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(i) This theorem is very useful in evaluating definite integral;

(ii) This theorem also tells us the relationship between
derivative and definite integral.

The Fundamental Theorem of Calculus:Suppose f is
continuous on the closed interval [a, b].

1 If G (x) =
∫ x
a f (t)dt, for every x ∈ [a, b], then G (x) is an

antiderivative of f on [a, b].

2 If F (x) is any antiderivative of f on [a, b],then∫ b

a
f (x)dx = F (b)− F (a).
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Theorem (1):
∫ b
a f (x)dx =

[∫
f (x)dx

]b
a
.

Theorem (2): Let f be a continuous on [a, b]. If
G (x) =

∫ x
c f (t)dt, where a ≤ c ≤ b, then for every x ∈ [a, b],

G ′(x) =
d

dx

[∫ x

c
f (t)dt

]
= f (x).

Examples:

(i) If G (x) =
∫ x
1

1
t dt and x > 0, find G ′(x) without

integrating.

(ii) Find d
dx

∫ x
0

1
1+t dt without integrating.
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Solution:

(i) If G (x) =
∫ x
1

1
t dt and x > 0, find G ′(x) without integrating.

We apply theorem (2) with c = 1 and f (x) = 1
x . Choose

0 < a ≤ c ≤ b, then f continuous on [a, b]. Hence, by theorem
(2), for x ∈ [a, b]

G ′ =
d

dx

[∫ x

c

1

t
dt

]
=

1

x
.

(ii) Find d
dx

∫ x
0

1
1+t dt without integrating.

Take c = 0 , f (x) = 1
1+x and G (x) =

∫ x
0

1
1+t dt. Choose a and

b such that −1 < a ≤ c ≤ b, so f is continuous on [a, b]. By
theorem (2)

G ′(x) =
d

dx

[∫ x

c

1

t + 1
dt

]
=

1

x + 1
.
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Example:

Find d
dx

[∫ x
0

1√
1−t2 dt

]
, |x | < 1 without integrating.

Solution:
Take c = 0, f (x) = 1√

1−x2 and G (x)
∫ x
0

1√
1−t2 dt. Note that

f (x) is not continuous at x = ±1. Choose
−1 < a ≤ c ≤ b < 1, so f (x) is continuous on [a, b]. Now by
theorem (2), we get

G ′(x) =
d

dx

[∫ x

0

1√
1− t2

dt

]
=

1√
1− x2

.

Exercise: Find

d

dx

[∫ 1

0

x5
√
x4 + 3√

x10 + x6 + 2
dx

]
.

without integrating.
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Theorem: If g and k are differentiable and f is a continuous
function,

then

d

dx

∫ g(x)

k(x)
f (t)dt = f (g(x))g ′(x)− f (k(x))k ′(x).
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Example: Find d
dx

∫ x2

3x (t3 + 1)10dt, without integrating.

Solution: Take k(x) = 3x , g(x) = x2 and f (x) = (x3 + 1)10.
The function k and g are differentiable and f is continuous,
therefore, by the previous theorem we get

f (g(x))g ′(x) = f (x2)2x = 2x((x2)3 + 1)10

f (k(x))k ′(x) = f (3x).3 = 3(3x3 + 1)10 = 3(27x3 + 1)10.

Hence,

d

dx

[∫ x2

3x
(t3 + 1)10dt

]
= f (g(x))g ′(x)− f (k(x))k ′(x)

= 2x((x2)3 + 1)10 − 3(27x3 + 1)10.
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Exercises:

(a) Find

d

dx

∫ x2

0

3
√
t4 + 1dt.

(b) Find
d

dx

∫ 0

6x−1

√
4t + 9dt.

(c) If F (x) = (x2)
∫ x
2 [t + 3F ′(t)]dt, find F ′(2).

(d) If

g(x) =

∫ x
π
2

sin(t)dt

x
,

find g ′(x).
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