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1. Introduction

The analysis of surface waves and normal modes plays an important role
in the study of the internal structure of the earth and in particular of
the uppermantle because of the way these waves sample this structure,
making it possible to overcome to some extent the problems encountered
in body wave analysis because of uneven distribution of seismic sources
and receivers. Normal modes are, in principle, sensitive to the structure
of the earth as a whole, surface waves, whose energy is stationary in the
horizontal direction and decays exponentially with depth are particulary
well suited for the investigation of large regions devoid of stations and
have, for example, been the main source of information on lithospheric and
uppermantle structure beneath the oceans.

For the past 20 years, studies of the lateral heterogeneity of the earth
using surface waves have primarily been based on the analysis of their
dispersive properties as expressed in the phase velocity curve C(w) or the
group velocity curve, U(w). Two fundamental assumptions underlie such
studies:

(1) surface waves propagate along the great circle v defined by the epicenter
and the station
(2) the phase is additive along the travel path (“minor arc theorem”):

X R ds
Clw) :/S Croc(@.0,9) (1.1)

where C(w) is the phase velocity measured between the epicenter S and
the receiver R, whose distance is X. Cioc is the local phase velocity at
each point M (6, ¢) along travel path. It corresponds to an earth model
whose elastic properties, as a function of depth, are those of the real earth
immediately beneath point M.

Thus, the measured phase velocity depends only on the structure in the
vertical plane defined by the great circle ¥ and represents an average of
this structure for the portion contained between S and R.

That these assumptions are in general valid has been demonstrated by
the consistent results obtained over the years by regional “pure path” stud-
ies, in particular when phase velocities can be measured along reversed
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profiles (e.g. Romanowicz, 1982). They have led to the characterization
of phase velocities curves in different tectonic regions (see Knopoff. 1972
for a review) and to the first global models of lateral heterogeneity in the
uppermantle, based on a regionalization of the earth into several (4 to 7)
main tectonic regions (Okal, 1977; Jordan, 1978; Lévéque. 1980). These
studies were essentially based on the analysis of fundamental mode data.

The present global or regional tomographic models of the uppermantle
also rely on these basic assumptions (cf Woodhouse and Dziewonski, 1984:
Nataf et al., 1986; Montagner, 1986).

As more and more high quality digital data become available, evidence is
accumulating in the observations for significant departures from the simple
zeroth order geometrical optics assumptions presented above. In order to
explain such effects, we need a more accurate description of the interaction
of the waves with lateral heterogeneity such as that provided by first order
perturbation theory. The computations involved in calculating the full
interaction matrices are however very heavy and practically prohibitive, so
that it is very useful to seek simplifying approximations.

In what follows we shall show how zeroth order asymptotic theory of
normal modes can be used to first derive the “minor are” theorem and the
corresponding “great circle” theorem (for surface waves that have travelled
around the complete great circle or alternatively normal mode eigenfre-
quencies). By carrying the asymptotic approximation to higher order we
will show that it is possible to explain many of the observed features not
taken into account in the zeroth order formulation, both in phase and
amplitude. This can then be exploited to improve the quality of the tomo-
graphic models.

We first start by introducing asymptotic theory for the case of a spherical
earth and then extend it to the case of a laterally heterogeneous earth.

2. Spherical earth

Let us consider a spherical nonrotating elastic and isotropic earth model
(SNREI).

2.1. Notations

Let us start with the known expression for the displacement in a spherical
earth, at time ¢ and location @, due to a point source, expressed by its
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motent tensor Al

u(x.t) = Re E (=M e Y a)up (x) expliwgt) exp(—agt) (2.1)

N
where x, ig the location of the source, e is the strain tensor evaluated at
the source. and wy. wi and ax are respectively the eigenvector. eigenfre-
quency and attenuation coefficient of multiplet K. The sum is extended

over all multiplets K.
We recall that the eigenvector for displacement in a spherical earth can
be written in the most general form as:

up (@) =, U (r)Y" (0. 0)F +.Ve(r)VaY/™ (0. 9)
W) X VY8 0) (2.2)

where (n.f,m) are the radial. angular and azimuthal orders describing
multiplet K. (r.8., ) are spherical coordinates of location x and

}//Il(().g) — erz((_))()irrz; (23)

where X"(#) are normalized Legendre functions such that Y/ are fully
normalized spherical harmonics

/ /'(Y[”)Q(@-@) dQ =1 (2.4)
J o JQ

where €2 is the unit sphere. .
JUse W Vi Wy are the radial eigenfunctions for the earth model consid-

ered. The modes are normalized so that:

/m p(r)[U3(r) + V() rtdr =1
Jo

/ p(rW2rydr = 1 (2.5)
Jo :
Vi is the surface gradient operator:
p2 m N ; Ynl
VY = o, Lovr, (2.6)

L L
of sinf Jg
Let us introduce the following operator formalism: we see from (2.2) that

wp (@) = DY, (6. )] (2.7)
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where D is the displacement operator, defined by (2.2). We note that D
does not depend on the azimuthal order m.
If we consider a particular component of observation v then

v-ug(x) = (v-D)[Y"(0r,¢r)] = R} (2.8)

where the operator (v-D) acts on the receiver coordinates (0g, o) = (6, ¢).
On the other hand, it can be easily seen that the expression
(=M : €*)(xs) can also be written in operator form:

—(M:€)(xs) =—(M :¢) Y™ (65, 65) = S (2.9)

To obtain this, we refer the reader to the expression of the strain tensor in
spherical harmonics (Aki and Richards, 1980 p.353).

We note that the operator (M : ¢€) also does not depend on m and acts
on the coordinates of the source (fg, ¢s).

Expression (2.1) evaluated for a particular component of motion then
becomes:

m=2l+1
v-u(x,t) =Re {Z < Z R%S}?) exp intexp(—aKt)} (2.10)

K m=1

where we have emphasized the fact that in a spherical earth multiplets are
degenerate (the eigenfrequency does not depend on the azimuthal order
m).

From (2.8) and (2.9) we obtain, since the operators do not depend on
azimuthal order m:

> RRSE =(v-D)p(M : ¢)s

m

ZYZ”(HR,ch)lQm*(eg,qss)} .
" (2.11)

Using the addition theorem for spherical harmonics (Edmonds, 1960):

D Y (Or, RV (05, 65) = feX{(cos A), (2.12)

where fi = /(2014 1)/47 and A is the epicentral distance between the
source S and the receiver R.
Hence

v-u(z,t) = ng(v -D)gp(M : e)SX?(A)exp(int)exp(—aKt).
K

(2.13)
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Expression (2.13) is most general. The simplest case is that of an isotropic
source observed on the vertical component. Then

(v-D)p(M : €)sXP(A) = ar X (A) (2.14)
where
ag= Mo (8,U + (U - $6(¢ + )V)r™ ). (2.15)

M, is the seismic moment of the source and we have dropped indices n and
L.

For a more general source and spheroidal or toroidal modes observed on
vertical or horizontal components:

(v-D)r(M : €)s X2(A) =CoX2(A) + CLXL(A) + CoXF(A)  (2.16)

where the coeflicients Cy, Ci, Co depend on the moment tensor of the
source (Appendix 1).

Now, the zeroth order asymptotic expression for the normalized Legendre
function is as follows:

X(A) =

cos(kA — tm+mim)+9(=) (2.17)

o=

1
mvsin A

where k =€+ 1.

This expression is valid for large angular orders (I > 1) and for A > 0
or A < w, that is, away from the epicenter and its antipode.

When these conditions are satisfied, expression (2.13) becomes, to order
zero in 1/¢:

cos (kA — 1w+ x¢)
v-u(z.t) ZRGZ(;JCNM AT A : )

K

exp(iwgt)exp (—agt) + 9 (%) (2.18)

where 3 - is now a sum over all mode branches,

ap = \/(00—62)2+012

X1 = arctan <5—C1—C—> (2.19)
0o—Ca
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ae and x, are slowly varying functions of ¢ and from (2.18) we see in
particular that, along a given dispersion branch, the amplitude of the mode,
as a function of £, has a periodicity which depends on the epicentral distance
(periodicity of 2 in ¢ for example for A ~ 90° ).

2.2. Correspondence with propagating waves

Let us consider a single mode branch ng, and let u(x,t) be the corre-
sponding displacement in a given component. Let U(x,w) be the Fourier
transform of ux. From (2.19) we obtain

Ule,w) :Z ig—lﬁ cos(kA — 17w+ x¢)
¢

1 1
X s + - . 2.20
L(w+wK)—QK (w—wg)— ak (2.20)

We shall drop the first of the two terms in (2.20) which corresponds to
negative frequencies w. To the remaining term. which is of the form

we shall apply Poisson’s formula (Aki and Richards, 1980)

S=+4o00

S Fi-

£=0 S=—00

(]

(—1)5/0°C F(v)e™" dy (2.21)

with v = ¢+ L.
Changing then variables to k = v/ry where rq is the radius of the earth,
(2.20) becomes:

S=+4noc

Uew)= 3 (-0° [~ L

S=—nc

e‘.ZivrmSls:
xcos (kX —1m+ xp) ———————rodk 2.22
( i) (W — wi +iag) " (222)

where X = aA is distance in k.
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We can evaluate the integral in (2.22) using the theorem of residues.
For this we need to know the pole of the integrand, which is obtained by
expanding wy, in the vicinity of w:

Ow
wr —w >~ (k- k(u}))a—ll ~ (k — k(w)U(w)
where U is group velocity.

The pole is therefore

U

and the application of the theorem of residues yields (Aki and Richards,
1980)

kE=k{w)+i

S=+x
Ulx,w)= Y (1) fwalw)ror/U
S=—oc
X COS [(k(w) + i%)X —ir 4 X(w)] exp (217rr05(k + 1%))
(2.23)

We now express the cosine in terms of exponential functions and obtain
two families of waves propagating in opposite directions:

S=+
Ute.w) = 3 (=) fw)alw) 55
S=—oc

o

x exp (I(A(X + 277pS) — 17+ x(w))) exp ( U(X + 27r7'05’))

S=+c

UT@e) = 3 (=1)° flw)alw) 57
X exp [—(i(k(?mps - X))+ i7 — x(w))]
X exp {wg(ZﬂmS - X) (2.24)

The first arriving R; and Ry (or G; and G5 for Love waves) wavetrains are
obtained, for example by setting § = 0 in U;; and S = 1in Uy respectively.
The first arriving train has the well-known form:

—o(w)X ]

Ulz.w) = ~|—f(w)a(w)% exp [IAX — 17 + x(w))] exp [———U—

(2.25)
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with f(w) = /27 /rok.
We note from the preceding derivation that the correspondence between

the phase velocity of surface waves and the eigenfrequency wy of free oscil-
lations is such that:

=20 (2.26)

which is the well-known Jeans formula.

The spectrum of the surface wavetrain (2. 20) is the product of two terms:
a propagation term and a source term Ag(w)e'?s(¥) where Ag and ¢g can
be obtained from (2.19).

3. Aspherical earth

3.1. Introduction

For waves having travelled once around a complete great circle path, the
minor arc theorem (1.1) becomes:

27(7‘0 . ds
Colw) [y Choc(w, ) (3.1)

where Cgis the measured phase velocity along the great circle ~.

This naturally leads, remembering Jeans’formula, to the corresponding
“great circle theorem” for measured eigenfrequencies of the earth : let Ag
be the measured frequency shift for a given mode and a given source station
geometry, with respect to a reference SNREI model of the earth. Then

1 .
Ax = — /6w1’36(9.<p)d5 (3.2)
27 -

where (5w1[§¢ represents the local frequency shift for points along the great
circle v defined by the epicenter and the station.
The frequency shifts and phase velocities are related by the relation:

bw _U 8C -
w O (3.

corresponding to a passage from a constant w measurement to a constant
k measurement.
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The great circle theorem (3.2) was first derived from first order degen-
erate perturbation theory by Jordan (1978) and Dahlen (1979). Jordan
calls A the “location parameter”. That it is valid in general has been
demonstrated by the remarkable result first obtained by Masters et al.
(1982) when measuring frequency shifts of fundamental spheroidal modes
for many great circle paths around the earth, leading to the discovery of
the strong upper mantle degree 2 pattern.

The minor arc theorem (1.1) remained to be derived, and this was a prob-
lem for a while, since degenerate perturbation theory, which considers only
isolated multiplets, permits to describe solely the even order lateral het-
erogeneity of the earth. Coupling between multiplets had to be introduced
(Mochizuki, 1986; Park, 1987; Romanowicz, 1987).

We will show in what follows how all these results can be obtained by
applying zeroth order asymptotics to quasi degenerate first order pertur-
bation theory.

3.2. Zeroth order asymptotic theory
Let us start with the expression of Woodhouse (1983) for the displacement

in a laterally heterogeneous earth and a given component, valid to first
order in the model perturbations:

u(, t) :Re{z (Z R7ST — i ST RRHRR SR

K m m

= R;;%Z}?;;;’SQ’)

2w ( m m /m m
+ 3 <§ RRZEw ST + Ry Zy, 5K>
w - w ’
K’/#K I\ K
X exp(int)exp(~§yA't)} (3.4)

where wg, ay, R S are as defined in I.
H}f}}% is the splitting matrix for interaction between multiplets K and
K/

mm, _ m 7n771
ZKK”"HK']\" (UKP

where PR is the density interaction matrix.
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3.8. Isolated multiplet

If we consider isolated multiplets K, expression (3.4) becomes

u(e, t) = Re{ > (Z RILST + it Z RRZ37, S0 )
K m
x exp(iwgt) exp (—aKt)} (3.5)

where we have neglected the term

2
WK ™

Equation (3.5) can be written, away from the nodes of the radiation pattern
of the event:

u(@,t) ~ReY (> RRESE)expi(wi + Ax)exp (—axt) (3.6)
K m
with
SRRz ST
Ap = & KZKK'7K'
“T TSRSy o

where Ag is the location parameter of Jordan.
Equation (3.4) is a short time approximation, but we note that Wood-
house and Girnius (1982) have shown that the long time approximation:

Z( RKeiZKtSKeinte—aKt) (38)
K
is also valid, where Ry is the vector receiver {R%} Sk is the vector {ST}
and Zx the matrix {Z}?}’é/

We will now find an asymptotic expression for (3.7).

Woodhouse and Girnius (1982) have first shown, and Romanowicz
(1987), Snieder and Romanowicz (1988) extended to more general situ-
ations, that the interaction matrix can be written in the form:

u“,_Z//éwK,‘, (=V2) Y™ (0, 0)YI (6.9)] d© (3.9)
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Fig. 1. Definition of angles A, 3 and j as used in text.

where the integration is over the unit sphere and dwgk (6, ¢) is a “local
frequency” that can be expressed as an integral over depth of the local
perturbations to the model parameters.

Using (3.9) and (2.8) (2.9) we can write:

i=2
Ruzmm'sm' =N (v D)(—e: M) // /"(QR,qu)
Tgﬁ; KK K ;( Q

x Y/ (6. ¢) [n (6.0)Y;" *(95,¢5)dQ (3.10)
Using the addition theorem for spherical harmonics, this becomes

ZRmzm’" m’ Zf[vD (—e: M)

mm’

x//Q5wKK(A,M)(—V“‘)l‘X?(A)X?(ﬁ)dQ(g.n)

where the angles A, p and 3 are defined in figure 1 and the operator (-V?2)!
acts on the running coordinates (8, ).

Using the zeroth order asymptotic approximation (2.11) we can easily
see that the terms for i # 0 vanish and we can write:

A[\ _//X( X[(/)))(SMKK()\,;L)dQ

2/ sin Acos(hA — 17 )d/\
0

v sin A

cos(ki — im)

27
Y T 1 3.12)
Xl/o éu);\;\(/\.u) ﬁ\/S—IIm ap (
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The second integral, I(A) can then be evaluated by the method of stationary
phase, noting that 93/ = 0 on the great circle v and assuming that ¢ >>
Smax Where sn,x is the maximum order of a spherical harmonics expansion
of bwg . Then:

1 /sin Asin G, .
: ~— | ————— cos kBpbwi i (A, 1
IA (/\) fg sin COs kﬁo LUAK(/\ 0) (3 3)

where Gy =| A — A |, hence:
dwg cos(kA — Lm) N

A == = 01 1)
_‘S%fix/Z (A) + 9(1/¢) (3.14)

where
1
(5(;11( = — / (SLUKK()\,O) dA
27 J,
hence, to order 0 in 1/¢, (3.8) becomes, using the asymptotic expression
for >~ RRESP obtained in I:

Ag ~ fe(w-D)(—e: M)XD)(A)owg
~ T hlo D)(-e: MIX0(A)

AK >~ (S(DK (315)

which establishes the great circle theorem. This can also be established in
a similar manner from the long time approximation (3.8)

We note that degenerate perturbation theory enables us to retrieve only
the even order part of lateral heterogeneity. In order to also include effects
of the odd part of the earth’s asphericity, we need to go one step further
and consider the interaction between different multiplets.

3.4. Coupling terms included

In a similar way, we can obtain a zeroth order asymptotic expression for
the coupling terms in expression (3.5). We will restrict ourselves to a single
dispersion branch. Let:

QwK i mimn ,n. m m
Sk =2, 02 2 Y (RRZRR SR + REZERSR ) (3.16)
K'#Kk K K’

min'
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where the sum is extended to all multiplets of the branch considered dif-
ferent from K (whose angular order is £ ). We shall replace in what follows
wg by we. Then

Sk = Z#ﬁfg—(e:M)(v-D)

"#wa - w(+n

X //Q [6we1[+n()\, p) cos(kX — im)cos(k +n)(3 — inm)

+ bwe,en (A, ) cos(kfB — 1) cos(k + n)A — Lm)]
72 dQ
—_— 1
X Vvsin Asin 8 (3.17)

we note that:

U
we? —wpyn’ = —2wgr—n (3.18)
0

and apply, as in (3.1) the method of stationary phase to evaluate the inte-
gral in (3.17).
Thus, assuming that

6wl,(+n =~ 6w[+n,f =~ 6‘-‘-}[[
which we shall see is justified since the sum over n is in fact truncated

to 7 < Smax. Where sy is the maximum order of a spherical harmonics
expansion of dwy:

To .
S/':——— ((coskA — Lm) I} — Jp sin(kA — 7
K 7T2\/S—11E Z n 1 ) K K ( 3 ))
(3.19)
where '
27
Iy = dwee( A, 0)(cosnA + cosn(A — A))dA
0

and

27
Jp = / (sinn(A — A) — sinnX)dwee (A, 0) dA.
0
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We note that I} is an even function of n, hence

I

n#0
whereas
Jn A
Z Z/ sin nAdwe (A, 0)(1/\( / sinnx dz
n£0 n#0 0
27 A
—Z/ cos nAdwe (A, O)d)\/ cosnx dz (3.20)
0
n#0

We recognize the Fourier expansion of éw¢(A,0) and hence

Jn A 27
Z YK _ _ o (/ (Sw[()\,(D — A/ (Su)[(/\()) dX
n 0 0

n#0
=+ 27rA(bwk — 0DK) (3.21)
where
1 2
bwg = — bwe(A,0) dA
27T 0

is the great circle average and

1 A
(5(;}]{ = Z/O (5u)[()\,0) dA

is the minor arc average.
We note from (3.21) that the sum over n needs only be extended to

N < Smax-

Finally

rol sin(kA — 1)

Sk —+f¢—(6w;\ - ddx)(es M)(0-D)= (3.22)
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and the asymptotic expression for the displacement becomes

cos(kA — L)

0 =Re 3 file: M)fo- D)| = e

- E((Scu dw)sin(kA — i7)

i exp [i(wx + A )t exp (—agt)

=Re ) file: M)(v- D) {X2(A+6A)}
£

x exp [i(wx + Ag)t] (exp —axt) (3.23)
where
o ToA _
A = U — (b — bwg). (3.24)

This expression is identical to that used by Woodhouse and Dziewonski
(1984).

We see from (3.24) that the consideration of coupling terms has enabled
us to introduce the effect of odd lateral heterogeneity.

If we now replace A by A+0A in (2.2) we see that we obtain the correct
expression for the propagation phase

wX  wX RsCdS
YRETC T, Yy a2 (3.25)

with

E 6010(‘, _ 6w10c
Co Co - wWo

and Cp, is the phase velocity in the reference SNREI model.

We have thus established the great circle and minor arc theorems and
showed that they are valid in the: case of smooth lateral heterogeneity
(Smax < £). From (3.25) we also see that the amplitude of normal modes is
sensitive to the odd part of lateral heterogeneity, a property being currently
exploited in normal mode studies (Pollitz et al.; 1987).

3.5. Higher order asymptotics

While the zeroth order asymptotics appear to be verified in many instances,
significant departures from this simple theory have been observed.
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First, we expect from (3.3) the frequency shift to vary smoothly as a
function of frequency for given dispersion branch. Second, from (3.24), we
expect amplitudes to decay smoothly as a function of time or distance from
the source.

In fact, there are many reports of amplitude anomalies (e.g. Lay and
Kanamori, 1985; Romanowicz, 1987) and also systematic fluctuations of
the eigenfrequency as a function of angular order (Jobert and Roult, 1977:
Silver and Jordan, 1981; Roult et al., 1986).

It can be shown that such effects can be accounted for by applying higher
order asymptotics to first order perturbation theory. Complete derivations
can be found in Davis and Henson (1986), Romanowicz (1987) or Park
(1987). We give here the results obtained.

The (1/¢ ) asymptotic expression for the Legendre function X" is

1
X0, ) = cos (k:A —im+mir+ = (im? — 1) cot A) .

1
mvsin A 4
(3.26)

Introducing this expression in the derivations of (1I.1) we obtain, to order

1/¢
1 N 1
A = bwx + ﬁtall(kA — i+ )\K)(QKD,A + /3I\DI\) (327)

where oy, Ok, Ax depend on the source mechanism and

27

- 1

Dy =5 Or(bwi(s)) ds
0

. 1 27 v

DY =5 0%.(bwr(s)) ds (3.28)
0

where we have introduced the first and second transverse derivatives of
dwr whose expressions are, in the epicentral reference frame

Or(bwr (A, 0)) =(cot A — cot )\)aaLMK()\, 0)

2
O3 (6wr (A, 0)) =(cot A — cot )\)%(A, 0) (3.29)

We see that the frequency shift has fluctuations as a function of angular
order ¢ with a periodicity depending on epicentral distance A.
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In order to measure the great circle average we therefore have to extract
the smoothly varying part of the frequency shift. This is what we have
recently done in a global study of spheroidal mode eigenfrequency shifts
(Romanowicz et al., 1987) yielding in particular improved constraints on
the upper mantle degree two pattern. This of course required first filtering
the data to extract a single mode branch (fundamental mode).

In the same way, it can be shown that to order 1/¢, the normal mode
amplitudes are modified in such a way that

Ar(A) = AY (A + 6A)(1 + 6Fk (A)) (3.30)
where 6A is as defined in (3.24) and

roA | Dy — Dg  cotA . .
OF = —— - 8 .
K 0 o + I (bor — bdK) (3.31)

where
Dy = ax D + Br Dl

and D is the corresponding minor arc average. The term §Ff is a fo-
cussing term whose sign depends on the relative strength of great circle
and minor arc averages of the local frequency and its transverse first and
second derivatives.

By transforming to propagating waves (Romanowicz, 1987) we obtain an
amplitude focussing term which is equivalent to that obtained by Wood-
house and Wong (1986) using ray theory.

By considering focussing terms (3.31) or their equivalent in propagating
wave formalism we can hope to be able to separate to some extent effects of
scattering and effects of intrinsic attenuation in amplitude measurements
(Romanowicz, 1989).

Discussion. The higher order asy;nptotic theory described here is valid
for large angular orders and smooth lateral variations of structure. It per-
mits to go one step further in the interpretation of surface wave measure-
ments. It breaks down however, when the scatterer is of small or compa-
rable size to the wavelength of the waves, in which case a more complete
theory has to be considered, including mode conversions., with the disad-
vantage of many times heavier calculations involved.
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Appendix 1.

Excitation coefficients for a source represented by a moment tensor {Af;;}
(e: M)sXP(N) = CoXP(A) + CLXIN) + Ca XN

where, for spheroidal modes:

Co = — [MypOrU + (Mgg + Moy )(U — 10(£ + 1)V )r ]
Uu-v

C1 =L+ 1)(Mygcosp+ M, sin¢)(OrV + )

[ (Mgo — Myg) cos2¢r + My, sin 2¢ ]

v
Cy=—L{L+1)

r
and for toroidal modes:

Co =0
1
Oy =l + 1) (M, cosp — Mygsing)(OrW — ;W)

W .
Cy =— f(f -+ 1)7 [%(]\/199 - M@O) sin 2¢ g — My, cos 2¢)R]

where the angle ¢ is the azimuth of point ) counted from South and SQ = A
is the colatitude of point @ in the reference frame where the epicenter S is
the pole.
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