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We can understand many physical properties of metals, and not
only of the simple metals, in terms of the free electron model.
According to this model, the valence electrons of the constituent
atoms become conduction electrons and move about freely
through the volume of the metal. The utility of the free electron
model is greatest for properties that depend essentially on the
kinetic properties of the conduction electrons.

The interpretation of metallic properties in terms of the motion of
free electrons was developed long before the invention of quantum
mechanics. The classical theory had several conspicuous successes,
notably the derivation of the form of Ohm's law and the relation
between the electrical and thermal conductivity.

The classical theory fails to explain the heat capacity and the
magnetic susceptibility of the conduction electrons.
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w
Clasical Vs, Quantum Mechs models s

e Classical Model: * Quantum Mech. Model:

Electrons are in a potential
well with infinite barriers:
They do not leave metal,
but free to move inside

— Electron energy levels are
discrete (quantized) and

* Metal is an array of positive
ions with electrons that are
free to move through the
ionic array

— Electrons are treated as an ideal
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The modelin Bief ... L

- This model explains lots of properties in metals.

* It assumes free electrons in the so called conduction band:
e Example: Nall: We have 11 electrons distributed as follows:
o 152 2¢2 2p6 3@4— Valance electron (loosely bound)

* Hence, there is a free electron/atom in the 3S state

* Or we have one electron/atom in the 3S conduction Band.

* For a crystal of N atoms: we have N conduction electrons and N
+tive lons.

- Classical Theory fails to explain for C, (heat capacity) and ¥,
(magnetic Suc.) for the full range of Temperature.

* What is Fermi Gas? : It is a collection of large No. of electrons that
are free to move but subject to Pauli Exclusion Principle
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Conduction electronsin Sodium LS

Na atoms in Na crystal overlap slightly. This leads
O” to the fact that a valance electron is not attached
‘ to a particular ion, but belongs to all neighbouring

, ions at the same time.

 Accordingly; electrons can virtually move freely all over the crystal
leading to conduction of electricity.
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M

M Consider a free electron gas in one
dimension, taking account of quantum
theory and of the Pauli principle. An
electron of mass m is confined to a length L
by infinite harriers.

B We will have to use Schrodinger Wave Equation
to solve the problem and find out energy levels.

_ h2 d2l//n
2m dx*

L Hy = =&V,

g 1stheenergy of the electron in the nth. state (orbit).
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 Applying Boundary Conditions for the wave function:

O} v at borders =0

N\

> satisfies the wave function at boundary  (2)

. (nrx

or = A4 sin| —x

v, [ =

/ 2
— ay, =Aﬂcos Mx and :>dz—l//2”:—A ﬂj sin(ﬂxj
dx L L dx L L
2 2
_ (-4 )(ﬂ) sm(ﬂx j =¢ A sm(ﬂx
2m L L )
WY nir?

e — 3

" 2m L*? (3)
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Energy Levels i

- Every state (n) can have two electrons; one at m=+) and one at:
m.=-%.

* If state n has energy €, and a state m also has energy €,,: We call
this degeneracy.

« When we have many electrons, + N
the energy levels are filled from ﬂ /1:%

the bottom to the top. The last /7N __§_7KTE ) ;
filled level is the Fermi level and is ~—

denoted as: n; wﬁ L= 1A=L

* Right: 1-D potential well. Energy § |7~ \;; "—;y”:?
of electron is shown for lowest 3 ﬂ A=2L -
states (n=1,2, and 3) il ~J _,
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mi Gas

Ref. Introductory Quantum Mechanics
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Fermi Surface and Fermi Energy.levels

« We can easily calculate the location of Fermi Level n; for N-
electron system (even No.): 2n. =N

*=>n.=N/2

* Example: N = 6 electrons:

* n =1 has 2 electrons

* n =2 has 2 electrons

* n =3 has 2 electrons (n)

* Total: 6 electrons =» n.=6/2=3

let £. = Fermi Energy

&, 1s the energy of the n. level. in Ground Sate for N electrons:

3) = &, = h’ (l’lFﬂ') R (N?Z') @)

om\ L ) 2m\ 2L
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ECT OF TEMPERATURE ON THE F

* The ground state is the state of the N electron system at absolute
zero. What happens as the temperature is increased? The solution
is given by the Fermi-Dirac distribution function.

* The kinetic energy of the electron gas increases as the
temperature is increased: some energy levels are occupied which
were vacant at absolute zero, and some levels are vacant which
were occupied at absolute zero .The Fermi-Dirac distribution gives

the probability that an orbital at energy € will be occupied in an
ideal electron gas in thermal equilibrium.

()= )

e(g_,u)/kBT + 1

L is a function of the temperature; it is to be chosen in such a way
that the total number of particles = N. At absolute zero p = g,
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T OF TEMPERATURE ON T,

because in the limit T = 0 the | /&)
function f(e) changes
discontinuously from the value
1 (filled) to the wvalue 0|1V
(empty) at € = & = p. At all
temperatures f(€) is equal to % | o 5
when € = u, for then the
denominator of (5) has the
value 2.

f(e) =1 (means full)
f(e) = 0 (means vacant)

At very low temp. f(€) becomes similar to Boltzmann or Maxwell
Distribution.
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F TEMPERATURE O

Eplky
. |
f(e) at the . | | |
various e RN 0K )
temperatures, " | \\ B
for ' “\\ X \
TE = E/:/KBT= Eﬂ‘ﬁ 23x 107K ""'*-H | \
50,000 K. The | ~ \ \
total number I =~ | |
of particles is | \& | |
constant, . — | \ ~%J=N§;
independent R | q \\
of 0 1 3 1| ! ;\h ﬁ\\hh?_ R
tem peratu re. &k, in units of 107 K
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FERMI-DIRAC D

This is what the f(€) looks like at | ~ Fermi energy

different Temperatures

e AsT> 0K, it becomesastep ) o 500K
. 1 = 10000 K

function

e Note that the lower energy =

levels are usually filled first, and
as temperature increases;

no of electrons at higher energy
levels increases.

&/k (in units of 10" K)

Fermi energy changes as the temperature changes because it is
defined as: pu =F_,,-F. (n=no. of particles, electrons)

Where F is the Helmholtz Free Energy: F=U-TS

U: System energy, S: Entropy (Increases as T increase)
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Different DISTRIUTION Systems. L

Distribution
System

Maxwell- *identical particles _
axwe dentical p £(8)=Ae elkgT

Boltzmann edistinguishable
distribution ewave function : not overlap

Bose- *ldentical particles i
Einstein *indistinguishable f(&)=—=7
C . : e‘e”"t —1
distribution ewave function : overlap
*spin quantum number =0,1,2, ...
Fermi-Dirac eldentical particles
1

distribution eindistinguishable fE=—
wave function: overlap e
*spin quantum number =1/2,3/2,5/2

+1
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FREE ELECTRON GAS IN T,

We just need to extend our results for 1-D.

o 0
+——+
2 dy 2 dZ 2

for a cube of length L we |

j SIn

_h?
2m

Tn_X
L

v (r)=A4 sin(

jWk (r)=¢&y, (r)

(6)

1aVe.

p
n,y n_z

S1n

(7)

J

|

J

L L

n_,ny,n_ are all positive intigers.

v 1s periodic in X, y, z with period L. Thus:

wx +L,y,z)=w(x,y,z)
wx,y+L,z)=w(x,y,z), y(x,y,z+L)=wy(x,y,z)

(8)
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FREE ELECTRON GAS IN T,

Wave functions satisfying the free particle Schrodinger equation
and the periodicity condition are of the form of a traveling plane

‘//k(”):eik'r (9)
with: &k k k=0, £ —; £ —; ...... (10)
Any component of k of the form 2nn/L will satisfy the periodicity

condition over a length L, where n is a positive or negative integer.
these values of k, satisfy (8), for:

2 (x+L) izn—ﬂx izn—ﬂx
ezk (x+L)— — e L .ez2n7z:e L :ezkxx (11)
Differentiate (9) twice then put it back in Eq. (6):
2 2
£, = g R (k2 +k?2+k2) (12)
2m 2m

King Saud University, Physics Dept. Phys. 570, Nasser S. Alzayed (Nalzayed@ksu.edu.sa)



FREE ELECTRON GAS IN T,

The energy at the surface of the sphere is the Fermi energy:

2
2 k; (14)
2m

We can calculate the total No. of states inside Fermi Sphere from
dividing the total Fermi sphere volume on the volume of one state

3
Volume of one state: (2L—7[j

Total volume of Fermi Sphere: %ﬂkﬁ

4 27y ¥V
Y =2.?7zk§/(L—j = 3 —k, (Total No.of states) (15)
4
37[2N 1/3

Hencem k. depends only on particle concentration
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n Fermi Gas
ELECTRON GAS IN THRE

The occupied states are inside the Fermi sphere in k-space as
shown below; the radius is Fermi wave number k;
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Calculated values of kg, vg and Eg are given in Table 1 for selected metals.

Table 1 Calculated free electron Fermi surface parameters for metals at room temperature
(Except for Na, K, Rb, Cs at 5 K and Li at 78 K)

Fermi
Electron Radius* Fermi Fermi Fermi temperature
concentration, parameter wavevector, velocity, energy, Ty = ep/kp,
Valency Metal in cm™? e in em™! in em s~ ! in eV in deg K

S T i B o R . Ny B SRS L e D

1 Li 1.70 x 10* 3.25 1.11 x 108 1.29 x 10% 4.72 548 x 104
Na 2.65 3.93 0.92 1.07 3.23 3.75
K 1.40 4.86 0.75 0.86 2.12 2.46
Rb 1.15 5.20 0.70 0.81 1.85 2.15
Cs 0.91 5.63 0.64 0.75 1.58 1.83
Cu 8.45 2.67 1.36 1.57 7.00 8.12
Ag 5.85 3.02 1.20 1.39 5.48 6.36
Au 5.90 3.01 1.20 1.39 5.51 6.39

2 Be 24.2 1.88 1.93 2.23 14.14 16.41
Mg 8.60 2.65 1.37 1.58 7.13 8.27
Ca 4.60 3.27 1.11 1.28 4.68 5.43
Sr 3.56 3.56 1.02 1.18 3.95 4.58
Ba 3.20 3.69 0.95 1.13 3.65 4.24
Zn 13.10 2.31 1.57 1.82 9.39 10.90
cd 9.28 2.59 1.40 1.62 7.46 8.66

3 Al 18.06 2.07 1.75 2.02 11.63 13.49
Ga 15.30 2.19 1.65 1.91 10.35 12.01 -
In 11.49 2.41 1.50 1.74 8.60 9.98

4 Fb 13.20 2.30 1.57 1.82 9.37 10,87
Sn(w) 14.48 2.23 1.62 1.88 10.03 11.64

*The dimensionless radius parameter is defined as r, = ro/ay, where ay is the first Bohr radius and rg is the radius of a sphere that contains one electron.
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RON GAS

D)

Density of orbitals, relative scale

mi Gas

Figure 5 Density of single-particle states as a fune-
tion of energy, for a tree electron gas in three dimen-
sions. The dashed curve represents the density
f e, T)Die) of filled orbitals at a finite temperature,
but such that kT is small in comparison with &y, The
shaded area represents the filled orbitals at absolute
zero. The average energy is increased when the tem-
perature is increased from 0 to T, for electrons are
thermally excited from region 1 to region 2.
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ELECTRON GAS IN TH

The number of orbitals per unit energy range: D(€) = density of

states.
V- (2meg 32
N= 3x° ( h? ) (19)

This leads to:

dN _ V
de 27°
Equation (19):

D(e) =

3
In N = Eln & + const . Within a factor of the order of unity,

the number of orbitals per unit energy
Hence: . .
range at the Fermi energy is the
dN 3 de dN 3N total number of conduction electrons
N = 5 o = D(¢) = de - 2e (Z1)] givided by the Fermi energy.
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EE ELECTRON GAS IN THREE DI

The number of orbitals per unit energy range: D(€) = density of
states.

N V (ngj (19)

N 37°\ h?

This leads to:
dN VvV (2m)**
D(¢) = PR ( 3 j £"% (20)

Equation (19):

3
INN = In¢&+const. Within a factor of the order of unity,

the number of orbitals per unit energy

Hence: range at the Fermi energy is the
dN 3 de dN 3N total number of conduction electrons
W = E? = D(¢) = de = 2 ¢ (21) divided by the Fermi energy.
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HEAT CAPACITY OF THE

The question that caused the greatest difficulty in the early
development of the electron theory of metals concerns the heat
capacity of the conduction electrons. Classical statistical mechanics
predicts that a free particle should have a heat capacity of %kg
where kg is the Boltzmann constant.

If N atoms each give one valence electron to the electron gas, and
the electrons are freely mobile, then the electronic contribution to
the heat capacity should be %Nk, , just as for the atoms of a
monatomic gas. But the observed electronic contribution at room
temperature is usually less than 0.01 of this value.

When we heat the specimen from absolute zero, not every electron
gains an energy ~kgT as expected classically, but only those
electrons in orbitals within an energy range k;T of the Fermi level
are excited thermally

| AT
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HEAT CAPACITY OF TH

If N is the total number of electrons, only a fraction of the order of
T/T: can be excited thermally at temperature T.

Each of these NT/T; electrons has a thermal energy of the order of
kgT. The total electronic thermal kinetic energy U is of the order of:

U, =N T—kBT (22)
TF
The electronic heat capacity Is given by:
Cy= T~ Nky 23)
oT T,

C,, is directly proportional to T, in agreement with the experiment.
At room temperature C, is smaller than the classical value 2Nk, by
a factor of the order of 0.01 or less, for T, ~5 X 10* K.

Hence: Classical value does not agree with experiment
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HEAT CAPACITY OF THE EL

* Classical Statistical Physics heat capacity of one electron: C= %k,

e Classical Statistical Physics heat capacity of N electrons: C = 2Nk,

e Experimental result of C = 1% of this value only

e Error in Classical theory was due to considering all electrons that
participate in conductivity as Free electrons.

*Fermi solved this puzzle: Only electrons that have energies of ~ kT
below Fermi Surface or higher participate in Heat Capacity.

e Hence: only NT/T, of electrons is important.

 All other electrons are not useful.

Electrons in this regi

Electrons in this region don’t
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EAT CAPACITY OF TH

= All Free electrons participate in Electrical Conductivity
 Butonly T/T; fraction participate in Heat Capacity

e This conclusion is a major indication of the success of the Fermi
Free Electron Gas.
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Deriving HEAT CAPACITY

* We want to derive an expression for the electronic heat capacity:

The increase AU =U (T ) —U (0) in the total cnergy of a system of N electrons
when heated from O to T is:

AU = ng (e)f (e)d e - I eD(e)de (24)
0 0
Total No of electrons inside Fermi sphere (or including outside where no electros):

N = T D(e)f (e)de= T D(e)de (25)
we can write (then multply both sides by &.:)

T jdg+jdg

{ j j jD(s)f (g)ngg_gngD(g)dg (26)
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Deriving HEAT CAPACITY OF T

(26) & (24): 6 terms:

AU = j(g—gF)D(g)f (£)d &+ j (& —&)[1-T (£)]D(e)d e (27)
& 0

The first integral on the right-hand side of (27) gives the energy

needed to take electrons from g, to the orbitals of energy €>¢,, and

the second integral gives the energy needed to bring the electrons

to . from orbitals below €.

The product f(€)D(€)de in the first integral of (27) is the number of
electrons elevated to orbitals in the energy range de at an energy .
The factor [1 - f(€)] in the second integral is the probability that an
electron has been removed from an orbital .

The heat capacity is found on differentiating AU with respect to T.
The only temperature-dependent term in (27) is f(e)
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Deriving HEAT CAPACITY

The heat capacity of the electron gas is found on differentiating 8U
with respectto T.

du ¢ df
e =F=£de[s—eF]ﬁD<e> (28)
Fermi Dirac: f (&) = gi (x1)
e(KBTJ +1

LetD(s) > D(&-) In (28) and ¢ — - In Fermi Dirac Function:

Ca =D (&) j defe - eF] (29)
equation (x1) becomes.
f () =—— (x 2)

e(KBT J +1
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Deriving HEAT CAPACIT

let kK, T —>:
1
f(g): (g_gF] (XB)
et 7+1

we then differentiate w.r.t z:

_(g_ng je(gﬁj (1) e(g_gpj

df (¢) | 4 | [ &—¢&F ‘
dr o —( -2 _( 2 j— —2 (X4)
e

cr=KT =dr=kgdT
1 1
— =k 5 —
dT dr
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Deriving HEAT CAPACIT

Rewriting Eq. (29):

E—g e[g—TgFj
)

C, =kg D(gF)Idg[g gF]( —

= — (30)

¢ c—e. Y e(g_’gFj
:ce,szD(gF)jdg( Fj
0

T

let : :(g_gFj:dx _de_de 4.k, Tdx
T T KgT

—we have k., T and k_ in (30) = kT :
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Deriving HEAT CAPACITY

Hence, we have:

X

e

Cy =kgTD (&) | dx x?

31
i [ex +1]2 D

T

for the lower limit of integral:

X =(“"_‘9F j:>x _9=% _ =% [ower limit in (30) = £=0]
T T T

as T -0, X —> -0
Using table of Integrals:

00 X 2
/4

dx x2—° 32
’[oxx[equ]2 2 (32)

(32) in (31): c, =%2kBZTD(5F) (33)
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Electronic HEAT CAPACIT

From eq. (21) above, we have:

3N
D(EF):Z—

=

3 N
B! F

E

with: T, =k—F, (33) —:

B

1 ., > T

T. =Const.

C

Recall that although T is called the Fermi temperature, it is not the
electron temperature, but only a convenient reference notation>

We shall compare this result with experimental data.
S
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Experimental Hear Capacity of Metals, L

At temperatures much below both the Debye temperature and the Fermi

temperature, the heat capacity of metals may be written as the sum of electron
and phonon contributions:

C=)T+AP
where yand A are constants characteristic of the material.
.. Electronic part is Linear to T (Agree with Fermi Free Electron Model)

While Phononic part is o: T’ (Agree with Debye model)

30

CT=208+257T2, o=

FPotassium n_____,ﬂ--ﬁ '

.-"'r.-..-r
o

/T, in m)fmel-K*
[t
2
T T T

2.1]1']

01 0.3 T 03
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ELECTRICAL CONDUCTIV

The momentum of a free electron is related to the wavevector by
mv = hk . In an electric field E and magnetic field B the force F on an
electron of charge —e can be written as:

F:mdvzhdkz—e[Eleva} (39)
dt dt C

This equation is the Newton's second law of motion for the

electron of charge —e and mass m, in both of E and B.

We want to find the Electrical Conductivity (From Ohm’s Law).
Hence, we set B = 0 (no magnetic Field):

h%:—e[E] =dk =—eEdt /| h
by intigrating both sides:

k(t)—k (0)=—eEt | h (40)
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ELECTRICAL CONDUCTIVIT

If the force F = -eE is applied at time t = 0 to an electron gas that
fills the Fermi sphere centered at the origin of k space, then at a
later time t the sphere will be displaced to a new center at:

Sk =—eEt | h (41)

Notice that the Fermi sphere is displaced as a whole because every
electron is displaced by the same 0k.

Because of collisions of electrons, the displaced sphere may be
maintained in a steady state in an electric field. If the collision time
is T, the displacement of the sphere is given by (41) with t =t. The
velocity is: v=P/m = hk /m =-eE t/m.

If E = constant; there are n electrons of charge -e per unit volume,
the electric current density is:

j=nqgv =n(—e) =n(—e)(—eEt/m)=ne’tE / m (42)
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Fermi sphere
at ¢

Fermi sphere L
at time t =0 ¥
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Figure 10 (a) The Fermi sphere encloses the occupied electron orbitals in k space in the ground
state of the electron gas. The net momentum is zero, because for every orbital k there is an
occupied orbital at —k. (b) Under the influence of a constant force F acting for a time interval ¢
every orbital has its k vector increased by 8k = Ft/fi. This is equivalent to a displacement of the
whole Fermi sphere by 8k. The total momentum is NA&k, if there are N electrons present. The
application of the force increases the energy of the system by N(#hék)*/2m.
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ELECTRICAL CONDUCTIV

Equation (42) is called Ohm’s Law.
We can find the electrical conductivity o defined by j =0 E, so by

(42):

o= ne v (43)

The electrical resistivity p is defined as the reciprocal of the
conductivity, so that: (see table 3)
L_m (44)

p: = >
O ne v

It is easy to understand the result (43). Charge transported is
proportional to the density ne; e/m is because the acceleration is
proportional to e and inversely proportional to the mass m.
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ELECTRICAL CONDUCTIVIT

*According the Table 3, conductivity of cupper could be:

5.88x10° /Q.cm at room temp.

*This value could be as high as 10° times larger at low
temperatures.

*Hence: cupper crystals become more pure when cooled and vise
versa. This applies to all crystals.

*This leads to large increase in relaxation time t that can reach
values: 2x10° s at very low temp.

*We have a quantity that depends on t which is ¢(mean free path)
which represents the mean distance between every tow collisions.

* (is expressed as: ¢ = VT
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ELECTRICAL CONDUCTI

if the electric field were switched off; the momentum distribution
would relax back to its ground state with the net relaxation rate:

11t 1 (45)

T 7 T.

l

where 7, and 7, are the collision times for scattering by phonons and by
imperfections, respectively.

Total resistance from phonons and impurities is:

p=p.+p, (46)

First term is independent of impurities (when their concentration
is small) .
and 2" term is independent of temperature.
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ELECTRICAL CONDUCTIVI

The relation ¢ = vt shows clearly that Fermi velocity v is the same
as the velocity of electrons in the conductor because all collisions
involve only electrons near the Fermi surface.

From Table 1 we have v; = 1.57 X 108 cm S for Cu, thus the mean
free path is {4 K) = 0.3 cm. Mean free paths as long as 10 cm have
been observed in very pure metals in the liquid helium temperature
range.

Since v; is very high as we showed previously; and because ¢is large
(as large as 10 cm) then we expect that tis very small. Usually this
time is opposite to Fermi velocity.
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MOTION ofelectrons IN MAGNETIC AIELDS L

When electrons move under both of B and E:

F:-e(ﬁ+l*x1§j (49)

C

Ist term: eE is coulumbic force, 2nd term 1s Lorentz formce.

if mv=h0k then we have: m(j—t + ljv =—e (E + l?/ X Ej (50)
T C

if B lie along the z axis. Then the component equations of motion are:

m(d +ljv :_Q(E +Evj
d t)° e 7
d 1 B
m| —+— v —e | E +—v_ |} 51
d 1)’ ( e xj G
m i+l v, =-—ek
dt 7
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MOTION of electrons IN MAGNETIG FELDS ML

In the steady state in a static electric field the time derivatives are
zero, so that the drift velocity is:

—etlk |
v, = — 0,7V,
m
—etk
v, = +to, ¢ (52)
m
—eTk
vV, =
m
J
eB .
where w, =—— 1s the cyclotron frequency
mc

This means that when electron moves in the existence of magnetic
field B, it will rotate with this frequency. We notice the linear
dependence on B, when B increases w will increase.
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Since we are talking about motion of electrons under the effect of
B, let us imagine that these electrons move inside a conductor. The
Hall field is the electric field developed across two faces of a
conductor, in the direction jxB, when a current j flows across a
magnetic field B.

** Let us consider a conductor in a form of
rectangular parallelepiped with current flowing

in x-direction. Hence we have: E..

We also have a B perpendicular on this conductor.
Current cannot move in y direction =» v, = 0.
Hence, 2" equation in (52) = 0.

Accordingly; we have:
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ermi Gas
M

B
O:—ﬂEy +m.7v :—ﬂEy +va
m m mc
B B B
=E, =", =—[—£Ex}:>Ey --—F, (53)
c c| m mc
Hall coefficient 1s defined as:
R £, (54)
H ]xB
: . ne’rE
using: j =——— we can get:
m
eBtE_ /mc 1
R —=_ x - 55
" ne’tE_/m nec )

Hence; R, is negative for free electron.

King Saud University, Physics Dept. Phys. 570, Nasser S. Alzayed (Nalzayed@ksu.edu.sa)



Magnetic field B, ‘ iy
x

Section —
perpendicular ._f__:.":':m:":_";: e i
to # axis; iy T

Section — _ e b R S
perpendicular EEEESSE Gacdistint L s b e

to 2 axis; F 3 : ;
drift velocity &=
in steady state.

(e)

Figure 14 The standard geometry for the Hall effect: a rod-shaped specimen of rectangular
cross-section is placed in a magnetic flield B_, as in (a}. An electric field E, applied across the end
electrodes causes an electric eurrent density j. to flow down the rod. The drift velocity of the
negatively-charged electrons immediately after the electrie field is applied as shown in (b). The
deflection in the —g direction is cansed by the magnetic field. Electrons accumulate on one face
of the rod and a positive ion excess is established on the opposite face until, as in (c}, the trans-
verse electric field {Hall field) just cancels the Lorentz force due to the magnetic leld.
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dFrom table we notice
that: the lower the
concentration, the
greater R,

dMeasuring R, is
important for
measuring the carrier
concentration.

dEq. (55) follows from
the assumption that t
for all electrons are
equal, independent
of the velocity of the
electron.
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THERMAL COND

Thermal conductivity coefficient K is defined as:

dT
_ g dl
Ju dx

J, is the Thermal Energy Flux (Amount of thermal energy flown
cross unit area in 1 sec. From previous lectures:

1 T
C, =%7r2NkBL with : T, =;:—F =C, =—n’Nk, —k,

F B gF

from Chapt. 5: K = %Cvl

1 1
= K :ll . —.— .
3 2 Ep 32 my
2 2
=K, = ” n;cB 'z (nfor N and l =v ,7) (56)
m
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THERMAL CONDUCT,

(Do the electrons or the phonons carry the greater part of the
heat current? in a metal?

din pure metals the electronic contribution is dominant at all
temperatures.

din impure metals or in disordered alloys, the electron mean free

dpath is reduced by collisions with impurities, and the phonon
contribution may be comparable with the electronic
contribution.
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Chapter 7: Energy Bands

Introduction

The free electron model of metals gives us good insight into the
heat capacity, thermal conductivity, electrical conductivity,
magnetic susceptibility, and electrodynamics of metals.

dBut the model fails to help us with other large questions:

> the distinction between metals, semimetals, semiconductors,
and Insulators

» the occurrence of positive values of the Hall coefficient

» the relation of conduction electrons in the metal to the
valence electrons of free Atoms

» many transport properties, particularly magnetotransport

dHence, we need to modify Fermi Electron Model to be able to
answer these puzzles. We will see that little modification is just
adequate.
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Chapter 7: Energy Bands

Introduction

The difference between a good conductor and a good insulator is
striking. The electrical resistivity of a pure metal may be as low as
1019 Q.cm at 1 K, apart from the possibility of superconductivity.

The resistivity of a good insulator may be as high as 10%% Q.cm.

O This range of 1032 may be the widest of any common physical
property of solids.

1 Every solid contains electrons. The important question for
electrical conductivity is how the electrons respond to an applied
electric field.

[ electrons in crystals are arranged in energy bands.

(1 Bands are separated by band gaps (Forbidden Regions)

 Source of bands come from the interaction of the conduction
electron waves with the ion cores of the crystal

Nalzayed@ksu.edu.sa



Chapter 7: Energy Bands

Introduction

 Insulator: if the allowed energy bands are either filled or empty,
for then no electrons can move in an electric field.

(1 Metal if one or more bands are partly filled.

d Semiconductor or a semimetal if one or two bands are slightly
filled or slightly empty.

Insulator Metal Semimetal Semiconductor|Semiconductor
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Chapter 7: Energy Bands

Introduction

1 To modify the Free Electron Model; we will assume that electron
is not totally free. It has to respect the periodicity of the crystal.

 This will directly lead to the important result: band gap.

1 Also; we introduce the concept of effective mass of electron m*
which may be larger or smaller than the free electron mass, or
may even be negative.

J Negative and Positive effective mass can directly explain for +tive
Hall coefficient.
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Chapter 7: Energy Bands

Introduction

The free electron model of metals gives us good insight into the
heat capacity, thermal conductivity, electrical conductivity,
magnetic susceptibility, and electrodynamics of metals.

dBut the model fails to help us with other large questions:

> the distinction between metals, semimetals, semiconductors,
and Insulators

» the occurrence of positive values of the Hall coefficient

» the relation of conduction electrons in the metal to the
valence electrons of free Atoms

» many transport properties, particularly magneto transport

dHence, we need to modify Fermi Electron Model to be able to
answer these puzzles. We will see that little modification is just
adequate.
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Chapter 7: Energy Bands

Introduction

The difference between a good conductor and a good insulator is
striking. The electrical resistivity of a pure metal may be as low as
1019 Q.cm at 1 K, apart from the possibility of superconductivity.

The resistivity of a good insulator may be as high as 10%% Q.cm.

O This range of 1032 may be the widest of any common physical
property of solids.

1 Every solid contains electrons. The important question for
electrical conductivity is how the electrons respond to an applied
electric field.

[ electrons in crystals are arranged in energy bands.

(1 Bands are separated by band gaps (Forbidden Regions)

 Source of bands come from the interaction of the conduction
electron waves with the ion cores of the crystal
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Chapter 7: Energy Bands

Insulators, Metals and Semiconductors

 Insulator: if the allowed energy bands are either filled or empty,
for then no electrons can move in an electric field.

(1 Metal if one or more bands are partly filled.

d Semiconductor or a semimetal if one or two bands are slightly
filled or slightly empty.

Insulator Metal Semimetal Semiconductor|Semiconductor
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Chapter 7: Energy Bands

Modifications needed for Free Electron Model

1 To modify the Free Electron Model; we will assume that electron
is not totally free. It has to respect the periodicity of the crystal.

 This will directly lead to the important result: band gap.

1 Also; we introduce the concept of effective mass of electron m*
which may be larger or smaller than the free electron mass, or
may even be negative.

J Negative and Positive effective mass can directly explain for +tive
Hall coefficient.
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Chapter 7: Energy Bands
NEARLY FREE ELECTRON MODEL (1-D)

( On the free electron model the allowed energy values are
distributed essentially continuously from zero to infinity

W s
gk—ﬁ(kx vk} +k?) (1)
From boundary conditions over a cube of side L :
27 4r
k k k. =0;x—;£—:...... 2
X y Z L L ( )
wavefunctions are of the form: (1) =e™’ 3)

1 The band structure of a crystal can often be explained by the
nearly free electron model for which the band electrons are
treated as perturbed only weakly by the periodic potential of the
ion cores. This model answers almost all the qualitative questions
about the behavior of electrons in metals.

King Saud University, Physics Dept. Phys. 570, Nasser S. Alzayed (Nalzayed@ksu.edu.sa)



Chapter 7: Energy Bands
Bragg Reflections

1 Bragg reflection of electron waves in crystals is the cause of
energy gaps. At Bragg reflection wavelike solutions of the
Schrodinger equation do not exist, as in Fig. 2 (Forbidden Region)

Second

|a)

Figure 2 (a} Plot of energy € versus wavevector k for a free electron. (b} Plot of energy versus
wavevector for an electron in a monatomic linear lattice of lattice constant a. The energy gap E,
shown is associated with the first Bragg reflection at k = *#/q; other gaps are found at higher

energies at Xna/a, for integral values of n.
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Chapter 7: Energy Bands
NEARLY FREE ELECTRON MODEL

 Fig. 2, in (a) for entirely free electrons and in (b) for electrons
that are nearly free, but with an energy gap at k = t/a. The
Bragg condition (k + G)? = k? for diffraction of a wave of
wavevector k becomes in one dimension:

k=+1G =+""  (in1.D) (4)
2 a
1 where G = 2ntn/a is a reciprocal lattice vector and n is an integer.
The first reflections and the first energy gap occur at k = #rt/a. The
region in k space between -rt/a and rt/a is the first Brillouin zone
of this lattice. Other energy gaps occur for other values of the
integer n.

1 2nd Brillouin zone is located between: #2rt/a and so on.
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Chapter 7: Energy Bands
Bragg Reflections lead to Band Gap

1 Electron waves will move only inside the B.Z.
1 All waves stop and Reflect at the borders of the B.Z. (From
forbidden regions).
1 we will have 3 different types of Waves:
o Moving to the Right = (will be reflected to the left from rt/a)
o Moving to the Left < (will be reflected to the right from -ri/a)
o Standing waves (time independent. Do not move).
1 Consequently: Standing waves can be used to describe the case.
( We can form two different standing waves from the two traveling
waves:

e =cos(nx /a)+isin(zx /a) —
e™' =cos(zwx /a)—isin(zx /a) <«
or: e =cos(zx /a)ti sin(zx /a)
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Chapter 7: Energy Bands
NEARLY FREE ELECTRON MODEL

(1 Hence; we have 2 standing waves: Even (+) and odd (-):

)

+inx/a —inx/a

w(+)=e™ e =2 cos(nx /a)
w(—)=e —e =2i sin(zx /a)

1 In one dimension; solution to the Schrodinger equation at the
boundaries of Brillouin Zone are standing waves.

Origin of the Energy Gap

 The two standing waves W(+) and W(-) pile up electrons at
different regions, and therefore the two waves have different
values of the potential energy in the field of the ions of the
lattice. This is the origin of the energy gap.

 Waves traveling in different directions have different energies,
leading to energy gap.
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Chapter 7: Energy Bands
NEARLY FREE ELECTRON MODEL

U Let us consider the probability density p for both + and — (even
and odd) functions.

d p is expressed as: p=y y=|y|?

 For pure travelling wave: y = e =» p=y y=|y|2= e elx=1

L This mean that probability of finding electron = 100% (p = const.)

[ But in our case (Nearly Free Electron), p is not Const.

p() =y a cos2<”7’“>

X

p(-) =y () asin®(Z=)

a

1 Accordingly; for even functions (+): p = 1 only at specific values of
X; namely at: x =0, a, 23, ....
U For odd functions (-): p=1onlyat:x=1/2a,3/2a,5/2a ...
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Chapter 7: Energy Bands
NEARLY FREE ELECTRON MODEL

d Hence; even function probability has its values max (=1) when
the Pot. Energy is at lowest values (just at the lons).

( On the other hand; odd function probability has its values max
(=1) in the middle locations between the lons.

1 In other words: (+) function piles up electrons near the lons while
the (-) function piles up electrons in places mid-distance from two
ions.

 This leads to an energy gap between the two pools of electrons.

 If we calculate the expectation values (average energy) in these
three cases: +, -, and Free electron (travelling wave): we have:

U that of p(+) is lower than that of Free Electron

U that of p(-) is above that of Free Electron.

 Result is: E, difference in energy between the p(+) and p(-)

M This is the origin of the Band Gap.
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Chapter 7: Energy Ban
NEARLY FREE ELECTRON MO

U, Potential Energy

NN T Y

y(+) piles up electronic
charge on the cores of the
positive ions, thereby

y(-) piles up charge in the region between the
ions, thereby raising the potential energy in

: ' (a) comparison with that seen by a traveling wave.
Iowermg the pote.ntlal . This figure is the key to understanding the
energy in comparison with origin of the energy gap
the average potential , Probability Density
energy seen by a traveling o
wave. (=)l

-
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Chapter 7: Energy Bands
Magnitude of the Energy Gap

 Let us suppose that the potential energy of an electron in the
crystal at point x is:

a

Ukx)=U cos(z—ﬂxj

The first-order energy difference between the two standing wave states is:
1
2 2
E, = [Ue)| ) -y |as
0

~N

27 5, TX . 2 TTX
:jU cos| —x || cos" ——sIin" — x

a a a

U (6)

(d We see that the gap is equal to the Fourier component of the
crystal potential.
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Chapter 7: Energy Bands
BLOCH FUNCTIONS

 F. Bloch proved the important theorem that the solutions of the
Schrodinger equation for a periodic potential must be of a special
form:

v, (r)=u, (r)e™” (7)

3 u,(r) has same periodicity of the crystal with u,(r) = u,(r +T)
! T is the translation vector of the lattice in normal space.

d Eq. (7) means that:

The elgenfunctions of the wave equation for a periodic potential are the
proauct of a plane wave exp(ik.r) times a function uyr) with the
periodicity of the crystal lattice

[ Bloch functions can he assembled into wave packets to represent
electrons that propagate freely through the potential field of the ion

cores.
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Chapter 7: Energy Bands
Proof of BLOCH FUNCTIONS

( We consider N identical lattice points on a ring of length Na. The
potential energy is periodic in a, with U(x) = U(x + sa), where s is
an integer.

1 symmetry of the ring leads to:

y(x +a)=Cy(x) (8)

where C is a constant. Then, on going once around the ring:

w(x +Na)=y(x)=C"y(x)
bececause v (x) must be single-valued.

It follows that C is one of the N roots of unity, or:
C =" §=0,12,..N -1 (9)
satisfies (8), provided that U K (x ) has the periodicity a, so that U k (x)=U K (x +a).

This is the Bloch result (7).
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Chapter 7: Energy Bands
Kronig-Penny Model

1 This model solves for periodic potential in a form of a square-well
array:

yFx)

Lr.| ]

—dAx + by b 0 aa-~h X——

1 Schrodinger wave equation for this potential can take the form:

he d?
oyt Xy =y (11)

where U(x) is the potential energy and € is the energy eigenvalue.
We have 2 regions: O<x<a(U=0)and-b<x<0 (U#0)
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Chapter 7: Energy Bands
Kronig-Penny Model

[ For the first region we have the wave function:

w =Ae"™ +Be ™™ (12)
This is a combination of plane waves traveling to the right and

to the left, with energy:

21/ 2
=R (13)
2m
[ In the 2" region, wave function takes the form:
y =Ce™¥ +De ™ (14)
with energy:
2/ 2
U, —s=19 (15)
2m
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Chapter 7: Energy Bands
Kronig-Penny Model

 Solution of this equation shall be on the Bloch form (7) because it

is a periodic potential.
 Thus the solution in the region a<x<a+b must be related to the
solution (14) in the region -b<x<0 by the Bloch theorem:

W (r)zuk(r)eik'Ir (7)
w@a<x <a+b) = y(b <x <0Q)e™E® (16)
 The constants A, B, C, D are chosen so that ¥ and ¥’ are

continuous at x=0 and x=a. same as in square potential wells.
1 At x =0 we have (for both conditions): (12) + (14):

A+B=C+D (17)
Derivatives of (12) and (14) at x = 0 provides:
IK(A-B)=Q(C -D) (18)
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Chapter 7: Energy Bands
Kronig-Penny Model

[ for the case of x = a; and applying continuity of ¥ and &’ we will
get:

Ae™ +Be ™ =(Ce™ +De¥ )™ (29)

iK (Ae™® —Be ™) =Q(Ce ™ —De®)e @™ (20)

[ Solving equations from (17) to (20) can be done by putting all

coefficients of A, B, C, D in a determinant. However, such solution
is very difficult. We will only write down the final equation:

2 2
{QZQIE }sinth sin Ka + coshQb cos Ka = cosk (a+b) (21a)

d to simplify the solution; we represent the potential by a Delta
Function. Let: b 2 0 and U= oo
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Chapter 7: Energy Bands
Kronig-Penny Model

J We do some approximation:
Q>K 0Qbx«xl

sinhQb — Qb
coshQb —»1
cosk (a+b) — coska

notice that: Q “ > K *, hence: (21a) =

2
2Q Qb sin Ka + cos Ka = coska
P |.
{—}sm Ka+cosKa =coska (21b)
Ka
2
il ® = L1
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Chapter 7: Energy Bands
Kronig-Penny Model

1 The ranges of K for which this equation has solutions are plotted
in Fig. 5, for the case P = 3m/2. The corresponding values of the
energy are plotted in Fig. 6. Note the energy gaps at the zone

boundaries.
¢ Il - - EDL 'I'
4(P/Kn) sin Ka + cos Ka
1ar
=]
2
=
&l
&
~ +1 “,:5 10
=3 /] -1 0 m 3o ' 7
e e Bl e R o i v (e 2 I E :
~d / =Dy Qar 47 - ”
= &
\._.-} -1 y ar / =i
Fi
.rf
_-J
Figure 5 Plot of the function (F/Ka) sin Ka + cos Ka, for P = 37/2. The allowed values of the e
energy ¢ are given by those ranges of Ka = (2me/h*)a for which the function lies hetween *1. “'___,'f?
For other values of the energy there are no traveling wave or Bloch-like solutions to the wave T 2 S =
equation, so that forbidden gaps in the energy spectrum are formed. ka
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Chapter 7: Energy Bands
WAVE EQUATION OF ELECTRON IN A PERIODIC POTENTIAL

J We considered in Fig. 3 the approximate form we expect for the
solution of the Schrodinger equation if the wave vector is at a
zone boundary, as at k = tmt/a.

dHere, we treat in detail the wave equation for a general potential,
at general values of k.

U Let U(x) denote the potential energy of an electron in a linear
lattice of lattice constant a. Potential energy is invariant under
the lattice translation. Hence: U(x ) = U(x + a).

1 A function invariant under a crystal lattice translation may be
expanded as a Fourier series in the reciprocal lattice vectors G.

1 As a rule: There is periodicity : There is Fourier Transform

J We write the Fourier series for the potential energy as:

U(x)=> U™ (22)
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Chapter 7: Energy Bands
WAVE EQUATION OF ELECTRON IN A PERIODIC POTENTIAL

] Please review Fourier Analysis.

d For actual crystal potentials; the values of the coefficients U,
tend to decrease rapidly with increasing magnitude of G. For a
coulomb potential: U; decreases as 1/G?

 In equation (22), we did not specify the x-values. We want to use
only real values. Accordingly: (22) can be rewritten as:

U(x)= U.@E+e™)=2 U . cosGx (23)
G>0 G G>0— G

] The wave equation of an electron in the crystal is Hiy = ey where
H is the Hamiltonian and ¢is the energy eigenvalue.
 The full equation is then:

2

{p—w (x)}w(X) ={p—+ZU (x)e"™ }”(X) =&y (X) (24)

2m 2m
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Chapter 7: Energy Bands
WAVE EQUATION OF ELECTRON IN A PERIODIC POTENTIAL

 Equation (24) is written in the one-electron approximation in
which the orbital y(x) describes the motion of one electron in the
potential of the ion cores and in the average potential of the
other conduction electrons.

] The wavefunction y(x) may be expressed as a Fourier series
summed over all values of the wavevector permitted by the
boundary conditions, so that:

y=>C(k)e"™ (25)

(d The set of values of k has the form 2nn/L.

1 To solve the wave equation, substitute (25) in (24) to obtain a set
of linear algebraic equations for the Fourier coefficients.

J We will take the solution as term by term:
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Chapter 7: Energy Bands
WAVE EQUATION OF ELECTRON IN A PERIODIC POTENTIAL

 The kinetic energy term is:

p2 1 d ) _hzdzl// hz 2 ikx
—y(X)=—1|-1h— = k“C(k)e
2m v(x) Zm( dx y(x)= 2m dx * 2mZ ()

and the potential energy term is:

U (x)w(x)=(;uee‘“ jw(x) =22 U C (k)™

The full Schrodinger Eq. becomes:

SR ()™ + T TULC (kR =3 C ()™
k G k k

For 1 K value, this equation becomes:

h'k 2
2m

ikx

(1)

(i)

(26)

(26)
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Chapter 7: Energy Bands

Solution of the Central Equation

 Each Fourier component must have the same coefficient on both
sides of the equation. Thus we have the central equation:

(4 —€)C(k)+> UC(k-G)=0 (27)
with :
A, =h*k?/2m (28)

U Eq. (27) is the Algebraic form of the well know Schrodinger
equation in a periodic potential (24).

[ It is not easy to solve it, but usually one can use only few terms.

(1 No. of solutions of this equation = no. of equations it has = No. of
Fourier coefficients C(K — G).
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Chapter 7: Energy Bands

Solution of the Central Equation

U Eq. (27) represents a set of simultaneous linear equations that
connect the coefficients C(k - G) for all reciprocal lattice vectors G.
It is a set because there are as many equations as there are

coefficients C.

[ To solve it, the determinant of the coefficients must vanish.

 As an application: for the case when G = g (Shortest values of G):

Ex_oqg —& U,

U, E_g —€
0 U,
0 0
0 0

[ The solution of the determinant (32) gives a set of energy

eigenvalues ¢, .

0 0 0
U, 0 0
g —¢& U, 0

U Eig —€ U

g

0 U

g

g gk+2g —&

C(k —2g) |
C(k-9)
C (k)
Ck+g)

C(k+29)

=0

(32)
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Chapter 7: Energy Bands

Empty Lattice Approximation

(dBand structures are usually plotted as energy versus wavevector
in the first Brillouin zone. When wavevectors are outside this
zone, they are carried back into the first zone by translation.

1 We look for a G such that a k' in the first zone satisfies: k '+G =k

1 where k is the free electron wavevector in the empty lattice.

(1 We can drop the ‘ from k since G can be - or +:

hZ

hZ
g(kx’ky’kz):%(k +G)2:R

| (k, +G, ) +(k, +G, ) +(k, +G,)* |

(1 We consider as an example free electron bands of a simple cubic
lattice. Suppose we want to exhibit the energy as a function of k
in the [100] direction. Let #°/2m =1 . We show several bands in
this empty lattice approximation with their energies £(000) at k =
0 and ¢(k,00) along the k, axis in the first zone:
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Empty Lattice Approximation

Band Gallr e{000) elk,00]

I e A e ] P e Tl e T T P e T i T e LA o T oL O S e g S S M T g i R Iy
1 (00 0 k

2.3 100,100 (27/a)* (k. = 27/a)*

456,7 010,010,001 ,001 (27/a)? k2 + (2msa)

89,1011 110,101,110,101 2(2mia )’ (k. + 2mia)® + (20/a)®
12,13,14,15 110,101,110,101 2(2mia)® (k, = 2w/a)® + (27/a)"
16,17,18,19 011,0T1,011,011 2(2rrfa)? Ir’* 9(2r/a)’
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Empty Lattice Approximat

Figure 8 Low-lying free electron energy bands
of the empty sc lattice, as transformed to the first
Brillouin zone and plotted vs, (k.00). The free
electron energy is &°(k + G)*/2m, where the G's
are given in the second colnmn of the table. The
bold curves are in the first Brillouin zone, with
—min = k, = w/a. Energy bands drawn in this
way are said to be in the reduced zone scheme.

|
=g

o
a3
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Empty Lattice Approxim

Energy
Eneryy

N
L

w 0
a

N
e

0

. kil
E' ——f a 17 — a
(a) (b) {e)

Figure I1 Occupied states and band structures giving (a) an insulator, (b) a metal or a semimetal
because of band overlap, and (c) a metal because of electron concentration. In (b) the overlap
need not oceur along the same directions in the Brillovin zone. If the overlap is small, with rela-
tively few states involved, we speak of a semimetal.

o —
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hapter 8: SEMICONDUCTOR

Introduction

Conduction Electron Concentration, cm?

,STA LS

Carrier concentrations
for metals, semimetals,
and semiconductors.
The semiconductor
range may be extended
upward by increasing
the impurity
concentration, and the
range can be extended
downward to merge
eventually with the
insulator range.

King Saud University, Physics Dept. Phys. 570, Nasser S. Alzayed (Nalzayed@ksu.edu.sa)



Chapter 8: SEMICONDUCTOR CRYSTALS

Introduction

(J Conductors are classified based on electron concentration.

d Semiconductors are generally classified by their electrical
resistivity at room temperature, with values in the range of 10 to
10° Q-cm, and strongly dependent on temperature.

1 At O K, a pure, semiconductor will be an insulator.

(1 Devices based on semiconductors include:

v’ transistors

v’ Switches

v Diodes

v’ photovoltaic cells
v’ Detectors

v Thermistors

dPopular semiconductors are: silicon, germanium, and gallium
arsenide.
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Chapter 8: SEMICONDUCTOR CRYSTALS

Semiconductor Classes

Semiconductors are classified into 3 main types:

-V (three-five) compounds. Examples are indium antimonide
and gallium arsenide.

11 -VI compound; examples are zinc sulfide and cadmium sulfide.
 IV-IV compound like: Silicon carbide SiC .

Semiconductors are also classified in different way:
 Intrinsic: (pure semiconductor)
v  the electrical properties of a semiconductor are not
essentially modified by impurities in the crystal.

v An electronic band scheme leading to intrinsic conductivity is
indicated in Fig. 2.

v' The conduction band is vacant at absolute zero and is
separated by an energy gap £, from the filled valence band.
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Intrinsic Semiconductor

Vacant conducHon band

N ——————— T ———

Enermy
|

_I-":u'h':-:l{len band { K,

- — e T

'|:-T'i|.|E|;.| viplence band

Figure 2 Band scheme for intrinsic conductivity in a semiconductor.
At O K the conductivity is zero because all states in the valence band
are filled and all states in the conduction band are vacant. As the
temperature is increased, electrons are thermally excited from the
valence band to the conduction band, where they become mobile.

Such carriers are called "intrinsic."
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Chapter 8: SEMICONDUCTOR CRYSTALS

Extrinsic Semiconductors

Extrinsic: (doped semiconductor)

 This type is not pure. Its conductivity depends on doping.

1 An extrinsic semiconductor can be formed from an intrinsic
semiconductor by adding impurity atoms to the crystal in a process
known as doping.

 For instance, Since Silicon belongs to group IV of the periodic table, it has 4 valence
electrons. Each atom shares an electron with a neighboring atom. In this state it is an
intrinsic semiconductor. B, Al, In, Ga all have three electrons in the valence band. When a
small proportion of these atoms, (less than 1 in 10 ©), is doped into the crystal the dopant
atom has an insufficient number of bonds to share bonds with the surrounding Silicon
atoms. One of the Silicon atoms has a vacancy for an electron. It creates a hole that
contributes to the conduction process at all temperatures. Dopants that create holes in
this manner are known as acceptors. This type of extrinsic semiconductor is known as p-
type . Elements that belong to group V of the periodic table such as As, P, Sb have an extra
electron in the valence band. When added as a dopant to intrinsic Silicon, the dopant
atom contributes an additional electron to the crystal. Dopants that add electrons to the
crystal are known as donors and the semiconductor material is said to be n-type.
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P-type (left) and n-type (right) of extrinsic semiconductors
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Chapter 8: SEMICONDUCTOR CRYSTALS
Definition of Band gap

dThe band gap is the difference in energy between the lowest
point of the conduction band and the highest point of the valence
band.

dThe lowest point in the conduction band is called the conduction
band edge

dthe highest point in the valence band is called the valence band
edge.

JAs the temperature is increased, electrons are thermally excited
from the valence band to the conduction band (Fig. 3).

dBoth the electrons in the conduction band and the vacant orbitals
or holes left behind in the valence band contribute to the
electrical conductivity.
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Chapter 8: SEMICONDUCTOR CRYSTALS

Direct and Indirect absorption

1 The intrinsic conductivity and intrinsic carrier concentrations are
largely controlled by E /K,T
(d When this ratio is large, the concentration of intrinsic carriers will
be low and the conductivity will be low.
1 The best values of the band gap are obtained by optical
absorption. There are 2 different methods:
1- direct absorption process
2- indirect absorption process
1 For Direct absorption Process:
the threshold of continuous optical absorption at frequency o,
measures the band gap £, = hw, as shown in Figs. 4a and 5a. A
photon is absorbed by the crystal with the creation of an
electron and a hole.
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CRYSTAL WITH DIRECT GAP CRYSTAL WITH INDIRECT GAP

Absorption Absorption
Transparent =
region
Onset of direct e e Onset of Md{rfﬂ:t S
h SRR R TSPl e photon transition [ =
photon : el At
transition | o e H
ﬁmg
Photon energy hw — Photon energy fiw —

(a) (b)

Figure 4 Optical absorption in pure insulators at absolute zero. In (a) the threshold determines
the energy gap as E, = fiw,. In (b) the optical absorption is weaker near the threshold: at
fiw = E, + Al a photon is absorbed with the creation of three particles: a free electron, a free
hole, and a phonon of energy Ai{). In (b) the energy E, ., marks the threshold for the creation of a
free electron and a free hole, with no phonon involved. Such a transition is called vertical; it is
similar to the direct transition in (a). These plots do not show absorption lines that sometimes are
seen lying just to the low energy side of the threshold. Such lines are due to the creation of a
bound electron-hole pair, called an exciton.

King Saud University, Physics Dept. Phys. 570, Nasser S. Alzayed (Nalzayed@ksu.edu.sa)



o .:.-.r':
) i
) e

Conduction Conduction .
band edge band edge 2 .

Valence band edge Valence band edge

1
ke

(a)

Figure 5 In (a) the lowest point of the conduction band oceurs at the same value of k as the highest
point of the valence band. A direct optical transition is drawn vertically with no significant change of
k, because the absorbed photon has a very small wavevector. The threshold frequency w, for absorp-
tion by the direct transition determines the energy gap E, = fiw,. The indirect transition in (b) in-
volves both a photon and a phonon because the band edges of the conduction and valence bands are
widely separated in k space. The threshold energy for the indirect process in (b) is greater than the
true band gap. The absorption threshold for the indirect transition between the band edges is at
fiw = E, + fif), where () is the frequency of an emitted phonon of wavevector K = "‘ltg. At higher
temperatures phonons are already present; if a phonon is absorbed along with a photon, the thresh-
old energy is fiw = E, — fif). Note: The figure shows only the threshold transitions. Transitions occur
generally between almost all points of the two bands for which the wavevectors and energy can be

conserved.
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Indirect Absorption Process

[ For Indirect absorption Process:

v'in Figs. 4b and Sb the minimum energy gap of the band structure
involves electrons and holes separated by a substantial
wavevector k. .

v Here a direct photon transition at the energy of the minimum gap
cannot satisfy the requirement of conservation of wavevector.

v’ But if a phonon of wave vector K and frequency Q is created in
the process, then we can have:

K(photon) =k .+k=0
and hw=E_  +7Q

as required by the conservation laws.
phonon energy A2 is usually much less than £,
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Energy Gap Experimental

Table 1 Energy gap between the valence and conduction bands

(i = indirect gap; d = direct gap)

Diamond 5.4 SiC(hex) ]

i i .

Si i 1.17 1.11 Te d 0.33 _
Ge i 0.744 0.66 HgTe" d —0.30

aSn d 0.00 0.00 PbS d 0.286 0.34-0.37
InSb d 0.23 0.17 PbSe i 0.165 0.27
TnAs . .43 0.36 PhTe £ 0.190 0.29
InP d 1.42 1.27 CdS d 2.582 2.42
Cal’ i 2.32 2.25 CdSe d 1.840 1.74
GaAs d 1.52 1.43 CdTe d 1.607 1.44
GaSh d 081 0.68 SnTe d 0.3 0.15
AlSh T 1.65 1.6 Cu,O d 2.172 _

*HgTe is a semimetal; the bands overlap.

King Saud University, Physics Dept. Phys. 570, Nasser S. Alzayed (Nalzayed@ksu.edu.sa)



ONDU
ct Absorpti

Conduction g
band

Conduction
band

Ener

Phonon
> emissio

Momentum

Photon emission

L

574 "m

Photon emission

Valence
band

Valence
band

Direct bandgap Indirect bandgap







uring Ban




Chapter 8: SEMICONDUCTOR CRYSTALS
EQUATIONS OF MOTION

(J We derive the equation of motion of an electron in an energy
band. We look at the motion of a wave packet in an applied
electric field .

Group velocity is defined as: v, = Cdl—ka)

cec=ho—->w=¢clh

lde - 1= -
'V o=—— or: v =—Vike(k 1
9~ 7 dk  Veek) (1)

The work o€ done on the electron by the electric field E in the time
interval ot is:

o =—eEv ot (2)
We used the normal work eq. —eE = force, v, ot = Displacement
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Chapter 8: SEMICONDUCTOR CRYSTALS
EQUATIONS OF MOTION

From eq. (1) we notice that;

o€ = d—g&c = hv oK (3)
dx ’
(2) and (3) give:
ok = —(eE /h)ot (4)
= hdk /dt =—-E
dk
= ha =F (5)

M This is an important relation: in a crystal hdk/dt is equal to the
external force on the electron.

 In free space mdv/dt is equal to the force.

[ the electron in the crystal is subject to forces from the crystal
lattice as well as from external sources.
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EQUATIONS OF MOTION

From eq. (1) we notice that;

o€ = d—g&c = hv oK (3)
dx ’
(2) and (3) give:
ok = —(eE /h)ot (4)
= hdk /dt =—-E
dk
= ha =F (5)

M This is an important relation: in a crystal hdk/dt is equal to the
external force on the electron.

 In free space mdv/dt is equal to the force.

[ the electron in the crystal is subject to forces from the crystal
lattice as well as from external sources.
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Chapter 8: SEMICONDUCTOR CRYSTALS
EQUATIONS OF MOTION

1 Eq. (5) Also includes forces from electric field (E) and from
Lorentz force for a moving electron in Mag . Field (B).

(d Hence, we can write the eq. of motion of the electron in the
existence of B as:

n 3K _ _euxB (6)
dt

using:v = %ﬂ £(k), we get:

3—‘: - - ;—ﬁkg xB (7)

Now LHS and RHS use k space.

1 (7) means that in B, an electron moves in k space in a direction
normal to the direction of the gradient of the energy ¢, so that

the electron moves on a surface of constant energy.
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Chapter 8: SEMICONDUCTOR CRYSTALS

Holes

 The properties of vacant orbitals in an otherwise filled band are
important in semiconductor physics and in solid state electronics.
Vacant orbitals in a band are commonly called holes, and without
holes there would be no transistors.

A hole acts in applied electric and magnetic fields as if it has a
positive charge +e. The reason is given in five steps:

1-@,, =k, | (17)

 The total wavevector of the electrons in a filled band is zero:
2k =0, where the sum is over all states in a Brillouin zone.

3 If the band is filled all pairs of orbitals k and -k are filled, and the
total wavevector is zero

4 If an electron is missing from an orbital of wavevector k,, the
total wavevector of the system is -k, and is attributed to the hole

d The hole is an alternate of a band with one missing electron.
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—Hole Conservation of To

Conduction band

- k, __],_
Electron removed I —
Valence band

Figure 7 Absorption of a photon of energy fiw and negligible wavevector takes an electron from
E in the filled valence band to Q in the conduction band. If k, was the wavevector of the electron
at E, it becomes the wavevector of the electron at Q. The total wavevector of the valence band
after the absorption is —k,, and this is the wavevector we must ascribe to the hole if we describe
the valence band as occupied by one hole. Thus k;, = —k,; the wavevector of the hole is the same
as the wavevector of the electron which remains at G. For the entire system the total wavevector
after the absorption of the photon is k, + k, = 0, so that the total wavevector is unchanged by the
absorption of the photon and the creation of a free electron and free hole.
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Holes

ZK & (K, )=-¢.(k,) (18)

1 Here the zero of energy of the valence band is at the top of the
band.

d The lower in the band the missing electron lies; the higher the
energy of the system.

d The energy of the hole is opposite in sign to the energy of the
missing electron, because it takes more work to remove an
electron from a low orbital than from a high orbital

d Thus if the band is symmetric: g,(k,) = &,(-k,) = - &,(-k,)= - &,(k,).

[ 3-V,=V, | (19)
d The velocity of the hole is equal to the velocity of the missing
electron
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—Hole Conservation of To m

€

Hole band constructed
with kj, = -k, and
enky) = —<.(k,), to

simulate d:,mamit:s

of a hole.

Figure 8 The upper half of the figure shows the hole band that simulates the dynamics of a hole,
constructed by inversion of the valence band in the origin. The wavevector and energy of the hole
are equal, but opposite in sign, to the wavevector and energy of the empty electron orbital in the va-
lence band. We do not show the disposition of the electron removed from the valence band at k..
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Holes

4-\ m,=-m, (20)

d We show below that the effective mass is inversely proportional
to the curvature d?¢/dk? and for the hole band this has the
opposite sign to that for an electron in the valence band. Near
the top of the valence band m, is negative, so that m,, is posztlve

> ﬁ%—uL+—u><m v (21)1* ------ —* -
J The equation of motion for a hole is that of QL %\ «—-@U»
particle of positive charge e.
O Current: | - -
j =(-e)v(G) =(-e)[- v(E)] £ ev(E (23) | ‘% :
O The hole and electron drift velocities are in =~ &3

opposite dlrecjons
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oles and Electrons (Com

O In the next table: We quickly compare between Holes &
Electrons. Momentum, Energy, Velocity , mass and Eq. of motion

A

S S N,

Momentum

h e e
enlkp)= -€.(k) galke) Energy
V, =V, V, Velocity
my, =-m, m, Mass
— e(E + %‘,h xB) | #t <(=JE +1v. x B) Equation of Motion
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Effective Mass m*

d When we look at the energy-wavevector relation e=(h?/2m)k?
for free electrons, we see that the coefficient of k? determines
the curvature of € versus k. Turned about, we can say that 1/m,
the reciprocal mass, determines the curvature.

 For electrons in a band there can be regions of unusually high
curvature near the band gap at the zone boundary.

1 In semiconductors the band width is of the order of 20 eV, while
the band gap is of the order of 0.2 to 2 eV.

d Thus, the reciprocal mass is enhanced by a factor 10 to 100, and
the effective mass is reduced to 0.1-0.01 of the free electron
mass.

d These values apply near the band gap; as we go away from the
gap the curvatures and the masses are likely to approach those
of free electrons.

Nalzayed@ksu.edu.sa



Bio @riHouey vo qET einjanspueg yiim pejessush mm-_.-_

\

¥
Ks w

nservation o

ICONDUC

Hut|Eu|n Cantral Bands

____- T .n___ T -._“_
(Inal Abuzuz




pter 8: SEMICONDUCTOR TALS
| Effective Mass m*

 Quotation from Arabic lectures:
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Chapter 8: SEMICONDUCTOR CRYSTALS

Effective Masses in Semiconductors

 In many semiconductors it has been possible to determine by
cyclotron resonance the effective masses of carriers in the
conduction and valence bands near the band edges.

 The determination of the energy surface is equivalent to a
determination of the effective mass.

[ Cyclotron resonance in a semiconductor is carried out so that
the current carriers are accelerated in helical| orhils) about the
axis of a static magnetic field.

 The angular rotation frequency , is:

eB < ’613
B T

m
where m* 1s the appropriate cyclotron effective mass

(30)
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Chapter 8: SEMICONDUCTOR CRYSTALS

Effective Masses in Semiconductors

(d Resonant absorption of energy from
an@lectric field perpendicular to
the static magnetic field occurs
when theCEf)frequency is equal to
the cyclotron frequency.

O Holes and electrons rotate in

opposite directions.

Light hole Spin-orbit

Electron Split-cff hole

Crystal m A W Py M, 2./ T A, eV
Iﬂih (ﬂ_{]lﬁ ) .39 0.021 (0.11) 0.52
InAs 0.026 0.41 (L0025 0.08 0.43
inP (0.073 : 0.4 ((.078) (0.15) 0.11
(:aSh 0.047 0.3 0.06 (0.14) 0.80
GGaAs (). 066G 0.5 0.052 .17 0.34

1,0 [ 0.00 ) \/ — YV 0.58 0.69 0.13
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Chapter 8: SEMICONDUCTOR CRYSTALS

Electron —Hole Conservation of Total Momentum

Figure 14 Calculated band
structure of germanium.

S~—

The general features are in
good agreement with
experiment. The  four
valence bands are shown
in gray. The fine structure
of the valence band edge is
caused by spin-orbit
splitting. The energy gap is
indirect; the conduction
band edge is at the point
(2mrt/a)(2)s)s).
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Figure 17a Constant energy ellipsoids for Figure 17b Band structure of GaAs, after S. G. Louie.
electrons in silicon, drawn for mym, = 5.
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Chapter 8: SEMICONDUCTOR CRYSTALS
INTRINSIC CARRIER CONCENTRATION

(d We want the concentration of intrinsic carriers as a function of
temperature, in terms of the band gap.

d we assume that &-u>> kT, so that the Fermi-Dirac distribution
function reduces to: ~—

fe . e[’i;} NG (35)

d This is the probability that|a _conduction electron orbital is
occupied, in an approximationm n fe << 1.
(d The energy of an electron in tﬁhe conduction band is:
h2k2 ' EC

*

2m,

e =F + (36)

d where E_ is the energy at the conduction band edge.
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Fermi level
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Figure 18 Energy scale for statistical calcula-
tions. The Fermi distribution function is shown
on the same scale, for a temperature kgT < E,,
The Fermi level u is taken to lie well within the
band gap, an intrinsic semiconductor. If
€ = u, the
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1
exp(pu—¢e/k,T)+1

2

(Ev —8)1/2

- 3/2
G(Ec__ﬂ)/kBTj

42) we obtain the




	Lecture No 1
	Lecture No 2
	Lecture No 3
	Phys 570
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14

	Lecture No 4
	Lecture No 5
	Lecture No 6
	Lecture No 7
	Lecture No 8
	Lecture No 9

