [0,1], revolved around the z-axis,
)

! 7r
Vo = 7r/ cos?(=x)dx /\
; 2
1z

il
2 ' \ y:cos(%m)

S V- w/ (0~ )dy

-3

3
= zw/ (9 — y*)dy = 367.
0




4-2-6

4-2-7
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l+secx =3 <= cosz =3 <= z ==L y y=1+secz

d
b

= 77/ (4 — sec? 2)dx

jus
3

872

y = cos’ x

vl

[NJE]

1) About the z-axis:

3 3 /1 9 2
V = 27r/ cos4xd:U:27r/ <—|—c+(z)) dx
0 0

(ME]

_W/
-3

3 cos(4x) 32
(§+2COS(2$)+ 5 )dx—?.

2) About the line y = 1.

v

27r/og(1 — (1= cos(x))?)dz = zw/ogu ~ sin'(2))da

2 1 1 4 2
27r/ (1——(1—2008(2$)+M)) dr = 5i
0 4 2 8

Y
%
= 27r/ x cos(z?)dx
2 /i
3

= 7r/ cos(t)dt = . ‘ \
0

y = cos(z?)
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4_x2:x2<:,>$::i:\/§.
2) v
—_— 2 pu—
V—27r/ x(4 — 2x%)dx = 4.
0

y‘ r =2
1 r=y>+1
| VA 7r/ (2++Vz —1)%dx L~
; » A -
—7r/ (2 —Vr—1)Hdx \\ ]
0
] N
t?=z—1 7r/ 8t2dt = 8—7T -
0 3 Ve
yu 2?2 —y? =1
%
1/ R4
\2 '
1) M
2
v _ o[ (VoI - e VaE )i
1
2
_ 127r/ Va2 — ldz
1
w:se:C(G)

- 127r/0§ (sec®(0) — sec(6)) do

u=sec(0),v' =sec?(9)

127r/3 tan?(0) sec()df
0

= 67 [sec(0) tan(f) — In | sec(0) + tan(9)l]§

- 6m(2V3 — In(2 + V3)).



4-2-8

P+1=4-2 x:j:\/g. (] y=a? 41
5 V= w[ Z((G—xQ)Q—(a:2+3)2)dx 3 \ oo
= 18ﬁ/\/§(3—2x2)dx36\/§7r

N 0 B 2 /3 s T
2 2
Y 22 —y2 =5
4
vV = 47r/ V22 — 5dx v =4
6) VB 5
44/11 \ .
= .
3
7) y = \/x, y = 2 about the line y = 2.
Yy
1 y=a?
_ 22 o 2
V—F/O((Q )% — (2 —V2)%)dx .
1
= 7r/(x4—4x2—x+4\/5)dx !
0 l
3l *
S 1 T
30
4 4 407
3) V:W/ (4—(2—\/5)2)da::7r/ (47— a)dr = 2"
0 0
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5

1) V =9r / (1 -
1

2)

V pu—
=5
t=sin(0)

3)

V =

t:z;?)
4)
V =

(@ _43)2> da

5 _ 2
27?/ 3x\/1—ud:c
: A

1
m/ (3+ 20V — Pat

127r/
187r/

3V1 — t2dt

INIE] »—t

(14 cos(20))dh = 187>

[

5 _32
27r/ 3(z —1) 1—(x4)dzv
/1+t\/1—t2dt
247r/ V1 — t2dt = 1272

2471

5 _ 2
27r/ 3 (x 3) dx
4
127r/ —20)V1 — t2dt
367 / V1 — £2dt = 1872,

2173 1
= 187/ (1 —t%)dt = 24,
-1



103

=z 27r/_ (24vT=2 —9(1 - 1)) at

247? — 247 = 247 (7 — 1).

L))
A e e

t=25° QW/_1<9( - )+12m)dt

247 + 127 = 127 (27 + 1).
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Exercises

Find the arc length of the following graphs.

1) f(z) =12 — $Inz, z € [1,5]

2) f(z) =In(sinz), z € [, 5]

3) flx)= osha: on the interval [0, In 2]

4) f(x) = —x - %lnx on the interval [1, 2]
5) flz)=m+ gx\/i on the interval [0, §]

6) f(x) =In|secx| on the interval [O, ﬂ

1 3
7 f(z) = 3 (2 + 2)§ on the interval [0, 1]
2x —2x
8) f(z) = % on the interval [0, 1]
9) f(x) =% + L on the interval [L.3
z) =~ + 5 on the interval [L,
1
10) f(z) = §I% — /7 on the interval [1, 4]

Find the length of the following curves

f(z )—e’”from:c:Otoa;:nT.

)

2) z=In(cos(y)), 0 <y <3
3) y =V — a2 +sin"(V7),
)y r=1—eY 0<y<2

Find the area of the surface obtained by revolving the following
curves about the z-axis:
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8
w

3)y:§,0§x§1

4) y=+r,0<x <4

5) y=v9—22,0<2<4
1

6)y:§(3\/5—:c%),1§x§3
1

7 = — — 1< <2

)Y G T lses
xt 1

)yt =~ 1<z <

Jy=T gz lszss

Find the area of the surface obtained by revolving the following
curves about the y-axis:

Dy=1-2*0<z<1,
2 In(z)
2 = — — 1<z <2
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Solutions of Exercises

1)
L = /\/ E—iQd:v
2 2x
1 1 >
= /x + dr = x—+—lnx
1 2 4 2 1
1

2)

L = /2@/1+cot2(x)dx
%
%
= / cse(z)dx

= [In]esc(x) — cot(x)|]

(=]

= In(2 — V3).

S ETME]

3) f(x) =coshz = f'(z) =sinhx

In2 In2

L= V14 (sinhz)? dz = V' 1+ sinh®z do
0
1n2

= Vcosh? z dx

ln 2
= / coshx dx
0

= sinh(In 2) = sinh(In 2)

6ln2 _ 671n2

2
9 1
2

3
2 4
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11z 1
T2 T oy T2
11
-4 )4
2+4x2> g
r?2 1 1
I
DR

* 52
:/ \/az—i-ldx:?
0
—/4 V1 + tan? zdz = In(1 4 V/2)
0
4

1
:/ \/1+x2(a:2+2)dx:§

h2

/ \/1—|—Slnh2 2x)d sm
3

i aTes

{L‘2

2+
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2
|,

2 1
= / (1——2)dt: [t——ln
V32 1—1t 2

- (2—\/5)—11173+1n(1+\/§)

1 3+2

L = /3 V1 + tan? ydy

= / secydy—[ln|secy+tany|]§: In(2 + v/3)

1 11—z Udx
_ [ i+ dmz/—zQ
/0 x 0 VT

2
= / V14 e 2dy.
0

-/ fii
/ esc( / sec(8) tan(8)dd
In(csc(f) + cot( )) —sec(0) + ¢

= y+In(vVi+e+1)—vVli+eZ+tec

sec? )db

[Ty e
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4-3-3

1)

2
L = /\/1+62ydy
0

= 2—V2+In(1+V1+ed)

—In(1+v2) - Vi+e™

e
A = 27r/ V1i+er |1+ ter >dx
1
= W/(€w+2)dI:7T(1+6)
0

2
A= 27r/ 7222 + 1dx.
1

/s

Then

2
A= 271'/ 7222 + 1dx = 27 <\f2
1

t2:1_+x4

COS

—————df

sm
COS

sm(G)

V1422

Xz

V5

)(1 — sin?(0))
1, 1+sin(@)
2 n(l - sm(@))

+In(x + vV1+22)+c¢

5 +1In(2 + v5) — In(vV2 + 1)) .

1.3
27r/ %\/1+x4dx
0
9 V2
% 12dt = g(2x/§— ).

1
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4 1 \2 4 1
A=2 1 — | dx = 2 1+—d
W/l\/z +(2\/§) T 71'/1\/5 —|—4xx
4 4z +1
= 277/\/5 Tt d
1 4o
Y Vx4 1
= 27 NZA i dx
i 2\/x

3 2
27/ VI—a? 1+ do
_3 — X

3 2)—}—1:2
2 9 — g2
7r/_3\/7x 2
3
27 V9 — 2 dz
_3 9—5(72

3 3 3
27 V9 — 2 dx:67r/ 1 dz
/3 V9 — a2 -3

67 [2]° 5 = 67[3 — (=3)] = 67 (6) = 367



112

6)
A = 2 /31(3\/'— 3) 4 (e = YTy
a m 1 3 v * 2V/x 2 v
3
= —/(3—x)(1+x)dx—16—7r
! 9
7)
2 g3 1\/ x2 1,
A= 2”/1(E+%> (5~ gp)de
_ 4T
16
8)
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5 Exercises on Chapter V

Exercises

Explain when a differentiable parametric curve v(t) = (z(t), y(t))
has a

1) horizontal tangent at y(a),
2) vertical tangent at y(a).

Find the length of the following curves:

1) x =24 3t,y = cosh(3t), 0 <t <1,
2 z=e+ety=5-—2tfor 0 <t <3,

Find the area of the surface obtained by rotating the curve
r =1,y =1t>for 0 <t <1 around the x—axis.

Find the area of the surface obtained by rotating the curve about
the z-axis:

D E={(ey)cBE G+ L1 y>0)
Y 7a2 b2 Y — )

2) C={(z,y) eR* 22+ (y—b)*=a*},0<a<b.
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Solutions of Exercises

5-1-1

1) The parametric curve y(t) = (x(t),y(t)) has an horizontal

tangent at y(a) if lim

at y(a) if gr; ;

y'(t)

v

2 (t) _o

1
5-1-2] 1) L= / \/9 + 9sinh?(3t)dt = 3/ cosh(3t)dt = sinh(3),

/ \/4sinh?(t) + 4dt = 2/ cosh(t)dt = 2sinh(3),

5-1-4

x2:9l2 +4

2

9

1 1
o / 2914 + 4t2dt = 27 / 2VOt2 + Adt
0

0

VB e - [ (13)
/2 2 4)dx:2_<(13) 4(13)

9 81 5 3

15

26

t
2) The parametric curve y(t) = (x(t), y(t)) has a vertical tangent

_)_

1) x = acost, y = bsin(t), t € [0, 7] is a parametrization of the

curve.

= 27 / bsin(t) \/a2 sin?(t) + b2 cos2(t)dt
0

m b2 _ g2
— Qabﬂ/ sin(t)4/1 + (——5—) cos?(t)dt
0

a

X=COSs 1 b2 - 2
os(t) 27rab/ \/1 + ( 2a )a2da
-1 a

Jz2dx.

1 b2 —
= 47Tab/ \/1—1—(
0
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Ifb>a>0,
1
b2 _ o2
A = 47rab/ \/1+< 2Cl )a2dz
0 a
=l g2y OO
- N sec”(0)db
_ mah (ma | Ve SR
a + In( + )]
2 _ g2 a2 a o
Ifa>0b>0,
1 2 _ 2
A = 47mb/ \/1 — (a — )a2dx
0 a
x:% 2ma’b Sin_l(@)

= T, (1 4 cos(20))do

2ma’b ., Va? =02 bva?—b?
— = | sin ( + 5 :

)

a?—b a a

2) x =acos(t), y =b+asin(t), t € [0,27] is a parametrization
of the curve.

2
A= 2a7r/ (b+ asin(t))dt = 4m*ab.
0
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Exercises

[5-2-1] Find the rectangular coordinates of the following points

D 3,50, 3 @), 5 (-2,
) (-3,77) Y (-2

Find the polar coordinates of the following points with 0 < 6 < 27
and r > 0

1) (_3’ _3)’ 2) (1a_\/§)> 3) (373)7 4) (_\/gv 1)'

Find the polar coordinates of the following points with 0 < 0 < 27
and r <0

1) (_3’ _3)’ 2) (1’_\/3)7 3) (373)7 4) (—\/5,1).
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Solutions of Exercises

3 3v2 . 3T 32
1) z = 3cos(z) = Y= 3sm(z) ==
3m. 32 3T 3v/2
2) x= —3COS(Z) =5 Y= _3sm(I) =-="
7 7
3) x= 2COS(%) = V3, y= 28111(%) = -1,
T s
4) x = —QCOS(F) =3, y=-2 SIH(F) =1,

1)7“:3\/5,9:%,

%8
2 =2 60=—
)r=20=""
3) r=3v2,0=—,

2T
4) r=20=—.
)r=20="2
1)7“:—3\/5,9:%,

117
2 =-2 0= —
)r=-20="7,
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Exercises
Sketch the curve with the given polar equation:

1) r=142cos(f) 2) r=3+sin(h) 3) r = 2cos(40)

Find the polar equations of the following Cartesian equations:

y =z, 3) zy =4.
2) 4y =, 4) (2*+y°)* = 2zy

1) r=2; 6) r = 2csc(20);

2) r=-3; 7) r = 4sec(6);

3) r = 2cos(20); P

4) r = 25in(26); R

5) r = 2sec(h); 9) r = tan(0) sec(h).

Find the area of the region bounded by the curve

1) r=tan(6), 0 € 2, 5; 1) 72 = 9sin(20), 0 € [0, 7;
™
2) r=1-sin(8), 6 € [0, 7; 5) r=2tanf, 6 € [0, J;
3) r=1-—sin(h), 6 € [0, 27]; 6) r=2(4cosf —sech), 6 € [0, Z]

Find the area of the region that lies inside both curves:
r=3-—2cos(f), r=3— 2sin(h).

Find the area of the region that lies inside the curve r = 2 + sin 6
and outside the curve r = 3sin6.

1) Sketch the region inside the curve r = 3 and outside the curve
r = 2 and find its area;

2) Sketch the region inside the curve r = 2 and over the straight
line r = —csc O and find its area;
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3) Sketch the region inside the curve r = 4 and outside the curve
r = 4sinf and find its area;

4) Sketch the region inside the curve r = 4 cos § and outside the
curve r = 2cos 6 and find its area;

5) Sketch the region inside the curve r = 1 and outside the curve
r =1 — cosf and find its area;

6) Sketch the region inside the curve r = 2 4+ 2 cos # and outside
the curve r = 3 and find its area;

7) Sketch the region inside the curve r = 3sin 6 and outside the
curve r = 1 + sin @ and find its area:

8) Sketch the region inside the curve r = 1 + cos# and outside
the curve r = 1 — cosf and find its area;

9) Sketch the region inside the curve r = 1 + cos# and outside
the curve r = 3cosf and find its area;

10) Sketch the region inside the curve r = cos(f) and outside the
curve = 1 — cos(f#) and find its area;

11) Sketch the region inside the curve r = 1 and outside the curve
r =1—cos(f) and find its area;

12) Sketch the common region between the curves r = 2sin(6)
and r = 2cos() and find its area;

Find the area enclosed by the curve r = 1 — 2sin(#).

Set up the integral that gives the area of the region that lies inside
the curve r = 2 + cos(26) and outside the curve r = 2 + sin(0).

Find the length of the polar curves
1) r=5%0¢€0,2n];
2) r= sin3(g), 6 € [0, 7];
3) r=2(1+cos(d)), 0 € [0,2n].

5-3-11| Find the surface area of the curve r = € rotated around the line
ngfromOtof



5-3-12| Find the surface area of the revolution of the curve
revolved around the polar axis (the z—axis) from 0 to

5-3-13| Find the surface area of the curve r = —3 — 3 sin 8 revolved around
the line 6 = % from —g to %

5-3-14| Find the surface area of the curve r = sin 8 rotated about the line
ngfromﬁzomé’:g

5-3-15| Find the surface area of the curve r = cos @ rotated about the line
Hzgfrom9:0t09:7r.

5-3-16| Find the surface area of the curve r = ¢’ rotated about the line
0z§ff0m920t09:§

5-3-17| Find the surface area of the curve » = 1 + cos 8 rotated about the

r—axis from 6 =0 to § = %

5-3-18| Set up, but do not evaluate, an integral that gives the surface area
of the curve rotated about the given axis.

1) r =2+ 2sin# rotated about the z—axis from 6 = 0 to § = m;

2) r = cosfsin 0 rotated about the z—axis from 6 =0 to 6 = 7;

3) r = sin(20) rotated about the line 6 = 7 from 6 =0 to 6 = %;

4) = cos 0sin(20) rotated about the hne 0 =% from 0 = 0 to

=%

5) r = 5 — 4cosf rotated about the line § = 7 from 6 = 0 to
0=73;

6) r = 0 cos0 rotated about the z—axis from § = § to 0 = 7.
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Solutions of Exercises

5-3-1

oy

(D)
=,

(a) r =14 2cos(0) (b) r =3 +sin(6)

Yy

(¢) r = 2cos(46)

5-3-2| 1) y=x <= tan(f) =1, then 0 = % is a polar equation,

1
2) 4y =1 <= 4drsin’(0) =cos(f) <= r = chc(@) cot(6),
3) ay =4 <= 1’ = A _ 8 = 8csc(26)
V= ~ sin(#) cos(f)  sin(20) '

4) (22 +y?)? = 22y <= r? =sin(20).

5-3-3] 1) 22 +y*=4
2) 2 +y*=9
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r=2cos(20) <= 1 =2(cos’ —sin?h)
3

— =201y} = (@*+y*)2 =2 -y

4) r=2sin(20) <= r =4cosfsinf) < (22 +y?)2 = day
5) =2
6) r=2csc(20) <= 22+ y:=uay
7) =4,y =4tan(d). Then x = 4 is the Cartesian equation,
8) x=15,y= ’"‘[ Then y = v/3x is the Cartesian equation,
9) x = tan(d), y = tan?(f). Then y = 2? is the Cartesian equa-
tion
1[5 I 1 1 7
1) A== [ tan?(0)do = - 2(0)-1)d) = = (V3 — —= — ~
) 2/g an(6) 2/g<sec<> ) 2(f - 6),
1 [ ) 9 3
2) A=— [ (1—sin(d))°dd = — — 4,
2 J, 2
1 27
3) A= -/ (1— sin(0))2d0 = >~
2 J, 2
1) A= g/o sin(20)d0 — g
1 ™ L3 ”
5 A= / Atan2(0)d0 — 2/8 (sec2(0)—1)d0 = [2 tan() — 2015 .
0 0

Since sin’(f) = 1(1 — cos(20)) and cos*(f) = %(1 + cos(20)),

then sm(g) = %\/ — /2 and cos(¥) =3V2+ V2.
V2 o T
A= 2+ﬁ—1_3—2f—1,
6)
A = %/OZ 4(4 cos(#) — sec(0))*df
= 2[4sin(20) + 0 + tan(Q)]g
= T8+ V2

2
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3+2cos(f) = 3+2sin(f), then § = %

7r
or § = T
5-3-5 L[ )2
A = 3 (3 —2sin(6))
14 27T+%
+§/ (3 —2cos(0))*dd
= 17— 12v2
1 2w
A= / (2 + sin(9))2d6
0
5-3-6 T
—9/ sin?()df
2 Jo
o
4
2
537 1) A:—/ (9— 4)d0 = 5r
0
1 /6
A = —/ 4d6
2 —7/6
2)

1 1171'/6
+= / csc? 0do
/6

= §7T+\/§

cy
r =3 — 2cos(f)

r=3— 2sin(0)

=

V&

N

©

Y,
r = 3sin(0)
K
&

r =2+ sin(f)
K/y*\\
Yy

S
N

7

T
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1 27
A = — 1
5 /0 6d60

3) 1 ™
——/ 16 sin* fdf
2 Jo
= 127
1 [ 9
A= - 16 cos” 0df
2 Jo
1) .
——/ 4 cos® Odb
2 Jo
= 3
s Y
1 [z i
A = 5/_%619 /?
5) 3
—%/ (1 — cos6)*df & x
s
- Q_Z
Yy
1[5 )
6) A = 5 (4(1 + cos#)* — 9) db
_% "
_ ) 3—m
2
)
A = —/6(9sin29—(1+sin9)2)d9
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9-3-8

e
I
I
= | —
—

™

N
o
I
B

— 2_

™

Y
Y
’ (1+ cosB)? — 9cos® Odo h

wl

)
’ (14 cos)? — (1 — cos6)*df @

™

2

10) The area inside r = cos(#) and outside r = 1 — cos(f) is
A=2 (% /3 cos(0) — (1 — cos(@))2d9> =3 - %
0

11) The area inside r = 1 and outside r = 1 — cos(#) is

AzZ(%/ﬂz(1—(1—005(9))2)d6) =27

12) The area of the common region between the curves r = 2 sin(f)
and r = 2 cos(0) is

A

1 [7 1 [z
= —/ sin?(0)df + = / cos?(0)df
2 J; 2 /s
i m 1
= in?(0)do = — — ~.
/0 sin®(0) s 1
1 2
—/ (1 —2sin(0))*do
2 Jo
1
—/ — 2cos(20) — 4sin(0))do = 3—7T
2 /s 2
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24 cos(20) =2 +sin(f) = 0 = —g or f = g
Yy r =2+ sin()
A / " (24c0s(20))2— (2-+sin(6))2d6. .
r =2+ cos(20)
5-310] 1)
2
L = / Vr2(0) + 72(0)d6
0

[
-

3>L:/2”2¢md924/:”

0

V5% + (In® 5)5%do

T 2
57/1 + In% 5df = >

T
1+1n?5.
n5 o

T 0 0 0
. 6 -z . 4 -z 2 -z
/0 \/sm (3) + sin (3)008 (3)d9
T 0

/0 sin2(§)d9

1 [7 20
—/ 1 — cos(—)df = T_ —3\/5.
2 J, 3 2 8

cos(g)’ df = 16.
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A = 27?/1(659)cos 0/ (€9)2 + (5e59)2d0
0
= 2\/%77/0er ' cos Odb
= %n (1173 v2 - 20) .
9-3-12
A = 27T/Og 5cos 0 sin 04/ (5 cos 0)2 + (—5sin 0)2d6
= 257T/;)r sin(20)d6
0

_ %ﬂ— cos(20)]5 = %T.

A = 27r/ (3 + 3sinf) cosf/(—3 — 3sin )2 + (—3 cos 0)2d0

[N to\:\

= 27 / 1+ sinf) cos #1/9(1 + sin 0)2 + 9 cos? Hdb

w\:\

= 18#/ (1+sin9)%cosﬁdc9
-5
B 576w
= =
H-3-14
A = 27r/2 sin @ cos v/ sin? 0 + cos? 0d6
0

[SIE]

= 7T/ sin(20)d0 =
0
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9-3-15
A= 27r/ cos® 0d) = .
0
5-3-16
A = 27r/ e COSQVQGzGdQ—Q\/_W/ e*? cos 0df
0 0
| x
= 27 |:629(§ cosf + Zsin 0)]0 %(267r —3).
5-3-17
A = 27T/2<1+C089)8in6\/(1—I—COSQ)2—|—Sin26’d8
0
= 2\/—71'/ (1 + cos6)? sin 6d6
0
4+/2
- f”(ﬁ —1).
5
5318] 1)

A = 27r/ (2 + 2sin 0) sin +/4(1 + sin 0)2 + 4 cos? 0df
0

= 8\/§7r/ (1+sin9)%sin0d9.
0

2)
A = 2n /075 cos 0 sin® 9\/}l sin?(26) + cos2(26)d6
= W/og cos 0 sin? 01/1 + 3 cos?(20)d0.
3)

Bl

w0l

A = 27r/ sin(26) cos 04/sin?(26) + 4 cos2(260)d6
0

= 27r/ sin(26) cos 6+/1 + 3 cos?(26)d6.
0

w3
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A = 27 / " cos? 0 sin(26) \/(4 sin @ cos? § — 2sin® )2 + 4 sin* 0 cos? Odf
0

us

3
= 471/ cos? 0 sin 6 sin(26) V1 + 3cos* 6 — 3 cos? 0 sin? 6d.
0

5)
A = 277/2 (5—4cosf COSG\/5 4cosf)? + 16sin® 0df
0
= 27r/2 (5 —4cosf) cosBv41l — 40 cos 0d6.
0
6)

A = 27r/2 0 cos 0 sin 0+/02 cos? 0 + (cos § — Osin 0)2d

™

N

= 27r/2 0 cos 0 sin v 02 + cos? 6 — 26 cos 0 sin Od#.
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6 Exercises on Chapter VI

Exercises

Study the following parametric curves:

1) (t) = cos(3), y(t) = sin(2t),
2) x(t) = 3cos(t) — cos(3t), y(t) = 3sin(t) — sin(3t),
3) () = cos(2t), y(t) = sin(30),

4 2(t) = T ult) = T

5) x(t) =t —sin(t),y(t) = 1 — cos(t)

6) (1) = sin(3), y() = tan(?)

) 2lt) = oyt = 5

1
8) w(t) =+ < y(t) = ¢ + 207,

Study the following curves in polar coordinates:

1) r(6) =1+ cos(h) 6) r(0) = sec(f) + csc(h),
2) r(0) = cos(26), 7) r(0) =2+ sec(6),
3) r(0) = sin() cos(20), 8) r(f) = \/cos(20)
sin®(9)
4) r(0) = cos (g) + ?, 9) r(0) = cos(0)
0
5) r(0) = sm3(§), 10) () = sir11€ = CSC(Q)'
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Solutions of Exercises

6-1-1] 1) x(t) = cos(3t),y(t) = sin(2t), 2'(t) = —2sin(3t),y'(t) = 2 cos(2t).
The curve f(t) = (z(t),y(t)) is 2r—periodic.
z(—t) = x(t), y(—t) = —y(t), thus we study the curve on [0, 7]
and we take a symmetry with respect to the xr—axis.
x(m—1t) = —z(t), y(r —t) = —y(t), thus we study the curve

on [0,7] and we take a symmetry with respect to the origin

and a symmetry with respect to the r—axis.

t O v T T
1 3 2
() | 0 _ 0 + 2
A —
y'(t) + 0 — -2
y 0 — b 0
y“
X

2) x(t) = 3cos(t) — cos(3t), y(t) = 3sin(t) — sin(3t). The curve
is 2r—periodic and x(—t) = z(t), y(—t) = —y(t). Then we
study the curve on the interval [0, 7] and we do a symmetry
with respect to z—axis. Also z(rm—t) = —x(t), y(m—t) = y(t).
Then we study the curve on the interval [0, 5] and we do a sym-
metry with respect to y—axis and a symmetry with respect to
T—axis.

2'(t) = —3sin(t)+3sin(3t) = 3(sin(3t)—sin(t)) = 6 cos(2t) sin(t),
y'(t) = 3(cos(t) — cos(3t)) = 6sin(2t) sin(t).
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ol

AN

y(t) | 0 + 0
y 0,,,/,/~/”’4
y
—2 o)

3) x(t) = cos(2t),y(t) = sin(3t).
The curve is 2r—periodic and z(—t) = z(t), y(—t) = —y(¢).
Then we study the curve on the interval [0,7] and we do a
symmetry with respect to z—axis. Also z(m —t) = z(t),
y(m —t) = —y(t). Then we study the curve on the interval
[0, 7] and we do a symmetry with respect to y—axis.
o' (t) = —2sin(2t), y'(t) = 3 cos(3t).

™

t 0 5

x'(t) 0

. 1“\\\\~\\,_1 Yy
y'(t) + 0 - 0 g
0/1\_1 /\1\1

t 12
143

Iy

0

The curve is defined on R\ {—1}.
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1— 23 t(2 —t3)
"t)= ——=,y(t) = ——2.
x() (1_’_t3)27y<> (1+t3)2
t t
lim w =-—00 and lim M:—l—oo. Then the y—axis is an
t——00 ,j(;(t) t—too gj(t)

asymptotic direction of the curve for t — +oo.

y) : 1 1
—r o) Land lim y(t)+x(t) = 3 and y(t)+x(t)+1 >

0 for ¢ in a neighborhood of —1. Then the equation of the

asymptoteisy = —x— 3 and the curve is above the asymptote.

t |—o0 -1 0 2-3 23 +00

V&

5) x(t) =t —sin(t),y(t) = 1 — cos(t), z(t + 2m) = x(t) + 2,

y(t +2m) = y(t), (=) = —2(t), y(=1) = y(t), 2'(t) = 1 =
y'() sin(t)

t
t "(t) = sin(t). = = cot(=). Th
cos(t), y'(t) sin(t) o) T cos) co (2) en
the tangent to the curve at the point (0,0) is parallel to the
y—axis.
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t
6) z(t) = sin(é),y(t) = tan(t).
The curve is periodic of period 2m. z(—t) = —z(t),

y(—t) = —y(t). We can study the curve on the interval [0, 7]
and do do a symmetry with respect to the origin. z'(t) =

t
Tcos(2), y(t) = sec?t.

2
s yu
t O 5 e
x'(t) +
y'(t) + +
y 0 — +00 - - 0

7 )= oty = ) = L2 =

-1 T e T AR G
1 3 (1—t)(2t+3)
) = 3o+ § = S

The line of equation y = %x — % is an asymptote to the curve.

The curve is over the asymptote for ¢ < 1 and below the
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asymptote for ¢ > 1 (In the neighborhood of 1.

z'(t) + 0 - - 0 +
-0 —00 3
y'(t) — _ _
0 - +00 400
Y
/ )
L~
1 1 231
= 2 _ Lt 2 _ .
8) a(t) = £+ —,y(t) = e + 26 /(1) = 2t — e

y'(t) = e + 4t
y = 1 is an asymptote of the curve.

lim

t——o00

y(t)

— =2 and tlim y(t) — 2z(t) = 0. Then the line of
——00

(1)

equation y = 2z is an asymptote to the curve.
For t is a neighborhood of +00, we have a parabolic branch
parallel to the y—axis.
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2(273) = 25 + 273 a is the zeros of the function e’ + 4¢.
6-1-2] 1) r(f) =1+ cos(h).
r is 2w —periodic, r(—0) = r(#) thus it suffices to study the

curve on the interval [0, 7] and make a symmetry with respect
to the z—axis.

r'(8) = —sin(6).
Y,

0 0 u /_\
T/(Q) 0 — 0 =.ZE
0 \/
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2) 7(0) = cos(20). r is m—periodic, r(—0) = () and (5 — 0) =

—r(0) thus it suffices to study the curve on the interval [0, 7]
and make a symmetry with respect to the z—axis and the exis

of equation y = z and symmetry with respect to O.
r'(0) = —2sin(26).

Yy

T ‘ili'
0 [ 0 - g
@) | 0 - *
1
r(0) T .

r(6) = sin(0) cos(26).

r is 2r—periodic and r(—60) = —r (), thus it suffices to study
the curve on the interval [0,7] and make a symmetry with
respect to the y—axis. Also r(m — 6) = r(#), thus it suffices
to study the curve on the interval [0, 7] and make a symmetry
with respect to the y—axis.

7 (0) = cos(6) cos(26) — 2sin(#) sin(26) = cos(8)(1 — 6sin*(h)).

Let a € [0, 3] such that sin*(a) = &, then

0 0 a 5 T— s
r(0) + 0 - 0 _+ 0 -
_2_ _2_
N
0 -1 0
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r(0) = cos (g + g

r is 6r—periodic and r(—0) = r(#), thus it suffices to study
the curve on the interval [0,37] and make a symmetry with
respect to the r—axis.

v,
0 0 37 % .
T &s ‘

0
r(6) = sin3(§).
r is 6r—periodic, r(—60) = —r(0) and r(37 — 0) = r(#) thus it
suffices to study the curve on the interval [0, 37”] and make a
symmetry with respect to the y—axis.

r'(6) = sin2(§) cos(g).
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)
K
6 0 3m/2
r(0) | 0 + 0
1
©) | —

6) 7(0) = sec(6) + csc(h).

r is 2r—periodic, r(7m 4+ 0) = —r(6), then we study the curve
on the interval [0, 7] and we make a symmetry with respect to

O.

r'(0) = sec(f)tan(f) — csc() cot(6)
(sin(f) — cos(#))(1 + sin(f) cos(0)
sin?(0) cos?(6) '

éir% r(f)sin(f) = 1, then y = 1 is an asymptote.
—

lim 7 () sin(6 — z) = —1, then z = 1 is an asymptote.
0—0 2

0 0 T 5 s
HON N - + |
+00 +00 +00
r(0) T~ ~ 7
2v/2 —00
y A




141

7) r(0) = 2+ sec(0).
r is 2r—periodic, r(—60) = r(0), then we study the curve on
the interval [0, 7] and we make a symmetry with respect to
r—axis.
'(0) = sec(f) tan(0).

lim 7 (@) sin(6 — z) = —1, then z = 1 is an asymptote.
0—0 2

yll

T
0 0 5 T >
(@) | 0 + + 0
+0o0 1
3 —00

8) r(f) = /cos(20).
r is 2mr—periodic, r(—0) = r(0) and r(r — 0) = r(0), thus it
suffices to study the curve on the interval [0, 7] and make a
symmetry with respect to the r—axis and a symmetry with
respect to the y—axis.

() = — sin(20) |
\/cos(20)
0 | 0 i 3
(@) | 0 — |
1 y
o) | T ‘
0
_ sin?(0)
9) r(0) = cos(0)

ris 2n—periodic, r(—0) = r(#) and r(r — ) = —r(#) thus it
suffices to study the curve on the interval [0, 7] and make a
symmetry with respect to the r—axis and a symmetry with
respect to the y—axis.
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10)

, sin(0)(1 + cos?(0))
r'(0) = 7
cos?(0)
lim 7(0) sin(6 — g) = 1. Then x = 1 is an asymptote to the

jus
0%2

curve.
Y
8 O % T A
(@) | 0 + + 0
+00 0

r(0) = ﬁ = csc(f).

2
r is 4r—periodic, r(—0) = —r(0) and r(27 — 0) = r(0) thus it
suffices to study the curve on the interval [0, 2] and make a
symmetry with respect to the y—axis.

r'(6) = —% csc(g) COt(g)‘

(19111(1J r(0)sin(f) = 2. Then y = 2 and y = —2 are asymptote to
—

the curve.

T
-
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