Math 4124 Wednesday, January 26

First Homework Solutions

1. 1.1.9(b) on page 22 Let G = {a+bvV2 € R |a,b € Q). Prove that the nonzero
elements of G form a group under multiplication.

If x,y € G then we may write x = a+bv2 and y = ¢+ d+/2 where a,b,c,d € QQ, and
then xy = (ac +2bd) + (ad + bc)v/2. Also if x,y # 0, then xy # 0. It follows that
multiplication is a binary operation on G \ 0. Also multiplication is associative and
the identity is 1. Finally we need to check for inverses. If a+bv/2 € G\ 0, then
the inverse will be 1/(a -+ bv/2); the only problem we might have is that this is not
obviously in G\ 0. However by multiplying top and bottom by a — b\/2, this is

a b\/i
a?—2b% a2 —-2b?

Since a” — 2b? is a nonzero rational number, it is now clear that the inverse is in G\ 0
(if a® — 2b* = 0, then /2 € Q) and the result follows.

2. 1.1.14 on page 22 Find the orders of the following elements of the multiplicative

group (Z/36Z)*: 1, —1,5, 13, —13, 17.

Answer: 1,2,6,3,6,2. I won’t give explanations for all the answers here, just for 5. We
have modulo 36, 5' =5, 52 =25, 5% = 17, 5* = 13, 5° = 29, 5° = 1. Therefore the
least positive power of 5 which is the identity is 6, consequently the order of 5 is 6.

3. 1.1.25 on page 22 Prove that if G is a group and x> = 1 for all x € G, then G is
abelian.

Let x,y € G. Then x> = y?> = (xy)? = 1. Therefore

X%yt = 1= (xy)? = xyxy.

1

Multiplying by x~! on the left and y~! on the right, we obtain xy = yx as required.



Math 4124 Wednesday, February 1

Second Homework Solutions

1. 2.1.10(a) on page 48 Prove that if H and K are subgroups of the group G, then so is
HNK.

Let e be the identity of G. Then e € H,K because H and K are subgroups of G,
consequently e € HN K. Next let x,y € HNK. Then xy € H because H < G and
xy € K because K < G. Therefore xy € HNK. Finally x~! € H and K because H and
K are subgroups of G, and we deduce that x~! € HN K. It now follows that H N K is
a subgroup of G as required.

2. 1.2.3 on page 27 Use the standard generators and relations to show that every ele-
ment of Dy, which is not a power of r has order 2. Deduce that D, is generated by
the two elements s and sr, both of which have order 2.

Each element of Dy, can be written uniquely in the form riorsr, where 0 <i<n—1
(see page 25). The elements ' are of course powers of 7, so we need to prove that s7’
has order 2. Since s’ # e, it will be sufficient to show that (sr')? = e; we shall show
that this is true for all i. We have (sr')? = srisr’. Now the relation rs = sr—! applied i
times shows that ris = sr—, consequently (sr")2 = ssrirl = s~ = ¢e = e, which
is what is required.

Finally we need to show that D,, is generated by the two elements s and sr, both
of which have order two. That they both have order two follows from the previous
paragraph. Also every element of D, can be written as a product of r,s,r 1 571,
and since r = s~ !(sr), we see that every element can be written as a product of

s, (sr),s~1, (sr)~!. This establishes that D,, is generated by s and sr.

3. 1.2.10 on page 28 Let G be the group of rigid motions in R? of a cube. Prove that
|G| = 24.

We may move a face to any one of the other 6 faces. Once a face is fixed we may
rotate through it through /2, which gives another 4 possibilities, and then we can no
longer perform anymore motions. Therefore |G| = 6 x4 = 24.

Remark: if you were allowed to do the rigid motions in R*, then you could do a
reflection and the answer would be instead 48.

4. 1.3.2 on page 33 (first three permutations only). Let ¢ be the permutation

1 2 3 4 5 6 10 11 12 13 14 15
13 2 15 14 10 6

8 9
1234 1 7 9 5 11 8

and let 7 be the permutation

6
14 9 10 2 12 6

1 2 3 45
1115 3 8 7 4 1 13

789101112131415)
5 .



Find the cycle decompositions of each of the following permutations: ¢, T, >

o= (113510)3158)414117129)
T=0114)2915134)310)(5127)(8 11)
02 = (15)(1310) 38 15)(4 11 12)(14 7 9)

. 1.3.19 on page 34 Find all numbers » such that §7 contains an element of order n.

We have the following table, where we have listed all possible cycle shapes for ele-
ments of S7 with the corresponding orders.

(1) 1 (12)345) 6
(12) 2 [ (12)3456) 4
(123) 3 (1234567 |10
(123 4) 4 (123)456) 3
(12345) 50 (123)4567) |12
(123456) |6 123H5B6) | 2
(1234567) |7 (1235567 | 6
(12)(34) 2

Thus the orders of the elements of S7 are 1,2,3,4,5,6,7,10,12.

. 1.4.3 on page 35 Show that GL,([F,) is nonabelian.

Leta = ((1) %) and b = ((1) %) Note that a,b € GL,(F;). Since ab = (? %) and

, it follows that ab # ba and we have proved that GL,(IF,) is nonabelian.
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Third Homework Solutions

1. 1.5.2 on page 36. Write out the group table for Qg.

1 [ —1] @i [ =i] j |—=j] k |k
U |1 [=1] i [=i| j|=j| k|«

2. 1.6.7 on page 40. Prove that Dg and Qg are not isomorphic.

The group Dg has one element of order 1, two elements of order 4, and five elements
of order 2. In fact if we write Dg = {r,s | ¥* = s> = e,rs = sr~ '}, so that the elements
of Dg are ' and s where i =0, 1,2,3, then r has order 1, r and r> have order 4, and
sri (for i = 0,1,2,3) and r* have order 2. On the other hand Qg has one element of
order 1, one element of order 2 (namely —1), and six elements of order 4. If Dg and
Qg were isomorphic, then they would have the same number of elements of order 2
(and also the same number of elements of order 4); since this is not the case, we see
that Dg and Qg are not isomorphic.

It is worth remarking that although Dg and Qg are not isomorphic, the sets of numbers
n for which they have an element of order n are the same, namely the set whose
elements are 1,2,4.

3. 1.7.14 on page 45. Let G be a group and let A = G. Show that if G is non-abelian
then the maps defined by g-a = ag for all g,a € G do not satisfy the axioms of a (left)
group action of G on itself.

The second axiom 1.a = a is certainly true; however the first axiom fails if G is non-
abelian. To be an action, we require (hg)-a=h-(g-a) forall g,h € G and a € A, that
is a(hg) = (ag)h. However this is true if and only if hg = gh for all g,h € G, so we do
not have an action if G is nonabelian.

4. 2.2.3 on page 52. Prove that if A and B are subsets of the group G with A C B, then
Cg(B) is a subgroup of Cg(A).

The centralizer of any subset is always a subgroup, so we only need to prove con-
tainment. Let x € C(B). This means that x commutes with all elements of B. Since
A C B, we immediately see that x commutes with all elements of A and we conclude
that x € Cg(A) as required.
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Fourth Homework Solutions

1. 2.3.6 on page 60. In Z /487 write out all elements of (a) for every a. Find all inclu-
sions between subgroups in Z/487.

Since 48 = 3 *16, 3 has two divisors and 16 has five divisors, we see that there are 2*5

= 10 subgroups.

(0) = {0} Order 1

(1) ={0,1,2,...,47} order 48

(2) ={0,2,4,...,46} order 24

(3) ={0,3,6,...,45} order 16

(4) ={0,4,8,...,44} order 12

(6) ={0,6,10,...,42} order 8

(8) ={0,8,12,...,40} order 6

(12) = {0,12,24,36} order 4

(16) = {0,16,32} order 3

(24) = {0,24} order 2

Then we have

() = (5) = (7) = (1) = (13) = (17) = (19) = (23) = (25) = (29) = (31) = (35) =
(37) = (41) = (43) = (47)

(2) = (10) = (14) = (22) = (26) = (34) = (38) = (46)
B) = () = (T5) = (2T) = (@) = (35) = () = (&)
@)= () = (@) = (@)

&) = (18) = (30) = (@)

) - (#0)

(12) - (36)

(1) = (32

(0), (24) are on their own.

The lattice of subgroups looks like (where we have labeled each subgroup with its
order)



2. 2.4.3 on page 65. Prove that if H is an abelian subgroup of a group G, then (H,Z(G))

is abelian. Give an explicit example of an abelian subgroup H of a group G such that
(H,Cg(H)) is not abelian.

Set Z =7(G). Then from the ungraded HW of February 15, every element of (H,Z(G))
can be written in the form Ax where 7 € H and x € Z(G). Suppose we have two el-
ements hx and ky of (H,Z(G)); we need to prove that they commute. This is indeed
the case because

(hx)(ky) = hkxy = khxy = (kx)(hy).

For the explicit example, one possibility is H = 1 and G = S3. Then Cg(H) = G,
because in any group, then centralizer of the trivial subgroup 1 is the whole group.
Thus in this case (H,Cg(H)) = S3, which is nonabelian.

. Since 0 and ¢ are reflections, they have order 2, consequently |(0)| = |[(¢)| = 2.
Finally we show that 8¢ has infinite order; since 8¢ € (0,¢), this will immediately
imply that (6, ¢) also has infinite order. The formulae for 6 and ¢ are 6(x,y) = (—x,y)
and ¢(x,y) = (2 —x,y). Therefore 0@ (x,y) = (x —2,y), which is translation of 2 to
the left. It follows that 0 ¢ has infinite order as required.

. 3.1.24 on page 88. Prove that if N <G, then NN H < H.

Certainly NN H < H (the intersection of any number of subgroups is a subgroup). We
need to prove normality, so let h € H and x € NN H. Then hxh~! € N because N <1 G,
and hxh~' € H because h,x € H < G. Therefore hxh~' € NN H for all h € H and
x € NNH and it follows that NN H < H as required.
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January 19, Ungraded Homework

Exercise 1.1.5 on page 21 Prove for all n > 1 that Z/nZ is not a group under multiplica-
tion of residue classes.

Z/nZ = {0,...,n—1}. Suppose Z/nZ is a group. Then it must have an identity e. We
now have e = el = 1, so the identity is 1. Let x be the inverse for 0. Then e = x0 = 0. We
conclude that 1 = 0, which is a contradiction, unless n = 1.

Exercise 1.1.8 on page 22 LetG={zcC|7"=1forsomenc Z"}.
(a) Prove that G is a group under multiplication (called the group of roots of unity in C).

(b) Prove that G is not a group under addition.

(a) Note that multiplication defines a binary operation on G, because if x,y € G, then x” =1
and y" = 1 for some m,n € Z*, and then we have (xy)"™" = 1, which shows that xy € G.
Also multiplication is associative and the identity is 1; note that 1 € G. Finally if z € G,
then it has an inverse z!; again note that 71 € G because if 7* = 1, then (z_l)" =
() '=1.

(b) Suppose G is a group under addition. Let e € G be the identity. Thene+1=1,s0e =0.
But 0 ¢ G and we have the required contradiction.

Exercise 1.1.15 on page 22 Prove that (ajay...a,) ' =a,'a ! ...a; ' forall ay,...,a,

n n
in the group G.

1

Letx=ajay...a, and y = a, ...al_l. We need to prove that y = x~!, equivalently xy =

yx = e. However

-1 -1

Xy=ayaz...apa, ...4,
-1 -1
= alaz...an,lan_l ...al
—1 -1
=a1a2...an_2an_2._,a1 = ... —=e.

Similarly yx = e and the result is proven.

Remark In a group, xy = e implies yx = e, but this is not true in general (i.e. if we are not
working in a group).

Exercise 1.1.12 on page 22 Find the orders of the following elements of the multiplicative

(Z/12Z)* = {1,5,7,11}. The orders are 1,2,2,2 respectively; for example 5 has order 2
because 5 # 1, yet 5- = 25 = 1. Finally note that —1 = 11, —7 = 5.

Exercise 1.1.30 on page 23 Prove that the elements (a,1) and (1,b) of A x B commute
and deduce that the order of (a,b) is the least common multiple of |a| and |b|.



(a,1)(1,b) = (a,b) = (1,b)(a,1), so (a,1) and (1,b) commute. Let p = |a|, g = |b|, | =
[p,q]. Then

(a,b)' = (d,b) = ((a")P, (p")"/9) = (117, 10) = (1,1) = 1.

This shows that the order of (a,b) divides I. On the other hand if m is a positive integer and
(a,b)™ =1, then @™ = b™ = 1, consequently p,q‘m. Therefore [ ‘m and we are finished.



Math 4124 Monday, January 24

January 24, Ungraded Homework

Exercise 1.2.1 on page 27 Compute the orders of each of the elements in the following
groups.

(@) Ds
(b) Dg
(¢) Dio
We shall only give details for Dyy.
(a) 1 has order 1; r, 7 have order 3; and s, sr, sr> have order 2.

(b) 1 has order 1; r,> have order 4; r> and s, sr, sr*, sr> have order 2.

2 2 3

(c) 1 hasorder 1; r,72, 73, r* have order 5; and s, sr,sr%, s>, sr* have order 2.

Recall that every element of Do can be written uniquely in the form s’/ where i =0, 1
and j = 0,1,2,3,4. The order of 1 being 1 is obvious. Also (r)’ = i = () = 1! =1,
so the order of 7 divides 5. Since 5 is a prime number, it follows that if i = 1,2, 3,4, then
the order of 7 is 5. Next s/ # 1 (i=0,1,2,3,4), so if we can prove that (sr')> = 1, then
it would follow that |sr| = 2 and we would be finished. However by using rs = sr—!
i-times,

(s =s(ris)rf =ssr i =s* =1

as required.

Exercise 1.2.2 on page 27 Use generators and relations to show that if x is any element of

D»,, which is not a power of r, then rx = xr L,

Recall that every element of D,, can be written in the form 7' or s#’. Therefore we may
assume that x = sr'. Then

x=rsrt =sr W =5 =iy =L

Exercise 1.2.9 on page 28 Let G be the group of rigid motions in R? of a tetrahedron.
Show that |G| = 12.

Let A,B,C,D denote the vertices of the tetrahedron. Obviously any symmetry must send
vertices to vertices, and also any symmetry is determined by its affect on the vertices of the
tetrahedron. By rotating about the line through D perpendicular to the face ABC, we see that
we can send A to A, B or C, and then by rotating about another line which goes through a
vertex and is perpendicular to the opposite face, we see that we can send A to D as well.



Once the position of A is decided, B can be sent to 3 possible vertices (it cannot be sent
to where A is). Once the positions of A and B are determined, then so are the positions
of C and D, and hence of the whole tetrahedron. (Note however if we could go into four
dimensions, then a reflection in the plane which goes through AB and the midpoint of CD
would interchange C and D; however this cannot be brought about by moving the tetrahedron
in three dimensions). Thus G has order 4«3 = 12.

Exercise 2.1.1 on page 48 Let G be a group. In each of (a)—(e) prove that the specified
subset is a subgroup of the given group.

(a) the set of complex numbers of the form a + ai, a € R (under addition)

(b) the set of complex numbers of absolute value 1, i.e., the unit circle in the complex plane
(under multiplication)

(c) for fixed n € Z™ the set of rational numbers whose denominators divide n (under addi-
tion)

(d) for fixed n € Z™ the set of rational numbers whose denominators are relatively prime to
n (under addition)

(e) the set of nonzero real numbers whose square is a rational number (under multiplica-
tion).

Let G denote the relevant set which needs to be shown a subgroup.

(a) If x,y € G, then we may write x = a+ai, y = b+ bi where a,b € R and we have x+y =
(a+ b) + (a+ b)i, which shows that addition is a binary operation (we have closure).
Also addition is associative. The identity is O and the inverse of x is —a + (—a)i.

(b) If x,y € G, then |xy| = |x||y| = 1% 1 = 1, so multiplication is a binary operation. Also
multiplication is associative and the identity is 1. Finally the inverse of x is 1/x (note
that 1 /x € G because |1/x| = 1/|x| = 1).

(c) Letx,y € G. Then we may write x = a/n, y = b/n where a,b € 7, and we have x+y =
a/n+b/n= (a+Db)/n, which shows that x+y € G. Thus we have closure, and addition
is a binary operation. Addition is associative and the identity is 0 = O/n. Finally the
inverse of x is —a/n, which is also in G.

(d) Letx,y € G. Then we may write x = a/p, y = b/q, where p,q € 7 are prime to n. We
now have x+y = (aq + bp)/ pq, which shows that x+y € G because pq is prime to n.
Thus we have closure and we see that addition is an associative binary operation. The
identity is 0 = 0/1. Finally the inverse of x is —a/p, which is also in G.

(e) Letx,y € G. Then x*> € Q and y* € Q, consequently (xy)?> € Q and we see that xy € G.
It follows that multiplication is an associative binary operation on G. The identity is 1,
and the inverse of x is 1 /x (note that if x # 0, then x> € Q = (1/x)? € Q).



Exercise 2.1.8 on page 48 Let H and K be subgroups of the group G. Prove that H UK is
a subgroup if and only if H C K or K C H.

First suppose H UK is a subgroup and that there exists # € H\ K and k € K\ H. Then
h,k € HUK, so hk € HUK. On the other hand if hk € H, then k = h™!(hk) € H, which is
not true and we see that hk ¢ H. Similarly hk ¢ K. We now have a contradiction and we
conclude that if H UK 1is a subgroup, then either H C K or K C H.

If either H C K or K C H, then HUK = K or H, in which case it is obvious that H UK is a
subgroup.
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January 26, Ungraded Homework
Exercise 1.3.1 on page 32 Let o be the permutation
l—3 2—4 3—5 4—2 51
and let T be the permutation
1—5 2—3 3—2 4—4 5—1.

Find the cycle decomposition of each of the following permutations &, 7, 62, 67, T0, and
7%0.

First we obtain the cycle decomposition for 6. We have 61 =3, 63 =5 and 65 = 1, which
yields the cycle (1 3 5); and 02 = 4 and 04 = 2, which yields the cycle (2 4). Therefore the
cycle decomposition of ¢ (i.e. ¢ written as a product of disjoint cycles) is (1 3 5)(2 4).

Next we find the cycle decomposition of 7. We have 71 = 5 and 75 = 1, which yields the
cycle (1 5), and 72 = 3 and 73 = 2, which yields the cycle (2 3), and 74 = 4, which yields
the cycle (4). Normally one omits the 1-cycles. Therefore the cycle decomposition of 7 is
(15)(2 3).

The calculation of the cycle decompositions of the other elements can be facilitated by using
the cycle decompositions of ¢ and 7 from above. Thus 62=(153),01=(2534), 10 =
(1243),and (note 7> =) 7°0 = 6 = (13 5)(2 4).

Exercise 1.3.3 on page 33 Find the orders of the permutations computed in the previous
exercise.

If a permutation is a product of disjoint cycles of lengths /y,...,¢,, then its order is the
lowest common multiple [¢1,...,£,] of these lengths. Thus ¢ has order [3,2] = 6, 7T has
order [2,2], o2 has order 3, 67T has order 4, To has order 4, 720 has order 6.

Exercise 1.3.5 on page 33 Find the order of (1 128 104)(2 13)(5 11 7)(6 9).

Since this element is written as a product of disjoint cycles, we may apply Exercise 1.3.15
on page 33. The answer is the lowest common multiple of 5,2,3,2 which is 30.

Exercise 1.3.9 on page 33 Letoc=(123456789101112),t=(123456728),
®=(12345678910 11 12 13 14). For which positive integers i is 6* a 12-cycle, 7' an
8-cycle, ' a 14-cycle?

First consider o, which we may view as an element of S1,. Suppose (i,12) = 1 (that is, i
is prime to 12). Then there exists j € Z such thatij =1 mod 12, so ij = 1+ 12r for some
r € Z. Then

1+12r

(Gi)j:Gij:G _6(612)r

=0.

Since o is a 12-cycle and 6’ € S}, it must be true that ¢’ is also a 12-cycle (if you take a
power of a permutation, here the jth power of 6*, you cannot get longer cycles).



Conversely suppose (i,12) # 1, say n > 2 divides i and 12. Then
(o.i)IZ/n _ GlZi/n _ (GIZ)i/n _ li/n -1,

This tells us that the order of ¢ is at most 12/n, so 6" is not a 12-cycle (a 12-cycle has order
12). So the answer is that 6 is a 12-cycle if and only if i is prime to 12 (this is OK even if
i <0).

The solution for T and @ is similar; the answer is that 7’ is an 8-cycle if and only if
(i,8) = 1, and that @' is a 14-cycle if and only if (i, 14) = 1.

Exercise 1.3.15 on page 33 Prove that the order of an element in S, is the lowest common
multiple of the lengths of the cycles in its cycle decomposition.

Let 7 be the element in S, and let / indicate the lowest common multiple of the lengths of
its cycles. Let y,. .., ¥ be these cycles. Then yll =1 for all i and since the ¥ commute (here
it is important that the ¥; commute) we have

d=v. . y=1

Therefore |7| < I. Conversely suppose " = 1 where m € Z*. Then y/"... 7" = 1. More-
over the numbers which the }; move are mutually disjoint, so the same is true of the ",
consequently we must have ¥ = 1 for all i. This shows that m > [ and we are finished.

Exercise 1.3.18 on page 34 Find all numbers n such that S5 contains an element of order n.
Again we use Exercise 1.3.15 on page 33. The method is to find all possible shapes for cycle

decompositions of elements of S5 We will omit all 1-cycles except in the case of the identity
element, since these don’t affect the permutation. Then the possible cycle decompositions
are a l-cycle, a 2-cycle, a 3-cycle, a 4-cycle, a 5-cycle, a 2-cycle times a 2-cycle, and a
2-cycle times a 3-cycle. The corresponding orders are 1,2,3,4,5,2,6. Therefore the numbers
n for which §,, contains an element of order n are 1,2,3,4,5,6.

Exercises 1.4.1,2 on page 35 Prove that | GL,(IF,)| = 6, write out the elements of GL;(IF;),
and compute the order of each element.

The group GL,(F,) consists of 2 by 2 matrices which have entries in Z/2Z and nonzero
determinant, with the binary operation matrix multiplication. The identity of the group is
the identity 2 by 2 matrix. We now write out the elements of the group and the corresponding
orders (and of course, this also shows that | GL,(FF,)| = 6).

(é ?) which has order 1,

( 1) which has order 2,

N\
Ol =1 =1 O
—l —l O

) which has order 2,



7 N\

) which has order 2,

) which has order 3,

N\
— Ol =] = =] =
1 Ol =l =1 O

Y

%) which has order 3.

Exercise 1.5.1 on page 36 Compute the order of each of the elements in Q5.

The order of 1 is 1, the order of —1 is 2, and the order of the other six elements is 4.
We will just show that the order of i is 4. We have i # 1, i = —1#1, ¥ = —i # 1,
i* = (i#)2 = (—1)? = 1. Thus i has order 4.

Exercise 1.6.1 on page 39 Let ¢: G — H be a homomorphism.
(a) Prove that ¢ (x") = ¢ (x)" foralln € Z*.
(b) Do part (a) for n = —1 and deduce that ¢ (x*) = ¢ (x)" for all n € Z.

(a) We prove this by induction on #; it is certainly true for n = 1. If it is true for n = m, then
we know @ (x™) = ¢ (x)™, so

oL 1) = 9 (") = 9 (") (x) = ¢ (x)"9 (x) = ¢ ()"

This establishes the induction step and the result follows.

(b) We have
O P(x) = o(x 'x) = g(e) = e
Therefore ¢ (x)~' = ¢(x~!). To prove that ¢ (x") = ¢ (x)" for all n € Z: this has been

done for n € Z" in part(a), while for n = 0 both sides are e. Finally for n < 0, we have
—n € Z*, consequently

PO =9((™) =00 = ()™ = 9(0)".

Exercise 1.6.2 on page 39 If ¢: G — H is an isomorphism, prove that |¢ (x)| = |x| for all
x € G. Deduce that any two isomorphic groups have the same number of elements of order
n for each n € Z". Is the result true if ¢ is only assumed to be a homomorphism?

Let n = |x|. Then

9(x)" = ¢(x") = ¢(e) =e.
This shows that |¢(x)| divides n. Since ¢ is an isomorphism, it is bijective and therefore
has an inverse, say 6, and 0 will also be an isomorphism. Thus by replacing ¢ with 6 and
x with @ (x) in the above argument, we see that |0 (¢ (x))| divides |¢(x)|, so n divides |¢ (x)|

because ¢ (x) = x. We conclude that |@ (x)| = n as required. It immediately follows that G
and H have the same number of elements of order n for eachn € Z™.



If ¢ is only assumed to be a homomorphism, this is false in general. For example define
¢: G—Hby ¢(g) =eforallge G,andlete #x € G. Then |¢(x)| = 1 and |x| # 1.

Exercise 1.6.8 on page 40 Prove that if n ## m, then §,, and S}, are not isomorphic.

|Sy| = n! and |S,,| = m!, so if n # m the two groups have different orders and so are not
isomorphic.

Exercise 1.6.9 on page 40 Prove that Dy4 and S, are not isomorphic.

D54 has an element of order 12, namely r, which is rotation through 7 /6. On the other hand
the elements of S4 have order 1, 2, 3 or 4. This proves that D,4 and S4 are not isomorphic
(the orders of elements of isomorphic groups are the same).

Exercise 1.7.8 on page 44 Let A be a nonempty set and let k£ be a positive integer with
k <|A|. The symmetric group S4 acts on the set B consisting of all subsets of A of cardinality

kby o-{ai,...,ar} ={o(ay),...,o(a)}.
(a) Prove that this is a group action.

(b) Describe explicitly how the elements (1 2) and (1 2 3) act on the six 2-element subsets
of {1,2,3,4}.

(a) Let g,h € S4. Then
g (h-{ar,...,ax}) =g-{h(a1),...,h(ar)} = {gh(ar),...,gh(ax)}
=gh-{ay,...,a;}

and
1~{a1,...,ak} = {l(al),...,l(ak)}: {al,...,ak}.

This proves that the above defines a group action.

(b) (12)induces the permutation

{13H23p) ({14}H{24p
(1 2 3) induces the permutation ({1 2}{2 3}{1 3})({14}{24}{34})

Exercise 1.7.15 on page 45 Let G be any group and let A = G. Show that the maps defined
by g-a=ag~! forall g,a € G do satisfy the axioms of a (left) group action of G onto itself.

For g,h € G, we have
g-(h-a)=glah™") = (ah™ g =a(gh)™' =gh-a
and 1-a = a(171) = a. This proves that we have a group action.

Exercise 2.1.2 on page 48 In each of (a)—(e) prove that the specified subset is not a sub-
group of the given group:



(a) the set of 2-cycles in §,, for n > 3
(b) the set of reflections in D,,, forn > 3

(c) for n a composite integer > 1 and G a group containing an element of order n, the set
{xeG|x|=n}U{l}

(d) the set of (positive and negative) odd integers in Z together with 0

(e) the set of real numbers whose square is a rational number (under addition).

(a) (12)(23)=(123) which shows that the set is not closed under multiplication.

(b) Using the notation of the text book, we have s(sr) = r, so the product of the two reflec-
tions s, sr is a rotation, which is not a reflection.

(c) Write n = pg where 1 < p,q € Z and let x € G be an element of order n. Then x” # 1
and x” has order gq.

(d) Assuming the operation is addition, 1+1=2 shows that closure fails.

(e) (\/§+ \/§)2 ¢ Q, so closure fails.
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January 31, Ungraded Homework

Exercise 2.2.1 on page 52 Prove that C5(A) = {g € G | g 'ag=aforalla € A}.

By definition, g € Cg(A) if and only if gag™!

by ¢! and on the right by g, we see that this is if and only if a = g~
required result.

= a for all a € A. Multiplying on the left
Lag, which yields the

Exercise 2.2.2 on page 52 Prove that C;(Z(G)) = G and deduce that Ng(Z(G)) = G.

Let g € G. Then by definition of center, gx = xg for all x € Z(G). Therefore g € C5(Z(G))
and we have proven that G C C5(Z(G)). The reverse inclusion, namely Cg(Z(G)) C G
is obvious, and it follows that C5(Z(G)) = G, as required. Since the centralizer is always
contained in the normalizer, we now see immediately that Ng(Z(G)) = G.

Exercise 2.2.5 on page 52 In each of parts (a) to (c) show that for the specified group G
and subgroup A of G, Cg(A) =A and Ng(A) = G.

(@) G=S3andA={1,(123),(132)}.

(b) G=Dgand A = {1,s,r? sr’}.

(¢c) G=Dypand A = {1,172, 1, r*}.

(a) Since the elements of A commute between themselves, we certainly have A C Cg(A).
Thus to verify Cg(A) = A, we need to show that each 2-cycle of G is not in Cg(A).
Since (12)(123)(12)~! = (13 2), this is indeed the case for (1 2), and the argument
for the other two 2-cycles is exactly similar. For Ng(A), we need to show gAg Tl =A
for all g € G. For example with g = (1 2), we have

(1

=(12)1(12)7 ' =1

(123) =(12)(123)(12)'=(132)
g(132)g7'=(12)(132)(12) ' =(123)

so we are OK with g = (1 2). We do a similar calculation with the other six possibilities.

On the other hand our calculation is simplified if we use the result that for all g € S,, and
m<n,

g(12 ...mg ' =(glg2 ... gm);
in particular applying g...g~! yields a permutation with the same cycle shape.

(b) As in (a), the elements of A commute between themselves, so we have A C C(A). For
Ng(A), we need to show gAg~! = A for all g € G. For example with g = r,

glg ! = rlr =1
gsg*1 =rsr 1 =517
grzg_l — 2l 2

gsrzg_1 —rsrir =3



so we are OK with g = r. We do a similar calculation with the other seven possibilities
for g (of course this calculation is particular simple in the case g = 1).

(c) This is similar to (b); however the calculations can be simplified considerably if we
assume the theorem that every subgroup of index 2 is normal, which we will cover
soon in class. Since |A| =5 and |Djg| = 10, we see that A has index 2 in G and hence
A <1G. Therefore Ng(A) = G. Since the elements of A commute among themselves, we
certainly have A C Cg(A). Suppose s commutes with r. Then srir = rsr’ = sr~!r' and
we see that 7> = 1, which is not the case. Therefore sr' ¢ Cg(A) for all i and we deduce
that Cg(A) = A, as required.

Exercise 2.2.10 on page 53 Let H be a subgroup of order 2 in G. Show that Ng(H) =
Cg(H). Deduce that if Ng(H) = G, then H < Z(G).

We always have Cg(H) C Ng(H). Conversely suppose g € Ng(H). Since |H| = 2, we may
write H = {1,x} where | #x € H. If h € H, then h =1 or x. If h = 1, then obviously
ghg~™! = 1 = h. On the other hand if & = x, then ghg~' = 1 or x because g € Ng(H). But
if gxg~! = 1, then by multiplying on the left by g~! and on the right by g, we obtain x = 1
which is a contradiction. Therefore gxg~! = x and we conclude that ghg~! =hforall h € H.
This finishes the proof that C¢(H) = Ng(H). Finally if in addition Ng(H) = G, then we
see that Cg(H) = G, so ghg™' = h for all g € G and h € H. This shows that 1 € Z(G) for
all h € H and we have proven that H < Z(G) as required.
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February 2, Ungraded Homework

Exercise 2.3.1 on page 60 Find all subgroups of Z4s = (x), giving a generator for each.
Describe the containments between these subgroups.

The problem is equivalent to finding all the subgroups and containments between them for

Z./457. For each positive integer n dividing 45, there is a unique subgroup of order n;

this subgroup is (M), the cyclic group with generator m Therefore the subgroups of

7./457 are (1), (3), (5), (9), (15), (45).

For the containments, we have (@) C (b) if and only if b|a (this only works when a,b[45).

Thus we have

45) s contained in
is contained in
is contained in
is contained in
is contained in
is contained in

(9), (15), (45).
(15).
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For the cyclic subgroup of order 45 with generator x, replace 7 with x" everywhere. Thus,
for example, the subgroups of (x) are (x), (x), (x°), (x?), (x1), (x*¥). The last one is of
course 1 (the subgroup consisting of just the identity).

Exercise 2.3.3 on page 60 Find all generators for Z/487Z.
7./487Z = {0,1,...,47}. Also @ is a generator of Z/487 if and only if |a| = 48, and
|a| = 48/(48,a). Thus a is a generator of Z/48Z if and only if (a,48) = 1. Therefore
115 11 13[17 19|23
25129 35|37 43 | 47

| i

the generators of Z /487 are 37 41

W
p—

Exercise 2.3.10 on page 60 What is the order of 30 in Z/547? Write out all of the
elements and their orders in (30).

The order of 1in Z/547 is 54. Since 30 = T30, we see that (see Proposition 5 on page 57)
that |30| = 54/(54,30). The greatest common divisor of 54 and 30 is 6, hence the order of
30 s 9.

Now we find the orders of all the elements in (30). Since the order of 30 is 9 (from the
previous paragraph), |(30)| = 9, which means that the elements of (30) are 30, 30", 30°,
53, E{ ﬁs, %6, 30, 30°. Remembering that the operation is modular addition, these

elements are 0, 30, 6, 36, 12, 42, 18, 48, 24 respectively. The corresponding orders are
9/(9,0),9/(9,1),9/(9,2),9/(9,3),9/(9,4), 9/(9,5), 9/(9,6),9/(9,7), 9/(9,8). Putting
this altogether in a table, we obtain the following result:

element

0

30

6

36

12

42

18

48

24

order

1

9

9

3

9

9

3

9

9
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February 7, Ungraded Homework

Exercise 2.3.12 on page 60 Prove that the following groups are not cyclic.
(a) Z/27.x7./27

(b) Z)27 X 7.

(c) ZXZ

(a) |Z/27 x ZJ27| = 4, so if the group was cyclic, it would have an element of order 4.
This is not the case because all nonidentity elements have order 2.

(b) Since Z /27 x 7 is infinite, if it is also cyclic, it must be isomorphic to Z. However the
given group has an element of order 2, namely (1,0), whereas all nonidentity elements
of Z have infinite order.

(c) Suppose Z x Z is cyclic. Then it would have a generator (a,b), where a,b € Z. This
would mean that every element of the group could be written as (na,nb) for some n € Z.
Thus there would be p,q € Z such that (pa, pb) = (1,0) and (ga,gb) = (0,1). The we
have pa =1 and gb = 1, so p,q # 0, and then pb = 0 and ga = 0 yields a = b =0 and
we have a contradiction.

Exercise 2.3.15 on page 60 Prove that Q x Q is not cyclic.

Z x 7. is a subgroup of Q x Q. From the previous problem Z X Z is not cyclic, which proves
the result because subgroups of cyclic groups are cyclic.

Exercise 2.3.18 on page 60 Show that if H is any group and /4 is an element of H with
h" = 1, then there is a unique homomorphism from Z/nZ = (x) to H such that x — h.

Suppose 0: Z/nZ — H is a homomorphism with 8x = h. Then 0(x') = A’ because 0 is a
homomorphism, and since every element of Z/nZ can be written in the form x', we see that
0 (if it exists) must be unique.

Now we must show that 8 exists. We define 6 (x') to be 4. This is clearly a homomorphism;
the only possible problem is whether 6 is well defined. We need to show that if x' = x/, then
the two possibilities for 6, namely /' and 4/, are in fact the same. However if x' = x/, then
X~/ =1, hence n|i — j because x has order n. Therefore hi=J =1 because h" = 1 and we
deduce that 4’ = h/ as required.

Exercise 2.4.2 on page 65 Prove that if A is a subset of B, then (A) < (B). Give an example
where A C B with A # B but (A) = (B).

By definition, (B) is a subgroup of G which contains B and in particular contains A. Again
by definition, we deduce that (B) contains (A). For the final sentence, we could let G

be any group, B to be the whole of G and A to be the nonidentity elements of G. Then
(A)=(B)=G.



Exercise 2.4.6 on page 65 Prove that the subgroup of S4 generated by (1 2) and (1 2)(3 4)
is a noncyclic group of order 4.

Let H={(1),(12),(34),(12)34)}. Itis easily checked that H is a subgroup of S4. Clearly
it contains (1 2) and (1 2)(3 4), and it has order 4. Finally it is noncyclic because it has no
element of order 4; in fact every nonidentity element has order 2.

Exercise 3.1.1 on page 85 Let ¢ : G — H be a homomorphism and let E be a subgroup of
H. Prove that ¢ ~!(E) < G (i.e. the preimage or pullback of a subgroup under a homomor-
phism is a subgroup). If E <1 H, prove that ¢ "' (E) <t G. Deduce that ker ¢ < G.

Since E is nonempty, it is clear that ¢ ~!(E) is also nonempty. Next let x,y € ¢~ !(E).
Then ¢ (x),¢(y) € E, hence ¢(xy) = ¢(x)¢(y) € E. Finally let x € ¢ ' (E). Then ¢ (x ') =
¢(x)~! € E and it now follows that ¢ ~'(E) < G.

Suppose in addition that H is normal in G. Let g € G and x € ¢ ~!(E). We need to show that
gxg~' € ¢ 71(E), equivalently that ¢ (gxg~') € E. Since ¢ is a homomorphism, ¢ (gxg~') =
¢ (g)0(x)¢(g)~", and this last element is in E because E < H and ¢ (x) € E. Finally it now
follows that ker ¢ <1 G, because we apply the above with E = 1; in this situation ker ¢ =
¢~!(1) and 1 is certainly a normal subgroup of H.

Let G be a group and let H < G. Prove that (H,Z(G)) = HZ(G).
Set Z =Z(G). Note that HZ < G. This is because

i) 1=11land1 €H,Z,sol € HZ.

(i1) Let hx and ky € HZ, where h,k € H and x,y € Z. Since every element of Z commutes
with all elements of G, (hx)(ky) = (hk)(xy) € HZ, so HZ is closed under multiplica-
tion.

(iii) Let hz € HZ, where h € H and z € Z. Since z commutes with 4, we have (hz)_l =
(zh)~' =h~'z71 € HZ, so HZ is closed under taking inverses.

We deduce that HZ O (H,Z). On the other hand if K is a subgroup containing H,Z, then it
must contain HZ and we conclude that (H,Z) = HZ.
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Exercise 3.1.4 on page 85 Prove that in the quotient group G/N, (gN)* = g%N for all
o< Z.

If o is positive, this is proved by induction. The result is certainly true if & = 0 (both sides
are then the identity N); if it is true for o = s, then we have

(8N)*"! = (gN)(gN)* = gN(g'N) = " "' N
as required. On the other hand if & is negative, then — is positive and we have
(eN)*=((eN) ) *=(g'N) ¥ =(g ") *N=¢N
and we are finished.

Exercise 3.1.36 on page 89 Prove that if G/ Z(G) is cyclic, then G is abelian.

Write Z =Z(G). If G/Z is cyclic, then G/Z = (xZ) for some x € G. This means that the left
cosets of Z in G are of the form x“Z for some a € Z and z € Z. Therefore every element of
G is of the form xz. Suppose we have another such element, say x’w (so w € Z). Then

(x2) (xPw) = zwxx? = wzxPx® = (wa?) (zx%),
consequently any two elements of G commute and we have proven that G is abelian.

Exercise 3.1.22(a) on page 88 Prove that if H and K are normal subgroups of a group G,
then their intersection H N K is also a normal subgroup of G.

We have already proved previously that H N K is a subgroup of G; see Exercise 2.1.10(a) on
page 48. We now need to verify the normality condition: let g € G. Then gHg~! = H and
gKg~! =K, consequently

g(HNK)g ' CgHg 'ngkg ' =HNK.

Since N is a normal subgroup of G if and only if N < G and gNg~! C N for all g € G, the
result is proven.

Let G be a group and let H < G. Prove that the formula g - (xH) = gxH for g,x € G defines
an action of G on the left cosets of H in G.

We should note that the formula is well defined because if xH = yH, then
g+ (xH) = gxH = g(xH) = g(yH) = gyH = g - (yH).
We now have
(i) 1-(xH) = 1xH = xH.
(i1) If g,k € G, then
g (k-xH)=g-(kxH) = gkxH = (gk) - (xH).

This shows that we have an action, as required.
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Exercise 3.1.22(a) on page 88 Prove that if H and K are normal subgroups of a group G,
then their intersection H N K is also a normal subgroup of G.

We have already proved previously that H NK is a subgroup of G; see Exercise 2.1.10(a) on
page 48. We now need to verify the normality condition: let g € G. Then gHg~! = H and
gKg™! = K, consequently

g(HNK)g ' CgHg 'ngkg ' =HNK.

Since N is a normal subgroup of G if and only if N < G and gNg~! C N for all g € G, the
result is proven.

Exercise 3.1.33 on page 88 Find all normal subgroups of Dg and for each of these find
the isomorphism type of its corresponding quotient.

We shall write G = Dg = {r,s | ©* = s*> = e,rs = sr~'}. Thus the elements of Dg are r and
sri fori=0,1,2,3. A very useful result (which we shall cover in class) is that if H < G and
|G/H| =2, then H < G.

Let N <1G. Then by Lagrange’s theorem N must have order 1,2,4 or 8, so let us consider
these four cases separately.

1. |[N|=8. Then N =G and G/N = 1.
2. IN|=1.ThenN =1 and G/N = Ds.

3. [N| =4. Then |G/N| = |G|/|N| = 8/4 =2. Any group of order 2 is cyclic and
therefore isomorphic to Z/2Z, consequently G/N = Z/27.. If we use the table on
page 69, the subgroups of order 4 in Dg are (s,r?), (r), (rs,r*). As remarked above
these subgroups are normal because they have index two; however it is not difficult to
check that these subgroups are normal directly.

4. |N| =2. Then N = (x) where x is the unique nonidentity element of N, and |x| = 2.
The elements of order 2 in Dg are sr for i = 1,2,3,4 and r?.

Suppose x = sr’. Then N = {e,sr'} and rNr~' = {e,rsrir '} = {e,sr 1rir 1} =

{e,sr'=2}. Thus N # rNr~! and we see that N is not normal in G.

1 1

Now suppose x = 2. It is easily checked that gr’g~! =2 forall g € G, hence gng~!' =
n for all n € N and we deduce that N <G. Also (s#'N)? = (sr')?N = N and (r'N)? =
(r')2N = r¥N = N or >N = N. Thus every element of G/N has order at most 2, hence
G/N 2% 7Z/4Z and we deduce that G/N = Z /27 x 7./ 2.

Exercise 3.2.1 on page 95 Which of the following are permissible orders for subgroups
of a group of order 120: 1, 2, 5, 7, 15, 60, 240? For each permissible order, give the
corresponding index.



By Lagrange’s theorem, the given number has to divide 120 (the order of the group). So
the permissible orders are 1, 2, 5, 15, 60. Perhaps it is worth noting that all these orders
are possible if the group of order 120 is cyclic, because for such a group there is exactly
one subgroup of order n for each positive integer n dividing 120. Finally the corresponding
indexes are 120/1, 120/2, 120/5, 120/15, 120/60; that is 120, 60, 24, 8, 2.

Exercise 3.2.4 on page 95 Show that if |G| = pq for some primes p and ¢ (not necessarily
distinct) then either G is abelian or Z(G) = 1.

Write Z = Z(G). By Lagrange’s theorem |Z|||G], so |Z| = 1, p,q or pq. If |Z| = pq, then
Z = G which shows that G is abelian (the center of a group is always abelian). Therefore
we may assume that |Z| = p or ¢; without loss of generality |Z| = p, and then it follows that
G/Z| = |G|/|Z] = q.

I claim that G/Z must be cyclic. Indeed let x be a nonidentity element of G/Z. Then (x) is
a subgroup of G/Z which is not equal to 1. By Lagrange’s theorem \(x)Hq and since ¢ is
prime, we see that |(x)| = g. Therefore (x) = G/Z and it follows that G/Z is cyclic.

Since G/Z is cyclic (and Z is contained in the center of G), it follows that G is abelian (see
Exercise 3.1.36) and the proof is complete.



