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Preface for the Society of Actuaries
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Rosen have all made major contributions to the project.

Richard Lambert organized the peer review process for the text. He was ably
assisted by Bonnie Averback, Jeffrey Beckley, Keith Chun, Janis Cole, Nancy Davis,
Roy Goldman, Jeff Groves, Curtis Huntington, Andre L’Esperance, Graham Lord,
Esther Portnoy, David Promislow, Elias Shiu, McKenzie Smith, and Judy Strachan.

The Education and Examination Committee, the Peer Review Team, and all oth-
ers involved in the revision of this text are most appreciative of the efforts of
Professors Bowers, Hickman and Jones toward the education of actuaries.

DAVID M. HOLLAND ALAN D. FORD
President General Chairperson
Education and Examination
Steering and Coordinating Committee
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AUTHORS” INTRODUCTIONS

AND GUIDE TO STUDY

Introduction to First Edition*

This text represents a first step in communicating the revolution in the actuarial
profession that is taking place in this age of high-speed computers. During the
short period of time since the invention of the microchip, actuaries have been freed
from numerous constraints of primitive computing devices in designing and man-
aging insurance systems. They are now able to focus more of their attention on
creative solutions to society’s demands for financial security.

To provide an educational basis for this focus, the major objectives of this work
are to integrate life contingencies into a full risk theory framework and to dem-
onstrate the wide variety of constructs that are then possible to build from basic
models at the foundation of actuarial science. Actuarial science is ever evolving,
and the procedures for model building in risk theory are at its forefront. Therefore,
we examine the nature of models before proceeding with a more detailed discus-
sion of the text.

Intellectual and physical models are constructed either to organize observations
into a comprehensive and coherent theory or to enable us to simulate, in a labo-
ratory or a computer system, the operation of the corresponding full-scale entity.
Models are absolutely essential in science, engineering, and the management of
large organizations. One must, however, always keep in mind the sharp distinction
between a model and the reality it represents. A satisfactory model captures enough
of reality to give insights into the successful operation of the system it represents.

The insurance models developed in this text have proved useful and have deep-
ened our insights about insurance systems. Nevertheless, we need to always keep

*Chapter references and nomenclature have been changed to be in accord with the second
edition. These changes are indicated by italics.
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before us the idea that real insurance systems operate in an environment that is
more complex and dynamic than the models studied here. Because models are only
approximations of reality, the work of model building is never done; approxima-
tions can be improved and reality may shift. It is a continuing endeavor of any
scientific discipline to revise and update its basic models. Actuarial science is no
exception.

Actuarial science developed at a time when mathematical tools (probability and
calculus, in particular), the necessary data (especially mortality data in the form of
life tables), and the socially perceived need (to protect families and businesses from
the financial consequences of untimely death) coexisted. The models constructed
at the genesis of actuarial science are still useful. However, the general environment
in which actuarial science exists continues to change, and it is necessary to peri-
odically restate the fundamentals of actuarial science in response to these changes.

-We illustrate this with three examples:

1. The insurance needs of modern societies are evolving, and, in response, new
systems of employee benefits and social insurance have developed. New mod-
els for these systems have been needed and constructed.

2. Mathematics has also evolved, and some concepts that were not available for
use in building the original foundations of actuarial science are now part of
a general mathematics education. If actuarial science is to remain in the main-
stream of the applied sciences, it is necessary to recast basic models in the
language of contemporary mathematics.

3. Finally, as previously stated, the development of high-speed computing equip-
ment has greatly increased the ability to manipulate complex models. This has
far-reaching consequences for the degree of completeness that can be incor-
porated into actuarial models.

This work features models that are fundamental to the current practice of actu-
arial science. They are explored with tools acquired in the study of mathematics,
in particular, undergraduate level calculus and probability. The proposition guid-
ing Chapters 1-14 is that there is a set of basic models at the heart of actuarial
science that should be studied by all students aspiring to practice within any of
the various actuarial specialities. These models are constructed using only a limited
number of ideas. We will find many relationships among those models that lead
to a unity in the foundations of actuarial science. These basic models are followed,
in Chapters 15-21, by some more elaborate models particularly appropriate to life
insurance and pensions.

While this book is intended to be comprehensive, it is not meant to be exhaustive.
In order to avoid any misunderstanding, we will indicate the limitations of the text:
Mathematical ideas that could unify and, in some cases, simplify the ideas
presented, but which are not included in typical undergraduate courses, are
not used. For example, moment generating functions, but not characteristic
functions, are used in developments regarding probability distributions.
Stieltjes integrals, which could be used in some cases to unify the presentation
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of discrete and continuous cases, are not used because of this basic decision on
mathematical prerequisites.

» The chapters devoted to life insurance stress the randomness of the time at
which a claim payment must be made. In the same chapters, the interest rates
used to convert future payments to a present value are considered deterministic
and are usually taken as constants. In view of the high volatility possible in
interest rates, it is natural to ask why probability models for interest rates were
not incorporated. Our answer is that the mathematics of life contingencies on
a probabilistic foundation (except for interest) does not involve ideas beyond
those covered in an undergraduate program. On the other hand, the modeling
of interest rates requires ideas from economics and statistics that are not in-
cluded in the prerequisites of this volume. In addition, there are some technical
problems in building models to combine random interest and random time of
claim that are in the process of being solved.

» Methods for estimating the parameters of basic actuarial models from obser-
vations are not covered. For example, the construction of life tables is not
discussed.

* This is not a text on computing. The issues involved in optimizing the orga-
nization of input data and computation in actuarial models are not discussed.
This is a rapidly changing area, seemingly best left for readers to resolve as
they choose in light of their own resources.

* Many important actuarial problems created by long-term practice and insur-
ance regulation are not discussed. This is true in sections treating topics such
as premiums actually charged for life insurance policies, costs reported for pen-
sions, restrictions on benefit provisions, and financial reporting as required by
regulators.

+ Ideas that lead to interesting puzzles, but which do not appear in basic actuarial
models, are avoided. Average age at death problems for a stationary population
do not appear for this reason.

This text has a number of features that distinguish it from previous fine textbooks
on life contingencies. A number of these features represent decisions by the authors
on material to be included and will be discussed under headings suggestive of the
topics involved.

Probability Approach

As indicated earlier, the sharpest break between the approach taken here and
that taken in earlier English language textbooks on actuarial mathematics is the
‘much fuller use of a probabilistic approach in the treatment of the mathematics of
life contingencies. Actuaries have usually written and spoken of applying proba-
bilities in their models, but their results could be, and often were, obtained by a
deterministic rate approach. In this work, the treatment of life contingencies is
based on the assumption that time-until-death is a continuous-type random vari-
able. This admits a rich field of random variable concepts such as distribution
function, probability density function, expected value, variance, and moment
generating function. This approach is timely, based on the availability of high-speed
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computers, and is called for, based on the observation that the economic role of
life insurance and pensions can be best seen when the random value of time-until-
death is stressed. Also, these probability ideas are now part of general education
in mathematics, and a fuller realization thereof relates life contingencies to other
fields of applied probability, for example, reliability theory in engineering.

Additionally, the deterministic rate approach is described for completeness and
is a tool in some developments. However, the results obtained from using a deter-
ministic model usually can be obtained as expected values in a probabilistic model.

Integration with Risk Theory

Risk theory is defined as the study of deviations of financial results from those
expected and methods of avoiding inconvenient consequences from such devia-
tions. The probabilistic approach to life contingencies makes it easy to incorporate
long-term contracts into risk theory models and, in fact, makes life contingencies
only a part, but a very important one, of risk theory. Ruin theory, another important
part of risk theory, is included as it provides insight into one source, the insurance
claims, of adverse long-term financial deviations. This source is the most unique
aspect of models for insurance enterprises.

Utility Theory

This text contains topics on the economics of insurance. The goal is to provide a
motivation, based on a normative theory of individual behavior in the face of un-
certainty, for the study of insurance models. Although the models used are highly
simplified, they lead to insights into the economic role of insurance, and to an
appreciation of some of the issues that arise in making insurance decisions.

Consistent Assumptions

The assumption of a uniform distribution of deaths in each year of age is con-
sistently used to evaluate actuarial functions at nonintegral ages. This eliminates
some of the anomalies that have been observed when inconsistent assumptions are
applied in situations involving high interest rates.

Newton L. Bowers
Hans U. Gerber
James C. Hickman
Donald A. jones
Cecil J. Nesbitt
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Introduction to Second Edition

Actuarial science is not static. In the time since the publication of the first edition
of Actuarial Mathematics, actuarial science has absorbed additional ideas from
economics and the mathematical sciences. At the same time, computing and
communications have become cheaper and faster, and this has helped to make
feasible more complex actuarial models. During this period the financial risks that
modern societies seek to manage have also altered as a result of the globalization
of business, technological advances, and political shifts that have changed public
policies.

It would be impossible to capture the full effect of all these changes in the re-
vision of a basic textbook. Our objective is more modest, but we hope that it is
realistic. This edition is a step in an ongoing process of adaptation designed to keep
the fundamentals of actuarial science current with changing realities.

In the second edition, changes in notation and nomenclature appear in almost
every section. There are also basic changes from the first edition that should be
listed.

1. Commutation functions, a classic tool in actuarial calculations, are not used.
This is in response to the declining advantages of these functions in an age
when interest rates are often viewed as random variables, or as varying deter-
ministically, and the probability distribution of time until decrement may de-
pend on variables other than attained age. Starting in Chapter 3, exercises that
illustrate actuarial calculations using recursion formulas that can be imple-
mented with current software are introduced. It is logically necessary that the
challenge of implementing tomorrow’s software is left to the reader.

2. Utility theory is no longer confined to the first chapter. Examples are given that
illustrate how utility theory can be employed to construct consistent models
for premiums and reserves that differ from the conventional model that im-
plicitly depends on linear utility of wealth.

3. In the first edition readers were seldom asked to consider more than the first
and second moments of loss random variables. In this edition, following the
intellectual path used earlier in physics and statistics, the distribution functions
and probability density functions of loss variables are illustrated.

4. The basic material on reserves is now presented in two chapters. This facilitates
a more complete development of the theory of reserves for general life insur-
ances with varying premiums and benefits.

5. In recent years considerable actuarial research has been done on joint distri-
butions for several future lifetime random variables where mutual indepen-
dence is not assumed. This work influences the chapters on multiple life ac-
tuarial functions and multiple decrement theory.

6. There are potentially serious estimation and interpretation problems in multiple
decrement theory when the random times until decrement for competing
causes of decrement are not independent. Those problems are illustrated in the
second edition.
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7. The applications of multiple decrement theory have been consolidated. No at-
tempt is made to illustrate in this basic textbook the variations in benefit for-
mulas driven by rapid changes in pension practice and regulation.

8. The confluence of new research and computing capabilities has increased the
use of recursive formulas in calculating the distribution of total losses derived
from risk theory models. This development has influenced Chapter 12.

9. The material on pricing life insurance with death and withdrawal benefits and
accounting for life insurance operations has been reorganized. Business and
regulatory considerations have been concentrated in one chapter, and the foun-
dations of accounting and provisions for expenses in an earlier chapter. The
discussion of regulation has been limited to general issues and options for
addressing these issues. No attempt has been made to present a definitive in-
terpretation of regulation for any nation, province, or state.

10. The models for some insurance products that are no longer important in the
market have been deleted. Models for new products, such as accelerated ben-
efits for terminal illness or long-term care, are introduced.

11. The final chapter contains a brief introduction to simple models in which in-
terest rates are random variables. In addition, ideas for managing interest rate
risk are discussed. It is hoped that this chapter will provide a bridge to recent
developments within the intersection of actuarial mathematics and financial
economics.

As the project of writing this second edition ends, it is clear that a significant
new development is under way. This new endeavor is centered on the creation of
general models for managing the risks to individuals and organizations created by
uncertain future cash flows when the uncertainty derives from any source. This
blending of the actuarial/statistical approach to building models for financial se-
curity systems with the approach taken in financial economics is a worthy assign-
ment for the next cohort of actuarial students.

Newton L. Bowers
James C. Hickman
Donald A. Jones

Guide to Study

The reader can consider this text as covering the two branches of risk theory.
Individual risk theory views each policy as a unit and allows construction of a
model for a group of policies by adding the financial results for the separate policies
in the group. Collective risk theory uses a probabilistic model for total claims that
avoids the step of adding the results for individual policies. This distinction is
sometimes difficult to maintain in practice. The chapters, however, can be classified
as illustrated below.
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Individual Risk Theory Collective Risk Theory

1,2,3,4,5,6,7,8,9,10, 12, 13, 14, 19, 20
11, 15, 16, 17, 18, 21

It is also possible to divide insurance models into those appropriate for short-
term insurance, where investment income is not a signiﬁcant factor, and long-term
insurance, where investment income is important. The following classification
scheme provides this division of chapters along with an additional division of long-
term models between those for life insurance and those for pensions.

Long-Term Insurances

Short-Term Insurances Life Insurance Pensions
1,2,12,13, 14 3,4,5,6,7,8,9, 10, 9,10, 11,
11, 15, 16, 17, 18, 21 19, 20, 21

The selection of topics and their organization do not follow a traditional pattern.
As stated previously, the new organization arose from the goal to first cover ma-
terial considered basic for all actuarial students (Chapters 1-14) and then to include
a more in-depth treatment of selected topics for students specializing in life insur-
ance and pensions (Chapters 15-21).

The discussion in Chapter 1 is devoted to two ideas: that random events can
disrupt the plans of decision makers and that insurance systems are designed to
reduce the adverse financial effects of these events. To illustrate the latter, single
insurance policies are discussed and convenient, if not necessarily realistic, distri-
butions of the loss random variable are used. In subsequent chapters, more detailed
models are constructed for use with insurance systems.

In Chapter 2, the individual risk model is developed, first in regard to single
policies, then in regard to a portfolio of policies. In this model, a random variable,
S, the total claims in a single period, is the sum of a fixed number of independent
random variables, each of which is associated with a single policy. Each component
of the sum S can take either the value 0 or a random claim amount in the course
of a single period.

From the viewpoint of risk theory, the ideas developed in Chapters 3 through
11 can be seen as extending the ideas of Chapter 2. Instead of considering the
potential claims in a short period from an individual policy, we consider loss var-
iables that take into account the financial results of several periods. Since such
random variables are no longer restricted to a short time period, they reflect the
time value of money. For groups of individuals, we can then proceed, as in
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Chapter 2, to use an approximation, such as the normal approximation, to make
probability statements about the sum of the random variables that are associated
with the individual members.

In Chapter 3, time-of-death is treated as a continuous random variable, and,
after defining the probability density function, several features of the probability
distribution are introduced and explored. In Chapters 4 and 5, life insurances and
annuities are introduced, and the present values of the benefits are expressed as
functions of the time-of-death. Several characteristics of the distributions of the
present value of future benefits are examined. In Chapter 6, the equivalence prin-
ciple is introduced and used to define and evaluate periodic benefit premiums. In
Chapters 7 and 8, the prospective future loss on a contract already in force is
investigated. The distribution of future loss is examined, and the benefit reserve is
defined as the expected value of this loss. In Chapter 9, annuity and insurance
contracts involving two lives are studied. (Discussion of more advanced multiple
life theory is deferred until Chapter 18.) The discussion in Chapters 10 and 11
investigates a more realistic model in which several causes of decrement are pos-
sible. In Chapter 10, basic theory is examined, whereas in Chapter 11 the theory is
applied to calculating actuarial present values for a variety of insurance and pen-
sion benefits.

In Chapter 12, the collective risk model is developed with respect to single-period
considerations of a portfolio of policies. The distribution of total claims for the
period is developed by postulating the characteristics of the portfolio in the aggre-
gate rather than as a sum of individual policies. In Chapter 13, these ideas are
extended to a continuous-time model that can be used to study solvency require-
ments over a long time period. Applications of risk theory to insurance models are
given an overview in Chapter 14.

Elaboration of the individual model to incorporate operational constraints such
as acquisition and administrative expenses, accounting requirements, and the ef-
fects of contract terminations is treated in Chapters 15 and 16. In Chapter 17, in-
dividual risk theory models are used to obtain actuarial present values, benefit and
contract premiums, and benefit reserves for selected special plans including life
annuities with certain periods that depend on the contract premium, variable and
flexible products, and accelerated benefits. In Chapter 18, the elementary models
for plans involving two lives are extended to incorporate contingencies based on a
larger number of lives and more complicated benefits.

In Chapter 19, concepts of population theory are introduced. These concepts are
then applied to tracing the progress of life insurance benefits provided on a group,
or population, basis. The tools from population theory are applied to tracing the
progress of retirement income benefits provided on a group basis in Chapter 20.

Chapter 21 is a step into the future. Interest rates are assumed to be random
variables. Several stochastic models are introduced and then integrated into models
for basic insurance and annuity contracts.
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The following diagram illustrates the prerequisite structure of the chapters. The
arrows indicate the direction of the flow. For any chapter, the chapters that are
upstream are prerequisite. For example, Chapter 6 has as prerequisites Chapters 1,
2,3,4, and 5.
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We have a couple of hints for the reader, particularly for one for whom the
material is new. The exercises are an important part of the text and include material
not covered in the main discussion. In some cases, hints will be offered to aid in
the solution. Answers to all exercises are provided except where the answer is given
in the formulation of the problem. Writing computer programs and using electronic
spreadsheets or mathematical software for the evaluation of basic formulas are
excellent ways of enhancing the level of understanding of the material. The student
is encouraged to use these tools to work through the computing exercises.

We conclude these introductory comments with some miscellaneous information
on the format of the text. First, each chapter concludes with a reference section that
provides guidance to those who wish to pursue further study of the topics covered
in the chapter. These sections also contain comments that relate the ideas used in
insurance models to those used in other areas.

Second, Chapters 1, 12, 13, 14, and 18 contain some theorems with their proofs
included as chapter appendices. These proofs are included for completeness, but
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are not essential to an understanding of the material. They may be excluded from
study at the reader’s discretion. Exercises associated with these appendices should
also be considered optional.

Third, general appendices appear at the end of the text. Included here are nu-
merical tables for computations for examples and exercises, an index to notation,
a discussion of general rules for writing actuarial symbols, reference citations,
answers to exercises, a subject index, and supplemental mathematical formulas that
are not assumed to be a part of the mathematical prerequisites.

Fourth, we observe two notational conventions. A referenced random variable,
X, for example, is designated with a capital letter. This notational convention is not
used in older texts on probability theory. It will be our practice, in order to indicate
the correspondence, to use the appropriate random variable symbol as a subscript
on functions and operators that depend on the random variable. We will use the
general abbreviation log to refer to natural (base ¢) logarithms, because a distinction
between natural and common logarithms is unnecessary in the examples and ex-
ercises. We assume the natural logarithm in our computations.

Fifth, currencies such as dollar, pound, lira, or yen are not specified in the
examples and exercises due to the international character of the required
computations.

Finally, since we have discussed prerequisites to this work, some major theorems
from undergraduate calculus and probability theory will be used without review
or restatement in the discussions and exercises.
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THE ECONOMICS OF INSURANCE

11 Introduction

Each of us makes plans and has expectations about the path his or her life will
follow. However, experience teaches that plans will not unfold with certainty and
sometimes expectations will not be realized. Occasionally plans are frustrated be-
cause they are built on unrealistic assumptions. In other situations, fortuitous cir-
cumstances interfere. Insurance is designed to protect against serious financial re-
versals that result from random events intruding on the plans of individuals.

We should understand certain basic limitations on insurance protection. First, it
is restricted to reducing those consequences of random events that can be measured
in monetary terms. Other types of losses may be important, but not amenable to
reduction through insurance.

For example, pain and suffering may be caused by a random event. However,
insurance coverages designed to compensate for pain and suffering often have been
troubled by the difficulty of measuring the loss in monetary units. On the other
hand, economic losses can be caused by events such as property set on fire by its
owner. Whereas the monetary terms of such losses may be easy to define, the events
are not insurable because of the nonrandom nature of creating the losses.

A second basic limitation is that insurance does not directly reduce the proba-
bility of loss. The existence of windstorm insurance will not alter the probability
of a destructive storm. However, a well-designed insurance system often provides
financial incentives for loss prevention activities. An insurance product that en-
couraged the destruction of property or the withdrawal of a productive person
from the labor force would affect the probability of these economically adverse
events. Such insurance would not be in the public interest.

Several examples of situations where random events may cause financial losses
are the following;:

* The destruction of property by fire or storm is usually considered a random

~event in which the loss can be measured in monetary terms.
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* A damage award imposed by a court as a result of a negligent act is often
considered a random event with resulting monetary loss.

¢ Prolonged illness may strike at an unexpected time and result in financial
losses. These losses will be due to extra health care expenses and reduced
earned income.

* The death of a young adult may occur while long-term commitments to family
or business remain unfulfilled. Or, if the individual survives to an advanced
age, resources for meeting the costs of living may be depleted.

These examples are designed to illustrate the definition:

An insurance system is a mechanism for reducing the adverse financial impact
of random events that prevent the fulfillment of reasonable expectations.

It is helpful to make certain distinctions between insurance and related systems.
Banking institutions were developed for the purpose of receiving, investing, and
dispensing the savings of individuals and corporations. The cash flows in and out
of a savings institution do not follow deterministi¢ paths. However, unlike insur-
ance systems, savings institutions do not make payments based on the size of a
financial loss occurring from an event outside the control of the person suffering
the loss.

Another system that does make payments based on the occurrence of random
events is gambling. Gambling or wagering, however, stands in contrast to an in-
surance system in that an insurance system is designed to protect against the ec-
onomic impact of risks that exist independently of, and are largely beyond the
control of, the insured. The typical gambling arrangement is established by defining
payoff rules about the occurrence of a contrived event, and the risk is voluntarily
sought by the participants. Like insurance, a gambling arrangement typically re-
distributes wealth, but it is there that the similarity ends.

Our definition of an insurance system is purposefully broad. It encompasses sys-
tems that cover losses in both property and human-life values. It is intended to
cover insurance systems based on individual decisions to participate as well as
systems where participation is a condition of employment or residence. These ideas
are discussed in Section 1.4.

The economic justification for an insurance system is that it contributes to general
welfare by improving the prospect that plans will not be frustrated by random
events. Such systems may also increase total production by encouraging individuals
and corporations to embark on ventures where the possibility of large losses would
inhibit such projects in the absence of insurance. The development of marine in-
surance, for reducing the financial impact of the perils of the sea, is an example of
this point. Foreign trade permitted specialization and more efficient production, yet
mutually advantageous trading activity might be too hazardous for some potential
trading partners without an insurance system to cover possible losses at sea.
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1.2 Utility Theory

If people could foretell the consequences of their decisions, their lives would be
simpler but less interesting. We would all make decisions on the basis of prefer-
ences for certain consequences. However, we do not possess perfect foresight. At
best, we can select an action that will lead to one set of uncertainties rather than
another. An elaborate theory has been developed that provides insights into deci-
sion making in the face of uncertainty. This body of knowledge is called utility
theory. Because of its relevance to insurance systems, its main points will be out-
lined here.

One solution to the problem of decision making in the face of uncertainty is to
define the value of an economic project with a random outcome to be its expected
value. By this expected value principle the distribution of possible outcomes may
be replaced for decision purposes by a single number, the expected value of the
random monetary outcomes. By this principle, a decision maker would be indif-
ferent between assuming the random loss X and paying amount E[X] in order to
be relieved of the possible loss. Similarly, a decision maker would be willing to pay
up to E[Y] to participate in a gamble with random payoff Y. In economics the
expected value of random prospects with monetary payments is frequently called
the fair or actuarial value of the prospect.

Many decision makers do not adopt the expected value principle. For them, their
wealth level and other aspects of the distribution of outcomes influence their
decisions.

Below is an illustration designed to show the inadequacy of the expected value
principle for a decision maker considering the value of accident insurance. In all
cases, it is assumed that the probability of an accident is 0.01 and the probability
of no accident is 0.99. Three cases are considered according to the amount of loss
arising from an accident; the expected loss is tabulated for each.

Case Possible Losses Expected Loss
1 0 1 0.01
2 0 1000 10.00
3 0 1000 000 10 000.00

A loss of 1 might be of little concern to the decision maker who then might be
unwilling to pay more than the expected loss to obtain insurance. However, the
loss of 1,000,000, which may exceed his net worth, could be catastrophic. In this
case, the decision maker might well be willing to pay more than the expected loss
of 10,000 in order to obtain insurance. The fact that the amount a decision maker
would pay for protection against a random loss may differ from the expected value
suggests that the expected value principle is inadequate to model behavior.
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We now study another approach to explain why a decision maker may be willing
to pay more than the expected value. At first we simply assume that the value or
utility that a particular decision maker attaches to wealth of amount w, measured
in monetary units, can be specified in the form of a function u(w), called a utility
function. We demonstrate a procedure by which a few values of such a function
can be determined. For this we assume that our decision maker has wealth equal
to 20,000. A linear transformation,

wr(w) = au(w) + b a>0,

yields a function u*(w), which is essentially equivalent to u(w). It then follows by
choice of a and b that we can determine arbitrarily the 0 point and one additional
point of an individual’s utility function. Therefore, we fix u(0) = —1 and u(20,000)
= 0. These values are plotted on the solid line in Figure 1.2.1.

Determination of a Utility Function

w(w)

wealth in
thousands

-0.5 1

-1.0

We now ask a question of our decision maker: Suppose you face a loss of 20,000
with probability 0.5, and will remain at your current level of wealth with proba-
bility 0.5. What is the maximum amount* G you would be willing to pay for

*Premium quantities, by convention in insurance literature, are capitalized although they
are not random variables.
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complete insurance protection against this random loss? We can express this ques-
tion in the following way: For what value of G does

(20,000 — G) = 0.5 u(20,000) + 0.5 u(0)
= (0.5)(0) + (0.5)(—1) = —0.5?

If he pays amount G, his wealth will certainly remain at 20,000 — G. The equal
sign indicates that the decision maker is indifferent between paying G with cer-
tainty and accepting the expected utility of wealth expressed on the right-hand
side.

Suppose the decision maker’s answer is G = 12,000. Therefore,
u(20,000 — 12,000) = u(8,000) = —0.5.

This result is plotted on the dashed line in Figure 1.2.1. Perhaps the most important
aspect of the decision maker’s response is that he is willing to pay an amount for
insurance that is greater than

(0.5)(0) + (0.5)(20,000) = 10,000,

the expected value of the loss.

This procedure can be used to add as many points [w, u(w)], for 0 = w = 20,000,
as needed to obtain a satisfactory approximation to the decision maker’s utility of
wealth function. Once a utility value has been assigned to wealth levels w, and w,,
where 0 = w; < w, = 20,000, we can determine an additional point by asking the
decision maker the following question: What is the maximum amount you would
pay for complete insurance against a situation that could leave you with wealth w,
with specified probability p, or at reduced wealth level w; with probability 1 — p?
We are asking the decision maker to fix a value G such that

uww, — G) = (1 — pu(w,) + p u(w,). (1.2.1)

Once the value w, — G = w;, is available, the point [w,, (1 — p)u(w,) + p w(w,)] is
determined as another point of the utility function. Such a process has been used
to assign a fourth point (12,500, —0.25) in Figure 1.2.1. Such solicitation of prefer-
ences leads to a set of points on the decision maker’s utility function. A smooth
function with a second derivative may be fitted to these points to provide for a
utility function everywhere.

After a decision maker has determined his utility of wealth function by the
method outlined, the function can be used to compare two random economic pros-
pects. The prospects are denoted by the random variables X and Y. We seek a
decision rule that is consistent with the preferences already elicited in the deter-
mination of the utility of wealth function. Thus, if the decision maker has wealth
w, and must compare the random prospects X and Y, the decision maker selects X
if

Elu(w + X)] > E[lu(w + Y)],

and the decision maker is indifferent between X and Y if
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Elu(w + X)] = E[u(w + Y)].

Although the method of eliciting and using a utility function may seem plausible,
it is clear that our informal development must be augmented by a more rigorous
chain of reasoning if utility theory is to provide a coherent and comprehensive
framework for decision making in the face of uncertainty. If we are to understand
the economic role of insurance, such a framework is needed. An outline of this
more rigorous theory follows.

The theory starts with the assumption that a rational decision maker, when faced
with two distributions of outcomes affecting wealth, is able to express a preference
for one of the distributions or indifference between them. Furthermore, the pref-
erences must satisfy certain consistency requirements. The theory culminates in a
theorem stating that if preferences satisfy the consistency requirements, there is a
utility function u(w) such that if the distribution of X is preferred to the distribution
of Y, E[u(X)] > E[u(Y)], and if the decision maker is indifferent between the two
distributions, E[u(X)] = E[u(Y)]. That is, the qualitative preference or indifference
relation may be replaced by a consistent numerical comparison. In Section 1.6,
references are given for the detailed development of this theory.

Before turning to applications of utility theory for insights into insurance, we
record some observations about utility.

Observations:

1. Utility theory is built on the assumed existence and consistency of preferences
for probability distributions of outcomes. A utility function should reveal no
surprises. It is a numerical description of existing preferences.

2. A utility function need not, in fact, cannot, be determined uniquely. For example,
if

u*(w) = a u(w) + b a >0,
then
E[u(X)] > E[u(Y)]
is equivalent to

E[u*(X)] > E[u*(Y)].

That is, preferences are preserved when the utility function is an increasing linear
transformation of the original form. This fact was used in the Figure 1.2.1 illus-
tration where two points were chosen arbitrarily.

3. Suppose the utility function is linear with a positive slope; that is,

u(w) =aw + b a > 0.
Then, if E[X] = puy and E[Y] = py, we have
EuX)] = apx + b > Eu(Y)] =ap, + b

if and only if py > p,. That is, for increasing linear utility functions, preferences
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for distributions of outcomes are in the same order as the expected values of the
distributions being compared. Therefore, the expected value principle for ra-
tional economic behavior in the face of uncertainty is consistent with the ex-
pected utility rule when the utility function is an increasing linear one.

1.3 Insurance and Utility

In Section 1.2 we outlined utility theory for the purpose of gaining insights into
the economic role of insurance. To examine this role we start with an illustration.
Suppose a decision maker owns a property that may be damaged or destroyed in
the next accounting period. The amount of the loss, which may be 0, is a random
variable denoted by X. We assume that the distribution of X is known. Then E[X],
the expected loss in the next period, may be interpreted as the long-term average
loss if the experiment of exposing the property to damage may be observed under
identical conditions a great many times. It is clear that this long-term set of trials
could not be performed by an individual decision maker.

Suppose that an insurance organization (insurer) was established to help reduce
the financial consequences of the damage or destruction of property. The insurer
would issue contracts (policies) that would promise to pay the owner of a property
a defined amount equal to or less than the financial loss if the property were dam-
aged or destroyed during the period of the policy. The contingent payment linked
to the amount of the loss is called a claim payment. In return for the promise
contained in the policy, the owner of the property (insured) pays a consideration
(premium).

The amount of the premium payment is determined after an economic decision
principle has been adopted by each of the insurer and insured. An opportunity
exists for a mutually advantageous insurance policy when the premium for the
policy set by the insurer is less than the maximum amount that the property owner
is willing to pay for insurance.

Within the range of financial outcomes for an individual insurance policy, the
insurer’s utility function might be approximated by a straight line. In this case, the
insurer would adopt the expected value principle in setting its premium, as indi-
cated in Section 1.2, Observation 3; that is, the insurer would set its basic price for
full insurance coverage as the expected loss, E[X] = . In this context w is called
the pure or net premium for the 1-period insurance policy. To provide for expenses,
taxes, and profit and for some security against adverse loss experience, the insur-
ance system would decide to set the premium for the policy by loading, adding
to, the pure premium. For instance, the loaded premium, denoted by H, might be
given by

H=00+au+c a>0, c>0.

In this expression the quantity ap. can be viewed as being associated with expenses
that vary with expected losses and with the risk that claims experience will deviate
from expected. The constant ¢ provides for expected expenses that do not vary with
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losses. Later, we will illustrate other economic principles for determining premiums
that might be adopted by the insurer.

We now apply utility theory to the decision problems faced by the owner of the
property subject to loss. The property owner has a utility of wealth function u(w)
where wealth w is measured in monetary terms. The owner faces a possible loss
due to random events that may damage the property. The distribution of the ran-
dom loss X is assumed to be known. Much as in (1.2.1), the owner will be indif-
ferent between paying an amount G to the insurer, who will assume the random
financial loss, and assuming the risk himself. This situation can be stated as

u(w — G) = Elu(w — X)]. (1.3.1)

The right-hand side of (1.3.1) represents the expected utility of not buying insurance
when the owner’s current wealth is w. The left-hand side of (1.3.1) represents the
expected utility of paying G for complete financial protection.

If the owner has an increasing linear utility function, that is, u(w) = bw + d with
b > 0, the owner will be adopting the expected value principle. In this case the
owner prefers, or is indifferent to, the insurance when

uw — G) =bw — G) +d=Euw — X)] = Eb(w — X) + 4],
bw — G) +d=bw — p) + 4,
G = .

That is, if the owner has an increasing linear utility function, the premium pay-
ments that will make the owner prefer, or be indifferent to, complete insurance are
less than or equal to the expected loss. In the absence of a subsidy, an insurer, over
the long term, must charge more than its expected losses. Therefore, in this case,
there seems to be little opportunity for a mutually advantageous insurance contract.
If an insurance contract is to result, the insurer must charge a premium in excess
of expected losses and expenses to avoid a bias toward insufficient income. The
property owner then cannot use a linear utility function.

In Section 1.2 we mention that the preferences of a decision maker must satisfy
certain consistency requirements to ensure the existence of a utility function. Al-
though these requirements were not listed, they do not include any specifications
that would force a utility function to be linear, quadratic, exponential, logarithmic,
or any other particular form. In fact, each of these named functions might serve as
a utility function for some decision maker or they might be spliced together to
reflect some other decision maker’s preferences.

Nevertheless, it seems natural to assume that u(w) is an increasing function,
“more is better.” In addition, it has been observed that for many decision makers,
each additional equal increment of wealth results in a smaller increment of asso-
ciated utility. This is the idea of decreasing marginal utility in economics.

The approximate utility function of Figure 1.2.1 consists of straight line segments
with positive slopes. It is such that A’u(w) = 0. If these ideas are extended to
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smoother functions, the two properties suggested by observation are u'(w) > 0 and
#"(w) < 0. The second inequality indicates that u(w) is a strictly concave downward
function.

In discussing insurance decisions using strictly concave downward utility func-
tions, we will make use of one form of Jensen’s inequalities. These inequalities state
that for a random variable X and function u(w),

if w"(w) < 0, then E[u(X)] = u(E[X]), (1.3.2)
if u"(w) > 0, then E[u(X)] = u(E[X]). (1.3.3)

Jensen’s inequalities require the existence of the two expected values. Proofs of the
inequalities are required by Exercise 1.3. A second proof of (1.3.2) is almost im-
mediate from consideration of Figure 1.3.1 as follows.

Proof of Jensen’s Inequalities
for the Case u’(w) > 0
and u"(w) <0

y
u(p) +u'(() (w—H)
u(w)
u(u)
w

u

If E[X] = w exists, one .considers the line tangent to u(w),

y = u(p) + u'(Ww — p),

at the point (p, u(w)). Because of the strictly concave characteristic of u(w), the graph
of u(w) will be below the tangent line; that is,

uww) = u(p) + u'(Ww — p) (1.3.4)

for all values of w. If w is replaced by the random variable X, and the expectation
is taken on each side of the inequality (1.3.4), we have E[u(X)] = u(p).

This basic inequality has several applications in actuarial mathematics. Let us
apply Jensen’s inequality (1.3.2) to the decision maker’s insurance problem as for-
mulated in (1.3.1). We will assume that the decision maker’s preferences are such
that u'(w) > 0 and u"(w) < 0. Applying Jensen’s inequality to (1.3.1), we have

uw — G) = Elu(w — X)] = u(w — p). (1.3.5)
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Because u'(w) > 0, u(w) is an increasing function. Therefore, (1.3.5) implies that
w—G=w-—pu,orG=pwith G > p unless X is a constant. In economic terms,
we have found that if u'(w) > 0 and u"(w) < 0, the decision maker will pay an
amount greater than the expected loss for insurance. If G is at least equal to the
premium set by the insurer, there is an opportunity for a mutually advantageous
insurance policy.

Formally we say a decision maker with utility function u(w) is risk averse if, and
only if, u"(w) < 0.

We now employ a general utility function for the insurer. We let 1,(w) denote the
utility of wealth function of the insurer and w; denote the current wealth of the
insurer measured in monetary terms. Then the minimum acceptable premium H
for assuming random loss X, from the viewpoint of the insurer, may be determined
from (1.3.6):

u(wy) = Eluw;, + H = X)]. (1.3.6)

The left-hand side of (1.3.6) is the utility attached to the insurer’s current position.
The right-hand side is the expected utility associated with collecting premium H
and paying random loss X. In other words, the insurer is indifferent between the
current position and providing insurance for X at premium H. If the insurer’s utility
function is such that u;(w) > 0, uj(w) < 0, we can use Jensen’s inequality (1.3.2)
along with (1.3.6) to obtain

ufwy) = Blu(w, + H — X)] = ufw, + H — ).

Following the same line of reasoning displayed in connection with (1.3.5), we can
conclude that H = . If G, as determined by the decision maker by solving (1.3.5),
is such that G = H = p, an insurance contract is possible. That is, the expected
utility of neither party to the contract is decreased.

A utility function is based on the decision maker’s preferences for various dis-
tributions of outcomes. An insurer need not be an individual. It may be a partner-
ship, corporation, or government agency. In this situation the determination of
u(w), the insurer’s utility function, may be a rather complicated matter. For ex-
ample, if the insurer is a corporation, one of management’s responsibilities is the
formulation of a coherent set of preferences for various risky insurance ventures.
These preferences may involve compromises between conflicting attitudes toward
risk among the groups of stockholders.

Several elementary functions are used to illustrate properties of utility functions.
Here we examine exponential, fractional power, and quadratic functions. Exercises
1.6, 1.8, 1.9, 1.10(b), and 1.13 cover the logarithmic utility function.

An exponential utility function is of the form
w(w) = —e v for all w and for a fixed a > 0

and has several attractive features. First,
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u'(w) = ae™* > 0.
Second,
W'(w) = —ae™* < 0.
Therefore, u(w) may serve as the utility function of a risk-averse individual. Third,
finding
E[—e*X] = —E[e "] = ~M(~a)

is essentially the same as finding the moment generating function (m.g.f.) of X. In
this expression,

M(t) = E[e”]

denotes the m.g.f. of X. Fourth, insurance premiums do not depend on the wealth
of the decision maker. This statement is verified for the insured by substituting the
exponential utility function into (1.3.1). That is,

_e-'()t(‘l,U‘G) = E[_e-OL(ZU*X)]

7

¢ = My(a),
G- log My(a)
a

and G does not depend on w.

The verification for the insurer is done by substituting the exponential utility
function with parameter o, into (1.3.6):

—p MW = E[ _e'al(ZUH'H—X)],

—emW = _ p—alwrtH) MX(O‘I)r
H — log MX(aI)
65 )

Example 1.3.1

A decision maker’s utility function is given by u(w) = —e~°". The decision maker
has two random economic prospects (gains) available. The outcome of the first,
denoted by X, has a normal distribution with mean 5 and variance 2. Henceforth,
a statement about a normal distribution with mean w and variance o2 will be ab-
breviated as N(p, o?). The second prospect, denoted by Y, is distributed as
N(6, 2.5). Which prospect will be preferred?

Solution:
We have

E[u(X)] = E[—e5¥]
= —My(-5) = — 753+ /2]

= —1/
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and

E[u(Y)] = E[-e™]

= —M,(=5) = —el56)+(925/2]
—_ 61'25.
Therefore,
E[u(X)] = -1 > E[u(Y)] = —e'5,
and the distribution of X is preferred to the distribution of Y. v

In Example 1.3.1 prospect X is preferred to Y despite the fact that .y = 5 < p, = 6.
Since the decision maker is risk averse, the fact that the distribution of Y is more
diffuse than the distribution of X is weighted heavily against the distribution of Y
in assessing its desirability. If Y had a N(6, 2.4) distribution, E[u(Y)] = —1 and the
decision maker would be indifferent between the distributions of X and Y.

The family of fractional power utility functions is given by
u(w) = w’ w>0,0<y<Ll
A member of this family might represent the preferences of a risk-averse decision
maker since
u'(w) =yl >0
and
W(w) = y(y — Dw? 2 < 0.

In this family, premiums depend on the wealth of the decision maker in a manner
that may be sufficiently realistic in many situations.

Example 1.3.2

A decision maker’s utility function is given by u(w) = Vw. The decision maker
has wealth of w = 10 and faces a random loss X with a uniform distribution on
(0, 10). What is the maximum amount this decision maker will pay for complete
insurance against the random loss?

Solution:
Substituting into (1.3.1) we have

V10 = G = E[V10 — X]
10

V10 — x 107 dx
0

I

10

_=2(10 — x)3/2
B 3(10)

0
2 =
= g 10’

G = 5.5556.
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The decision maker is risk averse and has u'(w) > 0. Following the discussion of
(1.3.5), we would expect G > E[X], and in this example G = 5.5556 > E[X] = 5.¥

The family of quadratic utility functions is given by
ww) = w — aw® w< Ra)’, a > 0.
A member of this family might represent the preferences of a risk-averse decision
maker since #"(w) = —2a. While a quadratic utility function is convenient because
decisions depend only on the first two moments of the distributions of outcomes

under consideration, there are certain consequences of its use that strike some peo-
ple as being unreasonable. Example 1.3.3 illustrates one of these consequences.

Example 1.3.3

A decision maker’s utility of wealth function is given by
ww) = w — 0.01w? w < 50.

The decision maker will retain wealth of amount w with probability p and suffer a
financial loss of amount ¢ with probability 1 — p. For the values of w, ¢, and p
exhibited in the table below, find the maximum insurance premium that the deci-
sion maker will pay for complete insurance. Assume ¢ = w < 50.

Solution:
For the facts stated, (1.3.1) becomes

uw — G) = pu(w) + (1 — pyu(w — o),
(w — G) — 0.0l — G = p(w — 0.01w?)
+ (1 = plw ~ ¢) = 0.01(w — ¢)?].

For given values of w, p, and c this expression becomes a quadratic equation. Two
solutions are shown.

Wealth Loss Probability Insurance Premium
w c p G
10 10 0.5 5.28
20 10 0.5 5.37 v

In Example 1.3.3, as anticipated, G is greater than the expected loss of 5. However,
the maximum insurance premium for exactly the same loss distribution increases
with the wealth of the decision maker. This result seems unreasonable to some who
anticipate that more typical behavior would be a decrease in the amount a decision
maker would pay for insurance when an increase in wealth would permit the
decision maker to absorb more of a random loss. Unfortunately, a maximum in-
surance premium that increases with wealth is a property of quadratic utility func-
tions. Consequently, these utility functions should not be selected by a decision
maker who perceives that his ability to absorb random losses goes up with in-
creases in wealth.
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If we rework Example 1.3.3 using an exponential utility function, we know that
the premium G will not depend on w, the amount of wealth. In fact, if u(w) =
—e 001w it can be shown that G = 5.12 for both w = 10 and w = 20.

Example 1.3.4

The probability that a property will not be damaged in the next period is 0.75.
The probability density function (p.d.f.) of a positive loss is given by

flx) = 0.25(0.01e ) x> 0.
The owner of the property has a utility function given by

u(w) = —e 0005w,

Calculate the expected loss and the maximum insurance premium the property
owner will pay for complete insurance.

Solution:
The expected loss is given by

Em]=0%@4wu5kxmmfwww

= 25.

We apply (1.3.1) to determine the maximum premium that the owner will pay for
complete insurance. This premium will be consistent with the property owner’s
preferences as summarized in the utility function:

00

0.75u(w) + J' u(w — x)f(x)dx,

0

ww — G)

_efo,OOS(wa) - _0.758—0.00510 _ 025 J‘w e—OAOOS(w7x)(0.01e—0,01x)dx’
0

9% = 0.75 + (0.25)(2)
= 1.25,
G = 200 log 1.25
= 44.63.

Therefore, in accord with the property owner’s preferences, he will pay up to
44.63 — 25 = 19.63 in excess of the expected loss to purchase insurance covering
all losses in the next period. v

In Example 1.3.5 the notion of insurance that covers something less than the
complete loss is introduced. A modification is made in (1.3.1) to accommodate the
fact that losses are shared by the decision maker and the insurance system.

Example 1.3.5

The property owner in Example 1.3.4 is offered an insurance policy that will pay
1/2 of any loss during the next period. The expected value of the partial loss
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payment is E[X /2] = 12.50. Calculate the maximum premium that the property
owner will pay for this insurance. :

Solution:
Consistent with his attitude toward risk, as summarized in his utility function,
the premium is determined from

00

0.75u(w — G) + f

0

u <w -G - g) fx)dx

= 0.75u(w) + L i u(w — x)f(x)dx.

The left-hand side of this equation represents the expected utility with the partial
insurance coverage. The right-hand side represents the expected utility with no
insurance. For the exponential utility function and p.d.f. of losses specified in Ex-
ample 1.3.4, it can be shown that G = 28.62. The property owner is willing to pay
up to G — w = 28.62 — 12.50 = 16.12 more than the expected partial loss for the
partial insurance coverage. v

1.4 Elements of Insurance

Individuals and organizations face the threat of financial loss due to random
events. In Section 1.3 we saw how insurance can increase the expected utility of a
decision maker facing such random losses. Insurance systems are unique in that
the alleviation of financial losses in which the number, size, or time of occurrence
is random is the primary reason for their existence. In this section we review some
of the factors influencing the organization and management of an insurance system.

An insurance system can be organized only after the identification of a class of
situations where random losses may occur. The word random is taken to mean,
along with other attributes, that the frequency, size, or time of loss is not under the
control of the prospective insured. If such control exists, or if a claim payment
exceeds the actual financial loss, an incentive to incur a loss will exist. In such a
situation, the assumptions under which the insurance system was organized will
become invalid. The actual conditions under which premiums are collected and
claims paid will be different from those assumed in organizing the system. The
system will not achieve its intended objective of not decreasing the expected util-
ities of both the insured and the insurer.

Once a class of insurable situations is identified, information on the expected
utilities and the loss-generating process can be obtained. Market research in insur-
ance can be viewed as an effort to learn about the utility functions, that is, the risk
preferences of consumers.

The processes generating size and time of loss may be sufficiently stable over
time so that past information can be used to plan the system. When a new insurance
system is organized, directly relevant statistics are not often available. However,
enough ancillary information from similar risk situations may be obtained to
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identify the risks and to provide preliminary estimates of the probability distri-
butions needed to determine premiums. Because most insurance systems operate
under dynamic conditions, it is important that a plan exist for collecting and ana-
lyzing insurance operating data so that the insurance system can adapt. Adaptation
in this case may mean changing premiums, paying an experience-based dividend
or premium refund, or modifying future policies.

In a competitive economy, market forces encourage insurers to price short-term
policies so that deviations of experience from expected value behave as indepen-
dent random variables. Deviations should exhibit no pattern that might be ex-
ploited by the insured or insurer to produce consistent gains. Such consistent
deviations would indicate inefficiencies in the insurance market.

As a result, the classification of risks into homogeneous groups is an important
function within a market-based insurance system. Experience deviations that are
random indicate efficiency or equity in classification. In a competitive insurance
market, the continual interaction of numerous buyers and sellers forces experimen-
tation with classification systems as the market participants attempt to take advan-
tage of perceived patterns of deviations. Because insurance losses may be relatively
rare events, it is often difficult to identify nonrandom patterns. The cost of classi-
fication information for a refined classification system also places a bound on ex-
perimentation in this area.

For insurance systems organized to serve groups rather than individuals, the
issue is no longer whether deviations in insurance experience are random for each
individual. Instead, the question is whether deviations in group experience are
random. Consistent deviations in experience from that expected would indicate the
need for a revision in the system.

Group insurance decisions do not rest on individual expected utility compari-
sons. Instead, group insurance plans are based on a collective decision on whether
the system increases the total welfare of the group. Group health insurance pro-
viding benefits for the employees of a firm is an example.

1.5 Optimal Insurance

The ideas outlined in Sections 1.2, 1.3, and 1.4 have been used as the foundation
of an elaborate theory for guiding insurance decision makers to actions consistent
with their preferences. In this section we present one of the main results from this
theory and review many of the ideas introduced so far.

A decision maker has wealth of amount w and faces a loss in the next period.
This loss is a random variable X. The decision maker can buy an insurance contract
that will pay I(x) of the loss x. To avoid an incentive to incur the loss, we assume
that all feasible insurance contracts are such that 0 = I(x) = x. We make the
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simplifying assumption that all feasible insurance contracts with E[I(X)] = B can be
purchased for the same amount P.

The decision maker has formulated a utility function u(w) that is consistent with
his preferences for distributions of outcomes. We assume that the decision maker
is risk averse, u"(w) < 0. We further assume that the decision maker has decided
on the amount, denoted by P, to be paid for insurance. The question is: which of
the insurance contracts from the class of feasible contracts with expected claims, 3,
and premium, P, should be purchased to maximize the expected utility of the de-
cision maker?

One subclass of the class of feasible insurance contracts is defined as follows:
_J0 x<d
Li(x) = {x 4 x=d (15.1)

This class of contracts is characterized by the fact that claim payments do not start
until the loss exceeds the deductible amount d. For losses above the deductible
amount, the excess is paid under the terms of the contract. This type of contract is
sometimes called stop-loss or excess-of-loss insurance, the choice depending on
the application.

In the problem discussed in this section the expected claims are denoted by B.
In (1.5.2) the symbol f(x) denotes the p.d.f. and the symbol F(x) denotes the distri-
bution function (d.f.) associated with the random loss X:

B= f: (x — d)f(x)dx (1.5.2A)
or

B= f: [1 — F(x)]dx. (1.5.2B)
Equation (1.5.2B) is obtained from (1.5.2A) by integration by parts. When B is given,
then (1.5.2) provides explicit equations for the corresponding deductible, denoted

by d*. In Exercise 1.17, it is shown that d* exists and is unique.

The main result of this section can be stated as a theorem.

Theorem 1.5.1
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and the insurance market offers for a payment of P all feasible insurance con-
tracts of the form I(x), 0 = I(x) = x, with E[/{X)] = B, then the decision maker’s
expected utility will be maximized by purchasing an insurance policy

0 o T
',bld*(x)::{xmd* ¥ =t
where d* is the solution of

0.

It

B~ f (x — d)f)dx
The theorem is proved in the Appendix to this chapter.

Theorem 1.5.1 is an important result and illustrates many of the ideas developed
in this chapter. However, it is instructive to consider certain limitations on its ap-
plicability. First, the ratio of premium to expected claims is the same for all available
contracts. In fact, the distributions of the random variables I(X) can be very differ-
ent, and the provision for risk in the premium usually depends on the character-
istics of the distribution of I(X). Second, in Theorem 1.5.1, it is assumed that the
premium P is fixed by a budget constraint. Alternatives to amount P are not con-
sidered. In Exercise 1.22, relaxation of the budget constraint is considered. Third,
while the theorem indicates the form of insurance, it does not help to determine
the amount P to spend. In the theorem, P is fixed.

1.6 Notes and References

Definitions and principles of actuarial science can be found in “Principles of
Actuarial Science” (SOA Committee on Actuarial Principles 1992).

The role of risk in business was developed in a pioneering thesis by Willett (1951).
Borch (1974) has published a series of papers applying utility theory to insurance
questions. DeGroot (1970) gives a complete development of utility theory starting
from basic axioms for consistency among preferences for various distributions of
outcomes. DeGroot and Borch both discuss the historically important St. Petersburg
paradox, outlined in Exercise 1.2. A paper by Friedman and Savage (1948) provides
many insights into utility theory and human behavior.

Pratt (1964) has studied (1.3.1) and derived several theorems about premiums
and utility functions. Exercise 1.10, which uses two rough approximations, is related
to one of Pratt’s results.

Theorem 1.5.1 on optimal insurance was proved by Arrow (1963) in the context
of health insurance. The theorem in Exercise 1.21, in which the goal of insurance
is to minimize the variance of retained losses, was the subject of papers by Borch
(1960) and Kahn (1961). The use of the variance of losses as a measure of stability
is discussed by Beard, Pentikdinen, and Pesonen (1984). Exercise 1.23 is based on
their discussion.
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Appendix

Lemma:
If u"(w) < 0 for all w in [a, b], then for w and z in [a, D],

ww) — uz) = (w — z2)u'(z). (1.A.1)
Proof:

The lemma may be established with the aid of Figure 1.3.1. Using the point
slope form, a line tangent to u(w) at the point (z, u(z)) has the equation y — u(z) =
u'(z)(w — z) and is above the graph of the function u(w) except at the point (z, u(z)).
Therefore,

u(w) — u(z) = u'@2)(w — z2). [ |

Figure 1.3.1 shows the case u'(w) > 0. The same argument holds for u'(w) < 0.

In Exercise 1.20 an alternative proof is required.

Proof of Theorem 1.5.1:
Let I(x) be associated with an insurance policy satisfying the hypothesis of the
theorem. Then from the lemma,

uw — x + I(x) — P) —u(w — x + Li(x) — P)
= [I(x) — Lx(x)]Ju'(w — x + L{(x) — P). (1.A.2)
In addition, we claim
[(x) — L (x)]u'(w — x + L;(x) — P)
= [I(x) — L(x)]u'(w — d* — P). (1.A.3)

To establish inequality (1.A.3), we must consider three cases:

Case . I.(x) = I(x)
In this case equality holds, (1.A.3) is 0 on both sides.

Case II. L.(x) > I(x)
In this case I.(x) > 0 and from (1.5.1), x — [.(x) = d*. Therefore,
equality holds with each side of (1.A.3) equal to [I(x) — In(x)]u'(w —
d* — P).

Case III. L.(x) < I(x)
In this case I(x) — I(x) > 0. From (1.5.1) we obtain I(x) — x = —d*
and I.(x) — x — P = —d* — P. Therefore,

ww — x + Lu(x) = P) = u'(w — d* — P)

since the second derivative of u(x) is negative and u'(x) is a decreas-
ing function.
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Therefore, in each case

[I(x) — L)' (w — x + [(x) — P) = [I(x) — Lu(x)]u'(w — P — d%),

establishing inequality (1.A.3).

Now, combining inequalities (1.A.2) and (1.A.3) and taking expectations, we have

Elu(w — X + I(X) — P)] — Elu(w — X + [,(X) — P)]
= E[I(X) - L(X)u'(w —d* — P) =B — Bu'(w — d* — P) =0.

Therefore,

Elu(w — X + I(X) — P)] = E[u(w — X + [.(X) — P)]

and the expected utility will be maximized by selecting [;(x), the stop-loss policy.

Exercises

Section 1.2

1.1. Assume that a decision maker’s current wealth is 10,000. Assign u(0) = —1
and u(10,000) = 0.

1.2.

a.

When facing a loss of X with probability 0.5 and remaining at current
wealth with probability 0.5, the decision maker would be willing to pay
up to G for complete insurance. The values for X and G in three situations
are given below.

X G

10 000 6 000
6 000 3300
3300 1700

Determine three values on the decision maker’s utility of wealth function
u.

. Calculate the slopes of the four line segments joining the five points de-

termined on the graph u(w). Determine the rates of change of the slopes
from segment to segment.

Put yourself in the role of a decision maker with wealth 10,000. In addition
to the given values of u(0) and #(10,000), elicit three additional values on
your utility of wealth function u.

. On the basis of the five values of your utility function, calculate the slopes

and the rates of change of the slopes as done in part (b).

St. Petersburg paradox: Consider a game of chance that consists of tossing a
coin until a head appears. The probability of a head is 0.5 and the repeated
trials are independent. Let the random variable N be the number of the trial
on which the first head occurs.
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a. Show that the probability function (p.f.) of N is given by

f(n)z(%)n n=123,....

b. Find E[N] and Var(N).

c. If a reward of X = 2V is paid, prove that the expectation of the reward
does not exist.

d. If this reward has utility u(w) = log w, find E[u(X)].

Section 1.3

1.3.

14.

1.5.

1.6.

1.7.

1.8.

1.9.

Jensen'’s inequalities:

a. Assume u"(w) < 0, E[X] = w, and E[u(X)] exist; prove that E[u(X)] = u(w).
[Hint: Express u(w) as a series around the point w = p and terminate the
expansion with an error term involving the second derivative. Note that Jen-
sen’s inequalities do not require that u'(w) > 0.]

b. If u"(w) > 0, prove that E[u(X)] = u(w).

c. Discuss Jensen'’s inequalities for the special case u(w) = w?. What is

E[u(X)] — u(E[X])?

If a utility function is such that u'(w) > 0 and u"(w) > 0, use (1.3.1) to show
G = p. A decision maker with preferences consistent with #"(w) > 0 is a risk
lover.

Construct a geometric argument, based on a graph like that displayed in
Figure 1.3.1, that if u'(w) < 0 and u"(w) < 0, then (1.3.4) follows.

Confirm that the utility function u(w) = log w, w > 0, is the utility function
of a decision maker who is risk averse for w > 0.

A utility function is given by

e—(w—100)2/200 w < 100
ww) = {2 — o~ (@=100)2/200 w = 100.
a. Isu'(w) = 0?
b. For what range of w is u"(w) < 0?

If one assumes, as did D. Bernoulli in his comments on the St. Petersburg
paradox, that utility of wealth satisfies the differential equation

du(w) _ k

w>0k>0,
dw w

confirm that u(w) = k log w + c.

A decision maker has utility function u(w) = k log w. The decision maker has
wealth w, w > 1, and faces a random loss X, which has a uniform distribution
on the interval (0, 1). Use (1.3.1) to show that the maximum insurance pre-
mium that the decision maker will pay for complete insurance is

Chapter 1 The Economics of Insurance
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ww

C=w- et

1.10. a. In (1.3.1) use the approximations
ww = G) =uw — p) + (b~ Gu'w — p),
1
uw = x) = uw — )+ (- - ) S e U

and derive the following approximation for G:

1w -w

G= .
B2 - p
b. If u(w) = k log w, use the approximation developed in part (a) to obtain
1  o?
G=wn+=
T2 w -
1.11. The decision maker has a utility function u(w) = —e™* and is faced with a

random loss that has a chi-square distribution with n degrees of freedom. If
0 <a <1/2,use (1.3.1) to obtain an expression for G, the maximum insurance
premium the decision maker will pay, and prove that G > n = p.

1.12. Rework Example 1.3.4 for
a. u(w) = —e"w/40
b. u(w) = —e v/,

1.13. a. An insurer with net worth 100 has accepted (and collected the premium
for) a risk X with the following probability distribution:

Pr(X = 0) = Pr(X = 51) = %

What is the maximum amount G it should pay another insurer to accept
100% of this loss? Assume the first insurer’s utility function of wealth is
u(w) = log w.

b. An insurer, with wealth 650 and the same utility function, u(w) = log
w, is considering accepting the above risk. What is the minimum
amount H this insurer would accept as a premium to cover 100% of the
loss?

1.14. If the complete insurance of Example 1.3.4 can be purchased for 40 and the
50% coinsurance of Example 1.3.5 can be purchased for 25, the purchase of
which insurance maximizes the property owner’s expected utility?

Section 1.4

1.15. A hospital expense policy is issued to a group consisting of n individuals.
The policy pays B dollars each time a member of the group enters a hospital.
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The group is not homogeneous with respect to the expected number of hos-
pital admissions each year. The group may be divided into r subgroups. There
are n; individuals in subgroup i and 2 n; = n. For subgroup i the number of
annual hospital admissions for each member has a Poisson distribution with
parameter \;, i = 1, 2, ..., r. The number of annual hospital admissions for
members of the group are mutually independent.

a. Show that the expected claims payment in one year is

B > n\; = Bnk
1
where

E n\;

K=

n
b. Show that the number of hospital admissions in 1 year for the group has
a Poisson distribution with parameter n A.

Section 1.5

1.16. Perform the integration by parts indicated in (1.5.2). Use the fact that if E[X]
exists, if and only if, lim x[1 — F(x)] = 0.

X—0

1.17. a. Differentiate the right-hand side of (1.5.2B) with respect to d.
b. Let B be a number such that 0 < B < E[X]. Show that (1.5.2) has a unique
solution d*.

1.18. Let the loss random variable X have a p.d.f. given by

flx) = 0.1 x > 0.
a. Calculate E[X] and Var(X).
b. If P = 5 is to be spent for insurance to be purchased by the payment of
the pure premium, show that

x
I(x) = 5
and
0 x<d
Iy(x) = {x —d x = d, where d = 10 log 2,

both represent feasible insurance policies with pure premium P = 5. I(x)
is called proportional insurance.

1.19. The loss random variable X has a p.d.f. given by
1

<x< .
100 0 <x <100

fx) =

Chapter 1 The Economics of Insurance
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a. Calculate E[X] and Var(X).
b. Consider a proportional policy where

I(x) = kx 0<k<1,
and a stop-loss policy where
0 x<d
I(x) =
4) {x -d x=d

Determine k and d such that the pure premium in each case is P = 12.5.
¢. Show that Var[X — I(X)] > Var[ { — [,(x)].

Appendix

1.20.

1.21.

1.22.

1.23.

Establish the lemma by using an analytic rather than a geometric argument.
[Hint: Expand u(w) in a series as far as a second derivative remainder around
the point z and subtract u(z).]

Adopt the hypotheses of Theorem 1.5.1 with respect to B and insurance con-
tracts I(x) and assume E[X] = w. Prove that

Var[X — I(X)] = E[(X — IX) — p + B)’]

is a minimum when I(x) = I.(x). You will be proving that for a fixed pure
premium, a stop-loss insurance contract will minimize the variance of re-
tained claims. [Hint: we may follow the proof of Theorem 1.5.1 by first prov-
ing that x> — z2 = (x — 2z)(2z) and then establishing that

[x — I)]? = [x = L) = [Ip(x) — I(0)][2x — 2[(x)]
= 2[L(x) — I(x)]d*.

The final inequality may be established by breaking the proof into three cases.
Alternatively, by proper choice of wealth level and utility function, the result
of this exercise is a special case of Theorem 1.5.1.]

Adopt the hypotheses of Theorem 1.5.1, except remove the budget constraint;
that is, assume that the decision maker will pay premium P, 0 < P = E[X]
= 1, that will maximize expected utility. In addition, assume that any feasible
insurance can be purchased for its expected value. Prove that the optimal
insurance is Ij(x). This result can be summarized by stating that full coverage
is optimal in the absence of a budget constraint if insurance can be purchased
for its pure premium. [Hint: Use the lemma with the role of w played by w —
x + I(x) — P and that of z played by w — x + I(x) — E[X] = w — . Take
expectations and establish that E[u(w — X) + I(X) — P] = u(w — w).]

Optimality properties of stop-loss insurance were established in Theorem 1.5.1
and Exercise 1.21. These results depended on the decision criteria, the con-
straints, and the insurance alternatives available. In each of these develop-
ments, there was a budget constraint. Consider the situation where there is a
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risk constraint and the price of insurance depends on the insurance risk as
measured by the variance.

(i) The insurance premium is E[I(X)] + f(Var[I(X)]), where f(w) is an increas-
ing function. The amount of f(Var[I(X)]) can be interpreted as a security
loading.

The decision maker elects to retain loss X — I(X) such that Var[X — I(X)]
= V = 0. This requirement imposes a risk rather than a budget constraint.
The constant is determined by the degree of risk aversion of the decision
maker. Fixing the accepted variance, and then optimizing expected re-
sults, is a decision criterion in investment portfolio theory.

The decision maker selects I(x) to minimize f(Var[I(X)]). The objective is
to minimize the security loading, the premium paid less the expected
insurance payments. Confirm the following steps:

(ii)

(iii)

a.
b.

Var[I(X)] = V + Var(X) — 2 Cov[X, X — I(X)].
The I(x) that minimizes Var[I(X)] and thereby f(Var[I(X)]) is such that
the correlation coefficient between X and X — I(x) is 1.

. It is known that if two random variables W and Z have correlation

coefficient 1, then Pr{W = aZ + b, where a > 0} = 1. In words, the
probability of their joint distribution is concentrated on a line of pos-
itive slope. In part (b), the correlation coefficient of X and X — I(X)
was found to be 1. Thus, X — I(X) = aX + b, which implies that
I(X) = (1 — a)X — b. To be a feasible insurance, 0 = I(x) = x or 0 =
(1 — a)x — b = x. These inequalities imply that b = 0 and 0 =
l-a=land0=a=1

. To determine g, set the correlation coefficient of X and X — I(X) equal

to 1, or equivalently, their covariance equal to the product of their
standard deviations. Thus, show that 2 = VV /Var(X) and thus that
the insurance that minimizes f(Var[X]) is I(X) = [1 — VV/Var(X)]X.

Chapter 1
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INDIVIDUAL RISK MODELS
FOR A SHORT TERM

21 Introduction

In Chapter 1 we examined how a decision maker can use insurance to reduce
the adverse financial impact of some types of random events. That examination
was quite general. The decision maker could have been an individual seeking pro-
tection against the loss of property, savings, or income. The decision maker could
have been an organization seeking protection against those same types of losses.
In fact, the organization could have been an insurance company seeking protection
against the loss of funds due to excess claims either by an individual or by its
portfolio of insureds. Such protection is called reinsurance and is introduced in this
chapter.

The theory in Chapter 1 requires a probabilistic model for the potential losses.
Here we examine one of two models commonly used in insurance pricing, reserv-
ing, and reinsurance applications.

For an insuring organization, let the random loss of a segment of its risks be
denoted by S. Then S is the random variable for which we seek a probability
distribution. Historically, there have been two sets of postulates for distributions
of S. The individual risk model defines

S=X,+ X, + -+ X, 2.1.1)

where X; is the loss on insured unit i and 7 is the number of risk units insured.
Usually the X/'s are postulated to be independent random variables, because the
mathematics is easier and no historical data on the dependence relationship are
needed. The other model is the collective risk model described in Chapter 12.

The individual risk model in this chapter does not recognize the time value of
money. This is for simplicity and is why the title refers to short terms. Chapters 4—
11 cover models for long terms.
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In this chapter we discuss only closed models; that is, the number of insured
units  in (2.1.1) is known and fixed at the beginning of the period. If we postulate
about migration in and out of the insurance system, we have an open model.

2.2 Models for Individual Claim Random Variables

First, we review basic concepts with a life insurance product. In a one-year term
life insurance the insurer agrees to pay an amount b if the insured dies within a
year of policy issue and to pay nothing if the insured survives the year. The prob-
ability of a claim during the year is denoted by g. The claim random variable, X,
has a distribution that can be described by either its probability function, p.f., or
its distribution function, d.f. The p.f. is

1—-g x=0
fx(x) =Pr(X = x) = {q x=b (2.2.1)
0 elsewhere,
and the d.f. is
0 x <0
Fx(x) =PrX=x) =41 —g 0=x<b (2.2.2)
1 x =b.

From the p.f. and the definition of moments,

E[X] = bg,
E[X?] = b%g, (2.2.3)
and |
Var(X) = bg(1 — g). (2.2.4)
These formulas can also be obtained by writing
X=1b (2.2.5)

where b is the constant amount payable in the event of death and I is the random
variable that is 1 for the event of death and 0 otherwise. Thus, Pr(I = 0) =1 — g
and Pr(I = 1) = g, the mean and variance of I are g and g(1 — g), respectively, and
the mean and variance of X are bg and b?g(1 — g) as above.

The random variable I with its {0, 1} range is widely applicable in actuarial mod-
els. In probability textbooks it is called an indicator, Bernoulli random variable, ox
binomial random variable for a single trial. We refer to it as an indicator for the
sake of brevity and because it indicates the occurrence, I = 1, or nonoccurrence,
I =0, of a given event.

We now seek more general models in which the amount of claim is also a random
variable and several claims can occur in a period. Health, automobile, and other
property and liability coverages provide immediate examples. Extending (2.2.5),
we postulate that

X =1IB (2.2.6)
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where X is the claim random variable for the period, B gives the total claim amount
incurred during the period, and I is the indicator for the event that at least one
claim has occurred. As the indicator for this event, I reports the occurrence (I = 1)
or nonoccurrence (I = 0) of claims in this period and not the number of claims in
the period. Pr(I = 1) is still denoted by 4.

Let us look at several situations and determine the distributions of I and B for a
model. First, consider a 1-year term life insurance paying an extra benefit in case
of accidental death. To be specific, if death is accidental, the benefit amount is
50,000. For other causes of death, the benefit amount is 25,000. Assume that for the
age, health, and occupation of a specific individual, the probability of an accidental
death within the year is 0.0005, while the probability of a nonaccidental death is
0.0020. More succinctly,

Pr(I = 1 and B = 50,000) = 0.0005
and

Pr(I = 1 and B = 25,000) = 0.0020.
Summing over the possible values of B, we have

Pr(I = 1) = 0.0025,

and then

Pr(I =0) =1 — Pr(I = 1) = 0.9975.
The conditional distribution of B, given I = 1, is

_ Pr(B=25000and I =1) 00020

Pr(B = 25,000/ = 1) Pr(l = 1) = 0005 0.8,
Pr(B = 50,000 and I = 1 0.0005
Pe(B = 500001 = 1) = TR L= - BATR — 02

Let us now consider an automobile insurance providing collision coverage (this
indemnifies the owner for collision damage to his car) above a 250 deductible up
to a maximum claim of 2,000. For illustrative purposes, assume that for a particular
individual the probability of one claim in a period is 0.15 and the chance of more
than one claim is 0:

Pr(I = 0) = 0.85,
Pr(I = 1) = 0.15.

This unrealistic assumption of no more than one claim per period is made to sim-
plify the distribution of B. We remove that assumption in a later section after we
discuss the distribution of the sum of a number of claims. Since B is the claim
incurred by the insurer, rather than the amount of damage to the car, we can infer
two characteristics of I and B. First, the event I = 0 includes those collisions in
which the damage is less than the 250 deductible. The other inference is that B’s
distribution has a probability mass at the maximum claim size of 2,000. Assume

Chapter 2 Individual Risk Models for a Short Term
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this probability mass is 0.1. Furthermore, assume that claim amounts between 0
and 2,000 can be modeled by a continuous distribution with a p.d.f. proportional
to 1 — x/2,000 for 0 < x < 2,000. (In practice the continuous curve chosen to
represent the distribution of claims is the result of a study of claims by size over
a recent period.) Summarizing these assumptions about the conditional distribution
of B, given I = 1, we have a mixed distribution with positive density from 0 to
2,000 and a mass at 2,000. This is illustrated in Figure 2.2.1. The d.f. of this con-
ditional distribution is

0 x =<0
2
X
< =1)={0. - — <x<
Pr(B = x|I = 1) 09‘[1 (1 2,00())} 0 <x <2000
1 x = 2,000.

Distribution Function for B, given I =1
101 FB%)
09+

0 2,000

We see in Section 2.4 that the moments of the claim random variable, X, in
particular the mean and variance, are extensively used. For this automobile insur-
ance, we shall calculate the mean and the variance by two methods. First, we derive

the distribution of X and use it to calculate E[X] and Var(X). Letting Fy(x) be the
d.f. of X, we have

Fy(x) = Pr(X = x) = Pr(IB = x)
= Pr(IB < x|I = 0) Pr(I = 0) (2.2.7)

+ Pr(IB = x|I = 1) Pr(I = 1).
For x < 0,

F(x) = 0(0.85) + 0(0.15) = 0.
For 0 = x < 2,000,

x 2
Fi(x) = 1(0.85) + 0.9 [1 - (1 - 2,000> } (0.15).
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For x = 2,000,
Fy(x) = 1(0.85) + 1(0.15) = 1.

This is a mixed distribution. It has both probability masses and a continuous part
as can be seen in its graph in Figure 2.2.2.

%‘W

8 '&,4' %
Distribution Function of X = IB
Fx(x)
1.000 L
0.985 T
0.850 /

I | ,

x
0 2,000
Corresponding to this d.f. is a combination p.f. and p.d.f. given by
Pr(X = 0) = 0.85,
Pr(X = 2,000) = 0.015 (2.2.8)
with p.d.f.
Fi(x) = 0.000135 1 — — 0 < x < 2,000
— 2,000
fx(x)

elsewhere.

Moments of X can then be calculated by

2,000

E[X*] = 0 X Pr(X = 0) + (2,000 X Pr(X = 2,000) + fo xHf(x) dx,  (2.2.9)

specifically,
E[X] = 120
and
E[X?] = 150,000.
Thus,

Var(X) = 135,600.

There are some formulas relating the moments of random variables to certain
conditional expectations. General versions of these formulas for the mean and var-
iance are

E[W] = E[E[W|V]] (2.2.10)
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and
Var(W) = Var(E[W|V]) + E[Var(W|V)]. (2.2.11)

In these equations we think of calculating the terms of the left-hand sides by direct
use of W’s distribution. In the terms on the right-hand sides, E[W|V] and Var(W|V)
are calculated by use of W’s conditional distribution for a given value of V. These
components are then functions of the random variable V, and we can calculate
their moments by use of V'’s distribution.

In many actuarial models conditional distributions are used. This makes the for-
mulas above directly applicable. In our model, X = IB, we can substitute X for W
and I for V to obtain

E[X] = E[E[X|I]] (2.2.12)
and
Var(X) = Var(E[X|I]) + E[Var(X|I)]. (2.2.13)
Now let us write
w = E[B|I = 1], (2.2.14)
a2 = Var(B|]I = 1), (2.2.15)
and look at the conditional means
E[X[I=0]=0 (2.2.16)
and
E[X|I = 1] = E[B|]I = 1] = . (2.2.17)

Formulas (2.2.16) and (2.2.17) define E[X|I] as a function of I, which can be written
by the formula

E[X|I] = plL (2.2.18)
Hence,
E[E[X|I]] = pE[I] = pg (2.2.19)
and
Var(E[X|I]) = p? Var(I) = p*g(1 — g). (2.2.20)
Since X = 0 for I = 0, we have
Var(X|I = 0) = 0. (2.2.21)
ForI = 1, we have X = B and
Var(X|I = 1) = Var(B|I = 1) = o2 (2.2.22)
Formulas (2.2.21) and (2.2.22) can be combined as
Var(X|I) = o°I. (2.2.23)
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Then

E[Var(X|I)] = o?E[I] = o*g. (2.2.24)
Substituting (2.2.19), (2.2.20), and (2.2.24) into (2.2.12) and (2.2.13), we have
E[X] = pg (2.2.25)
and
Var(X) = pX(1 — ¢9) + o?g. (2.2.26)

Let us now apply these formulas to calculate E[X] and Var(X) for the automobile
insurance in Figure 2.2.2. Since the p.d.f. for B, given I = 1, is

X

0.0009 (1 - 2,000

) 0 < x < 2,000
fou(x1) =

elsewhere,
with Pr(B = 2,000|]I = 1) = 0.1, we have
jZ,OOO x
= . - — + (0.1)(2, = ,
w=]  00009x (1 2/000> dx + (0.1)(2,000) = 800

x
2,000

2,000
E[BYI = 1] = L 0.0009 x2 (1 - ) dx + (0.1)(2,000)2 = 1,000,000,

and
a? = 1,000,000 — (800)* = 360,000.
Finally, with g = 0.15 we obtain the following from (2.2.25) and (2.2.26):
E[X] = 800(0.15) = 120

and

Var(X) = (800)%(0.15)(0.85) + (360,000)(0.15)

= 135,600.

There are other possible models for B in different insurance situations. As an
example, let us consider a model for the number of deaths due to crashes during
an airline’s year of operation. We can start with a random variable for the number
of deaths, X, on a single flight and then add up a set of such random variables
over the set of flights for the year. For a single flight, the event I = 1 will be the
event of an accident during the flight. The number of deaths in the accident, B,
will be modeled as the product of two random variables, L and Q, where L is the
load factor, the number of persons on board at the time of the crash, and Q is the
fraction of deaths among persons on board. The number of deaths B is modeled in
this way since separate statistical data for the distributions of L and Q may be more
readily available than are total data for B. We have X = ILQ. While the fraction of
passengers killed in a crash and the fraction of seats occupied are probably related,
L and Q might be assumed to be independent as a first approximation.

Chapter 2 Individual Risk Models for a Short Term
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2.3 Sums of Independent Random Variables

In the individual risk model, claims of an insuring organization are modeled as
the sum of the claims of many insured individuals.

The claims for the individuals are assumed to be independent in most applica-
tions. In this section we review two methods for determining the distribution of
the sum of independent random variables. First, let us consider the sum of two
random variables, S = X + Y, with the sample space shown in Figure 2.3.1.

Event{X + Y < s}

The line X + Y = s and the region below the line represent the event
[S=X+Y =3s].
Hence the d.f. of S is
Fgs) = Pr(S=5) =Pr(X + Y = s). (2.3.1)

For two discrete, non-negative random variables, we can use the law of total
probability to write (2.3.1) as

Fs)= >, Pr(X + Y =slY =y Pr(Y = y)

all y=s

= > PrX=s-—ylY =y) Pr(Y = y). (2.3.2)

all y=s
When X and Y are independent, this last sum can be written

Fis) = >, Fx(s — nidy). (2.3.3)

all y=s

The p.f. corresponding to this d.f. can be calculated by
fi6) = 2 fuls = ALY (234)

all y=s

For continuous, non-negative random variables the formulas corresponding to
(2.3.2), (2.3.3), and (2.3.4) are
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v

R = [ Prx = s - ylY = 9 i) dy, (235)
Fy(s) = fo Fx(s — y) Aiy) dy, (2.3.6)

fs(s) = fo fx(s — ) fAly) dy. (2.3.7)

When either one, or both, of X and Y have a mixed-type distribution (typical in
individual risk model applications), the formulas are analogous but more complex.
For random variables that may also take on negative values, the sums and integrals
in the formulas above are over all y values from —% to +.

In probability, the operation in (2.3.3) and (2.3.6) is called the convolution of the
pair of distribution functions Fy(x) and F,(y) and is denoted by Fy * F,. Convolu-

tions can also be defined for a pair of probability functions or probability density
functions as in (2.3.4) and (2.3.7).

To determine the distribution of the sum of more than two random variables,
we can use the convolution process iteratively. For S = X; + X, + + -+ + X, where
the X/s are independent random variables, F; is the d.f. of X;, and F® is the d.f. of
X, + X, + -+ + X, we proceed thus:

F® = F,+F® = [, + F,

F® = F, » F@
F® = F, * F®
F(") = Pn * P("il)‘

Example 2.3.1 illustrates the procedure using probability functions for three discrete
random variables.

Example 2.3.1

The random variables X;, X,, and X, are independent with distributions defined
by columns (1), (2), and (3) of the table below. Derive the p.f. and d.f. of

S=X, + X, + X,

Solution:

The notation of the previous paragraph is used in the table:

* Columns (1)-(3) are given information.

¢ Column (4) is derived from columns (1) and (2) by use of (2.3.4).

» Column (5) is derived from columns (3) and (4) by use of (2.3.4).
The determination of column (5) completes the determination of the distribution of
S. Its d.f. in column (8) is the set of partial sums of column (5) from the top.
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1 (2) (3) 4) (5) (6) (7) ®
X fi(x) f>(x) £ fm(x) f O (x) F,(x) F(x) F9(x)
0 04 0.5 0.6 0.20 0.120 04 0.20 0.120
1 0.3 0.2 0.0 0.23 0.138 0.7 0.43 0.258
2 0.2 0.1 0.1 0.20 0.140 0.9 0.63 0.398
3 01 01 0.1 0.16 0.139 1.0 0.79 0.537
4 0.1 0.1 0.11 0.129 1.0 0.90 0.666
5 0.1 0.06 0.115 1.0 0.96 0.781
6 0.03 0.088 1.0 0.99 0.869
7 0.01 0.059 1.0 1.00 0.928
8 0.036 1.0 1.00 0.964
9 0.021 1.0 1.00 0.985
10 0.010 1.0 1.00 0.995
11 0.004 1.0 1.00 0.999
12 0.001 1.0 1.00 1.000

For illustrative purposes we include column (6), the d.f. for column (1), column (7)
which can be derived directly from columns (2) and (6) by use of (2.3.3), and col-
umn (8), derived similarly from columns (3) and (7). Column (5) can then be ob-

tained by differencing column (8).

We follow with two examples involving continuous random variables.

\4

Example 2.3.2 '

Let X have a uniform distribution on (0, 2) and let Y be independent of X with
a uniform distribution over (0, 3). Determine the d.f. of S = X + Y.

Solution:
Since X and Y are continuous, we use (2.3.6):
0 x <0
X
Fx(x) = E 0=x<2
1 x =2
and
E 0<y<3
Ay) =43 d
0 elsewhere.
Then

Fy(s) = | Fuls — 1) fulw) dy.
0

The X, Y sample space is illustrated in Figure 2.3.2. The rectangular region contains
all of the probability for X and Y. The event of interest, X + Y = s, has been
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Convolution of wa Uniform Distributions

A

A B C D E

N

©,3)

(2,3)

illustrated in the figure for five values of s. For each value, the line intersects the
y-axis at s and the line x = 2 at s — 2. The values of Fg for these five cases are

rO s <0 line A

s -yl s? .

= = =35 <
fo > 3dy T 0=s<2 lineB
72 1 f s—yl s—1

= — + = = - < i
Fy(s) < fo 1 de s D 3dy 3 2=s5<3 lineC

| f’ s—yl (5 — s)? ,
JO 13dy+ . 2 3dy—l o 3=s5s<5 lineD
Ll s=5 line E.

v

Example 2.3.3

Consider three independent random variables X;, X,, X;. For i = 1, 2, 3, X; has
an exponential distribution and E[X;] = 1/i. Derive the p.df. of S§ = X; + X, + X,
by the convolution process.

Solution:
filx) = e x>0,
fHx) =2 x>0,
f(x) = 3™ x > 0.
Using (2.3.7) twice, we have
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fo) = Lfl(x - Yy dy = L e 267 dy

=2e* — 2 x >0,
£ = 0 = || e~ pfi) dy

= L (26~ — 272737 gy

X X
= 6e" j e dy — 6ezxj e dy
0 0
= (3e™* — 3e7¥) — (6™ — 6 )
= 3¢7* — pe ¥ + 3¢ x > 0. v
Another method to determine the distribution of the sum of random variables is
based on the uniqueness of the moment generating function (m.g.f.), which, for the
random variable X, is defined by M,(t) = E[e**]. If this expectation is finite for all
t in an open interval about the origin, then My(t) is the only m.g.f. of the distri-

bution of X, and it is not the m.g.f. of any other distribution. This uniqueness can
be used as follows. For the sum § = X; + X, + -+« + X,

M(t) = E[e'S] = E[e/a+Xat=+X)
= E[etX1eth “ e etXn]. (238)

If X;, X,, ..., X, are independent, then the expectation of the product in (2.3.8) is
equal to

E[eX1] E[eX?] - - - E[e'%1]
so that
Mi(t) = Mig(t) M (t) - - = My (0). (239)

Recognition of the unique distribution corresponding to (2.3.9) would complete the
determination of S’s distribution. If inversion by recognition is not possible, then
inversion by numerical methods may be used. (See Section 2.6.)

Exaple 234

Consider the random variables of Example 2.3.3. Derive the p.d.f. of S = X; +
X, + X; by recognition of the m.g.f. of S.

Solution:

By (2.3.9), My(t) = <1 i t) (2 % t) <3 i t)' which we write, by the method of

partial fractions, as
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A 2B 3C
= + .
M(©) 1-t 2-¢ 3t
The solution for this is A = 3, B = =3, C = 1. But /(B — t) is the moment
generating function of an exponential distribution with parameter B, so the p.d.f.
for S is

fs(x) = 3(e™) — 3(2e7*) + (3. v

Example 2.3.5

The inverse Gaussian distribution was developed in the study of stochastic pro-
cesses. Here it is used as the distribution of B, the claim amount. It will have a
similar role in risk theory in Chapters 12-14. The p.d.f. and m.g.f. associated with
the inverse Gaussian distribution are given by

~ o)
fx(x) = \/;X'TB x~%2 eXP[—(BxZTa)] x>0,

]

Find the distribution of S = X; + X, + X; + - -+ + X, where the random variables
Xy, Xy, ..., X, are independent and have identical inverse Gaussian distributions.

Solution:
Using (2.3.9), the m.g.f. of S is given by
2t
My(t) = [M(D]" = exp[na (1 - /1 - E)]
The m.g.f. M(t) can be recognized and shows that S has an inverse Gaussian dis-
tribution with parameters na and B. v

2.4 Approximations for the Distribution of the Sum

The central limit theorem suggests a method to obtain numerical values for the
distribution of the sum of independent random variables. The usual statement of
the theorem is for a sequence of independent and identically distributed random
variables, X;, X,, . .., with E[X;] = p and Var(X,) = o2. For each 5, the distribution
of Vin (X, — p)/o, where X, = (X, + X, + -+ + + X,)/n, has mean 0 and vari-
ance 1. The sequence of distributions (7 = 1, 2, . . . ) is known to approach the
standard normal distribution. When 7 is large the theorem is applied to approxi-
mate the distribution of X, by a normal distribution with mean p and variance
o?/n. Equivalently, the distribution of the sum of the n random variables is ap-
proximated by a normal distribution with mean np and variance no?. The effect-
iveness of these approximations depends not only on the number of variables
but also on the departure of the distribution of the summands from normality.
Many elementary statistics textbooks recommend that n be at least 30 for the
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approximations to be reasonable. One routine used to generate normally distrib-
uted random variables for simulation is based on the average of only 12 inde-
pendent random variables uniformly distributed over (0, 1).

In many individual risk models the random variables in the sum are not iden-
tically distributed. This is illustrated by examples in the next section. The central
limit theorem extends to sequences of nonidentically distributed random variables.

To illustrate some applications of the individual risk model, we use a normal
approximation to the distribution of the sum of independent random variables to
obtain numerical answers. If

S=X+X,+ -+ X,
then

E[S] = >, E[X],
k=1
and, further, under the assumption of independence,
Var(S) = D, Var(X,).
k=1

For an application we need only
+ Evaluate the means and variances of the individual loss random variables
* Sum them to obtain the mean and variance for the loss of the insuring orga-
nization as a whole
* Apply the normal approximation.
Hlustrations of this process follow.

2.5 Applications to Insurance

In this section four examples illustrate the results of Section 2.2 and use of the
normal approximation.

Example 2.5.1

A life insurance company issues 1-year term life contracts for benefit amounts of
1 and 2 units to individuals with probabilities of death of 0.02 or 0.10. The following
table gives the number of individuals 7, in each of the four classes created by a
benefit amount b, and a probability of claim g,.

k I by ny

1 0.02 1 500
2 0.02 2 500
3 0.10 1 300
4 0.10 2 500
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The company wants to collect, from this population of 1,800 individuals, an amount
equal to the 95th percentile of the distribution of total claims. Moreover, it wants
each individual’s share of this amount to be proportional to that individual’s ex-
pected claim. The share for individual j with mean E[X] would be (1 + 0)E[X].
The 95th percentile requirement suggests that 8 > 0. This extra amount, 0E[X], is
the security loading and 0 is the relative security loading. Calculate 6.

Solution:
The criterion for 6 is Pr(S = (1 + 0)E[S]) = 0.95 where S = X, + X, + - -+ +
X, so0- This probability statement is equivalent to

s~ E[s] _ _6E[S] ] _
br [\/Var(S) = \/Var(S)] 09.

Following the discussion of the central limit theorem in Section 2.4, we approximate
the distribution of (S — E[S])/V Var(S) by the standard normal distribution and
use its 95th percentile to obtain

0 E[S]
VVar(S)

It remains to calculate the mean and variance of S and to calculate 6 by this
equation.

= 1.645.

For the four classes of insured individuals, we have the results given below.

Mean Variance
k U3 by by g iqk(l = 99 Ry
1 0.02 1 0.02 0.0196 500
2 0.02 2 0.04 0.0784 500
3 0.10 1 0.10 0.0900 300
4 0.10 2 0.20 0.3600 500
Then
1,800 4
E[S] = 21 E[X] = kEl b = 160
= -
and
1,800 4
Var(S) = X, Var(X) = >, mbig(l — g, = 256.
j=1 k=1
Thus, the relative security loading is
6 = 1645 v2rE) s 16 01645
- E[S] T 160 v
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Example 2.5.2

The policyholders of an automobile insurance company fall into two classes.

Distribution
of Claim

Amount, B,

Parameters
Number Claim of Trunca’fed

Class in Class Probability Exponential
k nk qk )\ L
1 500 0.10 1 25
2 2000 0.05 2 5.0

A truncated exponential distribution is defined by the d.f.

0 x <0
F(x) =31 —e™™ 0=x<L
1 x = L.

This is a mixed distribution with p.d.f. f(x) = Ne™, 0 < x < L, and a probability
mass e at L. A graph of the d.f. appears in Figure 2.5.1.

Truncated Exponetial Distribution
F(x)

1.0 ———

1= e—)\L

Again, the probability that total claims exceed the amount collected from policy-
holders is 0.05. We assume that the relative security loading, 6, is the same for the
two classes. Calculate 6.

Solution:

This example is much like the previous one. It differs in that the claim amounts
are random variables. First, we obtain formulas for the moments of the truncated
exponential distribution in preparation for applying (2.2.25) and (2.2.26):
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L 1— e
w=EBI=1] = fo e ™Mdx + Le™™M = )\,
L
2
E[B}l =1] = f xNe ™M dx + L™ == (1 —e ™M) — 2L e M,
0 A A
1 _ 2}\L —AL _ ,-2AL
o? = E[BYI = 1] — (E[BI = 1] = R

Using the parameter values given and applying (2.2.25) and (2.2.26), we obtain the
following results.

Mean Variance
k I P ok UL rig1 — q) + oig, ny
1 0.10 0.9179 0.5828 0.09179 0.13411 500
2 0.05 0.5000 0.2498 0.02500 0.02436 2 000

Then S, the sum of the claims, has moments
E[S] = 500 (0.09179) + 2,000 (0.02500) = 95.89,
Var(S) = 500 (0.13411) + 2,000 (0.02436) = 115.78.
The criterion for 8 is the same as in Example 2.5.1,
Pr(S = (1 +6)E[S]) = 0.95.

Again by the normal approximation,

0E[S]
——— = 1.645
V Var(S)
and
 1645V115.78 01846
Bl 95.89 I v

A life insurance company covers 16,000 lives for 1-year term life insurance in
amounts shown below.

Benefit Amount Number Covered
10 000 8 000
20000 3500
30000 2500
50 000 1 500

100 000 500

The probability of a claim g for each of the 16,000 lives, assumed to be mutually
independent, is 0.02. The company wants to set a retention limit. For each life, the
retention limit is the amount below which this (the ceding) company will retain
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the insurance and above which it will purchase reinsurance coverage from another
(the reinsuring) company. For example, assume the retention limit is 20,000. The
company will retain up to 20,000 on each life and purchase reinsurance for the
difference between the benefit amount and 20,000 for each of the 4,500 individuals
with benefit amounts in excess of 20,000. As a decision criterion, the company
wants to minimize the probability that retained claims plus the amount that it pays
for reinsurance will exceed 8,250,000. Reinsurance is available at a cost of 0.025 per
unit of coverage (i.e., at 125% of the expected claim amount per unit, 0.02). We will
consider the block of business as closed. New policies sold during the year are not
to enter this decision process. Calculate the retention limit that minimizes the prob-
ability that the company’s retained claims plus cost of reinsurance exceeds
8,250,000.

Partial Solution:

First, do all calculations in benefit units of 10,000. As an illustrative step, let S
be the amount of retained claims paid when the retention limit is 2 (20,000). Our
portfolio of retained business is given by

Retained Amount Number Covered

k b, n;

1 1 8 000

2 2 8000

and

2
E[S] = > nb.g, = 8,000 (1)(0.02) + 8,000 (2)(0.02) = 480

and

2

Var(S) = >, mb2q(l — g,

k=1
= 8,000 (1)(0.02)(0.98) + 8,000 (4)(0.02)(0.98) = 784.

In addition to the retained claims, S, there is the cost of reinsurance premiums. The
total coverage in the plan is

8,000 (1) + 3,500 (2) + 2,500 (3) + 1,500 (5) + 500 (10) = 35,000.
The retained coverage for the plan is
8,000 (1) + 8,000 (2) = 24,000.

Therefore, the total amount reinsured is 35,000 — 24,000 = 11,000 and the reinsur-
ance cost is 11,000(0.025) = 275. Thus, at retention limit 2, the retained claims plus
reinsurance cost is S + 275. The decision criterion is based on the probability that
this total cost will exceed 825,
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Pr(S + 275 > 825) = Pr(S > 550)

_ b [s — E[S] _ 550 - E[S]]
V' Var(S) V Var(S)

S — E[S] ]
=Pr|——=x>25].
[ V' Var(S)
Using the normal distribution, this is approximately 0.0062. The solution is com-
pleted in Exercises 2.13 and 2.14. v

In Section 1.5 stop-loss insurance, which is available as a reinsurance coverage,
was discussed. The expected value of the claims paid under the stop-loss reinsur-
ance coverage can be approximated by using the normal distribution as the distri-
bution of total claims.

Let total claims, X, have a normal distribution with mean p and variance o? and
let d be the deductible of the stop-loss insurance. Then, by (1.5.2A), the expected
reinsurance claims equal

(o)

E[L(X)] = \/—21_% L (x — d) exp [“—(’52_—2“)—] dx. (2.5.1)

Changing the variable of integration to z = (x — p)/ o and defining B by d = p. +
Bo, we obtain the following general expression for the expected value of stop-loss
claims under a normal distribution assumption:

exp(—B*/2) _
(217)0.5

where ®(x) is the distribution function for the standard normal distribution.

E[I(X)] = o { Bl — ‘D(B)]} (2.5.2)

Example 2.5.4

Consider the portfolio of insurance contracts in Example 2.5.3. Calculate the ex-
pected value of the claims provided by a stop-loss reinsurance coverage where
a. There is no individual reinsurance and the deductible amount is 7,500,000
b. There is a retention amount of 20,000 on individual policies and the deductible
amount on the business retained is 5,300,000.

Solution:
a. With no individual reinsurance and the use of 10,000 as the unit,
E[S] = 0.02[8,000(1) + 3,500(2) + 2,500(3) + 1,500(5) + 500(10)] = 700
and
Var(S) = (0.02)(0.98)[8,000(1) + 3,500(4) + 2,500(9) + 1,500(25) + 500(100)]
= 2,587.2
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S0
ao(S) = 50.86.
Then, with

_(d—p) _ (750 — 700) _
B ¢ 508 0.983

the application of (2.5.2) gives us
P = 50.86[0.24608 — (0.983)(0.16280)] = 4.377.

This is equivalent to 43,770 in the example as posed.

b. In Example 2.5.3 we determined the mean and the variance of the aggregate
claims, after imposing a 20,000 retention limit per individual, to be 480 and 784,
respectively, in units of 10,000. Thus o(S) = 28.

Then, with

_d—p 530 — 480 _
B=——t="pg = 1786

the application of (2.5.2) gives us
P = 28[0.08100 — (1.786)(0.03707)] = 0.414.
This is equivalent to 4,140 in the example as posed. v

2.6 Notes and References

The basis of the material in Sections 2.2, 2.3, and 2.4 can be found in a number
of post-calculus probability and statistics texts. Mood et al. (1974) prove the theo-
rems given in (2.2.10) and (2.2.11). They also provide an extensive discussion of
properties of the moment generating function. For a discussion of the advanced
mathematical methods for deriving the distribution function that corresponds to a
given moment generating function, see Bellman et al. (1966). Methods are also
available to obtain the p.f. of a discrete distribution from its probability generating
function; see Kornya (1983).

DeGroot (1986) provides a discussion of several conditions under which the cen-
tral limit theorem holds. Kendall and Stuart (1977) give material on normal power
expansions that may be viewed as modifications of the normal approximation to
improve numerical results. Bowers (1967) also describes the use of normal power
expansions and gives an application to approximate the distribution of present
values for an annuity portfolio.
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Exercises
Section 2.2

2.1.

2.2

2.3.

24.

2.5.

2.6.

Use (2.2.3) and (2.2.4) to obtain the mean and variance of the claim random
variable X where g = 0.05 and the claim amount is fixed at 10.

Obtain the mean and variance of the claim random variable X where g = 0.05
and the claim amount random variable B is uniformly distributed between 0
and 20.

Let X be the number of heads observed in five tosses of a true coin. Then, X
true dice are thrown. Let Y be the sum of the numbers showing on the dice.
Determine the mean and variance of Y. [Hint: Apply (2.2.10) and (2.2.11).]

Let X be the number showing when one true die is thrown. Let Y be the
number of heads obtained when X true coins are then tossed. Calculate
E[Y] and Var(Y).

Let X be the number obtained when one true die is tossed. Let Y be the sum
of the numbers obtained when X true dice are then thrown. Calculate E[Y]
and Var(Y).

The probability of a fire in a certain structure in a given time period is 0.02.
If a fire occurs, the damage to the structure is uniformly distributed over the
interval (0, a) where a is its total value. Calculate the mean and variance of
fire damage to the structure within the time period.

Section 2.3

2.7.

2.8.

Independent random variables X, for four lives have the discrete probability
functions given below.

Pr(X; = x) Pr(X, = x) Pr(X; = x) Pr(X, = x)

0.6 0.7 0.6 0.9
0.0 0.2 0.0 0.0
0.3 0.1 0.0 0.0
0.0 0.0 0.4 0.0
0.1 0.0 0.0 0.1

B WNRO[R

Use a convolution process on the non-negative integer values of x to obtain
Fsx)forx =0,1,2,...,13where S = X; + X, + X; + X,.

Let X; for i = 1, 2, 3 be independent and identically distributed with the d.f.

0 x <0
F(x) =3« 0=x<1
1 x = 1.
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LetS =X, + X, + X,
a. Show that Fy(x) is given by

r
0 x <0
3
% 0=x<1
3 _ _13
Ps<x)=4 = | =x<2
3 _ _ 3+ _ 3
X 3(x — 1) 3(x — 2) b=y <3
6
1 x = 3.

\

b. Show that E[S] = 1.5 and Var(S) = 0.25.
c. Evaluate the following probabilities using the d.f. of part (a):

() Pr(S = 0.5)
(i) Pr(S = 1.0)
(iii) Pr(S = 1.5).

2.9. Find the mean and variance of the inverse Gaussian distribution by using its
m.g.f. as given in Example 2.3.5.

Section 2.4

2.10. Calculate the mean and variance of X and Y in Example 2.3.2. Use a normal
distribution to approximate Pr(X + Y > 4). Compare this with the exact
answetr.

2.11. a. Use the central limit theorem to calculate b, ¢, and d, for given 4, in the
statement

Pr (2 X, = np + a\/Eo> = ¢ + bd®(d)
1

where the X/'s are independent and identically distributed with mean
and variance o? and ®(z) is the d.f. of the standard normal distribution.
b. Evaluate the probabilities in Exercise 2.8(c) by use of the normal
approximation developed in part (a).

2.12. A random variable U has m.g f.

|
Myt) = 1 — 2t)° t < >
a. Use the m.g.f. to calculate the mean and variance of U.
b. Use a normal approximation to calculate points y,4 and vy, such
that Pr(U > y,) = e.
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Note the random variable U has a gamma distribution with parameters a = 9
and B = 1/2. Gamma distributions with @ = n/2 and p = 1/2 are chi-square
distributions with n degrees of freedom. Thus U has a chi-square distribution
with 18 degrees of freedom. From tables of d.f’s of chi-square
distributions, we obtain v, = 28.869 and y,,, = 34.805.

Section 2.5

2.13.

2.14.

2.15.

2.16.

Calculate the probability that the total cost in Example 2.5.3 will exceed
8,250,000 if the retention limit is
a. 30,000 b. 50,000.

Calculate the retention limit that minimizes the probability of the total cost
in Example 2.5.3 exceeding 8,250,000. Assume that the limit is between 30,000
and 50,000.

A fire insurance company covers 160 structures against fire damage up to an
amount stated in the contract. The numbers of contracts at the different con-
tract amounts are given below.

Contract Amount Number of Contracts
10 000 80
20 000 35
30000 25
50 000 15
100 000 5

Assume that for each of the structures, the probability of one claim within a
year is 0.04, and the probability of more than one claim is 0. Assume that
fires in the structures are mutually independent events. Furthermore, assume
that the conditional distribution of the claim size, given that a claim has oc-
curred, is uniformly distributed over the interval from 0 to the contract
amount. Let N be the number of claims and let S be the amount of claims in
a l-year period.
a. Calculate the mean and variance of N.
b. Calculate the mean and variance of S.
c. What relative security loading, 6, should be used so the company can
collect an amount equal to the 99th percentile of the distribution of
total claims? (Use a normal approximation.)

Consider a portfolio of 32 policies. For each policy, the probability g of a claim
is 1/6 and B, the benefit amount given that there is a claim, has p.d.f.

_j2t -y O0<y<1
fy) = {O elsewhere.

Let S be the total claims for the portfolio. Using a normal approximation,
estimate Pr(S > 4).
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SURVIVAL DISTRIBUTIONS
AND LIFE TABLES

3.1 Introduction

Chapter 1 was dedicated to showing how insurance can increase the expected
utility of individuals facing random losses. In Chapter 2 simple models for sin-
gle-period insurance policies were developed. The foundations of these models
were Bernoulli random variables associated with the occurrence or nonoccurrence
of a loss. The occurrence of a loss, in some examples, resulted in a second random
process generating the amount of the loss. Chapters 4 through 8 deal primarily
with models for insurance systems designed to manage random losses where the
randomness is related to how long an individual will survive. In these chapters
the time-until-death random variable, T(x), is the basic building block. This chapter
develops a set of ideas for describing and using the distribution of time-until-death
and the distribution of the corresponding age-at-death, X.

We show how a distribution of the age-at-death random variable can be sum-
marized by a life table. Such tables are useful in many fields of science. Conse-
quently a profusion of notation and nomenclature has developed among the vari-
ous professions using life tables. For example, engineers use life tables to study the
reliability of complex mechanical and electronic systems. Biostatisticians use life
tables to compare the effectiveness of alternative treatments of serious diseases.
Demographers use life tables as tools in population projections. In this text, life
tables are used to build models for insurance systems designed to assist individuals
facing uncertainty about the times of their deaths. This application determines the
viewpoint adopted. However, when it provides a bridge to other disciplines, notes
relating the discussion to alternative applications of life tables are added.

A life table is an indispensable component of many models in actuarial science.
In fact, some scholars fix the date of the beginning of actuarial science as 1693. In
that year, Edmund Halley published ““An Estimate of the Degrees of the Mortality
of Mankind, Drawn from Various Tables of Births and Funerals at the City of
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Breslau.” The life table, called the Breslau Table, contained in Halley’s paper re-
mains of interest because of its surprisingly modern notation and ideas.

3.2 Probability for the Age-at-Death

In this section we formulate the uncertainty of age-at-death in probability
concepts.

3.2.1

The Survival Function

Let us consider a newborn child. This newborn’s age-at-death, X, is a continuous-
type random variable. Let Fx(x) denote the distribution function (d.f.) of X,

Fy(x) = Pr(X = x) x =0, (3.2.1)
and set
s(x) =1 — Fy(x) = Pr(X > x) x=0. (3.2.2)

We always assume that Fx(0) = 0, which implies s(0) = 1. The function s(x) is
called the survival function (s.f.). For any positive x, s(x) is the probability a new-
born will attain age x. The distribution of X can be defined by specifying either the
function Fy(x) or the function s(x). Within actuarial science and demography, the
survival function has traditionally been used as a starting point for further devel-
opments. Within probability and statistics, the d.f. usually plays this role. However,
from the properties of the d.f., we can deduce corresponding properties of the
survival function.

Using the laws of probability, we can make probability statements about the age-
at-death in terms of either the survival function or the distribution function. For
example, the probability that a newborn dies between ages x and z (x < z) is

Pr(x < X = 2) = Fy(2) — Fx(®)

= s(x) — s(2).

3.2.2 Time-until-Death for a Person Age x

The conditional probability that a newborn will die between the ages x and z,
given survival to age x, is

Fx() — Fx(x)
1 — Fx(x)

_ 8(x) — s(z)
s

The symbol (x) is used to denote a life-age-x. The future lifetime of (x),
X — x, is denoted by T(x).

Prix < X =z|X > x) =

(3.2.3)
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Within actuarial science, it is frequently necessary to make probability statements
about T(x). For this purpose, and to promote research and communication, a set of
symbols, part of the International Actuarial Notation, was originally adopted by
the 1898 International Actuarial Congress. Symbols for common actuarial functions
and principles to guide the adoption of new symbols were established. This system
has been subject to constant review and is revised or extended as necessary by the
International Actuarial Association’s Permanent Committee on Notation. These no-
tational conventions are followed in this book whenever possible.

These symbols differ from those used for probability notation, and the reader
may be unfamiliar with them. For example, a single-variate function that would be
written g(x) in probability notation is written ¢, in this system. Likewise, a multi-
variate function is written in actuarial notation using combinations of subscripts,
superscripts, and other symbols. The general rules for defining a function in ac-
tuarial notation are given in Appendix 4. The reader may want to study these forms
before continuing the discussion of the future-lifetime random variable.

To make probability statements about T(x), we use the notations
g, = Pr[Tx) =t]  t=0, (3.2.4)
P =1— 4, =Pr[TCx) >t] t=0 (3.2.5)

The symbol g, can be interpreted as the probability that (x) will die within ¢ years;
that is, g, is the d.f. of T(x). On the other hand, ,p, can be interpreted as the prob-
ability that (x) will attain age x + t; that is, ;p, is the s.f. for (x). In the special case
of a life-age-0, we have T(0) = X and
Po = s(x) x=0. (3.2.6)
If t = 1, convention permits us to omit the prefix in the symbols defined in (3.2.4)
and (3.2.5), and we have

g, = Pr[(x) will die within 1 year],
p. = Pr[(x) will attain age x + 1].

There is a special symbol for the more general event that (x) will survive t years
and die within the following u years; that is, (x) will die between ages x + t and
x + t + u. This special symbol is given by

tluqx = Pr[t < T(x) = t+ u]

= t+uQx - th
= Px T t+uPx- (3.2.7)

As before, if u = 1, the prefix is deleted in iy, and we have ,g,.

At this point it appears there are two expressions for the probability that (x) will
die between ages x and x + u. Formula (3.2.7) with t = 0 is one such expression;
(3.2.3) with z = x + u is a second expression. Are these two probabilities different?
Formula (3.2.3) can be interpreted as the conditional probability that a newborn
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will die between ages x and z = x + u, given survival to age x. The only information
on the newborn, now at age x, is its survival to that age. Hence, the probability
statement is based on a conditional distribution of survival for newborns.

On the other hand, (3.2.7) with t = 0 defines a probability that a life observed at
age x will die between ages x and x + u. The observation on the life at age x might
include information other than simply survival. Such information might be that the
life has just passed a physical examination for insurance, or it might be that the
life has commenced treatment for a serious illness. Life tables for situations where
the observation of a life at age x implies more than simply survival of a newborn
to age x are discussed in Section 3.8, where additional notation for those life tables
is introduced. We will continue development of the theory without further refer-
ence to the distinction between (3.2.3) and (3.2.7), and we assume that until that
section, observation of survival at age x will yield the same conditional distribution
of survival as the hypothesis that a newborn has survived to age x; that is,

x+tp0 — S(x + t)
o s(x)

Py = (3.2.8)

_ . S(x+ 1)
e =1 T (3.2.9)

Under this approach, (3.2.7), and its many special cases, can be expressed as

_s(x +t) —s(x +t + u

t[uqx - S(.’X')
st + ) [fs(x +t) —s(x +t + u)
a s(x) s(x + t)
= tpx uqx+t' (3210)

3.2.3 Curtate-Future-Lifetime

A discrete random variable associated with the future lifetime is the number of
future years completed by (x) prior to death. It is called the curtate-future-lifetime
of (x) and is denoted by K(x). Because K(x) is the greatest integer in T(x), its p.f. is

Pr[K(x) = k] = Prlk = T(x) < k + 1]
=Prlk < T(x) = k + 1]

= kpx - k+1px
=Wx ek =k k=012,.... (3.2.11)

The switching of inequalities is possible since, under our assumption that T(x) is a
continuous-type random variable, Pr[T(x) = k] = Pr[T(x) = k + 1] = 0. Expression
(3.2.11) is a special case of (3.2.7) where u = 1 and k is a non-negative integer.
From (3.2.11) we can see that the d.f. of K(x) is the step function

k
Fyo () = > Wlx = k+19x y = 0 and k is the greatest integer in y.

h=0
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It often follows from the context that T(x) is the future lifetime of (x), in which
case we may write T instead of T(x). Likewise, we may write K instead of K(x).

3.2.4 Force of Mortality

Formula (3.2.3) expresses, in terms of the d.f. and in terms of the survival func-
tion, the conditional probability that (0) will die between ages x and z, given sur-
vival to x. With z — x held constant, say, at ¢, then considered as a function of x,
this conditional probability describes the distribution of the probability of death in
the near future (between time 0 and ¢) for a life of attained age x. An analogue of
this function for instantaneous death can be obtained by using the density of prob-
ability of death at attained age x, that is, using (3.2.3) with z = x + Ax,

+ _
Prix < X = x + Ax|X > x) = Fy(x + Ax) — Fy(x)

1 = Fx(®)
~ fx(x)Ax
= ———1 ~ FX(x)‘ (3.2.12)

In this expression Fi(x) = fx(x) is the p.d.f. of the continuous age-at-death ran-
dom variable. The function

fx(0)
1 = Fx(x)

in (3.2.12) has a conditional probability density interpretation. For each age x, it
gives the value of the conditional p.d.f. of X at exact age x, given survival to that
age, and is denoted by w(x).

We have

fx(®)

p(x) = 1= F)

_ —s'(%)
=~ (3.2.13)

The properties of fy(x) and 1 — Fy(x) imply that w(x) = 0.

In actuarial science and demography w(x) is called the force of mortality. In
reliability theory, the study of the survival probabilities of manufactured parts and
systems, w(x) is called the failure rate or hazard rate or, more fully, the hazard
rate function.

As is true for the s.f., the force of mortality can be used to specify the distribution
of X. To obtain this result, we start with (3.2.13), change x to y, and rearrange to
obtain

—w(y) dy = d log s(y).
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Integrating this expression from x to x + n, we have

- f "ty dy = log [S(xs(—;n)]
= log ,p.,
and on taking exponentials obtain
P = expl= 3 w(y) dyl. (3.2.14)
Sometimes it is convenient to rewrite (3.2.14), with s = y — x, as
e = oxpl= 1 w(x + s) dsl. (3.2.15)

In particular, we will change the notation to conform with that used in (3.2.6) by
setting the age already lived to 0 and denoting the time of survival by x. We then
have

Po = s(x) = exp[—[7 u(s) ds]. (3.2.16)
In addition,
Fy(x) =1 = s(x) =1 — exp[—[§ n(s) ds] (3.2.17)
and
Fi(x) = fx(x) = exp[—fg (s) ds] n(x)
= Po (x). (3.2.18)

Let Fr,(t) and fr(t) denote, respectively, the d.f. and p.d.f. of T(x), the future
lifetime of (x). From (3.2.4) we note that Fy,(t) = 4, therefore,

d
fT(x)(t) = i %

_d 1 s(x + t)
ot s(x)

_s(x + 1) [_ s'(x + t)]

s(x) s(x + t)
=p.x+t) t=0. (3.2.19)
Thus ,p, w(x + t) dt is the probability that (x) dies between t and t + dt, and

f%w+ww1

0

where the upper limit on the integral is written as positive infinity (an abbreviation
for integrating over all positive probability density).

It follows from (3.2.19) that

d d
E (1 - tpx) - a tpx - tpx }.L(x + t)‘ (3220)

This equivalent form is useful in several developments in actuarial mathematics.
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Since

lim p, =0,

N—0

we have

lim (—log ,p,) = *;

n—o

that is,
x+tn
limj w(y) dy = .
The developments of this section are summarized in Table 3.2.1.

The lower half of Table 3.2.1 summarizes some of the relationships among func-
tions of general probability theory and those specific to age-at-death applications.
There are many other examples where age-at-death questions can be formed in the
more general probability setting. The following will illustrate this point.

Probability Theory Functions for Age-at-Death, X

Survival Force of

d.f. Function p.d.f. Mortality

Fy(x) s(x) fxx) ()
For Requirements For Requirements
x <0 Fy(x) =0 s(x) =1 x<0 fy(x)=0 wx) =0
x=0 F.(0) =10 s(0) =1 x =0 undefined undefined
x=0 nondecreasing nonincreasing x>0 fy(x)=0 px) =0
lim Fy(o) =1 s() = 0 Iim I3 fx(xydt = 1 I8 px)dx = o
Functions
in Terms of Relationships
Fy(x) Fx(x) 1 — Fx(x) Fx() Fx(x)/[1 = Fx()]
s(x) 1 — s(x) s(x) —s'(x) —3’(x) / s(x)
fx() J§ fx(uydu J7 fxu)du fx(0) fxx) 7[5 fx(wydu
p(x) 1 — exp[—Ji mt) dt]  exp[—J§ w(t) dt] px)expl— [z pt) dt]  p(x)

Example 3.2.1

If A refers to the complement of the event A within the sample space and
Pr(A) # 0, the following expresses an identity in probability theory:

Pr(A U B) = Pr(A) + Pr(A) Pr(B|A).

Rewrite this identity in actuarial notation for the events A = [T(x) = t] and B =
f<Tx)y=1],0 <t <1
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Solution:
Pr(A U B) becomes Pr[T(x) = 1] = q,, Pr(A) is 4,, and Pr(B|A) is ,_4,,,; hence

9 = x t Px 1-9x+s - v

3.3 Life Tables

A published life table usually contains tabulations, by individual ages, of the
basic functions q,, I,, d,, and, possibly, additional derived functions. Before pre-
senting such a table, we consider an interpretation of these functions that is directly
related to the probability functions discussed in the preceding section.

3.3.1 Relation of Life Table Functions to the Survival Function

In (3.2.9) we expressed the conditional probability that (x) will die within ¢ years

by
s(x + )
=1 -2
th s(x) 7
and, in particular, we have
_ . sx+1
qx - 1 S(X) N

We now consider a group of [, newborns, [, = 100,000, for instance. Each new-
born’s age-at-death has a distribution specified by s.f. s(x). In addition, we let £(x)
denote the group’s number of survivors to age x. We index these lives by j = 1,
2,...,1l,and observe that

lo
o) = 2
j=1
where [; is an indicator for the survival of life j; that is,

1 if life j survives to age x
0 otherwise.

Since E[Ij] = 5(x),

Io

E[¢(x)] = > E[I] = I, s(x).

j=1

We denote E[£(x)] by [,; that is, [, represents the expected number of survivors
to age x from the [, newborns, and we have

L, =1, s(x). (8.3.1)

Moreover, under the assumption that the indicators I; are mutually independent,
£(x) has a binomial distribution with parameters n = [, and p = s(x). Note, however,
that (3.3.1) does not require the independence assumption.
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In a similar fashion, ,9, denotes the number of deaths between ages x and x + n
from among the initial /, lives. We denote E[,9,] by ,d,. Since a newborn has prob-
ability s(x) — s(x + n) of death between ages x and x + n we can, by an argument
similar to that for I,, express

Ay = B[] = Lls(x) — s(x + n)]
=1

X

— 1. (3.3.2)

When n = 1, we omit the prefixes on ,9, and ,d..

From (3.3.1), we see that

_ i% __ %x) %’Q — (3.3.3)
and
—dl, = 1, u(x) dx. (3.3.4)
Since

Low(x) = 1y \po m(x) = Iy fx(x),

the factor I, w(x) in (3.3.4) can be interpreted as the expected density of deaths in
the age interval (x, x + dx). We note further that

I, = Iy exp[— 5 m(y) dy], (3.3.5)
Lesn = Loexp[=[3™ w(y) dyl, (3.3.6)
L= Law = J3 1, (y) dy. (3.3.7)

For convenience of reference, we call this concept of [, newborns, each with
survival function s(x), a random survivorship group.

3.3.2 Life Table Example

In ““Life Table for the Total Population: United States, 1979-81"" (Table 3.3.1), the
functions ,q,, I,, and 4, are presented with /; = 100,000. Except for the first year of
life, the value of t in the tabulated functions ,4, and 4, is 1. The other functions
appearing in the table are discussed in Section 3.5.

The 1979-81 U.S. Life Table was not constructed by observing 100,000 newborns
until the last survivor died. Instead, it was based on estimates of probabilities of
death, given survival to various ages, derived from the experience of the entire
U.S. population in the years around the 1980 census. In using the random survi-
vorship group concept with this table, we must make the assumption that the
probabilities derived from the table will be appropriate for the lifetimes of those
who belong to the survivorship group.
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i
Life Table for the Total Population: United States, 1979-81

@ v)) 3) @ (5) (6) (7
Average
Proportion Remaining
Dying Lifetime
Proportion of . . Average
Perslzms Alive ) Stationary Population* Number of
at Beginning Of 100,000 Born Alive Years Lived Years of Life
Age Interval of Age Number in This Remaining
Period of Interval Living at Number Years Lived and All at Beginning
Life between Dying during Beginning of Dying during in the Age Subsequent of Age
Two Ages Interval Age Interval Age Interval  Interval Age Intervals  Interval
xtox +t I I, A, Ly T, e,
Days
0-1 0.00463 100 000 463 273 7 387 758 73.88
1-7 0.00246 99 537 245 1635 7 387 485 74.22
7-28 0.00139 99 292 138 5708 7 385 850 74.38
28-365 0.00418 99 154 414 91 357 7380 142 74.43
Years
0-1 0.01260 100 000 1260 98 973 7 387 758 73.88
1-2 0.00093 98 740 92 98 694 7288 785 73.82
2-3 0.00065 98 648 64 98 617 7190 091 72.89
3-4 0.00050 98 584 49 98 560 7 091 474 71.93
4-5 0.00040 98 535 40 98 515 6992914 70.97
5-6 0.00037 98 495 36 98 477 6 894 399 70.00
6-7 0.00033 98 459 33 98 442 6795922 69.02
7-8 0.00030 98 426 30 98 412 6 697 480 68.05
8-9 0.00027 98 396 26 98 383 6 599 068 67.07
9-10 0.00023 98 370 23 98 358 6 500 685 66.08
10-11 0.00020 98 347 19 98 338 6 402 327 65.10
11-12 0.00019 98 328 19 98 319 6 303 989 64.11
12-13 0.00025 98 309 24 98 297 6 205 670 63.12
13-14 0.00037 98 285 37 98 266 6107 373 62.14
14-15 0.00053 98 248 52 98 222 6 009 107 61.16
15-16 0.00069 98 196 67 98 163 5910 885 60.19
16-17 0.00083 98129 82 98 087 5812722 59.24
17-18 0.00095 98 047 94 98 000 5714 635 58.28
18-19 0.00105 97 953 102 97 902 5616 635 57.34
19-20 0.00112 97 851 110 97 796 5518 733 56.40
20-21 0.00120 97 741 118 97 682 5420937 55.46
21-22 0.00127 97 623 124 97 561 5323 255 54.53
22-23 0.00132 97 499 129 97 435 5225 694 53.60
23-24 0.00134 97 370 130 97 306 5128 259 52.67
24-25 0.00133 97 240 130 97175 5030953 51.74
25-26 0.00132 97 110 128 97 046 4933778 50.81
26-27 0.00131 96 982 126 96 919 4 836 732 49.87
27-28 0.00130 96 856 126 96 793 4739 813 48.94
28-29 0.00130 96 730 126 96 667 4 643 020 48.00
29-30 0.00131 96 604 127 96 541 4 546 353 47.06

*Stationary population is a demographic concept treated in Chapter 19.
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Life Table for the Total Population: United States, 1979-81

@ 2 3) @ (5) (6) (7)
Proportion Average
Dying Remaining
o Lifetime
Proportion of —_—
Persons . ) Average
Alive Stationary Population* Number of
at Beginning Of 100,000 Born Alive Years Lived Years of Life
Age Interval of Age Number in This Remaining
Period of Interval Living at Number  Years Lived and All at Beginning
Life between Dying during Beginning of Dying during in the Age Subsequent of Age
Two Ages Interval Age Interval Age Interval  Interval  Age Intervals Interval
xtox + 1 th lx tdx th Tx 8x
Years
30-31 0.00133 96 477 127 96 414 4449 812 46.12
31-32 0.00134 96 350 130 96 284 4353 398 45.18
32-33 0.00137 96 220 132 96 155 4257114 44.24
33-34 0.00142 96 088 137 96 019 4160 959 43.30
34-35 0.00150 95 951 143 95 880 4 064 940 42.36
35-36 0.00159 95 808 153 95731 3969 060 41.43
36-37 0.00170 95 655 163 95 574 3873329 40.49
37-38 0.00183 95 492 175 95 404 3777755 39.56
38-39 0.00197 95317 188 95 224 3682 351 38.63
39-40 0.00213 95129 203 95 027 3587 127 37.71
40-41 0.00232 94 926 220 94 817 3492100 36.79
41-42 0.00254 94 706 241 94 585 3397 283 35.87
42-43 0.00279 94 465 264 94 334 3302 698 34.96
43-44 0.00306 94 201 288 94 057 3208 364 34.06
44-45 0.00335 93913 314 93 756 3114 307 33.16
45-46 0.00366 93 599 343 93 427 3020551 32.27
46-47 0.00401 93 256 374 93 069 2927124 31.39
47-48 0.00442 92 882 410 92 677 2834055 30.51
48-49 0.00488 92472 451 92 246 2741378 29.65
49-50 0.00538 92021 495 91773 2649 132 28.79
50-51 0.00589 91 526 540 91 256 2 557 359 27.94
51-52 0.00642 90 986 584 90 695 2 466 103 27.10
52-53 0.00699 90 402 631 90 086 2375408 26.28
53-54 0.00761 89771 684 89 430 2285322 25.46
54-55 0.00830 89 087 739 88717 2195892 24.65
55-56 0.00902 88 348 797 87 950 2107 175 23.85
56-57 0.00978 87 551 856 87122 2019225 23.06
57-58 0.01059 86 695 919 86 236 1932103 22.29
58-59 0.01151 85776 987 85 283 1 845 867 21.52
59-60 0.01254 84 789 1063 84 258 1760 584 20.76
60-61 0.01368 83726 1145 83 153 1676326 20.02
61-62 0.01493 82 581 1233 81 965 1593173 19.29
62-63 0.01628 81 348 1324 80 686 1511 208 18.58
63-64 0.01767 80 024 1415 79 316 1430 522 17.88
64-65 0.01911 78 609 1502 77 859 1351 206 17.19

*Stationary population is a demographic concept treated in Chapter 19.
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Life Table for the Total Population: United States, 1979-81

1 (2) 3) 4) (5) (6) (7)
Proportion Avelcag.e
Dying Remaining
T Lifetime
Proportion of
Persons ] ] Average
Alive Stationary Population® Number of
at Beginning Of 100,000 Born Alive Years Lived Years of Life
Age Interval of Age Number in This Remaining
Period of Interval Living at Number  Years Lived and All at Beginning
Life between Dying during Beginning of Dying during in the Age Subsequent of Age
Two Ages Interval Age Interval Age Interval  Interval Age Intervals  Interval
xtox + ¢t " I A, Ly T, e,
Years
65-66 0.02059 77 107 1587 76 314 1273347 16.51
66—-67 0.02216 75520 1674 74 683 1197 033 15.85
67-68 0.02389 73 846 1764 72 964 1122 350 15.20
68-69 0.02585 72082 1864 71150 1049 386 14.56
69-70 0.02806 70218 1970 69 233 978 236 13.93
70-71 0.03052 68 248 2083 67 206 909 003 13.32
71-72 0.03315 66 165 2193 65 069 841797 12.72
72-73 0.03593 63 972 2299 62 823 776 728 12.14
73-74 0.03882 61673 2394 60 476 713905 11.58
74-75 0.04184 59 279 2480 58 039 653 429 11.02
75-76 0.04507 56 799 2 560 55 520 595 390 10.48
76-77 0.04867 54 239 2 640 52919 539 870 9.95
77-78 0.05274 51 599 2721 50 238 486 951 9.44
78-79 0.05742 48 878 2 807 47 475 436 713 8.93
79-80 0.06277 46 071 2891 44 626 389 238 8.45
80-81 0.06882 43180 2972 41 694 344 612 7.98
81-82 0.07552 40 208 3036 38 689 302918 7.53
82-83 0.08278 37172 3077 35 634 264 229 7.11
83-84 0.09041 34 095 3083 32 553 228 595 6.70
84-85 0.09842 31012 3052 29 486 196 042 6.32
85-86 0.10725 27960 2999 26 461 166 556 5.96
86-87 0.11712 24961 2923 23 500 140 095 5.61
87-88 0.12717 22 038 2803 20 636 116 595 5.29
88-89 0.13708 19 235 2637 17917 95 959 4.99
89-90 0.14728 16 598 2444 15 376 78 042 4.70
90-91 0.15868 14154 2246 13 031 62 666 4.43
91-92 0.17169 11908 2045 10 886 49 635 417
92-93 0.18570 9 863 1831 8948 38749 3.93
93-94 0.20023 8032 1608 7228 29 801 3.71
94-95 0.21495 6424 1381 5733 22573 3.51
95-96 0.22976 5043 1159 4463 16 840 3.34
96-97 0.24338 3 884 945 3412 12 377 3.19
97-98 0.25637 2939 754 2562 8 965 3.05
98-99 0.26868 2185 587 1892 6403 2.93
99-100 0.28030 1598 448 1374 4511 2.82

*Stationary population is a demographic concept treated in Chapter 19.
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c;pulation: United States, 1979-81

1fe Table for the Tota

@ (2) (3) ) (5) (6) (7)
Proportion Average
Dying Remaining
ST Lifetime
Proportion of _—
Persons . . Average
Alive ) Stationary Population® Number of
at Beginning Of 100,000 Born Alive Years Lived Years of Life
Age Interval of Age Number in This Remaining
Period of Interval Living at Number  Years Lived  and All  at Beginning
Life between Dying during Beginning of Dying during in the Age Subsequent of Age
Two Ages Interval Age Interval Age Interval Interval = Age Intervals Interval
xtox +1¢ th lx tdx th Tx gx
Years
100-101 0.29120 1150 335 983 3137 2.73
101-102 0.30139 815 245 692 2154 2.64
102-103 0.31089 570 177 481 1462 2.57
103-104 0.31970 393 126 330 981 2.50
104-105 0.32786 267 88 223 651 2.44
105-106 0.33539 179 60 150 428 2.38
106-107 0.34233 119 41 99 278 2.33
107-108 0.34870 78 27 64 179 2.29
108-109 0.35453 51 18 42 115 2.24
109-110 0.35988 33 12 27 73 2.20

*Stationary population is a demographic concept treated in Chapter 19.

Several observations about the 1979-81 U.S. Life Table are instructive.

Observations:

1. Approximately 1% of a survivorship group of newborns would be expected to
die in the first year of life.

2. It would be expected that about 77% of a group of newborns would survive to
age 65.

3. The maximum number of deaths within a group would be expected to occur
between ages 83 and 84.

4. For human lives, there have been few observations of age-at-death beyond 110.
Consequently, it is often assumed that there is an age w such that s(x) > 0 for
x < w, and s(x) = 0 for x = w. The age w, if assumed, is called the limiting age.
The limiting age for this table is not defined. It is clear that there is a positive
probability of survival to age 110, but the table does not indicate the age .

5. Local minimums in the expected number of deaths occur around ages 11 and
27 and a local maximum around age 24.

6. Although the values of I, have been rounded to integers, there is no compelling
reason, according to (3.3.1), to do so.

A display such as Table 3.3.1 is the conventional method for describing the dis-
tribution of age-at-death. Alternatively, an s.f. can be described in analytic form
such as s(x) = e, ¢ > 0, x = 0. However, most studies of human mortality for
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insurance purposes use the representation s(x) = ./, as illustrated in Table 3.3.1.
Since 100,000 s(x) is displayed for only integer values of x, there is a need to inter-
polate in evaluating s(x) for noninteger values. This is the subject of Section 3.6.

Example 3.3.1

On the basis of Table 3.3.1, evaluate the probability that (20) will
a. Live to 100
b. Die before 70
c. Die in the tenth decade of life.

Solution:

5(100) _ Ly _ 1,150

. = = 0,011
Q0 L,  orya1 008
[5(20) = s(70)] _ . Ly . 68248 _
5(20) =1 Ly 1 97,741 03017
$(20) Lo 97,741 0.1330. v

Insight into life table functions can be obtained by studying Figures 3.3.1, 3.3.2,
and 3.3.3. These are drawn to be representative of current human mortality and
are not taken directly from Table 3.3.1.

Graph of p(x)

Hx

0.04

0.03

0.02

0.01

Age

80

64

Section 3.3 Life Tables



In Figure 3.3.1 note two features:
* The force of mortality is positive and the requirement

L w(x) dx = o
appears satisfied. (See Table 3.2.1.)

» The force of mortality starts out rather large and then drops to a minimum
around age 10.

Graph of I, p(x)
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~In Figures 3.3.2 and 3.3.3 note the following:

* The function I, p(x) is proportional to the p.d.f. of the age-at-death of a new-
born. Since I, p(x) is the expected density of deaths at age x, under the random
survivorship group idea, the graph of I, p(x) is called the curve of deaths.

* There is a local minimum of I, w(x) at about age 10. The mode of the distribution
of deaths—the age at which the maximum of the curve of deaths occurs—is
around age 80.

* The function I, is proportional to the survival function s(x). It can also be in-
terpreted as the expected number living at age x out of an initial group of
size [,.

* Local extreme points of I, p(x) correspond to points of inflection of I, since

d d d d?
alxu(x)—a<—£lx> = gak

3.4 The Deterministic Survivorship Group

We proceed now to a second, and nonprobabilistic, interpretation of the life table.
This is rooted mathematically in the concept of decrement (negative growth) rates.
As such, it is related to growth-rate applications in biology and economics. It is
deterministic in nature and leads to the concept of a deterministic survivorship
group or cohort.

A deterministic survivorship group, as represented by a life table, has the fol-

lowing characteristics:

* The group initially consists of [, lives age 0.

* The members of the group are subject, at each age of their lives, to effective
annual rates of mortality (decrement) specified by the values of g, in the life
table.

* The group is closed. No further entrants are allowed beyond the initial ;. The
only decreases come as a result of the effective annual rates of mortality
(decrement).

From these characteristics it follows that the progress of the group is determined
by
L =11 =q) =1~ d,
L=LMl-q)=hL —d =1~ (d +dy),

x~1
=L (1 =g =L —d_ =1 — 2:0 dy
=
x—1
> d,
=L \1 -] =11~ .4 (3.4.1)

0
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where [, is the number of lives attaining age x in the survivorship group. This chain
of equalities, generated by a value [, called the radix and a set of g, values, can be
rewritten as

L =1 po
L="1Lp = {po) r

x—1
L=lapa =1 <HJ r@) =1y P (3.4.2)
i

There is an analogy between the deterministic survivorship group and the model
for compound interest. Table 3.4.1 is designed to summarize some of this
parallelism.

Related Concepts of the Mathematics of Compound Interest
and of Deterministic Survivorship Groups

Compound Interest Survivorship Group
A(t) = Size of fund at time ¢, time I, = Size of group at age x, age
measured in years measured in years
Effective annual rate of interest Effective annual rate of mortality
(increment) (decrement)

A+ 1) - A

lx — lx+1

Zt A(t) qx = lx
Effective n-year rate of interest, Effective n-year rate of mortality,
starting at time ¢ starting at age x

Z*zA(t+n)—A(t) _ L= L,

At -——-——-——A(t) nx lx
Force of interest at time ¢ Force of mortality at age x
[ A¢ + An - A@) (T s
5, = = x CxbAx
= lm [ A(t) At ) = m A
__1 440 - 1d,
At) dt I, dx

*There is no universally accepted symbol for an effective n-year rate of interest.

The headings of the q,, I, and d, columns in Table 3.3.1 refer to the deterministic
survivorship group interpretation. Although the mathematical foundations of the
random survivorship group and the deterministic survivorship group are different,
the resulting functions g,, I,, and d, have the same mathematical properties and
subsequent analysis. The random survivorship group concept has the advantage of
allowing for the full use of probability theory. The deterministic survivorship group
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is conceptually simple and easy to apply but does not take account of random
variation in the number of survivors.

3.5 Other Life Table Characteristics

In this section we derive expressions for some commonly used characteristics of
the distributions of T(x) and K(x) and introduce a general method for computing
several of these characteristics.

3.5.1 Characteristics

The expected value of T(x), denoted by é,, is called the complete-expectation-
of-life. By definition and an integration by parts, we have

00

= BTl = [ ¢yt + 1) d

0

= ["tacp

=KﬂMﬁ+Lth (35.1)

The existence of E[T(x)] implies the lim #(—p,) = 0. Thus
t—o0

e, = fo pdt. (3.5.2)
The complete-expectation-of-life at various ages is often used to compare levels of
public health among different populations.

A similar integration by parts yields equivalent expressions for E[T(x)*]:

BTG = |, i + 1) d

=2 fo t p, dt. (3.5.3)

This result is useful in the calculation of Var [T(x)] by
Var[T(x)] = E[T(x)’] — E[T(x)]
=2 f t p,dt — . (3.5.4)

]

In these developments, we assume that E[T(x)] and E[T(x)?] exist. One can construct
s.f.’s such as s(x) = (1 + x)~! where this would not be true.

Other characteristics of the distribution of T(x) can be determined. The median
future lifetime of (x), to be denoted by m(x), can be found by solving
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Pr[T(x) > m(x)] = %

or

slx + m(x)] _ 1

o "2 (3.5.5)

for m(x). In particular, m(0) is given by solving s[m(0)] = 1/2. We can also find

the mode of the distribution of T(x) by locating the value of ¢ that yields a maximum
value of p, w(x + f).

The expected value of K(x) is denoted by ¢, and is called the curtate-expectation-

of-life. By definition and use of summation by parts as described in Appendix 5,
we have

ex = E[K] = ’;) k kpx Qerk
= > kA(—p,)
k=0

= k(=p)ls + ;;) ka1Px - (3.5.6)

Again, the existence of E[K(x)] implies the llm k(—wp,) = 0. Thus, with a change
of the summation variable,

= gl D (3.5.7)

Following the outline used for the continuous model and using summation by
parts, we have

E[K(x)?] = ];) K2 Dy Gk

Z A( kpx

= k2<—kpx)|3° + kE (AR (i 1P)- (3.5.8)

The existence of E[K(x)?] implies 11m k*(—p,) = 0. With a change of the summation
variable,

E[K(x)?] = ,;) 2k + 1) juap, = k; 2k = 1) ,p. (359

Now,

Var(K) = E[K?] — E[K]?

= > 2k — 1) ,p, — €. (3.5.10)
k=1
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To complete the discussion of some of the entries in Table 3.3.1, we must define
additional functions. The symbol L, denotes the total expected number of years
lived between ages x and x + 1 by survivors of the initial group of [; lives. We
have

. ,
L= j tl,wx +t)dt + 1., (3.5.11)

0
where the integral counts the years lived of those who die between ages x and
x + 1, and the term [, counts the years lived between ages x and x + 1 by those
who survive to age x + 1. Integration by parts yields

1
L, —f tdl, + Ly

0

1
—t lx+t|(1) + J:) Lpdt + Loy

1
= JO 1., dt. (3.5.12)

The function L, is also used in defining the central-death-rate over the interval
from x to x + 1, denoted by m, where

1
J’O lx+t I‘L(x + t) dt l _ l
= ==l (3.5.13)

x 1 -
[ty L
0

An application of this function is found in Chapter 10.

m

The definitions for m, and L, can be extended to age intervals of length other
than one:

an = f tlx+t I‘L(x + t) dt + nlx+n
0

=, I, dt, (3.5.14)
f L nx + £) dt
0 lx — lx+n
o, = - = (3.5.15)
j lx+t dt e
0

For the random survivorship group, ,L, is the total expected number of years lived
between ages x and x + n by the survivors of the initial group of [, lives and ,m,
is the average death rate experienced by this group over the interval (x, x + n).

The symbol T, denotes the total number of years lived beyond age x by the
survivorship group with J; initial members. We have
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T, = J; L, wx + t)dt

_J; t dt lx+t

- fo ., dt. (3.5.16)

The final expression can be interpreted as the integral of the total time lived be-
tween ages x + t and x + t + df by the [, lives who survive to that age interval.
We also recognize T, as the limit of ,L, as n goes to infinity.

The average number of years of future lifetime of the I, survivors of the group
at age x is given by

T fo v dt
LL

= J; Py At

__ 9
_ex,

as determined in (3.5.1) and (3.5.2).

We can express the average number of years lived between x and x + n by the
I, survivors at age x as

L fo v, dt
L L

= fo P, dt. (3.5.17)

This function is the n-year temporary complete life expectancy of (x) and is denoted
by gxﬂ. (See Exercise 3.16.)

A final function, related to the interpretation of the life table developed in this
section, is the average number of years lived between ages x and x + 1 by those
of the survivorship group who die between those ages. This function is denoted
by a(x) and is defined by
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1
Fl., wx + 1) dt

a(x) = (3.5.18)

T .
fo Levr i(x + £) dt

For the probabilistic view of the life table, we would have

1
tp, wlx + ) dt

a(x) = = E[T|T < 1].

1
| ot + 0 a
If we assume that

Lo, wx +t)dt =d, dt 0=t=1,

that is, if deaths are uniformly distributed in the year of age, we have

! 1
a(x) = J; L dt =5

This is the usual approximation for a(x), except for young and old years of age
where Figure 3.3.2 shows that the assumption may be inappropriate.

Example 3.5.1

Show that
L,=ax) 1, +[1 - ax]
and
Lt L
L, = 7 ;
Solution:
From (3.5.11), (3.5.12), and (3.5.18), we have
_ Lx — lx+l
u(X) - lx - lx+1
or

Lx = a(x) lx + [1 - {l(JC)] lx+1'
The formula

l + lx+1

L =+

* 2
can be justified by using the trapezoidal rule for approximate integration on
(3.5.12). v

Key life table terminology, defined in Sections 3.3-3.5, is summarized as part of
Table 3.9.1 in Section 3.9.
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3.5.2 Recursion Formulas

Example 3.5.1 illustrates the use of a numerical analysis technique to evaluate a
life table characteristic. The trapezoidal rule for approximate integration is used.
The calculation of complete and curtate expectations-of-life can be used to illustrate
another computational tool called recursion formulas. The application of recursion
formulas in this book typically involves one of two forms:

Backward Recursion Formula
ux) = c(x) + dx) u(x + 1) (3.5.19)

or

Forward Recursion Formula

‘@, 1w (3.5.20)

M )= a9 T aw

The variable x is usually a non-negative integer.

To evaluate a function u(x), for a domain of non-negative integer values of x, we
need to have available values of c(x) and d(x) and a starting value of u(x). This
procedure is used in subsequent chapters and is illustrated in Table 3.5.1 where

. ]
backward recursion formulas are developed to compute e, and e,.

Backward Recursion Formulas for e, and e,

Step e e,
1. Basic equation > 0 *
e e = E kPx e = f sPx ds
k=1 0
2. Separate the ad ° 1 *
operation € = Px + 122 kPx & = J;) sPx ds + J; sPx ds
3. Factor p, and = o ! ”
change variable in & = Px T Px 1;1 kPx+1 € = L Py ds + p, L (Prry At
the operation _ - 1
= P« + Py €411 — j Ps ds + P, 2x+1
0
4. Recursion u(x) = e, c(x) = p, 0 !
formula® dx) = p, u(x) = e, cx) = 0 sPxds
d(x) = px
5. Starting value® e, = u(w) =0 e, = u(x) =0

aThe integral c(x) = [} .p,ds can be evaluated using the trapezoidal rule as c(x) = (1 + p,)/2.
bFrom Section 3.3.1 we have s(x) = 0, x = », and s(x) > 0, X < w. In this development we will assume that w is
an integer.
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3.6 Assumptions for Fractional Ages

In this chapter we have discussed the continuous random variable remaining
lifetime, T, and the discrete random variable curtate-future-lifetime, K. The life table
developed in Section 3.3 specifies the probability distribution of K completely. To
specify the distribution of T, we must postulate an analytic form or adopt a life
table and an assumption about the distribution between integers.

We will examine three assumptions that are widely used in actuarial science.
These will be stated in terms of the s.f. and in a form to show the nature of inter-
polation over the interval (x, x + 1) implied by each assumption. In each statement,
x is an integer and 0 = t = 1. The assumptions are the following:

« Linear interpolation: s(x + t) = (1 — t) s(x) + t s(x + 1). This is known as the
uniform distribution or, perhaps more properly, a uniform distribution of
deaths assumption within each year of age. Under this assumption ,p, is a linear
function.

« Exponential interpolation, or linear interpolation on log s(x + ¢): log s(x + t) =
(1 — t) log s(x) + t log s(x + 1). This is consistent with the assumption of a
constant force of mortality within each year of age. Under this assumption p,
is exponential.

« Harmonic interpolation: 1/s(x + t) = (1 — t)/s(x) + t/s(x + 1). This is what
is known as the hyperbolic (historically Balducci*) assumption, for under it ;p,
is a hyperbolic curve.

With these basic definitions, formulas can be derived for other standard proba-
bility functions in terms of life table probabilities. These results are presented in
Table 3.6.1. Note that we just as well could have elected to propose equivalent
definitions in terms of the p.d.f., the d.f., or the force of mortality.

The derivations of the entries in Table 3.6.1 are exercises in substituting the stated
assumption about s(x + t) into the appropriate formulas of Sections 3.2 and 3.3.
We will illustrate the process for the uniform distribution of deaths, an assumption
that is used extensively throughout this text.

To derive the first entry in the uniform distribution column, we start with
s(x) — s(x + t)
th =
s(x)
then substitute for s(x + t),
_s(x) —[(A — t) sx) + ts(x + DI _ tsx) = stx + 1] _
i 5(x) 5(x)

For the second entry, we use (3.2.13) and

0=t=1,

tq,.

s'(x + 1)

pL(x-,—t):_s(x+t})'

*This assumption is named after G. Balducci, an Italian actuary, who pointed out its role
in the traditional actuarial method of constructing life tables.
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Probability Theory Functions for Fractional Ages

Assumption
Uniform Constant
Function Distribution Force Hyperbolic
x tq. 1-p %51—
w(x + ) 1 jxth —log px ﬁ
T %—it% 1-p 1 - g,
s = e T
Px 1 - tg, Pi ﬁ
Pa(x + 1) [N —px log p. b

1-(1-#tgl
Note that, in this table, x is an integer, 0 <t < 1,0 =y =<1,y + t = 1. For rows one, three, four, and five, the
relationships also hold fort = 0 and t = 1.

then, substituting for s(x + t), we have

[s(x) — s(x + 1)]
[QA = t)s(x) + ts(x + 1)]°

pix +t) =

Dividing both numerator and denominator of the right-hand side by s(x) yields

g
(1 - th)

The third entry is the special case of the fourth entry withy =1 — ¢.

px +t) =

For the fourth entry we start with

=s(x+t)—s(x+t+y)
yqx+t S(JC + t) ’

then substitute for s(x + ) and s(x + t + y) to obtain
@ =t)sx) +ts(x +1)] — [(1 —t —y)s(x) + (t + y) s(x + 1)]

Hort (1 — t)s(x) + ts(x + 1)

y[s(x) — s(x + 1)]/s(x)
{s(x) — t[s(x) — s(x + 1)]}/s(x)

_ Y
1 - tq,

The fifth entry is the complement of the first, and the final entry for the uniform
distribution column is the product of the second and fifth entries.
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If, as before, x is an integer, insight can be obtained by defining a random vari-
able S = S(x) by

T=K+S (3.6.1)

where T is time-until-death, K is the curtate-future-lifetime, and S is the random

variable representing the fractional part of a year lived in the year of death. Since

K is a non-negative integer random variable and S is a continuous-type random

variable with all of its probability mass on the interval (0, 1), we can examine their
joint distribution by writing

Pri(K=kNE=s)]=Prk<T=k+5s)
zkpxsqaﬁ—k'

Now, using the expression for g4,., under the uniform distribution assumption
as shown in Table 3.6.1, we have

Pr[(K=k N(S=5)] =S Grir

= k\qx 5
= Pr(K = k) Pr(S = ). (3.6.2)

Therefore, the joint probability involving K and S can be factored into separate
probabilities of K and S. It follows that, under the uniform distribution of deaths
assumption, the random variables K and S are independent. Since Pr (S < s) = s
is the d.f. of a uniform distribution on (0, 1), S has such a uniform distribution.

Example 3.6.1

Under the constant force of mortality assumption, are the random variables K
and S independent?

Solution:
Using entries from Table 3.6.1 for the constant force assumption, we obtain

Pr [(K = k) N (S = S)] = Px Jx+k

= [1 = (Prd)]

To discuss this result, we distinguish two cases:
* If p,, is not independent of k, we cannot factor the joint probability of K and
S into separate probabilities. We conclude that K and S are not independent.
+ In the special case where p,,, = p,, a constant,

Pum=@n@sm=¢a_m=a—g%%—m

= Pr (K = k) Pr (S = 5).

For this special case we conclude that K and S are independent under the
constant force assumption. v
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Example 3.6.2

Under the assumption of uniform distribution of deaths, show that

o
a.e =e, +
2

b. Var(T) = Var(K) + %

Solution:

o

a. e, = E[T] = E[K + S]
E[K] + E[S]
S
b 2 *
b. Var(T) = Var(K + S).
From the independence of K and S, under the uniform distribution assumption,
it follows that

Var(T) = Var(K) + Var(S).

Further, since S is uniformly distributed over (0, 1),

Var(T) = Var(K) + é v

3.7 Some Analytical Laws of Mortality

There are three principal justifications for postulating an analytic form for mor-
tality or survival functions. The first is philosophical. Many phenomena studied in
physics can be explained efficiently by simple formulas. Therefore, using biological
arguments, some authors have suggested that human survival is governed by an
equally simple law. The second justification is practical. It is easier to communicate
a function with a few parameters than it is to communicate a life table with perhaps
100 parameters or mortality probabilities. In addition, some of the analytic forms
have elegant properties that are convenient in evaluating probability statements
that involve more than one life. The third justification for a simple analytic survival
function is the ease of estimating a few parameters of the function from mortality
data.

The support for simple analytic survival functions has declined in recent years.
Many feel that the belief in universal laws of mortality is naive. With the increasing
speed and storage capacity of computers, the advantages of some analytic forms
in computations involving more than one life are no longer of great importance.
Nevertheless, some interesting research has recently reiterated the biological ar-
guments for analytic laws of mortality.

In Table 3.7.1, several families of simple analytic mortality and survival functions,
corresponding to various postulated laws, are displayed. The names of the origi-
nators of the laws and the dates of publication are included for identification
purposes.
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Mortality and Survival Functions under Various Laws

Originator rx) s(x) Restrictions
De Moivre (w — x)7? x 0=x<o
(1729) ==
Gompertz Bc* exp[—m(c* — 1)] B>0,c>1,x=0
(1825)
Makeham A + Bc* exp[—Ax — m(c* — 1)] B>0,A=-B,c>1,x=0
(1860)
Weibull kx exp(—ux"*") k>0,n>0x=0
(1939)
Note:
* The special symbols are defined as
B k

m=logc' u:(n+1)

* Gompertz’s law is a special case of Makeham’s law with A = 0.

 If c = 1 in Gompertz’s and Makeham'’s laws, the exponential (constant force)
distribution results.

* In connection with Makeham’s law, the constant A has been interpreted as
capturing the accident hazard, and the term Bc* as capturing the hazard of

aging.

The entries in the s(x) column of Table 3.7.1 were obtained by substituting into
(3.2.16). For example, for Makeham’s law, we have
s(x) = exp[—[§(A + Bc)ds]

P Gl
exp[Ax B logc]

exp[—Ax — m (¢* — 1)]

where m = B/log c.

Two objectives governed the development of a mortality table for computational
purposes in the examples and exercises of this book. One objective was to have
mortality rates in the middle of the range of variation for groups, such variation
caused by factors such as residence, gender, insured status, annuity status, marital
status, and occupation. The second objective was to have a Makeham law at most
ages to illustrate how calculations for multiple lives can be performed.

The Illustrative Life Table in Appendix 2A is based on the Makeham law for
ages 13 and greater,
1,000 w(x) = 0.7 + 0.05 (10°04)~, (3.7.1)

The calculations of the basic functions g,, [, and d, from (3.7.1) were all done
directly from (3.7.1) instead of calculating I, and d, from the truncated values of g,.
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It was found that the latter choice would make little difference in the applications.
It should be kept in mind that the Illustrative Life Table, as its name implies, is for
illustrative purposes only.

3.8 Select and Ultimate Tables

In Section 3.2 we discussed how p, [the probability that (x) will survive to age
x + t] might be interpreted in two ways. The first interpretation was that the
probability can be evaluated by a survival function appropriate for newborns, un-
der the single hypothesis that the newborn has survived to age x. This interpreta-
tion has been the basis of the notation and development of the formulas. The second
interpretation was that additional knowledge available about the life at age x might
make the original survival function inappropriate for evaluating probability state-
ments about the future lifetime of (x). For example, the life might have been un-
derwritten and accepted for life insurance at age x. This information would lead
us to believe that (x)’s future-lifetime distribution is different from what we might
otherwise assume for lives age x. As a second example, the life might have become
disabled at age x. This information would lead us to believe that the future-lifetime
distribution for (x) is different from that of those not disabled at age x. In these
two illustrations, a special force of mortality that incorporates the particular infor-
mation available at age x would be preferred. Without this particular information
for (x), the form of mortality at duration t would be a function of only the attained
age x + t, denoted in the previous sections by w(x + t). Given the additional
information at x, the force of mortality at x + f is a function of this information at
x and duration t. Its notation will be w.(t), showing separately the age, x, at which
the additional information was available, and the duration, ¢. The additional infor-
mation is usually not explicit in the notation but is conveyed by the context. In
other words, the complete model for such lives is a set of survival functions in-
cluding one for each age at which information is available on issue of insurance,
disability, and so on. This set of survival functions can be thought of as a function
of two variables. One variable is the age at selection (e.g., at policy issue or the
onset of disability), [x], and the second variable is the duration since policy issue
or duration since selection, t. Then each of the usual life table functions associated
with this bivariate survival function is a two-dimensional array on [x] and . Note
the bracket notation to indicate which variable identifies the age of selection. When
the select status can be inferred from the force of mortality, the bracket notation
will be suppressed to reduce the clutter of the symbols.

The schematic diagram in Figure 3.8.1 illustrates these ideas. For instance, sup-
pose some special information is available about a group of lives age 30. Perhaps
they have been accepted for life insurance or perhaps they have become disabled.
A special life table can be built for these lives. The conditional probability of death
in each year of duration would be denoted by g3, i = 0,1, 2, ..., and would
be entered on the first row of Figure 3.8.1. The subscript reflects the bivariate nature
of this function with the bracketed thirty, [30], denoting that the survival function
in the first row is conditional on special information available at age 30. The second
row of Figure 3.8.1 would contain the probabilities of death for lives on which the
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Select, Ultimate, and Aggregate Mortality, 15-Year Select Period

[x]

(30]

[31]
Age

at
Selection

(32]

(33]

[34]

Time in
Years since
Selection
(Duration)

Notes:

Year Following Selection

15-year select period. These probabilities constitute an

ultimate mortality table.

1. In biostatistics the select table index [x] may not be age. For example, in cancer research, [x] could be a
classification index that depends on the size and location of the tumor, and time following selection would be
measured from the time of diagnosis.

2. Ultimate mortality, following a 15-year select period, for age [x] + 15, would be estimated by using observations
from all cells identified by [x— j1 + 15 + j, forj = 0, 1, 2, . . . . Therefore, .15 = Gy.15 iS estimated by a
weighted average of mortality estimates from several different selection groups. If the effect of selection is not
small, the resulting estimate will be influenced by the amount of data from the various cells.

1st 2nd 15th 16th 17th
q30] qd301+1 q130)+14 q130)+15 91301 +16
————— o — — —— e —— —->—————->{———.*(-———-——— “
or qss or ‘s
X
9131 qi31)+1 qi311+14 qi31j+15 di31)+16
—— — — e —_ - — = —_—— — - — - -H———){——-ﬂ-——-/——-l
or qae or 447
X
91321 g321+1 q1321+14 qi321+15 Ti321+16
B S S AR
or 9s7 or 4as
q133] q133)+1 q133)+14 q1331+15 q1331+16
i B e _—— ——_—— - - »J——-*L_>—_.-Z__.4
or 94s or qa9
X
q(34] q34)+1 q(3a)+14 q(34)+15 q1341+16
—_—— — = — - = -~ —_—— ] - = — — - -D--——*Z——P-——— ——-
or qa9 or 9so
0 1 14 15 16 17
---------- > Path followed by a survivorship group selected at [x].
—_— Links (age at selection and duration) cells after a 15-year
select period into attained age groups.
XHHHHX Alternative path followed by survivorship groups after a
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special information became available at age 31. In actuarial science such a two-
dimensional life table is called a select life table.

The impact of selection on the distribution of time-until-death, T, may diminish
following selection. Beyond this time period the ¢’s at equal attained ages would
be essentially equal regardless of the ages at selection. More precisely, if there is a
smallest integer r such that [q(,;,, = {—j+.+;| is less than some small positive con-
stant for all ages of selection [x] and for all j > 0, it would be economical to
construct a set of select-and-ultimate tables by truncation of the two-dimensional
array after the (» + 1) column. For durations beyond r we would use

Gix—j1+r+j = Gix+r j>0.

The first r years of duration comprise the select period.

The resulting array remains a set of life tables, one for each age at selection. For
a single age at selection, the life table entries are horizontal during the select period
and then vertical during the ultimate period. This is shown in Figure 3.8.1 by the
arrows.

The Society of Actuaries mortality studies of lives who were issued individual
life insurance on a standard basis use a 15-year select period as illustrated in Figure
3.8.1; that is, it is accepted that

Are—j1+15+j = Gu1+15 j>0.

Beyond the select period, the probabilities of death are subscripted by attained age
only; that is, q,_;,,; is written as gq,,. For instance, with 7 = 15, gj35).15 and gpps) 15
would both be written as g,5.

A life table in which the functions are given only for attained ages is called an
aggregate table, Table 3.3.1, for instance. The last column in a select-and-ultimate
table is a special aggregate table that is usually referred to as an ultimate table, to
reflect the select table setting.

Table 3.8.1 contains mortality probabilities and corresponding values of the [,
function, as given in the Permanent Assurances, Females, 1979-82, Table, published
by the Institute of Actuaries and the Faculty of Actuaries; it is denoted as the

|
o

Excer[;t from the AF80 Select-and-Ultimate Table
(¥ )] (2) (3) @) (5) (6) (7)

[x] 1,000 g, 1,000 g,,, 1,0004,., L . Lis X+ 2
30 0222 0.330 0422 99067380 9904.5387 99012702 32
31 0234 0.352 0459 99028941 99005769 9 897.0919 33
32 0250 0.377 0500 98987547 98962800 9 8925491 34
33 0.269 0.407 0545 98942903 9891.6287 9 887.6028 35
34 0291 0.441 0596 98894519 98865741 98822141 36
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AF80 Table. This table has a 2-year select period and is easier to use for illustrative
purposes than tables with a 15-year select period such as the Basic Tables, pub-
lished by the Society of Actuaries.

In Table 3.8.1 we observe three mortality probabilities for age 32, namely,
sz = 0.000250 < 31541 = 0.000352 < g3, = 0.000422.

The order among these probabilities is plausible since mortality should be lower
for lives immediately after acceptance for life insurance. Column (3) can be viewed
as providing ultimate mortality probabilities.

Given the 1-year mortality rates of a select-and-ultimate table, the construction
of the corresponding select-and-ultimate life table (survival functions) is started
with the ultimate portion. Formulas such as (3.4.1) can be used, which would yield
a set of values of I, = I;,;,, where r is the length of the select period. We would
then complete the select segments by using the relation

doee p 91,2, -1,

i =
[x]+r—k—1
o Pix+r—k-1

working from duration ¥ — 1 down to 0.

Example 3.8.1

Use Table 3.8.1 to evaluate
a. P30 b. pg
C. 1931 d. e

Solution:
Formulas developed earlier in this chapter can be adapted to select-and-ultimate

tables yielding
lpoper b 9,901.2702

A 2Ppo = lis0) - lsoy  9,906.7380 = 099945

b. ppag = il[z_z] = g:ggz—%%—g = 0.99807

¢ vl = liaml;; s _ 9,900.53,6990;832155197.0919 — 0.00035

d. s = l[sl]l:;l]:l s _ 9,900.5;6990(;53,68987.6028 — 0.00131. v
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Chapter 3 Concepts

Symbol Name or Description of the Concept

(%) Notation for a life age x

[x] Age, or other status, at selection

X Age at death, a random variable

T(x) Future lifetime of (x), equals X — x

K(x) Curtate-future-lifetime of (x), equals the integer part of T(x)

S(x) Future lifetime of (x) within the year of death, equals T(x) — K(x)

s(x) Survival function, equal to the probability that a newborn will live to
at least x

m(x) Force of mortality at age x in an aggregate life table

ey (£) Force of mortality at attained age x + t given selection at age x

s Probability that (x) dies within ¢ years

P Probability that (x) survives at least ¢t years

Hudx Probability that (x) dies between t and t + u years

Ex Complete expectation of life for (x), equals E[T(x)]

e, Curtate expectation of life for (x), equals E[K(x)]

L(x) Cohort’s number of survivors to age x, a random variable

D Cohort’s number of deaths between ages x and x + n

L, Expected number of survivors at age x, equals E[£(x)]

il Expected number of deaths between ages x and
x + n, equals E[,%,]

Ly Expected number of years lived between ages x and x + n by survi-
vors to age x of the initial group of [, lives

T, Expected number of years lived beyond age x by the survivors to age
x of the initial group of [, lives

™, Central death rate over the interval (x, x + 1)

o) Omega, the limiting age of a life table

3.9 Notes and References

Table 3.9.1 summarizes this chapter’s new concepts with their names, symbols,
and descriptions. Life tables are a cornerstone of actuarial science. Consequently
they are extensively discussed in several English-language textbooks on life
contingencies: '

+ King (1902)

* Spurgeon (1932)

* Jordan (1967)

* Hooker and Longley-Cook (1953)

« Neill (1977).

These have been used in actuarial education. In addition, life tables are used by
biostatisticians. An exposition of this latter approach is given by Chiang (1968) and
Elandt-Johnson and Johnson (1980). The deterministic rate function interpretation
is discussed by Allen (1907). London (1988) summarizes several methods for esti-
mating life tables from data.
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The historically important analytic forms for survival functions are referred to in
Table 3.6. Brillinger (1961) provides an argument for certain analytic forms from
the viewpoint of statistical life testing. Tenenbein and Vanderhoof (1980) restate
the case for analytic laws of mortality and develop formulas for select mortality.
Balducci’s (1921) contribution was preceded by a remarkable set of papers by Witt-
stein (1873). Wittstein’s papers were published first in German and translated into
English by T. B. Sprague. Some of the methods for evaluating probabilities for
fractional ages are reviewed by Mereu (1961) and in Batten’s textbook on mortality
estimation (1978) (see also Seal’s 1977 historical review). Discussions of the length
of the select period for various types of insurance selection procedures have a long
history, for example, Williamson (1942), Thompson (1934), and Jenkins (1943). The
Society of Actuaries 1975-80 Basic Tables use a 15-year select period and are pub-
lished in TSA Reports 1982. International Actuarial Notation is outlined in TASA 48
(1947).

We planned to use the 1989-91 U.S. Life Table for illustrative purposes in Table
3.2.1, but this plan was not realized because the life tables based on the 1990 U.S.
Census were not completed when this chapter was revised.

Exercises

Section 3.2

3.1. Using the ideas summarized in Table 3.2.1, complete the entries below.

s(x) Fy(x) fx®) p(x)
n
tanx, 0 < x = —
an x X 5
e, x=0
1
1 - T+ 7 x=0

3.2. Confirm that each of the following functions can serve as a force of mortality.
Show the corresponding survival function. In each case x = 0.

a. Bc B >0 ¢ > 1 (Gompertz)
b. k x" n>0 k>0 (Weibull)
cab+x)t a>0 b > 0 (Pareto)

3.3. Confirm that the following can serve as a survival function. Show the corre-
sponding w(x), fx(x), and Fy(x).
s(x) = e™¥/12 x = 0.
3.4. State why each of the following functions cannot serve in the role indicated
by the symbol:
a. wx) =01 +x3 x=0
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3.5.

3.6.

3.7.

3.8.

3.9.

22x  11x> 7x3
. = —_— + -
bos =1-5+= "7

c fx(@)=x"1e*?2  xz=0,n=1

O0=x=3

Ifs(x) =1 — x/100, 0 = x = 100, calculate
a. p(x) b. Fx(x)
c. fx(x) d. Pr (10 < X < 40).

Given the survival function of Exercise 3.5, determine the survival function,
force of mortality, and p.d.f. of the future lifetime of (40).

If s(x) = [1 — (x/100)]"?, 0 = x = 100, evaluate
a. 7P b. 15036 C. 15113936
d. w(36) e. E[T(36)].

Confirm that ,g, = —As(k), and that > o = 1.
k=0

If p(x) = 0.001 for 20 = x = 25, evaluate ,,q,,.

Sections 3.3, 3.4

3.10.

3.11.

3.12.

3.13.

3.14.

If the survival times of 10 lives in a survivorship group are independent with
survival defined in Table 3.3.1, exhibit the p.f. of £(65) and the mean and
variance of £(65).

Ifs(x) =1—-x/12,0 =x = 12,1, = 9,and the survival times are independent,
then (9, 395, 396, 399) is known to have a multinomial distribution. Calculate
a. The expected value of each random variable

b. The variance of each random variable

c. The coefficient of correlation between each pair of random variables.

On the basis of Table 3.3.1,
a. Compare the values of g, and g
b. Evaluate the probability that (25) will die between ages 80 and 85.

Given that [ ,, is strictly decreasing in the interval 0 < t = 1, show that
a. If I.,, is concave down, then g, > p(x)
b. If [, is concave up, then g, < p(x).

Show that
d, a :
a. I b r(x) <0 when I px) < pA(x)
o 4
c g @) =0 when —7 u(x) = pi(x)

d d )
C. Ir I wx) >0 when I pw(x) > pA(x).
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3.15.

Consider a random survivorship group consisting of two subgroups: (1) the
survivors of 1,600 persons joining at birth; (2) the survivors of 540 persons
joining at age 10. An excerpt from the appropriate mortality table for both
subgroups follows:

10 39
70 26

If Y; and Y, are the numbers of survivors to age 70 out of subgroups (1) and
(2), respectively, estimate a number ¢ such that Pr(Y; + Y, > ¢) = 0.05. As-
sume the lives are independent and ignore half-unit corrections.

Section 3.5

3.16.

3.17.

Let the random variable
T*(x) = T(x) 0<Tx)=n
=n n < T(x)
and denote E[T*(x)] by gx:m. This expectation is called a temporary complete
life expectancy. It is used in public health planning; the same expectation,

under the name limited expected value function, is used in the analysis of
loss amount distributions. Show that

a. gxzﬁl = J'() t Py M(X + t) dt + n P

" T.—T
=ftpxdt=x xX+n

0 L,

b. Var[T*x)] = | 2 p, wx + t)dt + n* p, — (6,7)
p Py x:7]

0

=2 f top, dt — e
0 L4

Let the random variable

K*(x)

Kx) Kx)=012...,n—1
=n Kxy=nn+1,...

and denote E[K*(x)] by e,5. This expectation is called a temporary curtate life

expectancy. Show that
n—1

a. ey = 20: kg, + n,p,

= gkpx
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3.18.

3.19.

3.20.

3.21.

3.22.

3.23.

n—1

b.  Var[K*)] = D, K g, + n? ,p, — (eq)?
0
= ; @k + 1) o, — (e

If the random variable T has p.d.f. given by fi(t) = ce™ for t = 0, c > 0,
calculate ‘

a. e, = E[T] b. Var(T) ¢. median (T)
d. The mode of the distribution of T.

If w(x +t) =t, t =0, calculate

a. p, wlx +t) b. e,.
[Hint: Recall, from the study of probability, that (1/V2m) e™**/2 is the p.d.f.
for the standard normal distribution.]

If the random variable T(x) has d.f. given by
t

——— 0=t<100 — x
FT(X)(t) — 5100 - X)

t = 100 — x,
calculate
a. e, b. Var[T(x)] ¢. median [T(x)].
Show that
d
a. a Px = Px [}L(X) - “‘(x + t)]
d

c. Ae, =gqg,.e.1 — Py

Confirm the following statements:

a. a(x)d, = L, = L,

b. The approximation developed in Example 3.5.1 was not used to calculate
L, in Table 3.3.1, but was used to calculate L,

c. Tx = E Lx+k'
k=0

The survival function is given by

s(x)=1—% 0=x=10

=0 elsewhere.

Calculate values of ?zx ande,x=0,1,2,...,9
a. Using formulas (3.5.2) and (3.5.7)
b. Using the formulas developed in Table 3.5.1.
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3.24. Find u(0), —c(x) / d(x), and d(x) if u(x) = Pr[X = x] where (3.5.20) is to be used
to produce a table of the p.f. of the random variable X when it has a
a. A Poisson distribution with parameter A
b. A binomial distribution with parameters » and p.
3.25. Formula (3.5.20) is to be used to produce tables of compound interest func-
tions. Find u(1), —c(x)/d(x), and 1/d(x) when
a. u(x) = &g
b. u(x) = &
Section 3.6
3.26. Verify the entries for the constant force of mortality and the hyperbolic as-
sumption in Table 3.6.1. Note that the entry for jp, in the hyperbolic column
provides justification for the hyperbolic name.
3.27. Graph p(x + t), 0 < t < 1, for each of the three assumptions in Table 3.6.1.
Also graph the survival function for each assumption.
3.28. Using the I, column of Table 3.3.1, compute ,,,p,; for each of the three as-
sumptions in Table 3.6.1.
3.29. Use Table 3.3.1 and an assumption of uniform distribution of deaths in each
year of age to find the median of the future lifetime of a person
a. Age 0 b. Age 50.
3.30. If g5, = 0.04 and g,, = 0.05, calculate the probability that (70) will die between
ages 70% and 71'2 under
a. The assumption that deaths are uniformly distributed within each year of
age
b. The hyperbolic assumption for each year of age.
3.31. Using the I, column in Table 3.3.1 and each of the assumptions in Table 3.6.1,
compute
a. lim p(60 + h)
h—0~
b. lim p(60 + h)
h—0"
c. w60 + 3).
3.32. If the constant force assumption is adopted, show that
_@—em/pf e =1 &
a. alx) = 1= o b. a(x) = > 1
3.33. If the hyperbolic assumption is adopted, show

_ P =1 _ 4
a. a(x) o g, + log p.) b. a(x) = 27 %
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Section 3.7

3.34.

3.35.

Verify the entries in Table 3.7.1 for De Moivre’s law and Weibull’s law.
Consider a modification of De Moivre’s law given by

s(x)=<1—£> 0=x<w o>0

Calculate
a. w(x) b. ¢,.
Section 3.8
3.36. Using Table 3.8.1, calculate

3.37.

3.38.

a. [321+1 b. 2Pi+1e
The quantity

1 — Dk = gy, gy
Gr+k
has been called the index of selection. When it is close to 0, the indication is

that selection has worn off. From Table 3.8.1, calculate the index for x = 32,
=0,1.

The force of mortality for a life selected at age (x) is given by uy(t) = W(x)w(t),
t > 0. In this formula p(t) is the standard force of mortality. The symbol x
denotes a vector of numerical information about the life at the time of selec-
tion. This information would include the age and other classification infor-
mation. It is required that ¥(x) > 0 and ¥(x,) = 1, where x, denotes standard
information. Show that the select survival function is

tp[x] = (tp[xo])\y(X)
and the p.d.f. of T(x), the random variable time-until-death given the infor-
mation X, is —W(X) Pl (Pra)’® ', where py,; is the derivative with respect
to t of p,,- This is called a proportional hazard model.

Miscellaneous

3.39.

3.40.

3.41.

A life at age 50 is subject to an extra hazard during the year of age 50 to 51.
If the standard probability of death from age 50 to 51 is 0.006, and if the extra
risk may be expressed by an addition to the standard force of mortality that
decreases uniformly from 0.03 at the beginning of year to 0 at the end of the
year, calculate the probability that the life will survive to age 51.

If the force of mortality w,(t), 0 = t = 1, changes to p(t) — ¢ where c is a
positive constant, find the value of ¢ for which the probability that (x) will
die within a year will be halved. Express the answer in terms of gy,

From a standard mortality table, a second table is prepared by doubling the
force of mortality of the standard table. Is the rate of mortality, g,, at any
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given age under the new table, more than double, exactly double, or less than
double the mortality rate, q,, of the standard table?

3.42. If w(x) = B ¢*, ¢ > 1, show that the function /, w(x) has its maximum at age
x, where p(x,) = log c. [Hint: This exercise makes use of Exercise 3.14.]

X

A
3.43. Assume p(x) = 1—+—(l:30" for x > 0.

a. Calculate the survival function, s(x).
b. Verify that the mode of the distribution of X, the age-at-death, is given by

X = log(log c) — log A
0 log ¢ '

3 _ 10
00 —x 250 — x

3.44. If p(x) = : for 40 < x < 100, calculate

a. 40Ps0
b. The mode of the distribution of X, the age-at-death.

3.45. a. Show that, under the uniform distribution of deaths assumption,

o8 o om
T 1-(1/2)q, T 1Y a/2m,

b. Calculate m, in terms of g, under the constant force assumption.
c. Calculate m, in terms of g, under the hyperbolic assumption.
d. If [, = 100 — x for 0 = x = 100, calculate ,yms, where

f L ilx + t) dt
0

My = n
[

3.46. Show that K and S are independent if and only if the expression

shlx]+k
q[x]+k

does not depend on k for 0 = s = 1.
Computing Exercises:

These are the first in a series of exercises that involve sufficient computation to
make it worthwhile to use a computer. The series will continue in the following
chapters, and in each exercise it is assumed that the results of previous exercises
are available. For example, in Exercise 3.47, you are asked to set up a life table that
will then be used in risk analysis in Chapters 4 and 5.

3.47. Using spreadsheet or other mathematical software, set up an object that will
accept input values for the Makeham law parameters and then calculate
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3.48.

3.49.

3.50.

3.51.

3.52.

3.53.

3.54.

3.55.

and display the values of p, and g, for ages 0 to 140. As a check on your
output, input the parameter values given in (3.7.1) and compare your
q, values with those for x = 13, 14, . . . in the Illustrative Life Table in Ap-
pendix 2A. We will refer to this computing object as your Illustrative Life
Table. When the Makeham parameter values are not stated, those of (3.7.1)
are implied. [Remark: With a Makeham Table, s(x) > 0 for all x > 0, so ®
does not exist as defined in Section 3.3.1. For the parameter values of the
[lustrative Life Table, g,4, is zero to eight decimal places; thus we choose
o = 140 for our I[llustrative Life Table, that is, Table 2A.]

In your Illustrative Life Table use the forward recursion formula [, = (p,)(,)
and initial value /,; = 96,807.88 to calculate the I, values of Table 2A. [Remark:
The Makeham law was not realistic for ages less than 13, so the Illustrative
Life Table is a blend of some ad hoc values from 0 through 12 and the
Makeham law table from age 13 up.]

[lustrate the result of Exercise 3.41 by doubling the A and B parameter values
in your Illustrative Life Table.

Use the backward recursion formula of Table 3.5.1 to calculate values of e, in
your Illustrative Life Table for ages 13 to 140.

Compare the values of e, at x = 20, 40, 60, 80, and 100 in your Illustrative
Life Table with those found when the force of mortality is doubled.

Use the backward recursion formula of Table 3.5.1 and the trapezoidal rule
to calculate values of é, in your Illustrative Life Table for ages 13 to 110.

Verify the following backward recursion formula for the temporary curtate
life expectancy to age y:

€y = Px T Px €rig=ary forx=0,1,...,y — L
Determine an appropriate starting value for use with this formula. For your

llustrative Life Table calculate the curtate temporary life expectancy up to
age 45 for ages 13 to 44.

Verity the following backward recursion formula for the n-year temporary
curtate life expectancy:

e = Px (1= Pes1) T PrCm forx=0,1,..., 0 — 1

Determine an appropriate starting value for use with this formula. For your
Ilustrative Life Table calculate the 10-year temporary curtate life expectancy
for ages 13 to 139.

“Look up” e;53 in your Illustrative Life Table. [Hint: Since the c(x) term in
the relation in Exercise 3.53 does not depend on 7, it may be more efficient
to view e;535 as a curtate temporary life expectancy to age 40 for (15).]
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LIFE INSURANCE

41 Introduction

We have stated that insurance systems are established to reduce the adverse
financial impact of some types of random events. Within these systems individuals
and organizations adopt utility models to represent preferences, stochastic models
to represent uncertain financial impact, and economic principles to guide pricing.
Agreements are reached after analyses of these models.

In Chapter 2 we developed an elementary model for the financial impact of
random events in which the occurrence and the size of impact are both uncertain.
In that model, the policy term is assumed to be sufficiently short so the uncertainty
of investment income from a random payment time could be ignored.

In this chapter we develop models for life insurances designed to reduce the
financial impact of the random event of untimely death. Due to the long-term
nature of these insurances, the amount of investment earnings, up to the time of
payment, provides a significant element of uncertainty. This uncertainty has two
causes: the unknown rate of earnings over, and the unknown length of, the in-
vestment period. A probability distribution is used to model the uncertainty in
regards to the investment period throughout this book. In this chapter a determin-
istic model is used for the unknown investment earnings, and in Chapter 21 sto-
chastic models for this uncertainty are discussed. In other words, our model will
be built in terms of functions of T, the insured’s future-lifetime random variable.

While everything in this chapter will be stated as insurances on human lives, the
ideas would be the same for other objects such as equipment, machines, loans, and
business ventures. In fact, the general model is useful in any situation where the
size and time of a financial impact can be expressed solely in terms of the time of
the random event.
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4.2

Insurances Payable at the Moment of Death

In this chapter, the amount and the time of payment of a life insurance benefit
depend only on the length of the interval from the issue of the insurance to the
death of the insured. Our model will be developed with a benefit function, b, and
a discount function, v,. In our model, v, is the interest discount factor from the time
of payment back to the time of policy issue, and ¢ is the length of the interval from
issue to death. In the case of endowments, covered in this section, t can be greater
than or equal to the length of the interval from issue to payment.

For the discount function we assume that the underlying force of interest is
deterministic; that is, the model does not include a probability distribution for the
force of interest. Moreover, we usually show the simple formulas resulting from
the assumption of a constant, as well as a deterministic, force of interest.

We define the present-value function, z,, by
z, = by,. (4.2.1)

Thus, z, is the present value, at policy issue, of the benefit payment. The elapsed
time from policy issue to the death of the insured is the insured’s future-lifetime
random variable, T = T(x), defined in Section 3.2.2. Thus, the present value, at
policy issue, of the benefit payment is the random variable z;. Unless the context
requires a more elaborate symbol, we denote this random variable by Z and base
the model for the insurance on the equation

Z = by, (4.2.2)

The random variable Z is an example of a claim random variable and, as such, of
an X; term in the sum of the individual risk model, as defined by (2.1.1). This model
is used in later sections when we consider applications involving portfolios. We
now turn to the development of the probability model for Z.

The first step in our analysis of a life insurance will be to define b, and v,. The
next step is to determine some characteristics of the probability distribution of Z
that are consequences of an assumed distribution for T, and we work through these
steps for several conventional insurances. A summary is provided in Table 4.2.1
on page 109.

4.2.1

Level Benefit Insurance

An n-year term life insurance provides for a payment only if the insured dies
within the n-year term of an insurance commencing at issue. If a unit is payable
at the moment of death of (x), then
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_ 1 t=n
bt_{O t>n,

v, = vt t=0,
_JuT T=n
Z_{O T > n.

These definitions use three conventions. First, since the future lifetime is a non-
negative variable, we define b, v,, and Z only on non-negative values. Second, for
a t value where b, is 0, the value of v, is irrelevant. At these values of t, we adopt
definitions of v, by convenience. Third, unless stated otherwise, the force of interest
is assumed to be constant.

The expectation of the present-value random variable, Z, is called the actuarial
present value of the insurance. The reader will find that the expectation of the
present value of a set of payments contingent on the occurrence of a set of events
is referred to by different terms in different actuarial contexts. In Chapter 1, the
expected loss was called the pure premium. This vocabulary is commonly used in
property-liability insurance. A more exact term, but more cumbersome, would be
expectation of the present value of the payments. We denote actuarial present val-
ues by their symbols according to the International Actuarial Notation (see Appen-
dix 4).

The principal symbol for the actuarial present value of an insurance paying a
unit benefit is A. The subscript includes the age of the insured life at the time of
the calculation. How this age is displayed depends upon the form of the mortality
assumption. For the actuarial present value of an insurance on (40), the age might
be displayed as [40], 40, or [20] + 20, for example. As in Section 3.8, the bracket
indicates selection at that age and hence the use of a select table commencing at
that age. The unbracketed age indicates the use of an aggregate or ultimate table.
Thus [20] + 20 indicates the calculation for a 40-year-old on the basis of a select
table commencing at age 20.

The actuarial present value for the n-year term insurance with a unit payable at
the moment of death of (x), E[Z], is denoted by Al;. This can be calculated by

recognizing Z as a function of T so that E[Z] = E[z;]. Then we use the p.d.f. of T
to obtain

A =BZ) = Flzd = |z fuvdt = [ v powtyar. (429

0

The j-th moment of the distribution of Z can be found by

EZ) = || @) po o) de

= J; e~ P Bu(t) dt.
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The second integral shows that the j-th moment of Z is equal to the actuarial present
value for an n-year term insurance for a unit amount payable at the moment of
death of (x), calculated at a force of interest equal to j times the given force of
interest, or j 3.

This property, which we call the rule of moments, holds generally for insurances
paying only a unit amount when the force of interest is deterministic, constant or
not. More precisely,

E[Z]| @ 5, = E[Z] @ 5, (4.2.4)

In addition to the existence of the moments, the sufficient condition for the rule of
moments is b/ = b, for all t = 0, that is, for each ¢ the benefit amount is 0 or 1.
Demonstration that this is sufficient is left to Exercise 4.30.

It follows from the rule of moments that
Var(z) = *Aly — (Alz)? (4.2.5)

where 2Al; is the actuarial present value for an n-year term insurance for a unit
amount calculated at force of interest 2 8.

Whole life insurance provides for a payment following the death of the insured
at any time in the future. If the payment is to be a unit amount at the moment of
death of (x), then

b, =1 t=0,
v, = v t=0,
Z=uvT T=0.

The actuarial present value is

A, = E[Z] = f ) v p, a(t) dt. (4.2.6)

0

For a life selected at x and now age x + h, the expression would be

Ay = f U Prgen el + 8) dt.

0

Whole life insurance is the limiting case of n-year term insurance as n — .

Example 4.2.1

The p.d.f. of the future lifetime, T, for (x) is assumed to be

_)1/80 0=t=80
Jot) = {0 elsewhere.
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At a force of interest, 3, calculate for Z, the present-value random variable for a
whole life insurance of unit amount issued to (x):

a. The actuarial present value

b. The variance

c. The 90th percentile, £°.

Solution:
A, =E[Z fm ) d fso w1 5
a. A, = []—vaT(t)t—Oe éat——86T # 0.

b. By the rule of moments,

1 — p~1608 1 — o808 2
Var(Z) = 1600 —( '808 ) 3 # 0.

c. For the continuous random variable, Z, we have Pr(Z = £°) = 0.9.

Since we have the p.d.f. for T and not for Z, we proceed by finding the event
for T which corresponds to Z =< £)°. From Figure 4.2.1, which shows the general
relationship between the sample space of T (on the horizontal axis) and the sample
space of Z (on the vertical axis), we see that £€° = v. Because Z is a strictly
decreasing function of T for whole life insurance, the percentile from T’s distribu-
tion that is related to 90th percentile of Z’s distribution is at the complementary
probability level, 0.1. In this example T is uniformly distributed over the interval
(0, 80), so & = 8.0 and thus &° = 089 v

The graph in Figure 4.2.1 can be used to establish relationships between the
d.f. and p.d.f. of Z and those of T:

Relationship of Z to T for Whole Life Insurance
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For z = 0, {Z = z} is the null event
For0 <z <1,{Z =z} = {T = log z/log v}, and

For z = 1, {Z = z} is the certain event.

Therefore,
0 z=0
F/z) = {1 — Fr(log z/log v) 0<z<1 (4.2.7)
1 1=z

By differentiation of (4.2.7),

frldog z)/(log v)][1/(®2)] 0<z<1
= 428
f2@) {0 elsewhere. ( )
For the assumptions in Example 4.2.1, determine
a. Z’s d.f. ‘
b. Z’s p.d.f.
Solution:
a. t/80 0=t=280
From F(t) = {1 f = 80,
we see that Pr{T > 80} = 0.0, so Pr{0 < Z < v%%} = 0.0. Therefore, from (4.2.7)
0 z < v¥®
Fy(z) = 41 — [(log z)/(log v)]/80 W<z<1
1 z=1.
b. By differentiation of the d.f. in part (a),
(1/80)(1/8z) v <z <1
fAz) =
0 elsewhere. v

We now turn our attention to a common application involving portfolios of
risk: determining an initial investment fund for a segment of insurances in the total
portfolio. The individual risk model and the normal approximation (as discussed
in Section 2.4) are used.

Example 4.2.3

Assume that each of 100 independent lives
s Is age x
* Is subject to a constant force of mortality, . = 0.04, and
* Is insured for a death benefit amount of 10 units, payable at the moment of
death.
The benefit payments are to be withdrawn from an investment fund earning & =
0.06. Calculate the minimum amount at t = 0 so that the probability is
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approximately 0.95 that sufficient funds will be on hand to withdraw the benefit
payment at the death of each individual.

Solution:
For each life,
b, =10 t=0,
v, =0 t=0,
Z = 1007 T =0.

If we think of the lives as numbered, perhaps by the order of issuing policies, then
at t = 0 the present value of all payments to be made is

where Z, is the present value at t = 0 for the payment to be made at the death of
the life numbered ;.

We can use the fact that Z is 10 times the present-value random variable for the
unit amount whole life insurance to calculate the mean and variance. For constant
forces of interest, 8, and mortality, p, the actuarial present value for the unit amount
whole life insurance is

A, = f e e ndt =
0

w+
Then, for this example,

- 0.04
—= = — T 4
E[Z] = 104, =105~ =4,

0.04

21 — 224 — R
EIZ7] = 10°°4, = 100 454+ 20.06)

25
and Var(Z) = 9.
Using these values for the mean and the variance of each term in the sum for S,

we have

E[S] = 100(4) = 400,

Var(S) = 100(9) = 900.

Analytically, the required minimum amount is a number, k, such that

Pr(S = h) = 0.95,

or equivalently

S — E[S] _h—400] .
Pr[m_ % ] 0.95.
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By use of a normal approximation, we obtain

h — 400

= 1.645,
30 !
h = 449.35. v
Observations:
1. The 49.35 difference between this initial fund of 449.35 and the expectation of

the present value of all payments, 400, is the risk loading of Chapter 1. The
loading is 0.4935 per life, or 4.935% per unit payment, or 12.34% of the actuarial
present value.

This example, like Examples 2.5.2 and 2.5.3, used the individual risk model and
a normal approximation to the probability distribution of S. In the short-period
examples, the collected income, equal to expected claims plus a risk loading,
was determined to have a high probability of being in excess of claims. In this
long-period life insurance example, the collected income plus interest income on
it at the assumed interest rate is determined to be sufficient to cover the benefit
payments. The initial fund of 449.35 will cover less than 45% of the eventual
certain payout of 1,000.

. A graph of the amount in the fund during the first 2 years for a payout pattern

when one death occurs at each of times 1/8, 7/8, 9/8, 13/8, and 15/8, and two
deaths occur at time 10/8 is shown in Figure 4.2.2. Between the benefit pay-
ments, represented by the discontinuities, are exponential arcs representing the
growth of the fund at 3 = 0.06.

raph of an Outcome for the Fund

Fund
Amount }
463.11
460 | l 459.96
15273 A 453.35
450 p” | l/i
| I 443.21
440 | I | | | I 439.75
o ,/1
50 L | | | | ‘/ 432.99
| || |
| I I
| B
| e
ol 1/8 7/8 9/810/8  13/8 15/8 -
1 2 Time
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4. There are infinitely many payout patterns, each with its own graph. Both the
number of claims and the times of those claims affect the fund. For example,
had the seven claims all occurred within the first instant, instead of the payout
pattern of Figure 4.2.2, the fund would have dropped immediately to 379.35 and
then grown to 427.72 by the end of the second year.

These examples illustrate the different roles of the three random elements in risk
model building, that is, whether or not a claim will occur, the size, and the time
of payment if one occurs. In Example 2.5.2 there was uncertainty about only the
occurrence of the claim. In Example 4.2.2 there was uncertainty about only the time
of claim payment. Other uncertainties have been ignored in these models. In Ex-
amples 4.2.1, 4.2.2, and 4.2.3 we have ignored the possibility of the fund earning
interest at rates different from the deterministic rates assumed.

4.2.2 Endowment Insurance

An n-year pure endowment provides for a payment at the end of the n years if
and only if the insured survives at least n years from the time of policy issue. If
the amount payable is a unit, then

_jo t=n
bt—{l t>n,

v, = V" t =0,
_J0 T=n
Z_{v" T > n.

The only element of uncertainty in the pure endowment is whether or not a claim
will occur. The size and time of payment, if a claim occurs, are predetermined. In
the expression Z = v"Y, Y is the indicator of the event of survival to age x + n.
This Y has the value 1 if the insured survives to age x + n and has the value 0
otherwise. The n-year pure endowment’s actuarial present value has two symbols.
In an insurance context it is A,;;. We see in the next chapter that it is denoted by
.E. in an annuity context. This distinction is not strict; the reader will have to be
ready for either:

A = E[Z] = v" E[Y] = v" p,,

and

I

Var(Z) = v** Var(Y) = v* ,p, 4«

=2A.0 — (A~ (4.2.9)

An n-year endowment insurance provides for an amount to be payable either
following the death of the insured or upon the survival of the insured to the end
of the n-year term, whichever occurs first. If the insurance is for a unit amount and
the death benefit is payable at the moment of death, then
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b, =1 t =0,
- vt t=n
t " t>mn,
vT T<n
v T>n.

The actuarial present value is denoted by A,;. Since b, = 1 for the endowment
insurance, we have by the rule of moments

E[Z/] @ 3 = E[Z] @ j3.
Moreover,
Var(Z) = ZAxﬂ - (Axﬂ)z. (4210)

This insurance can be viewed as the combination of an n-year term insurance and
an n-year pure endowment—each for a unit amount. Let Z,, Z,, and Z; denote the
present-value random variables of the term, the pure endowment, and the endow-
ment insurances, respectively, with death benefits payable at the moment of death
of (x). From the preceding definitions we have

0

T
le{v T=mn

T > n,

T=n
T>mn,

T=n
T > n.

It follows that
Zy=27,+ 2, (4.2.11)
and by taking expectations of both sides
Agq = AL + AL (4.2.12)
We can also find the Var(Z;) by using (4.2.11),
Var(Z,) = Var(Z,) + Var(Z,) + 2 Cov(Z,, Z,). (4.2.13)
By use of the formula
Cov(Z,, Z,) = E[Z,Z,] — E[Z,]E[Z,] (4.2.14)
and the observation that
Z2.Z2,=10
for all T, we have
Cov(Z,, Z,) = —E[Z,]E[Z,] = —Al7A.q- (4.2.15)

Substituting (4.2.5), (4.2.9), and (4.2.15) into (4.2.13) produces a formula for Var(Z;)
in terms of actuarial present values for an n-year term insurance and a pure
endowment.
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Since the actuarial present values are positive, the Cov(Z,, Z,) is negative. This
is to be anticipated since, of the pair Z, and Z,, one is always zero and the other
positive. On the other hand, the correlation coefficient of Z; and Z, is not —1 since
they are not linear functions of each other; recall Exercise 1.23(c).

4.2.3 Deferred Insurance

An m-year deferred insurance provides for a benefit following the death of the
insured only if the insured dies at least m years following policy issue. The benefit
payable and the term of the insurance may be any of those discussed above. For
example, an m-year deferred whole life insurance with a unit amount payable at
the moment of death has

bt:{l t>m

0 t=m,

v, =0 t>0,
_JuT T>m
Z_{O T = m.

The actuarial present value is denoted by ,, A, and is equal to

L v p, m(t) dt. (4.2.16)

Example 4.2.4

Consider a 5-year deferred whole life insurance payable at the moment of the
death of (x). The individual is subject to a constant force of mortality p = 0.04. For
the distribution of the present value of the benefit payment, at 3 = 0.10:

a. Calculate the expectation

b. Calculate the variance

c. Display the distribution function
d. Calculate the median £°.

Solution:

a. For arbitrary forces p and 9,

A = j =3t ,—ut dt = —S(P""B);
A B+ ¢
thus for . = 0.04 and & = 0.10,
A 2 o7
54, = s = 0.1419.
b. By the rule of moments,
0.04 4
Var(7Z) = ———— p75004+020) _ _— ,-14 = () 0301.
ar(Z) 0.04 + 0.20 ¢ 49 ¢ 0
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c. As for the case of whole life insurance, a graph of the relation between Z and T
provides an outline for the solution. For the general m-year deferred whole life
insurance, the graph is given in Figure 4.2.3.

Relationship of Z to T for Deferred Whole Life Insurance

Z
/

" - — — —

ol o logz

log v

Although T is a continuous random variable, Z is mixed with a probability mass
at 0 because Z = 0 corresponds to T = m.

For general mortality assumptions and a constant force of interest, we have
forZ =0,
F,(0) = Pr(T = m) = F(m); (4.2.17)
for 0 <z < v™,
F 2) =Pr(Z=2z)=Pr(Z=0) +Pr0 < Z =2z)

= Pr(T = m) + Pr(0 < v = 2)

= Pr(T < m) + Pr <T>1°—g5>
log v
_ _p (logz),
= Fym) + 1 — F; (108 U), (4.2.18)
for z > v™,
F,(z) = 1. (4.2.19)

In this example of 5-year deferred whole life insurance where p = 0.04 and & =
0.10, we have
from (4.2.17),
F,(0) = F{5) = 1 — ¢7°* = 0.1813;
from (4.2.18) for 0 < z < v°,
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log z
Fi@) = Ff®) + 1~ Fp—o

=1 — 02 + 2000010 = 01813 + 204 (4.2.20)
from (4.2.19) for z > v°,
F,(z) = 1.
The graph of this d.f. is shown in Figure 4.2.4.

Distribution Function of Z
F.(z)

0.8}
0.6}
04}

0.2}

0 T T
0 0.5 1

N

d. From Figure 4.2.4 or (4.2.20), we see that the median is the solution of
0.5 = 0.1813 + 2%
Thus, £&° = 0.0573. v

Observations:

1. The largest value of Z with nonzero probability density in this example is
e~%10) = 0.6065, corresponding to T = 5.

2. The distribution of Z in this example is highly skewed to the right. While its
total mass is in the interval [0, 0.6065] and its mean is 0.1419, its median is only
0.0573. This skewness in the direction of large positive values is characteristic of
many claim distributions in all fields of insurance.

4.2.4 Varying Benefit Insurance

The general model given by (4.2.1) can be used for analysis in most applications.
We have used it with level benefit life insurances. It can also be applied to insur-
ances where the level of the death benefit either increases or decreases in arithmetic

Chapter 4 Life Insurance

105



progression over all or a part of the term of the insurance. Such insurances are
often sold as an additional benefit when a basic insurance provides for the return
of periodic premiums at death or when an annuity contract contains a guarantee
of sufficient payments to match its initial premium.

An annually increasing whole life insurance providing 1 at the moment of death
during the first year, 2 at the moment of death in the second year, and so on, is
characterized by the following functions:

b, =Lt + 1] t=0,
v, = v t=0,
Z=|T+1vT T=0,

where the | | denote the greatest integer function.
The actuarial present value for such an insurance is
(IA), = E[Z] = J Lt + 1] p, p(t) dt.
0

The higher order moments are not equal to the actuarial present value at an ad-
justed force of interest as was the case for insurances with benefit payments equal
to 0 or 1. These moments can be calculated directly from their definitions.

The increases in the benefit of the insurance can occur more, or less, frequently
than once per year. For an m-thly increasing whole life insurance the benefit would
be 1/m at the moment of death during the first m-th of a year of the term of the
insurance, 2/m at the moment of death during the second m-th of a year during
the term of the insurance, and so on, increasing by 1/m at m-thly intervals through-
out the term of the insurance. For such a whole life insurance the functions are

+
btzl:fm—l‘l tZO,
m
Ut=vt tZO/
T
Z:vLTr,nn+1J T=0.

The actuarial present value is
(Im™ Ay, = E[Z].
The limiting case, as m — % in the m-thly increasing whole life insurance, is an
insurance paying f at the time of death, t. Its functions are
b, =t t=0,
v, = v t=0,

Z = TuT T=0.

Its actuarial present-value symbol is (IA),.
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This continuously increasing whole life insurance is equivalent to a set of de-
ferred level whole life insurances. This equivalence is shown graphically in Figure
4.2.5 where the region between the line b, = t and the t-axis represents the insurance
over the future lifetime. If the infinitesimal regions are joined in the vertical direc-
tion for a fixed t, the total benefit payable at ¢ is obtained. If they are joined in the
horizontal direction for a fixed s, an s-year deferred whole life insurance for the
level amount ds is obtained.

L el
Continuously Increasing Insurance

This equivalence implies that the actuarial present values for the coverages are
equal. The equality can be established as follows.

By definition,

(TA)X = fO tvt tpx 'J“x(t) dtl

and interpreting f in the integrand as the integral from zero to ¢ in Figure 4.2.5 we

have
(I_A)x = jO <f0 dS) vt tpx p’x(t) dt

If we interchange the order of integration and, for each s value, integrate on t from
s to x, we have

(14), = Jo f V', m(t) dt ds

by (4.2.16).
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If, for any of these m-thly increasing life insurances, the benefit is payable only
if death occurs within a term of n years, the insurance is an m-thly increasing n-
year term life insurance.

Complementary to the anually increasing n-year term life insurance is the an-
nually decreasing n-year term life insurance providing n at the moment of death
during the first year, n — 1 at the moment of death during the second year, and
so on, with coverage terminating at the end of the n-th year. Such an insurance has
the following functions:

bz{n—-LtJ t=n

0 t>n,
v, = vt t >0,
7 = vT(n — LT T=n
0 T > n.

The actuarial present value for this insurance is

Ay = [ v~ Lt py ) .

This insurance is complementary to the anually increasing n-year term insurance
in the sense that the sum of their benefit functions is the constant n + 1 for the
n-year term.

Table 4.2.1 is a summary of the models in this section. The insurance plan name
appears in the first column followed by the benefit and discount functions that
define it in terms of the future lifetime of the insured at policy issue. The pres-
ent-value function, which is always derived as the product of the previous two
functions, is shown next. In the fifth column the International Actuarial Notation
for the actuarial present value is shown. In the last column, a reference is given to
a footnote stating whether or not the rule of moments can be used in the calculation
of higher order moments.

4.3

Insurances Payable at the End of the Year of Death

In the previous section we developed models for life insurances with death ben-
efits payable at the moment of death. In practice, most benefits are considered
payable at the moment of death and then earn interest until the payment is actually
made. The models were built in terms of T, the future lifetime of the insured at
policy issue. In most life insurance applications, the best information available on
the probability distribution of T is in the form of a discrete life table. This is the
probability distribution of K, the curtate-future-lifetime of the insured at policy
issue, a function of T. In this and the following section we bridge this gap by
building models for life insurances in which the size and time of payment of the
death benefits depend only on the number of complete years lived by the insured
from policy issue up to the time of death. We refer to these insurances simply as
payable at the end of the year of death.

108

Section 4.3 Insurances Payable at the End of the Year of Death



‘[;Z13 ‘uomuyep sy; wouy Aosip pajenoeol

"Aireaioquifs ‘7 — v/, SI @duBLBA 8} USY] "} < [ 10} vy AQ polousp ‘1saleiul Jo 90104 UBAID auy sawi f 1e anjeA jussaid jeuenioe ey} o} [enba si juswow yi-f 8y,

‘0 = 7 4oy Ajuo pauyap aJe 'z pue “a “q 810N

A~ 3ursearour

+ (Yl W1 + W), i1 W/ + W] 1] 3[OYM
fuix U< 0 U<y 0 Arenuue 3urseaxdap
+ (va) U=j Q;A_.j — U) i Uusjq [N —u ULI9}) IBdA-U
e U< 0 U< 0 Ajrenuue Surseanur
+ (YD) Uy = 1 - .
=7 91 + 7 usj3 [1+74] Wi} Jed X -U
s Ww4+u<jm=i 0 a W4+ u<jmsg 0 WwiId) Ieaf-U
* 4 W4+ usj>u a ! Ww+usgi>u I poLIdJop Ted -1
e <t uf <t 40 USWMOPUD IedX -
x 14 usj na u=1 1 1 puo Jeax-U
ot U<i 0 R u<i 1 JUSWMOPpUd
* a5V u=si1 0 " us=1 0 amd reax-u
. EMM\ U <1 0 “D u<yt 0
us=j3 . usj 1 WiIo) IedX-U
x 14 I A T SJT 9[OYM
SJUSWOA] anfeA JuIsaL 'z uorpuny ‘a uorpounyg q uonpuNg dure) JdueInsuy
Y3 [erenOY anfeA -juasaig junoodsiq jgauag
) (€) @) (€) @ (M

pea(q uo AjeIpaw] a[qeded sadueinsu] jJo Areunung

109

Chapter 4 Life Insurance



Our model is in terms of functions of the curtate-future-lifetime of the insured.
The benefit function, b;,,, and the discount function, v,,,, are, respectively, the
benefit amount payable and the discount factor required for the period from the
time of payment back to the time of policy issue when the insured’s curtate-future-
lifetime is k, that is, when the insured dies in year k + 1 of insurance. The present
value, at policy issue, of this benefit payment, denoted by z,, is

Zip1 = bppaprn (43.1)

Measured from the time of policy issue, the insurance year of death is 1 plus the
curtate-future-lifetime random variable, K, defined in Section 3.2.3. As in the pre-
vious section, we denote the present-value random variable zy,, by Z.

For an n-year term insurance providing a unit amount at the end of the year of
death, we have

b, 1 k=0,1,...,n-1
k1 0 elsewhere,

U1 = U ’

7 - pk*1 K=901...,n—-1
0 elsewhere.

The actuarial present value for this insurance is given by

n—1

Al = E[Z] = ;;o U D e (4.3.2)

Note that the International Actuarial Notation symbol for the actuarial present
value of an insurance payable at the end of the year of death is the symbol for the
corresponding insurance payable at the moment of death with the bar removed.

The rule of moments, with the appropriate changes in notation, also holds for
insurances payable at the end of the year of death. For example, for the n-year
term insurance above,

Var(Z) = *Al; — (AL

where

n—1

zAalc:-rﬂ = z e~ 20+ kPx x+k-

In Section 3.5 recursion relations for life expectancies are derived and used to
determine their values. Recursion relations for the term insurance actuarial present
values can be derived algebraically from (4.3.2):
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n—1

n—1

1 — k+1 — k+1

xn kz v Px Gk = VYy + 2 v kPx Qx+k
=0

n—1

vg, + vp, 1;1 U 1P Genk

n—2

vg, + vp, 2} U Peit Geerej = VGx + 0P A (4.3.3)
=

For (4.3.3) to be true at n = 1, we define A5 = 0.0 for all x.

Note: On a select table basis, all x’s in the subscripts in (4.3.3) would be enclosed
in brackets.

On the basis of the Illustrative Life Table and i = 0.04, determine the mean and

variance of the present-value random variable for a 10-year term insurance with a
unit benefit payable at the end of the year of death issued on (30).

Solution:
Starting with the initial value A5 = 0.0 and using (4.3.3) adapted to this
insurance,

o Asglrioon = Usgax t UPsosk Asovinioem K=01,...,809,
we have by working from age 40 to age 30,
Aslig = 0.01577285
and
Var(Z) = 0.01271978 — (0.01577285)* = 0.1247099.
These values were determined by the spreadsheet constructed in the Computing

Exercises. v

For a whole life insurance issued to (x), the model may be obtained by letting
n —  in the n-year term insurance model. For the actuarial present value we have

Ms

A =

X

vk+1 P Gr+k (434)

B
Il

0

Multiplication of both sides of (4.3.4) by [, yields
LA, = > v*d . (4.3.5)
k=0

Formula (4.3.5) shows the balance, at the time of policy issue, between the aggre-
gate fund of actuarial present values for [, lives insured at age x and the outflow
of funds in accordance with the expected deaths of the [, lives. It is a compound
interest equation of value that is stated on an expected value basis.
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The expression

kZ vt d L, (4.3.6)

is that part of the fund at issue that, together with interest at the assumed rate, will
provide the payments for the expected deaths after the r-th insurance year.

Accumulation of (4.3.6) at the assumed interest rate for r years yields

20 g (43.7)

the expected amount in the fund after r insurance years. A comparison of expres-
sion (4.3.7) with (4.3.5) shows it tobe [, ., A,,,. The difference between this amount
and an actual fund is due to deviations of the actual deaths from the expected
deaths (according to the life table adopted), and deviations of the actual interest
income from the interest income at the assumed rate.

Example 4.3.2

A group of 100 lives age 30 set up a fund to pay 1,000 at the end of the year of
death of each member to a designated survivor. Their mutual agreement is to pay
into the fund an amount equal to the whole life insurance actuarial present value
calculated on the basis of the Illustrative Life Table at 6% interest. The members,
not selected by an insurance company, decided to use this population table as the
basis of their plan. The actual experience of the fund is one death in each of the
second and fifth years; interest income is at 6% in the first year, 6-1/2% in the
second and third years, 7% in the fourth and fifth years. What is the difference, at
the end of the first 5 years, between the expected size of the fund as determined
at the inception of the plan and the actual fund?

Solution:
On the agreed bases, 1,000 A;, = 102.4835, so, for the 100 lives, the fund starts
at 10,248.35. Also, A;; = 0.1287194 and I;5/1;, = 0.9915040.

For 100 lives age 30, the expected size of the fund after 5 years will be

!
(1,000)(100) 13—5 Ay = 12,762.58.

30

The development of the actual fund would be as follows, where F; denotes its size
at the end of insurance year k:
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F, = 10,248.35

F, = (10,248.35)(1.06) = 10,863.25

F, = (10,863.25)(1.065) — 1,000 = 10,569.36
F, = (10,569.36)(1.065) = 11,256.37

F, = (11,256.37)(1.07) = 12,044.32

F, = (12,044.32)(1.07) — 1,000 = 11,887.42.

Thus the required difference is 12,762.58 — 11,887.42 = 875.16. This result combines
the investment experience and the mortality experience for the 5-year period. There
were gains from the investment earnings in excess of the assumed rate of 6%. On
the other hand, there were losses on the mortality experience of two deaths as
compared to the expected number of 0.8496. The interpretation of such results in
terms of the various sources such as investment earnings and mortality is an ac-
tuarial responsibility. v

We derived the recursion relations for n-year term insurance actuarial present
values (4.3.3) algebraically. Whereas the relationship will hold for whole life in-
surance actuarial present values as the limiting case of n-year term insurance, as n
goes to @, we will establish the whole life insurance relationship independently to
illustrate a probabilistic derivation.

Consider A, from its definition E[Z] = E[v*®*!]. For emphasis we now write this
as

A, = E[Z] = E[v*™*1|K(x) = 0],

which is redundant since all of K(x)’s probability is on the non-negative integers.

E[Z] can be calculated by considering the event that (x) dies in the first year, that
is, K(x) = 0, and its complement, that (x) survives the first year, that is, K(x) = 1.
We can write

E[Z] = E[v¥®*K(x) = 0] Pr[K(x) = 0]
+ E[p*®*K(x) = 1] Pr[K(x) = 1]. (4.3.8)
In this expression we can readily substitute
E[v¥®*1K(x) = 0] = v,
Pr[K(x) = 0] = q,,
and
Pr[K(x) = 1] = p,.
To find an expression for the remaining factor, we rewrite it as

E[v*®@*"K(x) = 1] = vE[v* ™ D*1K(x) = 1 = 0].
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Since K(x) is the curtate-future-lifetime of (x), given Kx) = 1,
K(x) — 1 must be the curtate-future-lifetime of (x + 1).

If we are willing to use the same probabilities for the conditional distribution of
K(x) — 1 given K(x) = 1, as we would for a newly considered life age x + 1, then
we may write

E[v®® " DHK(x) — 1= 0] = A,,, (4.3.9)
and substitute it into (4.3.8) to obtain
A, = vg, + VA 4P, (4.3.10)

The assumed equality,

(the distribution of the future lifetime
of a newly insured life aged x + 1)

= (the distribution of the future lifetime of a life
now age x + 1 who was insured 1 year ago),

was discussed in Section 3.8. In terms of select tables, the right-hand side of (4.3.9)
would be A,.;. In (4.3.10) every x would be [x].

Note that (4.3.10) is the same backward recursion formula as (4.3.3). That is,
u(x) = vq, + vp, u(x +1).

It is the starting value that makes the solution the actuarial present value of whole
life insurance or of n-year term insurance. We see this same recursion formula for
the actuarial present values of n-year endowment insurance where the starting
values are the endowment maturity value.

Analysis of relationship (4.3.10) can give more insight into the nature of A,. After
replacement of p, by 1 — g, and multiplication of both sides by (1 + i)/,, (4.3.10)
can be rearranged as

LA+ DA, =LA, +d(—A,.). (4.3.11)

For the random survivorship group, this equation has the following interpretation.
Together with 1 year’s interest, A, will provide A, ., for all I, lives and an ad-
ditional 1 — A, for those expected to die within the year. This latter amount for
each expected death, that is, q,(1 — A, ), is considered the annual cost of insurance.
The A, ., is set aside for survivors and deaths, the 1 — A,,, is required only for a
death.

Dividing by [, and then subtracting A, + g,(1 — A,,,) from both sides of (4.3.11),
we have

Ax+l - Ax = le - qx(l - Ax+l)‘ (4'3‘12)

In words, the difference between the actuarial present values at age x and one later
at age x + 1 is equal to the interest on the actuarial present value at x less the
annual cost of insurance for the year.
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Another expression for A, can be obtained from (4.3.10) by replacing p, by
1 — g, multiplying both sides by v*, and rearranging the terms to get

Ux+le+1 B UxAx = —Ux+qu(1 - Ax+1)r
or
AVA, = —v"g (1 = A).
Summing from x = y to » (see Appendix 5), we obtain
_UyAy = —~Z Uﬁqu(l - Ax+1)
x=y

and thus
A, = 2 v (1~ Ay,
x=y

This expression shows that the actuarial present value at y is the present value at
y of the annual costs of insurance over the remaining lifetime of the insured.

The n-year endowment insurance with a unit amount payable at the end of the
year of death is a combination of the n-year term insurance of this section and the
n-year pure endowment for a unit amount that was discussed in the previous
section. Thus the functions for it are

bk+1 =1 k = 0/ 11 7
- vkl k=0,1...,n—-1
k+1 " k=n,n+1,...,

7 = vk K=01...,n—1

v" K=mnn+1,
The actuarial present value is
n—1
Ag = ;} Ve G+ U e (4.3.13)

The annually increasing whole life insurance, paying k + 1 units at the end of
insurance year k + 1 provided the insured dies in that insurance year, has the
benefit and discount functions and present-value random variable as follows:

ba=k+1 k=0,12...,
Upyy = U1 k=0,12,...,
Z=K+1ov" K=0,12,....
The actuarial present value is denoted by (IA),.

The annually decreasing n-year term insurance, during the n-year period, pro-
vides a benefit at the end of the year of death in an amount equal to n — k where
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k is the number of complete years lived by the insured since issue. Its functions

are
b = n—k k=01,...,n—-1
s 0 k=nn+1, ,
Upyy = UL k=0,1,...,
7 - (n — K)vk*! K=01...,n—-1
0 K=nn+1,

The actuarial present-value symbol for this insurance is (DA) .

As illustrated by Figure 4.2.5 for insurances payable at the moment of death,
annually increasing insurances payable at the end of the year of death are equiv-
alent to a combination of deferred level insurances each for a unit amount. Simi-
larly, annually decreasing term insurances are equivalent to a combination of level
term insurances of various term lengths. Figure 4.3.1 illustrates this for an annually
decreasing 8-year term insurance.

Figure 4.3.1 shows the graph of the benefit function b, ;. Each unit square region
between the horizontal steps and the k-axis represents a deferred 1-year term in-
surance. When these are summed vertically, the deferred 1-year term insurances

Annually Decreasmg 8-Year Term Insurance

by
A
8 1-year deferred, 1-year term
/2_/ insurance for 7 units
7
6

2-year deferred, 1-year

term insurance for a unit amount
5 /&/

4 6-year term insurance

for a unit amount

: /V
:
1
~ k
0 1 2 3 4 5 6 7 8

116 Section 4.3 Insurances Payable at the End of the Year of Death



for the decreasing amounts are obtained. When the squares are summed horizon-
tally, the level amount term insurances of varying duration are obtained. These
vertical and horizontal sums are also indicated in Figure 4.3.1.

The equality of the actuarial present values for the combination of level term
insurances and the combination of deferred term insurances can be demonstrated
analytically. Thus, by definition

n—1

(DAY = 2 (1= B) V" Py g
= l;) (n — k) (V° p2) VG0

n—1
= kZO (n = k) wA,, (4.3.14)

the total of the column sums.

In (4.3.14) we can substitute

n—k-1
=2> O
j=0

to obtain

-1 n—k—
(DAY = 2 ; (1) 05 iy e

By interchanging the order of summation we obtain

— -
Z 2 1) vk+1 kpx qx+kl

and then by comparing the inner summation to (4.3.2), we can write

n—1

(DA)L; = ; Al

Table 4.3.1 provides a summary of functions and symbols for the elementary
insurances payable at the end of the year of death.

We close this section with a summary of the recursion relations for the actuarial
present values of the insurances payable at the end of the year of death. Consider
the list on page 119 arranged in the order of the entries of Table 4.3.1. Each entry
is arranged across its line as the recursion relation, the domain for the relation, and
the initial condition. Values for the actuarial present value would be generated from
the lowest age of the mortality table to age y or w.
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(a) A, =vg, +up, Ay x=0,1,...,0 —1,
and A, = 0.

(b) A}CH = vq, + up, Axil:y——(x+—l)] X = 0, 1, Y A 1,
and A;@ = 0.

(c) Ay = V4, + vp, Ao x=01...,y—1,
and A 5 = 1.
(d) yfxlnAx = 0 + pr yf(x+1)|nAx+1 X = 0/ 1/ cr e y - ]-/

and (|, A, = A}7.

(e) (IA)if——x] = [qu + vp, Axilzm] + vp, (IA)lerlm
x=0,1,...,y— 1,and(IA);}@ = Q.

(f) (DA))lcﬁ\ = (y - x)vqx + pr (DA)xﬁ—lm
x=0,1...,y— 1 and (DA);5 = 0.
(8) (IA), = [vgq, + vp, A, 4] + vp, TA), 4 x=01,...,0—1,
and (IA), = 0.

Observations:

1. Only (a) and (b) have been justified in this section. Arguments for (c) through
(g) are similar to those for (a) and (b).
2. All seven equations are of the form

u(x) = c(x) + vp, u(x + 1),

where c(x) is a given function defined for the domain of the relation. In the
language of difference equations, all seven equations have the same correspond-
ing homogeneous equation, u(x) = vp, u(x + 1). It is linear but does not have
constant coefficients.

3. Since c(x) = vg, for (a), (b), and (c), those actuarial present values are all solutions
of the same recursion formula and are distinguished only by their starting
values.

4.4 Relationships between Insurances Payable
at the Moment of Death and the End of the
Year of Death

We begin the study of these relationships with an analysis of the actuarial present
value for whole life insurance paying a unit benefit at the moment of death. From
(4.2.6) we have
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1

0

vt tpx “‘x(t) dt + J‘ vt tpx !’l‘r(t) dt‘

1

Ax = j vt tpx p"x(t) dt = f

0 0

The change of variables s = t — 1 in the second integral gives

(e2]

1
Ax - fvt tPx Mx(t) dt +v J v° s+1Px “’x(s + 1) ds. (44:1)

0 0

On an aggregate mortality basis

s+1px “‘x(s + 1) = px spx+1 u(x +s+ 1)

so the second term of (4.4.1) would be vp,A,,;. On a select mortality basis the
second term would be vp, A, 4;- Returning to (4.4.1) and using aggregate notation,
we have

1
A, = j o pe wa®) dt + vp, Avey = ALy + opy Ay (442)

0

The integral in (4.4.2) can be expressed in discrete life table functions by adopting
one of the assumptions about the form of the mortality function between integers
as discussed in Section 3.6.

Under the assumption of a uniform distribution of deaths over each year of age,
tpypy(t)=qy O=st=1l,andy=0,1,...
which can be placed in (4.4.2) to obtain

1
A, = qu:) vhdt + vp A,

= évqx + vp, Ayl (4.4.3)

The domain for this relationship isx = 0,1, ..., o — 1, and the starting value is
A =0

If we multiply both sides of recursion formula (a) by i/, we have
i i i

gAx = qux + UPx (g Ax+l>'
Since (a) and (4.4.3) embody the same recursion formula and have the same domain
and the same initial value of 0 at w, (i/8)A, is the solution for (4.4.3), and

A, = éAx. (4.4.4)
Formula (4.4.4) might have been anticipated under the assumption of a uniform
distribution of deaths between integral ages. The effect of the assumption is to make
the unit payable at the moment of death equivalent to a unit payable continuously
throughout the year of death. With respect to interest, a unit payable continuously
over the year is equivalent to i/ at the end of the year.
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The identity in (4.4.4) can be reached using the properties of the future-lifetime
random variable under the assumption of a uniform distribution of deaths in each
year of age as developed in Section 3.6. From (3.6.1) we write T = K + 5. We
observed there that, under the assumption of a uniform distribution of deaths in
each year of age, K and S are independent and S has a uniform distribution over
the unit interval. As corollaries to these observations, K + 1 and 1 — S are also
independeht, and 1 — S has a uniform distribution over the unit interval. In the
identity

A, = E["] = EPp*Q + i)'70],

we can use the independence of K + 1 and 1 — S to calculate the expectation of
the product as the product of the expectations,

E[v*' (1 + )'7°] = E[v*]E[(1 + i)'~5]. (4.4.5)
The first factor on the right-hand side is A,. Since 1 — S has the uniform distribution
over the unit interval, the second factor is
i

1
E[(1 + i)'~5] = fo (1+i)f Ldt = ¢

Hence, again we have A, = (i/3)A, under the assumption of uniform distribution
of deaths in each year of age.

A similar argument, again based on the assumption of a uniform distribution of
deaths in each year of age, can be used to show that the actuarial present value of
a whole life insurance which pays a unit at the end of the m-th of a year of death
is equal to

i

m) —
Ax Fm

A,. (4.4.6)
This argument is outlined in Exercise 4.19.

In Section 3.6 we also discussed the assumption that the force of mortality is
constant between integral ages. The relationship between the actuarial present val-
ues for whole life insurances payable at the moment of death and at the end of the
year of death under this assumption is developed in Exercise 4.19. Since the hy-
perbolic assumption implies that the force of mortality decreases over the year of
age (see Exercise 3.27), it is seldom realistic for human lives. Moreover, it leads to
more complicated relationships that we will not develop here.

Next we turn to an analysis of the annually increasing n-year term insurance
payable at the moment of death. For this insurance, the present-value random vari-
able is

7 _ LT+ 1T T<n
0 T =n.

Since LT + 1] = K + 1, we can use the relation T = K + S to obtain
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. {(K + o5t T <n
0 T =n.

If we let W be the present-value random variable for the annually increasing
n-year term insurance payable at the end of the year of death,

Wz{([(-!—l)vI<+1 K=01...,n-1
0 K=nn+1,....
Then
Z=Wa+ s
and
E[Z] = E[W(1 + i)*"°].
Since W is a function of K + 1 alone and K + 1 and 1 — S are independent,

E[Z] = E[W] E[(1 + i)'"°]

1
= (IA)L; =.

These results for the whole life and the increasing term insurances payable at
the moment of death, under the assumption of a uniform distribution of deaths
over each year of age, are very similar,

and

- i
(A7 = 5 (AL,

Let us look at the general model to find the basis of the similarities. From (4.2.2),
Z = br. (4.4.7)

For the two continuous insurances above, the conditions used were

* vy = v, and

* by was a function of only the integral part of T, the curtate-future-lifetime, K.
Writing this latter property as by = b§,, we can write (4.4.7) for these insurances
as

Z = b} ol
= bt oKL + S
and
E[Z] = E[by,,v"" (1 + i)' 7°]. (4.4.8)

Under the assumption of a uniform distribution of deaths over each year of age,
we can infer the independence of K and S and that 1 — S also has a uniform
distribution. Then we can write (4.4.8) as
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E[Z] = E[b%,,v""'] E[(1 + ']

= B[b, v<] % (4.4.9)

Example 4.4.1

Calculate the actuarial present value and the variance for a 10,000 benefit, 30-
year endowment insurance providing the death benefit at the moment of death of
a male age 35 at issue of the policy. Use the Illustrative Life Table, the uniform
distribution of deaths over each year of age assumption, and i = 0.06.

Solution:

For endowment insurance, v; # v’. Therefore, we cannot apply (4.4.9) directly.
Recalling (4.2.11), which showed the endowment insurance as the sum of a term
insurance and pure endowment, we can apply (4.4.9) to the term insurance com-
ponent and then calculate the pure endowment insurance part. Thus, using (4.2.12)
and (4.2.10), we can calculate the actuarial present value as follows:

— _ g 1
Ass:%l - gAssm + Assﬁl

(1.0297087)[0.06748179] + 0.1392408
= (0.208727,
and the variance as
Var(Z) = *Agszg — (Assag)”
= 0.0309294 + 0.0242432 — (0.208727)*
= 0.011606.

For the 10,000 sum insured, 10,000 Ayz; = 2,087.27 and (10,000)* Var(Z) =
1,160,600. v

Example 4.4.2

Calculate, for a life age 50, the actuarial present value for an annually decreasing
5-year term insurance paying 5,000 at the moment of death in the first year, 4,000
in the second year, and so on. Use the Illustrative Life Table, uniform distribution
of deaths over each year of age assumption, and i = 0.06.

Solution:
Referring to Table 4.2.1, we see that
~ {5 -] t=5
o t>5

is a function of only k, the integral part of f, and hence we may write it as
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) _{S—k k=0,1,23,4
o k> 4.

The discount function is v, so we have

- i
(DAYy5 = 5 (DAY

4
= (1.0297087) ;) G = k) v 5o Gs04

4
> (5= k) v gy
= (1.0297087) =2

150
= 0.088307.
Then, 1,000 (DA),5 = 88.307. v

For an insurance providing a death benefit at the moment of death that is not
a function of K, further analysis is required to express its values in terms of those
for an insurance payable at the end of the year of death. Consider the continuously
increasing whole life insurance payable at the moment of death. This insurance is
discussed extensively in Section 4.2, and its benefit function analyzed in Figure
4.2.5. Its functions are

b, =t t>0,
v, = v t>0,
z, = tv! t>0.

To find (IA), we rewrite
Z = (K + Sk
= (K + 1S — (1 — S)Hki( + §)i-s
= (K + DR+ )5 — oF = S)(L + i),

Now taking expectations, under the assumption of a uniform distribution of deaths
over each year of age, we have

E[Z] = E[(K + 1)v* ] E[(1 + i)'~°] — E[**] E[(1 — S)(1 + i)'"°]
= (IA), x — A, E[(1 — $) + i)I~5],
We can simplify the last factor directly since 1 — S has a uniform distribution,

B - $)1+ 1 = [ u+ i du = 09 = 1 - L

) 92
(IA), = . [UA)X - G - %) A]

Thus, we can write

N[~
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4.5 Differential Equations for Insurances Payable at the

Moment of Death

Recursive-type expressions can be established for insurances payable at the mo-
ment of death. These are developed using calculus and lead to differential
equations.

For a whole life insurance on (x),

d . - -

7 = ) AR A+ p)] = 84, - p0d — Ay, (4.5.1)
which are the continuous analogues of (4.3.12). The notation used here is for an
aggregate mortality basis. Verification of these expressions has been left to Exercise
4.21.

On the other hand, (4.5.1) can be developed from the definition of A, by using
conditional expectation as we did for A,:

A, = E[vT]
= E7T = h] Pr(T < h) + EQT|T > h] Pr(T > h). (4.5.2)
Now,
Pr(T=h) =, and P«(T >h) = ,p,, (4.5.3)

and the conditional p.d.f. of T given T = h is
fAB) _ pe e + B)

O0t=h
fT = hy = 150 s
0 elsewhere.
Thus,
h
E[vT|T = h] = JO vt m—x—}%—t) dt. (4.5.4)
Mx

As we did in the expression for A,, we will write
E[v"|T > h] = v"E[v" (T — h) > 0]
=v'A,.,. (4.5.5)
Substitution of (4.5.3), (4.5.4), and (4.5.5) into (4.5.2) yields
h
A, = f vt Pe BT D) dt .3, + V" A 1P (4.5.6)

0 hqx

Then, on both sides of (4.5.6), we multiply by —1, add A,,,, and divide by h to
obtain
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Ax+h — Ax —1 fh ¢ A 1-v nPx
—h tx - + — M 5.
h h 0 v fpx p‘(x + t) dt Ax+h h (4 5 7)
Next,
lim1 hvt (x+t)dt=ifsv‘ (x + 1) dt|_y = p(x)
P h 0 tpx W dS 0 tpx W s=0 o
and
1 —=v"p, d
lhl_ff(} —hh—p =~ O Pl = p0) + 5.
Using these two limits as & — 0 in (4.5.7) we obtain (4.5.1),
d . -
— A, = —px) + A + 3].
A= —u) + Adp) + 3]

Solutions of this differential equation are outlined in Exercise 4.22.

4.6 Notes and References

The life contingencies textbooks listed in Appendix 6 give other developments
of formulas for life insurance actuarial present values. Commutation functions,
which were fundamental to actuarial calculations until this quarter century, are
employed extensively in Jordan (1967).

There is little material in these textbooks on the concept of the time-until-death
of an insured as a random variable. Until recently, research and exposition on this
concept has been called individual risk theory. Cramér (1930) gives a detailed ex-
position of the ideas up to that time. Kahn (1962) and Seal (1969) give concise
bibliographical information on both research and expository papers over a 100-year
span.

Since 1970 there has been interest in actuarial models that consider both the time-
until-death and the investment-rate-of-return as random variables. This combina-
tion is discussed in Chapter 21.

Exercises

Assume, unless otherwise stated, that insurances are payable at the moment of
death, and that the force of interest is a constant 8 with i and d as the equivalent
rates of interest and discount.

Section 4.2
41. If wx) = p, a positive constant, for all x > 0, show that A =
p/(n + 9).

42. Let p(x) = 1/(1 + x), for all x > 0.
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a. Integrate by parts to show that

A—1—8[ o 1+ x
1+x+t

b. Use the expression in (a) to show that dA,/dx < 0 for all x > 0.
4.3. Show that dA /di = —v(IA),.

4.4. Show that the expressions for the variance of the present value of an n-year
endowment insurance paying a unit benefit, as given by (4.2.10) and (4.2.13),
are identical.

4.5. Let Z, and Z, be as defined for equation (4.2.11).
a. Show that lim,_, Cov(Z,, Z,) = lim,_,,, Cov(Z,, Z,) = 0
b. Develop an implicit equation for the term of the endowment for which
Cov(Z,, Z,) is minimized.
c. Develop a formula for the minimum in (b).
d. Simplify the formulas in (b) and (c) for the case when the force of mortality
is a constant .

4.6. Assume mortality is described by I, = 100 — x for 0 = x = 100 and that the
force of interest is 8 = 0.05.
a. Calculate A40 55
b. Determine the actuarial present value for a 25-year term insurance with
benefit amount for death at time ¢, b, = ¢, for a person age 40 at policy
issue.

4.7. Assuming De Moivre’s survival function with @ = 100 and i = 0.10,
calculate
a. A}%O:ﬂ
b. The variance of the present value, at policy issue, of the benefit of the
insurance in (a).

48. If §, = 0.2/(1 + 0.05¢t) and I, = 100 — x for 0 = x = 100, calculate
a. For a whole life insurance issued at age x, the actuarial present value and

the variance of the present value of the benefits
b. (IA),.

49. a. Show that A, is the moment generating function of T, the future lifetime
of (x), evaluated at —3.
b. Show that if T has a gamma distribution with parameters a and @, then

=1+ 3/B) ™

4.10. Given b, = ¢, p(f) = p, and 8, = 3 for all t > 0, derive expressions for
a. (IA), = E[bpv"] b. Var(bvT).
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4.11. The random variable Z is the present-value random variable for a whole life
insurance of unit amount payable at the moment of death and issued to (x).
If 3 = 0.05 and p,(t) = 0.01:
a. Display the formula for the p.d.f. of Z.
b. Graph the p.d.f. of Z.
c. Calculate A, = E[Z] and Var(Z).

4.12. The random variable Z is the present-value random variable for an n-year
endowment insurance as defined in Section 4.2.2. Exhibit the d.f. of Z in terms
of the d.f. of T.

4.13. The random variable Z is defined as in Exercise 4.12. If 8 = 0.05, p(t) = 0.01,
and n = 20:
a. Display the d.f. of Z.
b. Graph the d.f. of Z.
c. Calculate A,; = E[Z] using the distribution of Z. [Hint: Consider using the
complement of the d.f.]

Section 4.3

414. If I, = 100 — x for 0 = x = 100 and i = 0.05, evaluate
a. A40E‘ b. (IA)40.

4.15. Show that A 5 = A}cﬂ + " Py Ayiminmm for m < n and interpret the result in
words.

4.16. If A, = 0.25, A, = 040, and A,z = 0.55, calculate
a. Az b ALy

4.17. a. Describe the benefits of the insurance with actuarial present value given
by the symbol (IA), ;-

b. Express the actuarial present value of (a) in terms of the symbols given in
Tables 4.2.1 and 4.3.1.

4.18. In Example 4.3.2, let the expected size of the fund k years after the agreement,
and immediately after the payment of death claims, be denoted by E,, where
E, = (100)(1,000 A;,) = 10,248.35.
a. Start with (4.3.10) and develop the forward recursion formula

E, = 1.06E,_, — 100,000, s
b. Use the recursion formula developed in (a) to confirm that E; = 12,762.58.

Section 4.4

4.19. Consider the timescale measured in intervals of length 1/m where the unit is
a year. Let a whole life insurance for a unit amount be payable at the end of
the m-thly interval in which death occurs. Let k be the number of complete
insurance years lived prior to death and let j be the number of complete
m-ths of a year lived in the year of death.
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a. What is the present-value function for this insurance?
b. Set up a formula analogous to (4.4.2) for the actuarial present value, AJ”,
for this insurance.
c. Show algebraically that, under the assumption of a uniform distribution of
deaths over the insurance year of age,
A = A

jom “x

4.20. Show, under the assumption of a constant force of mortality between integral
ages, that

@ .

i — k+1 Lt Gesk
AX Z % kpx p‘x(k) 8 + Mx(k)

k=0

where p.(k) = —10g P
Section 4.5

4.21. a. Show that (4.2.6), for an aggregate mortality basis, can be rewritten as

1 0
A= pv"f v ypom(y) dy  x=0.
xF0 x

b. Differentiate the formula of (a) to establish (4.5.1),
dA.
dx

c. Use the same technique to show

= [p(x) + 3]4, — px) x=0.

al

dA 7 T
2= @ + 84y + wlx + WAL - w0 x =0,

4.22. Solve the differential equation (4.5.1) as follows:
a. Use the integrating factor

exp{—-J: [® + w@)] dz}

A, = Lw w(x) exp{—f: [ + wz)] dz} dx.

b. Use the integrating factor e ®* to obtain

to obtain

A, = [ wt v - Ay ax

Y

Miscellaneous

4.23. Display the actuarial present value of a Double Protection to Age 65 policy
that provides a benefit of 2 in the event of death prior to age 65 and a benefit
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4.24.

4.25.

4.26.

4.27.

of 1 after age 65 in symbols of Table 4.3.1. Assume benefits are paid at the
end of the year of death.

A policy is issued at age 20 with the following graded scale of death benefits
payable at the moment of death.

Age Death Benefits
20 1 000
21 2 000
22 4 000
23 6 000
24 8 000
25-40 10 000
41 and over 50 000

Calculate the actuarial present value on the basis of the Illustrative Life Table
with uniform distribution of deaths over each year of age and i = 0.05. [Hint:
A backward recursion formula for the actuarial present value will include a
function c(x) that incorporates the death benefit scale.]

a. Determine whether or not a constant increase in the force of mortality has
the same effect on A, as the same increase in the force interest.

b. Show that if the single probability of death g,,, is increased to q,,, + ¢,
then A, will be increased by

cvn+1 npx (1 - Ax+n+1)'

The actuarial present value for a modified pure endowment of 1,000 issued

at age x for n years is 700 with a death benefit equal to the actuarial present

value in event of death during the n-year period and is 650 with no death
benefit.

a. Calculate the actuarial present value for a modified pure endowment of
1,000 issued at age x for n years if 100k% of the actuarial present value is
to be paid at death during the period.

b. For the modified pure endowment in (a), express the variance of the pres-
ent value at policy issue in terms of actuarial present values for pure en-
dowments and term insurances.

An appliance manufacturer sells his product with a 5-year warranty prom-
ising the return of cash equal to the pro rata share of the initial purchase price
for failure within 5 years. For example, if failure is reported 3-3/4 years fol-
lowing purchase, 25% of the purchase price will be returned. From statistical
studies, the probability of failure of a new product during the first year is
estimated to be 0.2, in each of the second, third, and fourth years 0.1, and in
the fifth year 0.2.
a. Assuming that failures are reported uniformly within each year since pur-
chase, determine the fraction of the purchase price that equals the actuarial
present value for this warranty. Assume i = 0.10.
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4.28.

4.29.

4.30.

b. If the warranted return is the reduction on the purchase price of a new
product with a 5-year warranty, would the answer to (a) change?

Assume that T(x) has a p.d.f. given by

2
fT(x)(t) - 10\/2—11_ e

—42/200 t>0

and & = 0.05.

Show:

a. A, = 2¢975[1 — ®(0.5)] = 0.6992

b. 24, = 2¢7%9[1 — ®(1)] = 0.5232

c. Var(Z) = 0.0343, where Z = v’

d. £€° = 0.7076 [Hint: Use Figure 4.2.1]
e. v = 0.6710 < 0.6992 = A,.

Generalize Exercise 4.28(e) by showing that if 8 > 0, then
v = A,

[Hint: Use Jensen’s Inequality in Section 1.3 when u"(x) > 0.]

For a whole life insurance the benefit amount, b,, is 0 or 1 for each t = 0. For
calculations at force of interest §,:

a. Express the discount function in terms of 3,.

b. Express the present-value random variable, Z, in terms of T.

c. Show that Z/@force of interest 3, equals Z@force of interest 3,.

Computing Exercises

4.31.

4.32.

4.33.

Augment your Illustrative Life Table to include input of a constant interest
rate, 7, and a payment frequency, m. It will be helpful for the equivalent rates
3,d™, i, d, and v to be shown in your Illustrative Life Table output.

Develop a set of values of d;, n = 1,2,...,100 at i = 0.06 by using the
forward recursion formula (3.5.20). [Hint: Review Exercise 3.25 or use d;53 =
1+ Uil'ﬂ.]

a. Using the backward recursion formula of (4.3.10) in your Illustrative Life
Table and the appropriate starting value, calculate 1,0004, for x = 13 to
140 for an interest rate of 0.06.

b. Compare your values to those in Appendix 2A.

4.34. a. Use (4.3.3) and your Illustrative Life to determine A,jsy; and 2A,)5 at

i = 0.05.
b. What is the variance for the present-value random variable for a 20-year
term insurance with benefit amount 100,000 issued to (20)?
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4.35.

4.36.

4.37.

4.38.

4.39.

a. By an algebraic or probabilistic argument, verify the following backward
recursion formula of an n-year term insurance with a unit benefit:

#Px Gx+n + up, Axil:ﬂ'

b. Determine an appropriate starting value for use with this formula.
c. Use your Illustrative Life Table with i = 0.06 to calculate the actuarial
present value of a 10-year term insurance issued at ages x = 13, . . ., 130.

n+1

Az = vg, — v

a. Use recursion relation (g) at the end of Section 4.3 and your Illustrative
Life Table to calculate (IA),; at i = 0.06.

b. Modify the recursion relation of part (a) to obtain one for (IA), and deter-
mine a starting value for it.

c. Modify the recursion relation of part (b) to obtain one for (IA), and deter-
mine a starting value for it.

d. Make the recursion relations of parts (b) and (c) specific to the assumption
of a uniform distribution of deaths over each year of age.

Use your Illustrative Life Table to verify the numerical solutions to parts (a)
and (b) of Example 4.2.4. [Hint: Set B = 0.00 and A = 0.04 in your Makeham
law parameters, i = e — 1, and use recursion formula (d) at the end of
Section 4.3. Remember that the insurance in Example 4.2.4 is payable at the
moment of death.]

a. By an algebraic or probabilistic argument, verify the following backward
recursion formula for the actuarial present value of a unit benefit endow-
ment insurance to age y with the death benefit payable at the moment of
death:

Ax:m = A}c:ﬂ + vp, Axﬂ:m x=01,...,y — 1

b. Determine an appropriate starting value for use with this formula.

c. Use your Illustrative Life Table with the assumption of uniform distribu-
tion of deaths over each year of age and i = 0.06 to calculate the actuarial
present value of a unit benefit endowment insurance to age 65 with the
death benefit payable at the moment of death for issue ages x = 13, .. .,
64.

d. By an algebraic or probabilistic argument, verify the following backward
recursion formula for the actuarial present value of a unit benefit n-year

endowment insurance with the death benefit payable at the moment of
death:

Ax:ﬂ = Aalcﬂ + v" nPx (1 — UPyin — Axi—l:ﬁ]) + up, Ax+l:ﬁ|
x=0,1,...,w—1.

Let Z be the present-value random variable for a 100,000 unit 20-year endow-
ment insurance with the death benefit payable at the moment of death. Use
your Illustrative Life Table to calculate the mean and the variance of Z on
the basis of a Makeham law with A = 0.001, B = 0.00001, ¢ = 1.10, and
8 = 0.05.
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LIFE ANNUITIES

5.1 Introduction

In the preceding chapter we studied payments contingent on death, as provided
by various forms of life insurances. In this chapter we study payments contingent
on survival, as provided by various forms of life annuities. A life annuity is a series
of payments made continuously or at equal intervals (such as months, quarters,
years) while a given life survives. It may be temporary, that is, limited to a given
term of years, or it may be payable for the whole of life. The payment intervals
may commence immediately or, alternatively, the annuity may be deferred. Pay-
ments may be due at the beginnings of the payment intervals (annuities-due) or at
the ends of such intervals (annuities-immediate).

Through the study of annuities-certain in the theory of interest, the reader al-
ready has a knowledge of annuity terminology, notation, and theory. Life annuity
theory is analogous but brings in survival as a condition for payment. This con-
dition has been encountered in Chapter 4 in connection with pure endowments
and the maturity payments under endowment insurances.

Life annuities play a major role in life insurance operations. As we see in the
next chapter, life insurances are usually purchased by a life annuity of premiums
rather than by a single premium. The amount payable at the time of claim may be
converted through a settlement option into some form of life annuity for the ben-
eficiary. Some types of life insurance carry this concept even further and, instead
of featuring a lump sum payable on death, provide stated forms of income benefits.
Thus, for example, there may be a monthly income payable to a surviving spouse
or to a retired insured.

Annuities are even more central in pension systems. In fact, a retirement plan
can be regarded as a system for purchasing deferred life annuities (payable during
retirement) by some form of temporary annuity of contributions during active ser-
vice. The temporary annuity may consist of varying contributions, and valuation
of it may take into account not only interest and mortality, but other factors such
as salary increases and the termination of participation for reasons other than death.
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Life annuities also have a role in disability and workers” compensation insur-
ances. In the case of disability insurance, termination of the annuity benefit by
reason of recovery of the disabled insured may need to be considered. For surviving
spouse benefits under workers’ compensation, remarriage may terminate the
annuity.

We proceed in this chapter as we did in Chapter 4 and express the present value
of benefits to be received by the annuitant as a function of T, the annuitant’s future-
lifetime random variable. It then will be possible to study properties of the distri-
bution of this financial value random variable. The expectation, still called the ac-
tuarial present value, can be evaluated in an alternative way using either
integration by parts or summation by parts depending, respectively, on whether a
continuous or discrete set of payments is being evaluated. The results of this pro-
cess have a useful interpretation and lead to an alternative method of obtaining
actuarial present values called the current payment technique.

As in the preceding chapter on life insurance, unless otherwise stated we assume
a constant effective annual rate of interest i (or the equivalent constant force of
interest 8). We also assume aggregate mortality for most of the development in this
chapter and indicate those situations where a select mortality assumption makes a
major difference.

In most applications of the theory developed in this chapter, annuity payments
continue while a human life remains in a particular status. However, the possible
applications of the theory are much wider. It may be applied to any set of periodic
payments where the payments are not made with certainty. Examples of some of
these applications are seen in later chapters dealing with multiple lives or multiple
causes of decrement.

5.2 Continuous Life Annuities

We start with annuities payable continuously at the rate of 1 per year. This is of
course an abstraction but makes use of familiar mathematical tools and as a prac-
tical matter closely approximates annuities payable on a monthly basis. A whole
life annuity provides for payments until death. Hence, the present value of pay-
ments to be made is Y = ag for all T = 0 where T is the future lifetime of (x). The
distribution function of Y can be obtained from that for T as follows:

Fy(y) = Pr(Y = y) = Pr@@g = y) = Pr(1 — v” =< dy)

=Pr(uT21~ay)=Pr[Tsf—l‘“t5(;——w]

=F, (M) for 0 <y < % (G.2.1)
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From this we obtain the probability density function for Y as
_4 _ 4 . (~log(l - dy)

_ fr([=log( — 3y)]/?)
1 - dy

for0<y< % (5.2.2)

The distribution function for Y depends on the distribution of T but would resemble
that shown at the end of this section in Figure 5.2.1(a).

The actuarial present value for a continuous whole life annuity is denoted by
a, where the post fixed subscript, x, indicates that the annuity ceases at the death
of (x) and that the distribution of T(x) may depend on information available at
age x. Under aggregate mortality the p.d.f. of T is ,p, u(x + t), and the actuarial
present value can be calculated by

0

@=Hﬂ=k@ywu+ﬂﬁ (5.2.3)

Using integration-by-parts with f(t) = ag, dg(t) = ,p, n(x + t) dt, g(t) = —p,, and
df(t) = v' dt, we obtain

a, = J'O vl p, dt = J; E dt. (5.2.4)
This integral can be considered as involving a momentary payment of 1 dt made
at time ¢, discounted at interest back to time zero by multiplying by v‘ and further
multiplied by ,p, to reflect the probability that a payment is made at time t. This
is the current payment form of the actuarial present value for the whole life an-
nuity. In general, the current payment technique for determining an actuarial pres-
ent value for an annuity gives

APV = J v’ Pr[payments are being made at time ¢]
0

X [Payment rate at time ¢] dt. (5.2.5)

Let us rewrite (5.2.4) by splitting off that portion of the integral involving ¢ values
from 0 to 1. Thus

1 0
ﬁx=j v’tpxdt+f vt ,p, dt

0 1

00

= ax:ﬂ +v pr Us spx+1 dS

0
=G, + VP, . (5.2.6)

The actuarial present-value symbol, 2.3, used above is introduced below in (5.2.11).
Expression (5.2.6) is an example of the backward recursion formula first observed
in Section 3.5 and explored more fully in Section 4.3. Here u(x) = a,, c(x) = a,7,
and d(x) = v p,. The initial value to use for the whole life annuity is 4, = 0. There
are several ways to evaluate the c(x) term. A simple approach is to use a trapezoid
approximation for the integral

Chapter 5 Life Annuities

135



B ! 1+vp,
ax:ﬂ':fo vttpxdt: 2 p

Another approach, based on the assumption of a uniform distribution of deaths
within each year of age, is examined in Section 5.4.

A relationship, familiar from compound interest theory, is that
1=2%8ay+ v,

This can be interpreted as indicating that a unit invested now will produce annual
interest of 8 payable continuously for ¢ years at which point interest ceases and the
investment is repaid. This relationship holds for all values of t and thus is true for
the random variable T:

1=38ap+v" (5.2.7)
Then, taking expectations, we obtain
1=%84,+A,. (5.2.8)

This is subject to the same kind of interpretation as above. A unit invested now
will produce annual interest of 8 payable continuously for as long as (x) survives,
and, at the time of death, interest ceases and the investment of 1 is repaid.

To measure, on the basis of the assumptions in our model, the mortality risk in
a continuous life annuity, we are interested in Var(in). We determine

— T
Var(dp) = Var (1 80 )

_ Var(v?")
==

24, — (A,
Ay 529)
Further, we can observe that since 1 = 8 a + v’, Var(d ap + v") = 0. Thus there
is no mortality risk for the combination of a continuous life annuity of & per year
and a life insurance of 1 payable at the moment of death.

Example 5.2.1

Under the assumptions of a constant force of mortality, p, and of a constant force
of interest, d, evaluate
a. d, = E[ﬁﬂ]
b. Var(az)
c. The probability that a7 will exceed a, .

Solution:

a. lix = j vt Py dt = f e_St e M4t =
0

0

136

Section 5.2 Continuous Life Annuities



2A, = %5 t " by the rule of moments

N O D T N K
Var@@n) = 5 [28+p (8+p,>] (28 + W@ + w?

_ _ 1-v" 1 n
c. Pr(@ap >a,) = Pr( 5 > ax> = Pr[T > -3 log <8 n M)]

1
= ,Px where t, = 3 log (8 _t’ M)

/3
_ o
(8 + u«) ' v

We now turn to temporary and deferred life annuities. The present value of a
benefits random variable for an n-year temporary life annuity of 1 per year, pay-
able continuously while (x) survives during the next n years, is

_ ﬁ'ﬂ 0=T<n
Y {da T=nm (5.2.10)

The distribution of Y in this case is a mixed distribution. In particular, the maxi-
mum value of Y is limited to 4;, and there is a positive probability associated with
ay of Pr(T = n) = ,p,. A typical distribution function for this random variable is
illustrated in Figure 5.2.1(b).

The actuarial present value of an n-year temporary life annuity is denoted by
a.; and equals

Ay = E[Y] = J:) ag Py w(x + t) dt + Aq wPy - (5.2.11)

Integration by parts gives

A = L v ,p, dt. (5.2.12)
This is the current payment integral for the actuarial present value for the n-year
temporary annuity. It can be considered as involving a momentary payment 1 dt
made at time f, discounted at interest back to time 0 by multiplying by v’ and
further multiplied by ,p, to reflect the probability that a payment is made at
time ¢ for times up to time n. No payments are to be made after time n so the
probability of such payments is 0.

The same recursion formula as indicated for (5.2.6) applies here with u(x) =
a,;= and the same c(x) function which we now recognize as 4,7. We use here n
= y — x. The only thing that needs to be changed is the initial value, for which we
use u(y) = d,5 = 0. Another form of a recursion formula for a temporary annuity
with the n-year period fixed is examined in Exercise 5.7.
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Returning to (5.2.10) we note that

1-Z
an =5 0=T<mn
Y = (5.2.13)
an = 1_—Z T=n
7 S =
where
_JvT 0=sT<n
Z = {v" T=n (5.2.14)

In (5.2.14), Z is the present-value random variable for an n-year endowment in-
surance. Hence

1-z] 1-A4,
E[Y] =ad,;=E = il (5.2.15)
5 S
and

Var(Z) _ ZAx:HI - Ax:;l]z
2 52 :

Var(Y) = (5.2.16)

In terms of annuity values, (5.2.16) becomes

1—28%,5 - (1 -3 ay?

Var(Y) = 5

2
= g (ﬁx:ﬂ - za_x:;ﬂ) - (a_x:ﬁ[)z'

The analysis for an n-year deferred whole life annuity is similar. The present-
value random variable Y is defined as

Y={0n_ “dn-an O=T<mn (5.2.17)
V" a7 = 4q 7 .

Here the random variable Y can take on a value no larger than (1/8) — a5z =

v"/d, and the probability that it takes on a zero value is Pr(T = n) = g,.
A typical distribution function is illustrated in Figure 5.2.1(c).

Then,

nx = B[Y] = f " G P WX+ E) dt

= f V" A5 asPr WX + 1+ 5) ds
0

v npxjo a_s—l sPx+n M(X +n+ S) ds

which shows that
e = ,E. (5.2.18)
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An alternative development would be to note that, from the definitions of Y,

(Y for an n-year deferred = (Y for a whole life annuity)
whole life annuity)

— (Y for an n-year temporary
life annuity).

Taking expectations gives

iy =8, = A7 (5.2.19)

Integration by parts can be employed to verify the result given by the current
payment technique. Since the annuity will be paying after time n if x survives, the
actuarial present value can be written as

iy = j vt ,p, dt = f E. dt. (5.2.20)

n n

To develop the backward recursion formula for deferred annuities with n = y — x
> 1, we note that we have no term corresponding to the integral for ¢ values
between 0 and 1. Thus, for u(x) = ,_,4, at ages less than y, c(x) = 0, and d(x) =
v p,. For a starting value we would use u(y) = a,.

One way to calculate the variance of Y for the deferred annuity is the following:

Var() = [ @ ot + ) dt — (o

= v2n npxjo (a—a)Z sPx+n ”‘(x +n+ S) ds — (nldx)zr

and using integration by parts,
= v npxjo 25757 v* sPx+n ds — (nltjx)2
— g 2n - s 2s d _ = \2
3 U™ nPx (U v )spx+n S (nlax)
0
2
3

v2n an (a—ern - 2dx+n) - (n\ax)2~ (5221)
For an alternative development of this formula, see Exercise 5.37.

We now turn to analysis of an n-year certain and life annuity. This is a whole
life annuity with a guarantee of payments for the first n years. The present value
of annuity payments is

_ Jlagy T=n
Y {dﬂ e ; (5.2.22)
A typical distribution function is shown in Figure 5.2.1(d), which reflects the mixed
nature of the distribution and the minimum value and upper bound of Y, which
are a; and 1/39, respectively.
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The actuarial present value is denoted by a 7. This symbol is adopted to indicate
that payments continue until max[T(x), n]:

|
I

EY] = [ ag .t + 1) a

dx:n

2]

+f a3 P (x + t) dt

=4,y t f ay P pw(x + t) dt. (5.2.23)

Integration by parts can be used to obtain
g =dy+ f v',p, dt. (5.2.24)

This is the current payment form for the actuarial present value, since at times 0
to n payment is certain, whereas for times greater than n payment is made if (x)
survives.

Further insight can be obtained by rewriting Y as

— ﬁm+0 T=n
ﬁﬂ‘F(ﬁﬂ—ﬁ;‘) T > n.

Here Y is the sum of a constant a;; and the random variable for the n-year deferred
annuity. Thus,

d;ﬁ = da + n|dx
=y + ,E. d.,, by (5.2.18)
=ay + @ —az) by (5.219). (5.2.25)

Furthermore, since Var(Y — a5) = Var(Y), the variance for the n-year certain and
life annuity is the same as that of the n-year deferred annuity given by (5.2.21).

A backward recursion for a7 with a fixed n-year certain period is examined in
Exercise 5.9.

Analogous to the function
57 = jo 1 +aytdt

in the theory of interest, we have for life annuities

- Am f | ;
5. E b B dt, (5.2.26)
representing the actuarial accumulated value at the end of the term of an n-year
temporary life annuity of 1 per year payable continuously while (x) survives.
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Such accumulated value, which is often said to have been accumulated under (or
with the benefit of) interest and survivorship, is available at age x + n if (x)
survives.

We obtain an expression for da,/dx by differentiating the integral in (5.2.4),
assuming that the probabilities are derived from an aggregate table:

d * d *
el J v (a th> dt = J v p, [n(x) — plx + £)] dt

0 0

w) a, — A, = wx)a, — (1 - 34,
Therefore,

d
2= b + 32, - 1. (5.2.27)

The interpretation of (5.2.27) is that the actuarial present value changes at a rate
that is the sum of the rate of interest income & 4, and the rate of survivorship
benefit p(x) a,, less the rate of payment outgo.

Example 5.2.2

Assuming that probabilities come from an aggregate table, obtain formulas for

o J
a. aam b. %Max.

Solution:

a. Proceeding as in the development of (5.2.27), we obtain

9 . )
oy T = ) a,; — A

= M(X) (Zx:ﬁl - (1 -9 ﬁx:m - nEx)
[n(x) + 8] a3 — (1 — ,E).

I

N )
b. &Mx = a_ﬁfn vt p,dt = —v" p,.

Table 5.2.1 summarizes concepts for continuous life annuities.

Figure 5.2.1 shows typical distribution functions for the several types of contin-
uous life annuities studied in this section. Limiting values and points of disconti-
nuities are indicated on one or both axes.

When F,(0) = 0, E[Y] = [3[1 — F(y)] dy, the actuarial present value of Y can be
visualized as the area above the graph of z = F\(y), below z = 1, and to the right
of the line y = 0. This interpretation can provide a bridge between the actuarial
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Summary of Continuous Life Annuities (Annuity of 1 per Annum
Payable Continuously)

Annuity Present-Value Actuarial Present
Name Random Variable Y Value E[Y] Equal to
Whole Life Annuity an T=0 a, = j vt p, dt
0

n-Year Temporary an 0=T<mn B "

Life Annuity {aa T=n P = ], v, dt
n-Year Deferred 0 0=T<mn N

Whole Life Annuity ap — a5 T=n nlx = . vt yp, dt
n-Year Certain and as 0=T<n o -

Life Annuity an T=n Ay = Ay + ., vt p, dt

Additional relations are
c1=38a,+A,
c1=3a,5+ A

* nlax =4, — dx:;l
= Ay fn N— Zx-H

N N N
S E 0 ( 2 l

x+n

Typical Distribution Functions for the Present-Value Random Variables, Y
(a) Whole life annuity (b) n-year temporary life annuity

11 +1

nqx

0 :
i )
)
(c) n-year deferred life annuity (d) n-year certain and life annuity
+1 : +1
nfx : R R !
0 : 0 | !
1 ‘ _ _' 1
5 Y
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present value as evaluated from the definition of the random variable and the
current payment form for the actuarial present value.

5.3 Discrete Life Annuities

The theory of discrete life annuities is analogous, step-by-step, to the theory of
continuous life annuities, with integrals replaced by sums, integrands by sum-
mands, and differentials by differences. For continuous annuities there was no dis-
tinction between payments at the beginning of payment intervals or at the ends,
that is, between annuities-due and annuities-immediate. For discrete annuities, the
distinction is meaningful, and we start with annuities-due as they have a more
prominent role in actuarial applications. For example, most individual life insur-
ances are purchased by an annuity-due of periodic premiums.

We consider an annuity that pays a unit amount at the beginning of each year
that the annuitant (x) survives. In the nomenclature this is called a whole life
annuity-due. The present-value random variable, Y, for such an annuity, is given
by Y = dzg where the random variable K is the curtate-future-lifetime of (x). The
possible values of this random variable are a discrete set of values ranging from
dq,= 1 to dz=3, a value which is less than 1/d. The probability associated with the
value g is Pr(K = k) = 1p, Gesy-

Let us now consider 4., the actuarial present value of the annuity:

i, = E[Y] = Eldg]

= kZ:O ﬂm kPx Gxvir (5.3.1)

since Pr(K = k) = (p, g+ By summation-by-parts (see Appendix 5) with A f(k) =
kPx Gesk = kPx — r+1Px and g(k) = dzzg and use of the relations

A g(k) = Al = v¥! and f(k) = —p,,

(5.3.1) converts to

i, =1+ 2 v ap, (53.2)
= ;o vk, (5.3.3)

The expression (5.3.3) is the current payment form of the actuarial present value
for a whole life annuity-due where the ,p, term is the probability of a payment of
size 1 being made at time k.
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Starting with the sum in (5.3.2) above we have
ﬁx =1+ 2 U k+1Px = 1+v Px 2 v kPx+1
k=0 k=0

=1+ vp i, (5.3.4)

This expression is an example of the backward recursion formula first observed in
Section 3.5 and explored more fully in Sections 4.3 and 5.2. Here u(x) = di,,
c(x) = 1, and d(x) = v p,. The initial value to use for the whole life annuity is
i, = 0.

From (5.3.1) we obtain in succession

L 1_vK+1
ax—E[ F ]

== x, (5.3.5)

and
i, =dzy — dg A,, (5.3.6)
1=di, + A,. (5.3.7)

This should be compared with its continuous counterpart (5.2.8). Formula (5.3.7)
indicates that a unit invested now will produce interest-in-advance of d per year
while (x) survives plus repayment of the unit at the end of the year of death of (x).

The variance formula is

_ K+l K+1
Var(igsy) = Var (1 dv ) = Var;vz )
A, - (A
T

(5.3.8)
see (5.2.9).

The present-value random variable of an n-year temporary life annuity-due of 1
per year is

Y = ﬁm 0=K<n
['i;| K=n,

and its actuarial present value is
n—1

dﬁf?a = E[Y] = ’;) am kPx Geik T aﬁl nPx - (539)

Summation by parts can be used to transform (5.3.9) into

n—1
o = I;) v* e, (5.3.10)

which is the actuarial present value in the current payment form.
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Again separating out the first term and factoring out vp,, we obtain the backward
recursion formula for a temporary annuity-due payable to agey = x + n:
ﬁx:yTx\ =1+ vp, ﬁx+lzm' (5.3.11)

This recursive formula for the actuarial present values is the same as (5.3.4) but
differs in that here we use an initial value of 4,5 = 0.

Since Y = (1 — Z)/d, where

7 - pk+l 0<=K<mn
v" K=n

is the present-value random variable for a unit of endowment insurance, payable
at the end of the year of death or at maturity, we have

. 1-E[Z] _1-4
Gl =T T T 4

0 (5.3.12)
see (5.2.15).

Rearrangement of (5.3.12) yields
1=dig;+ Az (5.3.13)
To calculate the variance, we can use

Var(Z) *A.p— (A’
= - .

Var(Y) = 7 7

(5.3.14)

For an n-year deferred whole life annuity-due of 1 payable at the beginning of
each year while (x) survives from age x + n onward, the present-value random
variable is

_ {0 0=K<n
Y=19".
n|am K= n,
and its actuarial present value is

E[Y] = n|ax = nEx dx+n (5315)
=d, = (5.3.16)
= > vk ,p.; (5.3.17)

k=n

see (5.2.18)—(5.2.20).

The backward recursion formula for a deferred annuity-due with n =
y — x > 1 is identical to that for the continuous version in that it uses c(x) = 0
and d(x) = vp,. The change is that we use the actuarial present value for an
annuity-due, u(y) = i, for the starting value.

The variance of Y can be developed in a manner completely analogous to that
used in formula (5.2.21) and leads to the expression
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Var(Y) =

[N

v nPx (dx+n - x+n) + ll - (n|dx)2- (5318)

We turn now to analysis of an n-year certain and life annuity-due. This is a life
annuity with a guarantee of payments for at least 1 years. The present value of the
annuity payments is

_ l'im 0=K<mn
Y ey K=n. (5.3.19)
Then
i35 = E[Y] = d5 4, + kZ AT kP Txsks (5.3.20)

and this can be transformed by summation by parts into the current payment ver-
sion of the actuarial present value

iy = g + 2, v*p,. (5.3.21)
k=n
This can be written as
ﬂa = ﬂﬂ + ﬁx — dx:ﬁl'

The actuarial accumulated value at the end of the term of an n-year temporary
life annuity-due of 1 per year, payable while (x) survives, is denoted by §, ;. For-
mulas for this function are

axn S
5, 5.3.22
il nEx ’; kEx+k ( )

which are analogous to formulas for 33 in the theory of interest.

The procedures used above for annuities-due can be adapted for annuities-
immediate where payments are made at the ends of the payment periods. For
instance, for a whole life annuity-immediate, the present-value random variable is
Y = ag. Then,

oo

a, = E[Y] = D iPx Gusx 97 (5.3.23)

and a summation by parts will give the current payment form of the actuarial
present value as

a, = >, vk,p,. (5.3.24)

Since Y equals (1 — v¥) /i = [1 — (1 + i) v**']/i, we have, taking expectations,

1-@1+i)A,

a, = E[Y] = l, (5.3.25)

This formula can be rewritten as 1 = ia, + (1 + i) A,. A comparison of this formula
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with (5.3.7) shows that an interest payment of i is made at the end of each year
while (x) remains alive and that at the end of the year of death an interest payment
of i along with the principal amount of 1 must be paid. This formula has signifi-
cance for estate taxation. For each unit of an estate, define ia, as the life estate and
(I +1i)A,=1—1ia, as the remainder, which, if designated for a qualified charitable
organization, is exempt from estate taxation.

The analysis for the other forms of the annuity-immediate is similar. The
present-value random variable can be formed in a manner analogous to that for
the annuity-due. Formulas for the actuarial present value from the definition and
by summation by parts can be obtained. Formulas for the variances of the annuities-
immediate in this section can also be obtained.

Example 5.3.1

Find formulas for the expectation and variance of the present-value random vari-
able for the temporary life annuity-immediate.

Solution:
We start with the present-value random variable for an n-year temporary
annuity-immediate:
1 —vX
ag = 0=K<mn
1—-v"
i

K =n.

a3

We now introduce two new random variables

, _fa+ipsn o=K<n
1o K=n

and
7, = {On 0=K<n
v K=n
sothat Y = (1 — Z; — Z,) /i for all K. Now taking expectations, we have
1-(1+)Am— A

E[Y] =a,; = z

This can be rewritten, following (5.3.13),
1= i[lx:a + ZA}cm + Ax:ﬂ-
The variance calculation is as follows:

Var(Z, + Z,) _ Var(Z,)) + 2 Cov(Z,,Z,) + Var(Z,)
. - 02 .

2 i

Var(Y) = 1
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Recall Var(Z)) = (1 + i)* [*A}; — (Al and Var(Z,) = v** ,p, 1 — ,p,). Since
Z, Z, = 0 for all K, we have Cov(Z,, Z,) = —(1 + i) A}z v" ,p,. Combining, we
obtain

Var( = 0+ 0 PALa = P = 20+ 9 Al v+ 0ip (= )
A\
Summary of Discrete Life Annuities [Annuity of 1 Per Annum Payable at
the Beginning of Each Year (Annuity-Due) or at the End of Each Year
(Annuity-Immediate)]
Present-Value Actuarial Present Value
Annuity Name Random Variable Y E[Y] Equal to
Whole Life Annuity
* Due i K=0 i, = > v*,p,
k=0
+ Immediate g K=0 a, = > vk,p,
k=1
n-Year Temporary
Life Annuity
i 0=K<n o
* Due {Il?‘ K=n ﬁx:ﬁl = 2 V" Py
z k=0
a 0=K<n u
» Immediate {a;l K=n Ay = k§=:1 vk P,
n-Year Deferred
Whole Life Annuity
0 0=K<n o .
* Due am_a;l K=n niax_kgnv kPx
) 0 0=K<n -
* Immediate ag — ay K=n Ay = k;ﬂ:ﬂ U* Py
n-Year Certain and
Whole Life Annuity
dy 0=K<n . > ‘
Due {dm\ K=n Ao = by + g; U Py
a 0=K<n e
* Immediate {aﬂ K=n A =ap + > vk p.
X T k=n+1

Additional relations are

cl=di, + A, c A =Vl — A
A, =vid, —a, * iy =d, — dyy
'1=ddx:ﬂ+Ax:;| .d:;\:d;l]—f_dx_dxﬂ
Cdgm =1+ a5 e - B
e Al =y Sl = E

xn T v ax:;z] - ax:ﬂ nex
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5.4 Life Annuities with m-thly Payments

In practice, life annuities are often payable on a monthly, quarterly, or semi-
annual basis. In International Actuarial Notation, the actuarial present value of a
life annuity of 1 per year, payable in installments of 1/m at the beginning of each
m-th of the year while (x) survives, is denoted by #{™.

We start the analysis of the distribution of Y, the present value of the life annuity-
due, with payments made on an m-thly basis, by expressing Y in terms of the
interest rate and the random variables, K and | = [(T — K)m]. The “| I’ in the
expression for | denote the greatest integer function so that | is the number of
complete m-ths of a year lived in the year of death. For an annuity-due there would
be m payments for each of the K complete years and then | + 1 payments of 1/m
in the year of death; thus,

mK+] 1 1 — pKrU+)/m
N ; _L.(m) _ v
Y= ]ZO m v/ = gy = ) : (5.4.1)

The actuarial present value, E[Y], which can be determined using Exercise 4.19, is

1— AD

— H(m) —
E[Y] = dy ) = d(m)

(5.4.2)

The current payment form, which is the sum of the actuarial present value of the
set of payments, is

1
qm ==> v, . (5.4.3)
M h=0

Again using (5.4.1), we obtain

i Var(vK+(}+1)/m) 2A§Cm) — (Agcm))z

Var(Y) = dmy @™y

(5.4.4)

It is convenient to use (5.3.7) and (5.4.2) to obtain various relationships between
the actuarial present values for m-thly annuities and those with annual payments:

1l=did,+ A, =d™im + A, (5.4.5)

These show that an investment of 1 will produce interest-in-advance at the begin-
ning of each interest period and repayment of the unit at the end of the period in
which death occurs.

From the right two members of (5.4.5) we obtain

A1
ai) :;l(_m)a"_W(A;) _Ax)
— éi(i]m) a.x _ aglﬂ) (Agcm) — Ax) (5.4.6)

This can be interpreted as follows: The m-thly payment life annuity is equivalent
to a series of 1-year annuities-certain in each year that (x) begins, with cancellation
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in the year of death of installments payable beyond the m-th (month, quarter, half-
year) of death. The cancellation is accomplished by an m-thly payment perpetuity
beginning at the end of the m-th of death less a similar perpetuity beginning at the
end of the year of death. Alternatively, from (5.4.2), we can write

1-A"

5(m) — (M) A (m
i =y = g iy A, (54.7)

which is left to the reader to interpret.

Remark:

In the study of interest theory the calculation of the present value of an annuity
with payment periods and effective interest periods of different lengths was re-
duced to the calculation of the present value of an annuity with payment periods
and interest periods of equal length in one of two ways. The first was to replace
the payments corresponding to an interest period by a single equivalent payment
(at the given interest rate) at one end or the other of the interest period. The ex-
pression for the m-thly whole life annuity in (5.4.6) is an extension of this method
to a set of contingent payments. When calculators with exponentiation keys re-
placed interest tables, the second method, using the equivalent effective interest
rate per payment period, became the preferred way to match payment period and
interest period lengths. The extension of this second method to m-thly whole life
annuities would be to use an m-thly mortality table along with the equivalent ef-
fective interest rate per m-th of a year. Using this, the recursion relations of Section
5.3 could be used to obtain the actuarial present value of the m-thly whole life
annuity. An advantage of this second approach is that it frees us to use other
assumptions about the distribution of deaths within each year of age, like constant
force or Makeham's, in place of the uniform distribution that is central in the dis-
cussion below.

Now let us assume that deaths have a uniform distribution in each year of age.
This means that S has a uniform distribution on (0, 1) so that | is uniformly dis-
tributed on the integers {0, 1, . . ., m—1}. Exercise 4.19 shows that this implies

i

m) — _ (m
Agc) = i(m)Ax S Sﬂ Ax,
and from (5.4.6) we have
- S(m) -1
4 = g A ___ -4 (5.4.8)

Formula (5.4.8) shows that the value of the m-thly life annuity-due is the difference

between

a. The value of an annual life annuity-due with each annual payment sufficient to
pay a l-year annuity certain of 1/m at the beginning of each m-th; and

150 Section 5.4 Life Annuities with m-thly Payments



b. The value of an insurance payable at the end of the year of death with the benefit
equal to the coefficient of A,. It can be shown that, under the assumption of
uniform distribution of deaths in each year of age, this coefficient is the actuarial
accumulated value of those payments of 1/m for the m-ths after death. See the
bracketed expression in Exercise 5.15.

By substituting 1 — d d, for A,, in (5.4.8) and noting that d™ 43" = d, we obtain

a formula involving only annuity functions, namely,

1-s4"a-4da)

4
= 50, - —"—(ng;(;) D) (5.4.9)
An alternative, widely used, formula is
A = — mz—;l (5.4.10)

This result can be obtained by assuming that the function v**0/™ . p is linear
injforj=0,1,2,...,m — 1. In that case,

m—1 m—1 1 ]
1 . 1
> = pk(i/m k(i /mPx = > = [( - #) vf py + #Ukﬂ k“px]

j=0 ™ j=0 ™M
m-—-1
_ ok k k+1 J
=v kpx_(v kpx_v+ k+1px) ZO?
j=
m~1
— .k _ k k1
= U7 Py m (U kPx vt k+1px)'
Thus
o m—1 1
. — k 7
agm = 2 2 —pkru/m k+(j / m)Px
k=0 j=0 M

oc _ 1 o0
_ LI —— vk p, — vk :
kE=0 1% . ;::0 W p k1P

m—1

1 2m

Note that this is not the same assumption as that of linearity of ,p,, which would
follow if a uniform distribution of deaths within each year of age is assumed.
Consistent use of the assumption of a uniform distribution of deaths in each year
of age assures that relations such as (5.4.5) are satisfied exactly. It has also been
observed that formulas derived from (5.4.10) can, for high rates of interest and low
rates of mortality, produce distorted annuity values, such as a% > a(ﬂm) ; see Exercise
5.50. For these reasons, (5.4.8) and equivalently (5.4.9) are presented as replace-
ments for the widely used formula (5.4.10).

It is convenient for writing purposes to express (5.4.9) in the form

™ = a(m) i, — B(m), (5.4.11)
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where

(m),.(m) __ Zd

a(m) =Sy dy = W, (5.4.12)
and
B 541
B(m) = dm T jm gem - (5.4.13)

We note that a(m) and B(m) depend only on m and the rate of interest and are
independent of the year of age. Further, for m = 1, (5.4.11) is an identity where
a(l) = 1 and B(1) = 0. Also, B(m) is the coefficient of the cancellation term in (5.4.8);
that is, (5.4.8) can be written as

i =l i, — B(m)A,. (5.4.14)

For series expansions of a(m) and B(m), see Exercise 5.41.

Example 5.4.1

On the basis of the Illustrative Life Table, with interest at the effective annual
rate of 6%, calculate the actuarial present value of a whole life annuity-due of 1,000
per month for a retiree age 65 by (5.4.9) and (5.4.10) and its standard deviation by
(5.4.4).

Solution:
Here

a(12) = s 44? = (1.02721070)(0.97378368) = 1.0002810,
s$¥ — 1
B(12) =

0.46811951,

11
— =04 3.
i 0.4583333

Observe that a(12) = 1, and B(12) is fairly close to the 11/24 that appears in the
traditional approximation.
By the Illustrative Life Table, as defined by (3.7.1), with interest at 6%,
fes = 9.89693,
Ag =1 —diis = 0.4397965.
Then, 12,000i{? can be calculated as follows:

by (5.4.11) 12,000[c(12)ii s — B(12)]

12,000[(1.0002810)(9.89693) — 0.46811951]
113,179 and

by (5.4.10) 12,000 (zz65 - %) = 113,263.
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The variance of 12,000Y = 12,000(1 — v¥*U*h/12) /402 g equal to

(12,000

2
W) Var[p¥*1 (1 + §)1-U*D/12]

412

12,000’ . i
= ( 4102 ) {ZA65 E[(1 + i)20-0+D/12] — (l'(6152) ) }

= (206,442.14)* [(0.2360299 X 1.055458268) — (0.4397965 X 1.02721069)?]
= 1,919,074,762.

2
= (Q@) [E[p2&*D (1 + §)20-0+0/12] — (E[p&*D (1 + §)0-0+D/12]))

This means that the standard deviation for the present value for the payments to
an individual is 43,807 as compared to the actuarial present value of 113,179. ¥

The development starting with random variables can be followed for m-thly tem-
porary and deferred annuities-due. However, if all we seek is formulas for their
actuarial present values, we can proceed by starting with (5.4.14). Thus

i = am - E, a4

x:n X+n

= ay" i, — BomA, — E a7’ i, — BOmA,,]
=y i — B(mALy; (5.4.15)
and similarly,
i3 = 85" i, — Blm) LA, . (54.16)
Alternately from (5.4.11),
il = a(m) d.q — Bm)(1 — E), (5.4.17)
WA = a(m) i, — B(m) E,. (5.4.18)

Backward recursion formulas can be developed directly for m-thly life annuities,
and the reader is asked to do this in Exercise 5.16 for an m-thly annuity-due. A
more direct approach, however, would be to use the recursions of Section 5.3 and
then adjust from annual to m-thly life annuities by means of (5.4.11), (5.4.17), and
(5.4.18) or the equivalent formulas (5.4.14), (5.4.15), and (5.4.16).

The distribution of the present value of the payments of a life annuity-immediate
with m-thly payments can be explored in steps analogous with those for the an-
nuity-due. For example, the present-value random variable, Y, would be

1 — pk+y/m

;m

for the whole life annuity-immediate with m-thly payments. This exploration leads
to the following formula analogous to (5.4.5):

 (m)
T=ia, + (1 +i)A,=imam + (1 + l;) A, (5.4.20)
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The meaning here is that an investment of 1 will produce interest at the end of
each interest period plus the repayment of the unit together with interest then due
at the end of the interest period in which death occurs.

The actuarial present values for the annuities-immediate can also be obtained by
adjusting the actuarial present values of the corresponding life annuities-due. For
instance,

alm = G — l,
my _ .(m) l _
Bz = g = (1 aE ) (5.4.21)

5.5 Apportionable Annuities-Due and Complete

Annuities-Immediate

With discrete annuities each payment is made either for the following period (an
annuity-due) or for the preceding period (an annuity-immediate). A question may
arise about having an adjustment for the payment period of death. For instance,
suppose that a life insurance contract is purchased by annual payments payable at
the beginning of each contract year. If the insured dies 1 month after making an
annual payment, a refund of premium for the 11 months the insured did not com-
plete in the policy year of death might seem appropriate. As another example, if a
retirement income life annuity-immediate provides annual payments and the an-
nuitant dies 1 month before the due date of the next payment, there might be a
final payment for the 11-month period that the annuitant has survived since the
last full payment. Consider first the appropriate size for the adjustment payment
in such cases.

Let us examine the first case above. The insured dies at time T after paying a
full yearly premium of 1 at time K. Assume that the premium is earned or accrued
at a uniform rate over the year following the payment. In this case the rate of
accrual, ¢, is given by c¢ 47 = 1. If accrual ceases at death, then ¢ 57—¢ has been
earned to that date, while

(1 + )K= copg = 1 X (1 + i)~ — TR = Ik
a7 a7

is unearned and is the amount to be refunded. The present-value random variable,
at time 0, of all the payments less the refund is

" Ag7=
Y=am—vTi;?ﬂ
UT_vK+l
:am__—d__
1—-ov"
= ——=in. (5.5.1)
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When the annual rate of payments is 1, the actuarial present value at time 0 of the
payments is denoted by i!!:

) )

[:Z‘L” = E[aﬂ] =E |- an | = 5 4,. (5.5.2)
d d

This type of life annuity-due, one with a refund for the period between the time

of death and the end of the period represented by the last full regular payment, is

called an apportionable annuity-due.

We can extend this idea to annuities that are paid more frequently than once a
year. As in Section 5.4, we define | = (T — K)ym] to be the number of m-ths of a
year completed in the year of death, so K + (J + 1)/m — T is the length of the
period to be compensated for by the refund. The accrual rate is given by ¢ a7, =
1/m. Then, proceeding as above,

a
_ =(m _ T | K (1) /m=T]
Y = AR+ /m % < >

mﬁl—m
o B l)T _ vK+([+1)/m
= Ax+g+n /m 40
1-07 -
= = i (5.5.3)

When the annual rate of payments is 1, the actuarial present value of payments,
less the refund, is a!™:

i} 1-vf 5
™ =F [W—] = S a,. (5.5.4)

Alternatively, using the second line of (5.5.3),

) £ 1 — vK+(]+1)/m E UT _ UK+(]+1)/m
A = I - 40

T __ K+(j+1)/m
4 — F [" g } (5.5.5)

)

The second term on the right-hand side of (5.5.5) is the actuarial present value of
the refund. Using the ideas developed in Exercise 4.19 we have

. [vT _ vK+(}+1)/m] B Ax _ Ag(m)

i o (5.5.6)

Under the uniform distribution of death assumption for each year of age, this

becomes
i (1 1
3o (5 - ﬂ) A

i (1 1
eimy — ymy - | = .
i = g~ o (s i<m>> A,. (5.5.7)

and
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Let us now develop a parallel theory for annuities-immediate. Assume the an-
nuitant dies at time T after receiving a last regular payment of size 1/m at time
K + J/m, where | = (T — Kyml Now T — K — (J/m) is the length of the period
to be compensated for by an additional payment. Assume that each payment is
accrued at a uniform rate over the m-th of the year preceding its payment. In this
case the rate of accrual, ¢, is given by c 377;; = 1/m. If accrual ceases at death, an
appropriate payment at death is that portion of the next payment that has been

accrued to date and is given by ¢ STR=g/m = S—m/ (m§1/—m|) The present
value, at time 0, of all of the payments is

_ _(m ST—x= /
Y = ol + o7 (m)

mS_m
_ o pK+HI/m _ T
= A%H]7m 7 (m)
1—vT
== =% (5.5.8)

1(m)

When the annual rate of payments is 1, the actuarial present value at 0 of the

payments is denoted by 2. When m = 1, the (1) in the notation is omitted for
this annuity:

o 1 - UT- d

(m) — = — 7

ay E [ o o - (5.5.9)

Alternatively, using the second line of (5.5.8),
o = _vK+]/m — T
ﬂgc ) = E[am] + E T
K+j/m _ T
=a + E [U,Tv] (5.5.10)

The second term on the right-hand side of (5.5.10) is the actuarial present value of
the final partial payment. Using the ideas developed in Exercise 4.19, we have

B pitm — T 1+ ) AM — A
jm) - ) :

(5.5.11)

Under the uniform distribution of death assumption for each year of age, this

becomes
i 1 1
i (W B 5) Ax
and
o i 1 1
am = gm + o (W — 5) A, (5.5.12)

This type of life annuity-immediate, one with a partial payment for the period
between the last full payment and the time of death, is called a complete
annuity-immediate.
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For use in subsequent material, (5.5.3) and (5.5.8) seem to be most useful. We
illustrate this in the following example.

Example 5.5.1

Compare the variances of the present-value random variables for the complete
annuity-immediate and apportionable annuity-due.

Solution:
For the apportionable annuity-due, we have
.. m) 1 - vT
Var(a‘ﬂ ) = Var T from (5.5.3)
_ Var(v’)
@y
_ 21495 - (Ax)z
S @y
For the complete annuity-immediate, we have
1—-v7
Var(@®’) = Var pe from (5.5.8)
_ Var(v’)
Ay
— 2AX — (Ax)z
INGRE
Since i is larger than d™, and in fact i™ = d™ (1 + {)'/™, the variance of the
complete annuity-immediate is the smaller. v

5.6 Notes and References

Taylor (1952) presents new formulas analogous to (5.4.6). Various inquiries into
the probability distribution of annuity costs are made by Boermeester (1956),
Fretwell and Hickman (1964), and Bowers (1967). This work is summarized by
McCrory (1984). Mereu (1962) gives a means of calculating annuity values directly
from Makeham constants. The use of the floor function, | ¢, in actuarial science, in
particular with respect to actuarial present values of life annuities, is found in Shiu
(1982) and in the discussions to that paper. Complete and apportionable annuities
are involved, explicitly or implicitly, in papers by Rasor and Greville (1952), Lauer
(1967), and Scher (1974) and in the discussions thereto.
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Exercises

Section 5.2

5.1.

5.2.

5.3.

54.

5.5.

5.6.

Using the assumption of a uniform distribution of deaths in each year of age
and the Illustrative Life Table with interest at the effective annual rate of 6%,
calculate
a. a9, A5y, Ago
b. Var(ap) for x = 20, 50, 80.

[Hint: Use (5.2.8), (5.2.9), and (4.4.4).]

Using the values obtained in Exercise 5.1, calculate the standard deviation

and the coefficient of variation, o/ p, of the following present-value random

variables.

a. Individual annuities issued at ages 20, 50, 80 with life incomes of 1,000 per
year payable continuously.

b. A group of 100 annuities, each issued at age 50, with life income of 1,000
per year payable continuously.

Show that Var(a@7) can be expressed as
% @, — 2dx) B ﬁi,

where %4 is based on the force of interest 23.
Calculate Cov(3 ag, v7).
If a deterministic (rate function) approach is adopted, (5.2.27) could be taken

as the starting point for the development of a theory of continuous life an-
nuities. For this, we would begin with

My _ ly) + 8, — 1 =y<
dy_Pv(y) ay x_y w,
a, =0 0=y

a. Use the integrating factor exp{—/[j[m(z) + 8]dz} to solve the differential
equation to obtain (5.2.3).
b. Use the integrating factor e to obtain

(O]

a, =0a,—3 — j e a, w(y) dy

X

and give an interpretation of it in words.

Assume that p(x + f) = w and the force of interest is 8 for all ¢+ = 0.
a. If Y = ap, 0 = T, display the formula for the distribution function of Y.
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5.7.

5.8.

59.

5.10.

Y = an 0=sT<n
a; T =n,

display the formula for the distribution function of Y.
c. If

Y = 0 0=T<n
ﬁﬂ—ﬁm T = n,

display the formula for the distribution function of Y.
d. If

Y = as; 0=T<n
ﬁﬂ T=n,

display the formula for the distribution function of Y.
By considering the integral [}"" v' ,p, dt and breaking it in two different ways
into subintervals (first, from 0 to 1 and 1 to n + 1 and then 0 to n and #n to
n + 1), establish a backward recursion formula for the n-year temporary life
annuity based on a fixed n-year temporary period. What starting value is
appropriate for this recursion formula?

By considering the integral [ v* ,p, dt and breaking it into subintervals from
nton + 1 and n + 1 to «, establish a backward recursion formula for the
n-year deferred whole life annuity based on a fixed n-year deferral period.
What starting value is appropriate for this recursion formula?

Combine the result from Exercise 5.8 with the first line of (5.2.25) to establish
a backward recursion formula for u(x) = a,;. What starting value is appro-
priate for this recursion formula?

If the probabilities come from an aggregate table, establish (5.2.6) by a prob-
abilistic derivation starting with a rewrite of (5.2.3) as

i, = Elagl = Elan 0 = T <1]Pr0=T < 1) + Elag |1 = T] Pr(1 = 7).

Section 5.3

5.11.

Show that

. Var(v**!
Var(ag) = Var(lzzy) = —%—2

5.12. Prove and interpret the given relations:

a. dyy = 1Ex dx+1:ﬂ

b. ya, = ﬁ@i—‘i’ﬁ - E..
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5.13. Using (5.3.13), prove and interpret the following relation in words:
Ax:ﬂ =v dx:ﬁl — Ayn) -
5.14. Obtain an alternative expression for the variance given in Example 5.3.1 by
starting with
1 -2+ 0v* 21 -0v5 -1 -0
Y2 = i2 - i2

(ay)? K=mn+1....

K=01n-1

Section 5.4

5.15. Assume a uniform distribution of deaths over each year of age. Simplify

o m—1
> i 0 2 ) 572
Px U < jmPx+k 1/ mGx+k+j/m) ST=G+1) /i
i=

k=0

for use in interpretation of (5.4.8).

5.16. Consider an m-thly temporary life annuity-due that pays 1 per annum to an
annuitant age x for y — x years.

a. Express the current payment form of the actuarial present value of the
above annuity as a sum of that for payments in the first year and for the
remaining y — x — 1 years.

b. Express the actuarial present value of payments in the first year in terms
of a(m) and B(m) under an assumption of the uniform distribution of
deaths within each year of age.

c. Find the form of the c(x) and d(x) expressions for a recursion relation for
such an annuity and indicate a starting value.

5.17. Using (5.4.10), derive alternative formulas to (5.4.17) and (5.4.18).

5.18. Show that the annuity-immediate analogue for (5.4.6) is
” 1 ) (m
am = s a_+ o [(1 + DA, — (1 + -r;> Agm)],

and that under the assumption of a uniform distribution of deaths in each
year of age, this becomes
(m) 1 - a4y’
af™ = sy’ a, + (1 + i)—i(—m)—TLA

X

5.19. Show that the annuity-immediate analogues for (5.4.7) are

1-@0+i"/mA®™  w  m
0m) =g —dg AP

agcm) =

160 Exercises



5.20.

5.21.

5.22.

5.23.

5.24.

and that under the assumption of a uniform distribution of deaths in each
year of age these become

.. (m)
1 — i3
a™ = a(m)a, + "

a. Use (5.4.3) as a starting point to verify that

lim 4™ = a,.

m—oo

b. Use (5.4.10) and the result in (a) to show

[l

N |

dx ax +

Using the traditional approximation given in (5.4.10), establish the following:
m—1

2m

m—1

a.a™ =a, +

b. al) =a.; + — (1= E)
m—1

2m "

. n|a§c"‘) = n|ax + Ex'

Develop a formula for sgg)m in terms of 5,55.
b. On the basis of the Illustrative Life Table with interest at the effective
annual rate of 6%, calculate the values of

o .(12) ey (12
(i) d25.70 (ii) 525.40)

o

The actuarial present value of a standard increasing temporary life annuity
with respect to (x) with
* Yearly income of 1 in the first year, 2 in the second year, and so on, ending
with 7 in the n-th year,
+ Payments made m-thly on a due basis
is denoted by (1),
a. Display the present-value random variable, Y, for this annuity as a function
of the K and | random variables.
b. Show that the actuarial present value can be expressed as

n—1

2 ,.(m)
k|axzm .

k=0

The actuarial present value of a standard decreasing temporary life annuity
with respect to (x) with
* Yearly income of 7 in the first year, n — 1 in the second year, and so on,
ending with 1 in the n-th year,
+ Payments, made m-thly on a due basis
is denoted by (Di) fcm;)l
a. Display the present-value random variable, Y, for this annuity as a function
of the K and | random variables.
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b. Show that the actuarial present value can be expressed as
E a(m)

5.25. If in Exercise 5.23 the yearly income does not cease at age x + n but continues
at the level n while (x) survives therafter, the actuarial present value is de-
noted by (I;; @)™.

a. Display the present-value random variable, Y, for this annuity as a function
of the K and | random variables.
b. Show that the actuarial present value can be expressed as

n—1
>, ™.
k=0

5.26. Verify the formula
dIayy + Tuv" = agp,
where T represents the future lifetime of (x). Use it to prove that
3(Ia), + (IA), =a

where (I7), is the actuarial present value of a life annuity to (x) under which
payments are being made continuously at the rate of t per annum at time ¢.

(m)
5.27. From a5 = a™ + a4’ — a'9, show that the assumption of uniform distri-
bution of deaths in each year of age leads to

@ l n 1 1 n
axﬂl (m) Cl“| +v npx x+n + E - E—(W—,) v npx Ax-\‘-n .

Section 5.5

5.28. Establish and interpret the following formulas:
a.1=imagm + A
b.1=d™magm + A,
f%—@MM%n
d. ax:n = (a/d(m)) ax_]
e d" = (1 + i/ 8%,

5.29. Let H(m) = d!™ — 0. Prove that H(m) = 0 and lim H(m) = 0.

m—oo

Miscellaneous

5.30. For 0 = t = 1 and the assumption of a uniform distribution of deaths in each
year of age, show that
(A +it)d, — 1 + i)
1—-tgqg,
b. i, = v [(1 + it)d, — 1 + 1)]

a. dyyy
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5.31.

5.32.

5.33.

5.34.

5.35.

5.36.

5.37.

5.38.

) a+a .
Coq—tflurt = 1 - 1tq @, —1)
1+ it A t g,

1-1t,"" 1-tgq,’

d A, =

Obtain formulas for the evaluation of a life annuity-due to (x) with an initial
payment of 1 and with annual payments increasing thereafter by

a. 3% of the initial annual payment

b. 3% of the previous year’s annual payment.

Express (Dd),; as an integral and prove the formula
J -
— (D) = a5
on ( a)x.—rfl ayn

Give an expression for the actuarial accumulated value at age 70 of an annuity
with the following monthly payments:

+ 100 at the end of each month from age 30 to 40

+ 200 at the end of each month from age 40 to 50

* 500 at the end of each month from age 50 to 60

* 1,000 at the end of each month from age 60 to 70.

Derive a simplified expression for the actuarial present value for a 25-year
term insurance payable immediately on the death of (35), under which the
death benefit in case of death at age 35 + t is 53, 0 = t = 25. Interpret your
result.

Derive a simplified expression for the actuarial present value for an n-year
term insurance payable at the end of the year of death of (x), under which
the death benefit in case of death in year k + 1 is §;75, 0 = k < n. Interpret
your result.

Obtain a simplified expression for

w (12) (12
(16) 2% — ()% .

Consider an n-year deferred continuous life annuity of 1 per year as an in-
surance with probability of claim, ,p,, and random amount of claim, v" 7.
Here T has p.d.f., p.,, n{n + t). Apply (2.2.13) to show that the variance of
the insurance equals

ZA x+n___ (Ax+n)2
82

v nPx (1 - npx) [iazc+n + v wPx

and verify that this reduces to (5.2.21).

Write the discrete analogue of the variance formula in Exercise 5.37.
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5.39.

5.40.

541.

5.42.

5.43.

5.44.

5.45.

Consider the indicator random variable, I, defined by

1—{1 T(x) = k
KTl10 Tk <k

Show the following:
a. The present value of a life annuity to (x), with annual payment b, on sur-
vival toagex + kK, k=0, 1,2, ..., can be written as

> vE b I
k=0
b. E[IL] =w, j=k
COV(I]'/ Ik) = P« jqx ] = k.

c. Var <k§_:0 v¥ by Ik) = 12) v B} p e + 2 2 D, vt b; by Px -

k=0 j<k

If a left superscript 2 indicates that interest is at force 28, show that
a.?A,=1-2d - d? 2,
b. Var (v*") = 2.d@i, — ?%4,) — d* (@@% — %i,)

2
. Var(igm) = 3 @, — 2d,) — (@ — 2i,).

C
a. Expand, in terms of powers of 3, the annuity coefficients a(m) and B(m).
b. What do the expansions in (a) become for m = ©?

Use Jensen’s inequality to show, for 8 > 0, that

a. a, <ag b. a, <ag x<w-—1

If g(x) is a non-negative function and X is a random variable with p.d.f. f(x),
justify the inequality

Eg(0] = | g(0 o) dx = kPrlg() = K k>0

and use it to show that

a, = dg_—x] Pr(dﬂ = _a) = -g PI‘(T = gx).

A unit is to be used to purchase a combination benefit consisting of a life
income of I per year payable continuously while (x) survives and an insurance
of | payable immediately on the death of (x). Write the present-value random
variable for this combination and give its mean and variance.

Using the assumption of a uniform distribution of deaths in each year of age
and the Illustrative Life Table with interest at the effective annual rate of 6%,
calculate

(12 .(12) (12
a. a‘(LO) b. 5140@‘ C. 30'61510 ).
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5.46.

5.47.

5.48.

5.49.

5.50.

5.51.

If A% and 4’ are actuarial present values calculated using
+ An interest rate of i for the first n years, n < m, and

* An interest rate i’ for the remaining m — n years,

show algebraically and interpret

a. Zﬂ = —d dx:ﬁ] —v" nPx da’ d;c+n:m — 7
b. Al =1—-4d"dl5 + d —d)i.;.
Show that

di, _
‘E - U(Ia)XI

where

(In), = 21 tv' p.,
t=
and interpret the relation.

Show that a constant increase in the force of mortality has the same effect on
i as a constant increase in the force of interest, but that this is not the case
for @™ evaluated by a(m) i, — B(m).

Show that
a(m) — Bim)d = ",

Show that, if g, < (i® /2)?, the approximation

Lm) m—1
7 = ey — —— (1 — ,E),
ayz ay3 'm ( n x)
in the special case with n = 1, m = 2, leads to

..(2) ..(2)
A7) > ay -

Consider the following portfolio of annuities-due currently being paid from
the assets of a pension fund.

Age Number of Annuitants
65 30
75 20
85 10

Each annuity has an annual payment of 1 as long as the annuitant survives.
Assume an earned interest rate of 6% and a mortality as given in the Illus-
trative Life Table. For the present value of these obligations of the pension
fund, calculate

a. The expectation

b. The variance
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c. The 95th percentile of its distribution.
For parts (b) and (c), assume the lives are mutually independent.

Computing Exercises

5.52.

5.53.

5.54.

5.55.

5.56.

5.57.

5.58.

5.59.

a. For your Illustrative Life Table with i = 0.06, calculate the actuarial present
value of a life annuity-due of 1 per annum for ages 13 to 140.
b. Compare your values to those given in Table 2A.

For your Illustrative Life Table with i = 0.06, calculate the actuarial present
value of a temporary life annuity-due of 1 per annum payable to age 65 for
ages 13 to 64.

Using your Illustrative Life Table with the assumption of a uniform distri-
bution of deaths within each year of age and i = 0.06, calculate the actuarial
present value of a 10-year temporary life annuity of 1 per annum payable
continuously and issued at ages 13 to 99 using the results of Exercise 5.7.

a. Add a(m) and B(m) to the interest functions calculated and stored in your
Mlustrative Life Table. Refer to Exercise 4.31.

b. Determine a(12) and B(12) at i = 0.06 and compare your results to those
given in Example 5.4.1.
[Remark: We suggest using the series derived in Exercise 5.41 for accurate
results with small interest rates.]

Using your Hlustrative Life Table with i = 0.06 and the assumption of uniform
distribution of deaths over each year of age, calculate the actuarial present
value of a temporary life annuity of 1 per annum payable continuously to
age 65 for ages 13 to 64.

Let Y be the present-value random variable for a continuous 10-year tempo-
rary life annuity of 1 per annum commencing at age 60. On the basis of your
[llustrative Life Table with uniform distribution of deaths over each year of
age and i = 0.08, calculate the mean and variance of Y.

Let Y be the present-value random variable for a life annuity-due of 1 per
annum, payable monthly to (65). On the basis of your Illustrative Life Table
with uniform distribution of deaths over each year of age and i = 0.05, cal-
culate the mean and variance of Y.

Use the Illustrative Life Table with uniform distribution of deaths over each
year of age and i = 0.07 to determine 7.
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BENEFIT PREMIUMS

6.1 Introduction

In Chapters 4 and 5 we discussed actuarial present values of the payments of
various life insurances and annuities. These ideas are combined in this chapter to
determine the level of life annuity payments necessary to buy, or fund, the benefits
of an insurance or annuity contract. In practice individual life insurance is usually
purchased by a life annuity of contract premiums—the insurance contract specifies
the premium to be paid. Contract premiums provide for benefits, expenses of ini-
tiating and maintaining the insurance, and margins for profit and for offsetting
possible unfavorable experience. The premiums studied in this chapter are deter-
mined only by the pattern of benefits and premiums and do not consider expenses,
profit, or contingency margins.

In Chapter 1 we discussed the idea that determination of the insurance premium
requires the adoption of a premium principle. Example 6.1.1 illustrates the appli-
cation of three such premium principles. All three principles are based on the im-
pact of the insurance on the wealth of the insuring organization. The random vari-
able that gives the present value at issue of the insurer’s loss, if the insurance is
contracted at a certain premium level, is the key in the model for the principles.
Principle I requires that the loss random variable be positive with no more than a
specified probability. Principles II and III are based on the expected utility of the
insurer’s wealth as discussed in Section 1.3. We will see that Principle II, which
uses a linear utility function, could also be characterized as requiring that the loss
random variable have zero expected value.

Example 6.1.1

An insurer is planning to issue a policy to a life age 0 whose curtate-future-
lifetime, K, is governed by the p.f.

k9o = 0.2 k=0,1,2,3,4.

The policy will pay 1 unit at the end of the year of death in exchange for the
payment of a premium P at the beginning of each year, provided the life survives.
Find the annual premium, P, as determined by:
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a. Principle I: P will be the least annual premium such that the insurer has prob-
ability of a positive financial loss of at most 0.25.

b. Principle II: P will be the annual premium such that the insurer, using a utility
of wealth function u(x) = x, will be indifferent between accepting and not ac-
cepting the risk.

c. Principle III: P will be the annual premium such that the insurer, using a utility
of wealth function u(x) = —e %%, will be indifferent between accepting and not
accepting the risk.

For all three parts assume the insurer will use an annual effective interest rate of

i = 0.06.

Solution:

For K = k and an arbitrary premium, P, the present value of the financial loss at
policy issue is I(k) = v**' — Piigg = (1 + P/d) v*"' — P/d, k =0, 1, 2, 3, 4. The
corresponding loss random variable is L = v¥*! — Pligy.

a. Since I(k) decreases as k increases, the requirement of Principle I will hold if P
is such that v?> — P dz = 0. Then the financial loss is positive for only K = 0,
which has probability 0.2 < 0.25. Thus, for this principle, P = 1/53 = 0.45796.

b. By an extension of (1.3.6), we seek the premium P such that u(w) = E[u(w — L)].
By Principle II u(x) = x so we have

w = Elw — L] = w — E[L].
Thus, Principle II is equivalent to requiring that P be chosen so that E[L] = 0.
For this example, we require

4
kZ "' — Pigq) Pr(K =k =0 (6.1.1)

which gives P = 0.30272.
c. Again by (1.3.6) and now using the utility function in Principle III, we have

—e 0l = F[—p 01@-1)] = =01 F[e01L],

Thus, Principle IIl is equivalent to requiring that P be chosen so that
E[¢"!f] = 1. Here, we require

4
g_o exp[0.1 (¥ — P i)l Pr(K = k) = 1, (6.1.2)

which gives P = 0.30628.
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These three results are summarized below.

Present Value of Financial
Loss When Premium
Is by Principle

Outcome  Probability General exp(0.1L)
k «90 Formula I II I I
0 0.2 v' — Py 0.48544 0.64067 0.63712 1.06579
1 0.2 v? — Piiy 0 0.30169 0.29477 1.02992
2 0.2 v — Py —0.45796  —0.01811  —0.02819 0.99718
3 0.2 vt — Piiy —0.89000  —0.31981  —0.33287 0.96726
4 0.2 v® — Py —-1.29758  —0.60443  —0.62031 0.93985
Premium 0.45796 0.30272 0.30628
Expected Value —0.43202 0.00000  —0.00990 1.00000

The table shows that for this example the decision makers adopting principles I
and III reduce their risk in the sense that they are demanding an expected present
value of loss to be negative. v

Premiums defined by Principle I are known as percentile premiums. Although
the principle is attractive on the surface, it is easy to show that it can lead to quite
unsatisfactory premiums. Such cases are examined in Example 6.2.3.

Principle II has many applications in practice. To formalize its concepts, we de-
fine the insurer’s loss, L, as the random variable of the present value of benefits to
be paid by the insurer less the annuity of premiums to be paid by the insured.
Principle 1l is called the equivalence principle and has the requirement that

E[L] = 0. (6.1.3)

We will speak of benefit premiums as those satisfying (6.1.3). Equivalently, benefit
premiums will be such that

E[present value of benefits] = E[present value of benefit premiums].

Methods developed in Chapters 4 and 5 for calculating these actuarial present val-
ues can be used to reduce this equality to a form that can be solved for the pre-
miums. For instance, in Example 6.1.1, which has constant benefit premiums and
constant benefits of 1, equation (6.1.1) can be rewritten as A, = Pd,, and d, can be
calculated as

4
2 vk xPo-
=0

When the equivalence principle is used to determine a single premium at policy
issue for a life insurance or a life annuity, the premium is equal to the actuarial
present value of benefit payments and is called the single benefit premium.

Premiums based on Principle III, using an exponential utility function, are known
as exponential premiums. Exponential premiums are nonproportional in the sense
that the premium for the policy with a benefit level of 10 is more than 10 times
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the premium for a policy with a benefit level of 1 (see Exercise 6.2). This is consis-
tent for a risk averse utility function.

6.2 Fully Continuous Premiums

The basic concepts involved in the determination of annual benefit premiums
using the equivalence principle will be illustrated first for the case of the fully
continuous level annual benefit premium for a unit whole life insurance payable
immediately on the death of (x). For any continuously paid premium, P, consider

I(t) = v' — Pay, (6.2.1)

the present value of the loss to the insurer if death occurs at time ¢.

We note that [(t) is a decreasing function of t with I(0) = 1 and I(t) approaching
—P/8 as t — . If t is the time when I(t,) = 0, death before t, results in a positive
loss, whereas death after t, produces a negative loss, that is, a gain. Figure 6.2.1
later in this section illustrates these ideas.

We now consider the loss random variable,
L=KT)=v"-Pap, (6.2.2)

corresponding to the loss function I(t). If the insurer determines his premium by
the equivalence principle, the premium is denoted by P(A ) and is such that

E[L] = 0. (6.2.3)
It follows from (4.2.6) and (5.2.3) that

or

PA,) = 2=, (6.2.4)

Remark:
In this chapter we continue to suppress the select notation except in situations
in which it is necessary or helpful to eliminate ambiguity.

The variance of L can be used as a measure of the variability of losses on an
individual whole life insurance due to the random nature of time-until-death. When
E[L] =0,

Var(L) = E[L?]. (6.2.5)
For the loss in (6.2.2), we have

Var(v” — P ag) = Var ,:vT - M]

d

cofooed) -1
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(149

= Var (v7) <1 + g)

5\ 2
= A, — (A, (1 + g) : (6.2.6)

For the premium determined by the equivalence principle, we can use (6.2.4) and
(5.2.8), da, + A, = 1, to rewrite (6.2.6) as
A, — (A)

Var(L) = 1)

(6.2.7)

Example 6.2.1

Calculate P(A,) and Var(L) with the assumptions that the force of mortality is a
constant . = 0.04 and the force of interest 8 = 0.06.

Solution:
These assumptions yield 7, = 10, A, = 0.4, and 2A, = 0.25. Using (6.2.4), we obtain

(A4,

el
>

= = 0.04,

X

AN T]

and from (6.2.7)

025 — 0.16 _

Var(L) = — 0.25.

0.6 v

By reference to (6.2.7) we can see that the numerator of this last expression can
be interpreted as the variance of the loss, vT — A, associated with a single-
premium whole life insurance. This latter variance is 0.09, and hence the standard
deviation of the loss associated with this annual premium insurance is
V0.25/0.09 = 5/3 times the standard deviation of the loss in the single-premium
case. Additional uncertainty about the present value of the premium income in-
creases the variability of losses due to the random nature of time-until-death.

In Example 6.2.1, P(A,) = 0.04, the constant force of mortality. We can confirm
this as a general result by using parts of Examples 4.2.3 and 5.2.1. Under the con-
stant force of mortality assumption,

A P
A =
ot d
and
i = 1
¥ p,-l—B’
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thus
N () N
P(Ax) (M + 8)_1 p"l

which does not depend on the force of interest or the age at issue.

Using the equivalence principle, as in (6.1.3), we can determine formulas for
annual premiums of a variety of fully continuous life insurances. Our general loss
is

by —PY=Z-PY (6.2.8)

where
* b, and v, are, respectively, the benefit amount and discount factor defined in
connection with (4.2.1)
« D is a general symbol for a fully continuous net annual premium
* Y is a continuous annuity random variable as defined, for example, in (5.2.13),
and
» Z is defined by (4.2.2).
Application of the equivalence principle yields

or

E[brvq]

P = E[Y]

These ideas are used to display annual premium formulas in Table 6.2.1.

It is of interest to note how these steps can be used for an n-year deferred whole
life annuity of 1 per year payable continuously. In this case b;v; = 0, T = n and
brvr = az=p", T > n. Then,

— 4N & — 1 =
=0 npx Ayiy = Ax:ﬁ] [/

In practice, however, deferred life annuities usually provide some type of death
benefit during the period of deferment. One contract of this type is examined in
Example 6.6.2.

Example 6.2.2

Express the variance of the loss, L, associated with an n-year endowment insur-
ance, in terms of actuarial present values (see the third row of Table 6.2.1).
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Fuly Continuous Benefit Premiums

Loss Components Premium Formula
i P Elb vl
Plan brvr P Y Where Y Is E[Y]
Whole life _ A
insurance Lo® a7 P, = d_x
X
n-Year term 10T i, T=n o Aln
insurance 0 iz, T>n P(A) = 7.
n-Year 10T ap, T=n o A7
endowment 10" g, T>n PA;) = —
insurance Axi
h-Payment* 107 am, T<h o A
whole life 107 ag, T>h WPA) = —
insurance e
h-Payment,* n-year 10" i, T=h . A
endowment 10T g, h<T=n WPA ) = _xﬂ
insurance 1v" ap, T>n xH
n-Year pure 0 ap, T=n o, A :]1
endowment 10" iy, T>n PA ) = a”
x|
n-Year * deferred 0 ip, T=n - Ata.,,
whole life A= V" iy, T>n P(a,) = x‘il =
annuity A

*The insurances described in the fourth and fifth rows provide for a premium paying period that is shorter than the
period over which death benefits are paid.

1The annuity product described above provides no death benefits and has a level premium with premiums payable
for n years. A different, perhaps more realistic, design for an n-year level premium-deferred annuity is given in
Example 6.6.2.

Solution:
Using the notation of (4.2.11), we have

P(Axm] - P(Ax@}
S S )

Var(L) = Var {Z3 [1 +

We now use (4.2.10) to obtain

=1 2
Var(L) = [1 . P—(‘;—ﬂ] PAz — (Al

From the second additional relation given in Table 5.2.1, we have

@aqmt =1+ A.a)

8 7
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which implies that

ZA _ A 2
= Llan  \Mlx)
Var(l) = == ;)2 2 v

The two identities, (5.2.8) and (5.2.15), can be used to derive relationships among
continuous benefit premiums. For example, starting with (5.2.8),

da, + A, =1,
5+ B(A) = —,
ax
BA) =~ -5
ax
1 -29a,
ax
5A
= e 6.2.9
- A (6.2.9)

Starting with (5.2.14) we obtain
8d,; + Ax:m =1,

5 + p(Ax:a) = ,

P(A,z) =

_ A (6.2.10)
1-A4A,3
Verbal interpretations of the discrete analogues of (6.2.9) and (6.2.10) are given in
Example 6.3.4.

The premiums discussed so far in this section are benefit premiums, those de-
rived from the equivalence principle. We now turn to an example that describes
two ways that percentile premiums give unsatisfactory results.

Example 6.2.3

Find the 25th percentile premium for an insured age 55 for the following plans
of insurance:

a. 20-year endowment
b. 20-year term
c. 10-year term.
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Assume a fully continuous basis with a force of interest, 8 = 0.06 and mortality
following the Illustrative Life Table.

Solution:

a. The loss function for 20-year endowment insurance is
L =v" — Pas T <20
=p® — Pdﬂ T =20

and is a nonincreasing function of T. Thus the values of T for which the
loss L is to be positive, which are to have probability of 0.25, are those values
below £%%. Since 55 = 86,408.60 and 1,4, = 64,806.45 (by linear interpolation),
Pr(T < 15.617) = 0.25. Thus, the premium required by the 25th percentile prin-
ciple is that which sets the loss at T = 15.617 equal to zero and is v"** /a1
= 0.03865.

b. The loss function for 20-year term insurance is

L =v" ~ Paz T <20
= - Pay T=20.

This is still a nonincreasing function of T, and since Pr(T < 15.617) = 0.25, the
premium required by the 25th percentile principle is again v'>*/dmgy =
0.03865. It is, of course, unsatisfactory that the same premium is generated for
two different plans of insurance, particularly since the benefit premium at this
age for 20-year endowment is almost two times that for 20-year term.

c. The loss function for a 10-year term insurance is

L =v"T - Pag T <10
= — Payy T = 10.
If the premium is set at zero, then Pr(L > 0) = Pr(T < 10), and this probability
equals, by the Illustrative Life Table,

Uss ~ led) _ 1087,

Z55
Thus, zero is the least non-negative annual premium such that the insurer’s
probability of financial loss is at most 0.25. In this case Pr(L > 0) = 0.1281, and
P = 0 the 25th percentile premium. The benefit premium in this case is 70% of
that for 20-year term insurance. v

The conclusion from this example is that the percentile premium principle yields
conflicting results for insurances on a single individual. Its use will be minimal in
what follows.

For a whole life insurance, as defined in the first row of Table 6.2.1,

L=vT—I3dﬂ T=0.
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The d.f. of L can be developed as follows:
F,(u) = Pr(L = u)

1 du + P p
=1-F, (—glog[8u+ ;D —§<u. 6.2.11)

The p.d.f. of L is

d 1 du + P 1 p
™ F,(uw) = fi(u) = fr (— glog [8 7 ]) <8u n P) -3 <u. (6.2.12)

Using the language of decision analysis, we can say that the determination of
the premium P is equivalent to selecting the distribution of L, given by (6.2.11),
that is optimal from the viewpoint of the premium principle adopted by the de-
cision maker. This principle reflects the preferences of the decision maker.

Schematic diagrams of I(t), the p.d.f. of T(x), and the induced p.d.f. of L are
combined in Figure 6.2.1.

The set of d.f’s of L is indexed by the parameter P. The value of P is se-
lected by the premium principle adopted. For illustration, use Figure 6.2.1 where
Pr(T = ¢) = Pr(L > 0) and this probability is taken as 0.25. We assume that the

Schematic Diagrams of /(t) and the p.d.f.’s of T(x) and L

u

1

I(t) = vt - Pap

/

Al P )

x—PLl—m
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value of P will be obtained by solving F,(0) = 1 — 0.25 = 0.75. This illustration
uses a percentile premium principle with the probability for a positive value of L
set at 0.25.

It is evident from Figure 6.2.1 that the events (T = c) and (L > 0) are equivalent
in the sense that the occurrence of one of the two events implies the occurrence of
the other. To continue our illustration, if the decision maker has adopted the per-
centile premium principle with Pr(L > 0) = p, then Pr(T = ¢) = p, where ¢ = &,
the 100p-th percentile of the distribution of T. Furthermore, because of the equiv-
alence of these two events, the premium can be determined from an equation in-
volving the loss function, that is, from

vé — pﬁ@ =0,

or
_ & 1

p=2T-— (6.2.13)
a@ Sg‘

Because P is the rate of payment into a fund that will provide a unit payment at

time &, there is intuitive support for the result. The accumulation 57/55 will be
T

less than 1 with probability p and greater than 1 with probability 1 — p.

Example 6.2.4

This example builds on Example 6.2.3, except that T(55) has a De Moivre distri-
bution, with p.d.f.

Pss Mss(t) = 1/45 0 <t <45,

For the three loss variables, display the d.f. of L and determine the parameter P as
the smallest non-negative number such that Pr(L > 0) = 0.25.

Solution:

a. Adapting (6.2.11), with recognition of the jump in the d.f. at u = v® — Pz
induced by the constraint on L if T = 20, we have the following set of d.f.’s
indexed by P:

F,(u)y =0 u < v* — Py

1 log [(0.06u + P)/(0.06 + P)]
0.06 45

=1 1 < u.

=1+ v~ Pag=u=1

Figure 6.2.2a is a diagram of the d.f. associated with a 20-year endowment in-
surance. This figure provides a graphical way of thinking of premium deter-
mination using the percentile principle. The d.f. within the set of d.f.’s indexed
by P that crosses the vertical axis at 0.75 is sought. Analytically this means that
the premium is determined by solving, for P,
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F,(0)

or

and

= 0.75

1 log[P/(0.06 + P)]
0.06 45

=1+ = 0.75,

P
log(m) = —(0.675,

0.06¢7067
(1 — e 06%)
1

51125

= 0.06224.

P =

In view of the discussion about (6.2.11), this is not surprising. The 25th percentile
of the De Moivre distribution of T in this example is £?° = 11.25.

Distribution Functions of L Developed in Example 6.2.4

Fi(u) Fr(u)
e .1__/_:—_—___—_—_- ______ ::-_J—fl____Q-ZZZ&__

/ 0.7500 : 0.75
|
L 05556 |
! e

| — | | — u
o™ — Py 1 ~ Pag, 0"~ Pam 1
(a) d.f.of L, 20-year endowment (c) d.f. of 10-year term

insurance P = 0.06244

insurance P = 0.06244

"";7 ) 10.7500
|
; !
| i
—_ — u ———f—u
_ Pﬁim vzo_pa—zm 1 ‘ 210 1

(b) d.f. of L, 20-year term
insurance P = 0.06244

(d) d.f. of 10-year term
insurance P =0
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For comparison, the benefit, or equivalence principle, premium is
20

. (v'/45) dt + (25/45) v®
P(Ass5y) = 59 = 0.04456.
fo v' [1 — (t/45)] dt
b. Adapting (6.2.11) with recognition of the jump in the d.f. of L at u =

—Pizy, induced by the constraint on the 20-year term insurance loss variable,
we have the following set of d.f.’s indexed by P:

F,(u) = 0 u < — Py
25 = A
:E —PﬁmSuSUZO~Pﬁm
1 log [(0.06u + P)/(0.06 + D)] _
=1+ 20 — <u=
0.06 45 vt T Py < u =1
=1 1 <u.

A diagram of the d.f. associated with a 20-year term insurance is shown in
Figure 6.2.2b. The premium is determined by solving F;(0) = 0.75 for P. Using
part (a) we find, once more, that P = 0.06224.

c. Adapting (6.2.11), with recognition of the jump in the d.f. at u = —Pag induced
by the constraint on L for 10-year term insurance, we have the family of d.f.’s
indexed by P:

Fi(u) =0 u < —Pag
= % —Pig = u = v'° — Pagg
1 ) + P)/(0.06 + P _
_ 1+ = log [(0.06u 4I;)/(O 06 ) b~ Pag < u =1
=1 1 <u

It is tempting to conjecture that P = 0.06224, as it was in parts (a) and (b),
when we observe that the only nonconstant values of the d.f. have the same
formula as in the earlier parts of this example. When we observe that for any u
in the interval (—Pag, v’ — Pag), F () = 35/45 > 0.75, it appears that the
conjecture is wrong. Figure 6.2.2¢ displays the d.f. of L when P = 0.06224 and
confirms this judgment. As in Example 6.2.3, try P = 0. The corresponding d.f.
of L is

F,u) = 0 u<0
=§ 0=u=yov?
1 logu
=1+ — Wy =
L+ 006 45 U “4=1
=1 1<u
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and the probability of a positive value of L is

Pr(L > 0) = i—g < 0.25.

This is illustrated in Figure 6.2.2d.

As in Example 6.2.3c, the specifications for applying the percentile premium
principle leads to P = 0, an anomalous result from a business perspective. ¥

6.3 Fully Discrete Premiums

In Section 6.2 we have discussed the theory of fully continuous benefit premiums.
In this section we consider annual premium insurances like the one that appeared
in Example 6.1.1; that is, the sum insured is payable at the end of the policy year
in which death occurs, and the first premium is payable when the insurance is
issued. Subsequent premiums are payable on anniversaries of the policy issue date
while the insured survives during the contractual premium payment period. The
set of annual premiums form a life annuity-due. This model does not conform to
practice but is of historic importance in the development of actuarial theory.

Under these circumstances, the level annual benefit premium for a unit whole
life insurance is denoted by P, where the absence of (A,) means that the insurance
is payable at the end of the policy year of death. The loss for this insurance is

L=0vM"—P iy K=012.... (6.3.1)
The equivalence principle requires that E[L] = 0, or
E[v**] — P, Elidgm] = 0,
which yields

P, = (6.3.2)
This is the discrete analogue of (6.2.4).

Using (5.3.7) in place of (5.2.8) in steps parallel to those taken in obtaining (6.2.7),
we obtain
A, — (A

Var(L) = iy

(6.3.3)

180

Section 6.3  Fully Discrete Premiums



Example 6.3.1

If
e = c(0.96)"t  k=0,1,2,...
where ¢ = 0.04/0.96 and i = 0.06, calculate P, and Var(L).

Solution:
First we exhibit the components of (6.3.2),

A, =c D (1.06)7F1 (0.96)F*1 = 0.40,
k=0

1-A
i, = —— = 10.60.
a, 7

Then using (6.3.2) we obtain

For Var(L), we calculate
2A, = ¢ >, [(1.06)4 %1 (0.96)*! = 0.2445.
=0

Therefore,

0.2445 — 0.1600
[(0.06)(10.60)/(1.06)]?

= 0.2347. v

Var(L) =

There is a connection between Examples 6.2.1 and 6.3.1. Since

k+1
Wz = L P (t)ydt  k=0,1,2,... (6.3.4)

for the situation described in Example 6.3.1, we have

0.04

— (0.96)*! = f " pe () dE.
0.96 o e

If the force of mortality is a constant, p, it follows that

0.04

96)FHL = kD (o1 — 1)
0.96 (0.96) e (e )
and then e ™ = 0.96 and p = 0.0408. The geometric distribution, with p.f.
0.04
— 9 k+1
kﬂx 0.96 (0 6) ’
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is a discrete version of the exponential distribution with w. = 0.0408. Formula (6.3.4)
provides the bridge between the discrete and continuous versions. The fully con-
tinuous annual benefit premium corresponding to P, = 0.0377 in Example 6.3.1
would be P(A,) = p = 0.0408.

Continuing to use the equivalence principle, we can determine formulas for an-
nual benefit premiums for a variety of fully discrete life insurances. Our general
loss will be

bV — PY

where
* by, and v, are, respectively, the benefit and discount functions defined in
(4.3.1)
* P is a general symbol for an annual premium paid at the beginning of each
policy year during the premium paying period while the insured survives and
* Y is a discrete annuity random variable as defined, for example, in connection
with (5.3.9).
Application of the equivalence principle yields

Elbgi1vk — PY] =0,
or

E[by 1Vl

P =

These ideas are used in Table 6.3.1 to display premium formulas for fully discrete
insurances.

Example 6.3.2

Express the variance of the loss, L, associated with an n-year endowment insur-
ance, in terms of actuarial present values (see the third row of Table 6.3.1).

Solution:
We start with the notation of Table 6.3.1. Let

7 - vK*t K=0,1,...,n—1
v K=nn+1,....

Then we can write, by reference to the third row of Table 6.3.1,

1-2
L=2-Py—7";

therefore we have

Var(L) = Var [z <1 + Bd—_l> —~ %—7]

We can use the rule of moments to find Var(Z), as indicated in Table 4.3.1, and
then obtain
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;
Fully Discrete Annual Benefit Premiums

Loss Components Premium Formula

P = E[b g1V g4l
Plan byi1Uki1 P Y Where Y Is ElY]
Whole life o1 B A,
insurance lv g, K=0,1,2, ... b=
X
n-Year term 1 vkt g, K=0,1,...,n -1 . pa
insurance 0 dp, K=nn+1,... Pem =~ -
n-Year 1 pX*H! g, K=0,1,...,n -1 A.q
endowment 1v” g, K=nn+1,... P =—"
insurance @i
h-Payment 1 vkt g, K=0,1,...,h =1 A,
whole life 1 vkt g, K=hh+1,... WPy =—
insurance Bl
h-Payment, 1 vkl i1, K=0,1,...,h — 1 A
n-year 1 pk*? g, K=h,...,n—1 P = x:7
endowment K g, K=nn+1,... ks i
insurance
n-Year pure 0 gy, K=0,1,...,n -1 LA
endowment 10" i, K=nn+1,... Pon= i
n-Year deferred 0 igz7,K=0,1,...,n—1 Ax'%ﬂ i,
whole life V" iz, K=nn+1,.. P(,d,) = —a
x:n

annuity

2
Var(l) = (1 + P—dj) LA — Al

Formula (5.3.13) and the entry from the third row of Table 6.3.1 can be combined
as follows:

dﬁx:a + Ax:ﬁl =1,

VL
d di X
Therefore, the variance we seek is
24 = — (A.2)?
X:H X1
—]————]—( ] ﬁxﬂ)z . (6.3.5)
v

Example 6.3.3

Consider a 10,000 fully discrete whole life insurance. Let m denote an annual
premium for this policy and L(w) denote the loss-at-issue random variable for one
such policy on the basis of the Illustrative Life Table, 6% interest and issue age 35.
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a. Determine the premium, m,, such that the distribution of L(m,) has mean 0.
Calculate the variance of L(1,).

b. Approximate the smallest non-negative premium, m,, such that the probability
is less than 0.5 that the loss L(m,) is positive. Find the variance of L(m,).

c¢. Determine the premium, m_, such that the probability of a positive total loss on
100 such independent policies is 0.05 by the normal approximation.

Solution:

a. By the equivalence principle, (6.1.3),
A
m, = 10,000 Py = 10,000 ==
435

_1287.194
15.39262

= 83.62.
From (6.3.3)
2 _ 2
Var[L(w,)] = (10,000)* iss—..(lji)
(d iiss)

0.0348843 — (0.1287194)
[(0.06/1.06)(15.39262)12

1,831,562
0.7591295

= 2,412,713.

= 10°

b. We want 7, such that
Pr[L(w,) > 0] < 0.5,
or in terms of curtate-future-lifetime, K,
Pr(10,00005*! — @, dggg > 0) < 0.5.

From the Illustrative Life Table, ,p;s = 0.5125101 and ,3p5; = 0.4808964. There-
fore, if , is chosen so that

10,0000% — 1, iz = 0,
then Pr[L(m,) > 0)] = Pr(K < 42) < 0.5. Thus,
10,000
Csm

™, = 50.31.
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Using the fully discrete analogue of (6.2.6) we can write

1\2
Var[L(m;)] = (10,000°[*A3s — (A35)’°] (1 i 10:)!700 E)

= (1,831,562)(1.18567)
= 2,171,630.
c. With a premium _, the loss on one policy is

T

L(Trc) = 10,OOOUK+1 - 1TCaK—+—1-| = <10,000 + %) vK+l _ d ,

and its expectation and variance are as follows:

TrC TrC
E[L(w,)] = (10,000 + 7) A =

= (0.1287194) <10,000 + %) - l;_c

and

Var[L(w )] = (10 000 + _) Az — (As)]

2
(10 000 + —) (0.01831562).

For each of 100 such policies each loss L(w,) is distributed like L(w,), i = 1,
2,...,100 and

100
S = ; Lym,)
for the total loss on the portfolio. Then
E[S] = 100 E[L(m)],
and, using the assumption of independent policies,
Var(S) = 100 Var[L(w )]

To determine m, so that Pr(S > 0) = 0.05 by the normal approximation, we want

0 — E[S]
22 = 1.645,
V Var(S)
0{ —ElL(m)] } = 1.645,
ar[L(Tr
0[ A35[10,000 + (w./d)] + (m, /d)] 165
[10,000 + (w,/d)] VZAs — (As)? T
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Thus

(0.1645) VZA,, — (Ag)? + Ass ]
1 — (Ass + 0.1645 VZA,, — (A,))

= 100.66. v

7, = 10,000d [

The two identities, (5.3.7) and (5.3.13), can be used to derive relationships among
discrete premiums. For example, starting with (5.3.7), we have for whole life

insurances
di,+ A, =1,
d+p, =21
ax
1
Px =T d
ax
1 —dia,
Gy
dA
= —4 6.3.6
1— A (6.3.6)
Starting with (5.3.13) we obtain a similar chain of equalities for n-year endowment
insurances:
dﬁxﬂ + Ax:ﬂ =1,
1
d + Px:ﬂ =—,
Ay
1
Pg=-—-4d
Ayl
_1-dig
7
— dAx:n 6 7
—j—l — AL (6.3.7)

Example 6.3.4

Give interpretations in words of the following equations from the (6.3.6) set:
1

— =P, +d (6.3.8)
ax
and
dA,
P, = 1= A (6.3.9)
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Solution:

We will use the word equivalent to mean equal in terms of actuarial present
value. For (6.3.8), first note that a unit now is equivalent to a life annuity of 4"
payable at the beginning of each year while (x) survives. A unit now is also equiv-
alent to interest-in-advance of d at the beginning of each year while (x) survives
with the repayment of the unit at the end of the year of (x)’s death; that is, 1 =
i./d, = di, + A,. The repayment of the unit at the end of the year of death is, in
turn, equivalent to a life annuity-due of P, while (x) survives. Therefore, the unit
now is equivalent to P, + d at the beginning of each year during the lifetime of
(x). Then d;' = P, + d, for each side of the equality, represents the annual payment
of a life annuity produced by a unit available now.

For (6.3.9), we consider an insured (x) who borrows the single benefit premium
A, for the purchase of a single-premium unit whole life insurance. The insured
agrees to pay interest-in-advance in the amount of d A, on the loan at the beginning
of each year during survival and to repay the A, from the unit death benefit at the
end of the year of death. In essence, the insured is paying an annual benefit pre-
mium of d A, for an insurance of amount 1 — A,. Then for a full unit of insurance,
the annual benefit premium must be dA,/(1 — A)). v

Similar interpretations exist for corresponding relationships involving endow-
ment insurances as given in the second and fifth equalities in the (6.3.7) set. There
is an analogy between (6.3.8), the corresponding formula involving endowment
insurances,

|
i
I

dx:ﬂ - Px:ﬂ +d,
and the interest-only formula

it =57t + d.

Example 6.3.5

Prove and interpret the formula

Poy=,P. +Py1— A, (6.3.10)

Solution:
The proof is completed using entries from Table 6.3.1:

P = Awq = A + Ay,

Lol = Ay = Al + A Avsn
By subtraction,

(Pus) — Pl = Ayl = Ay,
from which (6.3.10) follows.
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The interpretation is that both P, and P, are payable during the survival of (x)
to a maximum of n years. During these years, both insurances provide a death
benefit of 1 payable at the end of the year of the death of (x). If (x) survives the n
years, P, provides a maturity benefit of 1, while ,P, provides whole life insurance
without further premiums, that is, an insurance with an actuarial present value of
A,.,. Hence, the difference P,; — ,P, is the level annual premium for a pure en-
dowmentof1 — A,,,,. v

In practice, life insurances are payable soon after death rather than at the end of
the policy year of death, so there is a need for annual payment, semicontinuous
benefit premiums. Such premiums, following the same order used in Tables 6.2.1
and 6.3.1, are denoted by P(A,), P(AL7), P(A;), »P(A,), and ,P(A,;). There is no
need for a semicontinuous annual premium n-year pure endowment since no death
benefit is involved. The equivalence principle can be applied to produce formulas
like those in Table 6.3.1, but with the general symbol A replaced by A. For example,
Ax

a

x

P, = (6.3.11)
We observe that the notation for this premium is not P,, the annual premium
payable continuously for a unit whole life insurance benefit payable at the end of
the year of death and equal to A,/a,. If a uniform distribution of deaths is assumed
over each year of age, we can use the notations of Section 4.4 to write

A i

. 1

PA)=<Zx=1p,
( X) 8 dx 8 X

PAL) = épiﬂ,

and

P(A .z = éP}a;ﬂ + Py (6.3.12)

6.4 True m-thly Payment Premiums

If premiums are payable m times a policy year, rather than annually, with no
adjustment in the death benefit, the resulting premiums are called true fractional
premiums. Thus P denotes the true level annual benefit premium, payable in
m-thly installments at the beginning of each m-thly period, for a unit whole life
insurance payable at the end of the year of death. The symbol P™)(A ,) would have
the same interpretation except that the insurance is payable at the moment of death.
Typically, m is 2, 4, or 12.

The development in this section stresses the payment of insurance benefits at the
end of the policy year of death. Table 6.4.1 specifies the symbols and formulas for
true fractional premiums for common life insurances. The premium formulas can
be obtained by applying the equivalence principle.
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True Fractional Benefit Premiums*

Payment of Proceeds

Plan, At End of Policy Year At Moment of Death
Whole life insurance pen = A, POA) = A,
a-gcm) a-gm)
n-Year term insurance AL _ Al
P}cfn) = (’:n’; P(m)(Aalaﬁl) = (Tny)l
x:n x:nj
n-Year endowment A A
m _ - Ay
insurance P = ..(fnr)l p (m)(Ax:Zl) - (tn';
x:11 x:1]
h-Payment years, A . A
whole life insurance WP = WAL = o
ax:m ax:m
h-Payment years, n-year - A ), = Axﬂ
endowment insurance WPl = ) WP (Arm) =
a xH e

*The actual amount of each fractional premium, payable m times each policy year, during the premium paying
period and the survival of (x), is P™/m. Note that here h refers to the number of payment years, not to the number
of payments.

In some applications it is useful to write the m-thly payment premium as a mul-
tiple of the annual premium. This will be illustrated for P, the premium for a
rather general insurance. The resulting formula can be modified to produce pre-
mium formulas for other common insurances. From the last row of Table 6.4.1 we

have

(m) x:n
WP = S (6.4.1)

Since

sz;ﬂ = hpx:ﬁl dx:m/

(6.4.1) can be rearranged as

P -
(m) ht x: x:H
P = e (6.4.2)
[

Formula (6.4.2) is used in the next chapter; it expresses the m-thly payment pre-
mium as equal to the corresponding annual payment premium times a ratio of
annuity values. This ratio can be arranged in various ways each corresponding to
a different formula used to express the relationship between ai"ﬁl) and 4.7 (see Ex-
ercise 6.14).
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Example 6.4.1

a. Calculate the level annual benefit premium payable in semiannual installments
for a 10,000, 20-year endowment insurance with proceeds paid at the end of the
policy year of death (discrete) issued to (50), on the basis of the Illustrative Life
Table with interest at the effective annual rate of 6%.

b. Determine the corresponding premium with proceeds paid at the moment of
death (semicontinuous).

For both parts, assume a uniform distribution of deaths in each year of age.

Solution:

a. We require 10,000 P)55. As preliminary steps we calculate
d = 0.056603774,
i® = 0.059126028,
d® = 0.057428275,
@5 = 098564294,

s9 = 1.01478151,

a(2) = sPaf = 1.0002122,
s -1
B(2) = de)‘ = 0.25739081,
and the following actuarial present values:

sy = 11.291832,
Al = 0.13036536,
Py = 0.01154510,
oEsy = 0.23047353,
Aoz = 0.36083889,
Poysy = 0.03195574.

Then, under the assumption of a uniform distribution of deaths for each year
of age, the required premium can be calculated by use of (6.4.1), with x = 50,
n = 20, h = 20, and m = 2. For this purpose, we calculate

dg%)):iﬁl = a(2)ds55 — B(2)(1 — 5Es) = 11.096159,
and then
10,000P§,%):2—0| = 325.19.
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b. The corresponding semicontinuous premium can be obtained by multiplying the
values in (a) by the ratio

P(ASO:Z)\) — ASO:E}
p 50:20] A50:56|
Under the uniform distribution of deaths assumption this ratio is
(i/8) P slom +P 50:516\
Psoz '

(6.4.3)

and the result is
10,000 P<2)(A50@\) = 328.68. v

6.5 Apportionable Premiums

A second type of fractional premium is the apportionable premium. Here, at
death, a refund is made of a portion of the premium related to the length of time
between the time of death and the time of the next scheduled premium payment.
In practice this may be on a pro rata basis without interest. In this section we
consider interest and view the sequence of m-thly premiums as an apportionable
life annuity-due in the sense of Section 5.5. The symbols used to denote these level
apportionable annual benefit premiums payable m-thly are like the symbols for
true fractional premiums on the semicontinuous basis. They differ in that the su-
perscript m is enclosed in braces rather than parentheses, for example, P™(A). In
view of the premium refund feature, it is natural to assume that the death benefit
is payable at the moment of death.

Again, we use an h-payment years, n-year endowment insurance to illustrate the
development of formulas for apportionable premiums paid m-thly. The equivalence
principle leads to the formulas

)¢ A ..{m) A
hP‘n}(Ax:ﬁl) ax:m = Ax:ﬁ\

and

m (A A
WL (Am) = (6.5.1)

L Am}

Ay

Utilizing the temporary annuity version of (5.5.4), we obtain
_ A 7 am  _ _
P"A, 7) = ———— = — ,P(A.2)- 6.5.2
h ( xﬁl) (a/d(m))dx:m 6 h ( xﬂl) ( )

This implies that the m-thly installment is

1 _ o 1 — vl/m o B
E hp{m](Ax:ﬂ) = hP(Ax:ﬁ]) —_8—— = hP(Axﬂ) am/ (653)
and in particular, for m = 1,
hP{l}(Ax:ﬁI) = hp(Axﬁ])aﬂ (6'54)
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Formulas (6.5.3) and (6.5.4) demonstrate that these apportionable premiums are
equivalent to fully continuous premiums, discounted for interest to the start of each
payment period. Similar formulas exist for other types of insurance. For example,
by letting h and n — «, (6.5.4) becomes

PW(A)) = P(A)) ay. (6.5.5)

The apportionable benefit premium P'™(A,) and the semicontinuous benefit pre-
mium P(A,) are both payable annually at the beginning of each year while (x)
survives. Each insurance provides a unit at the death of (x). The two insurances
differ only in respect to the refund provided by P™(A ). Thus, the difference

PU(A,) — P(A,) (6.5.6)

is a level annual benefit premium paid at the beginning of each year for the
refund-of-premium feature. We verify this assertion about the expression in (6.5.6)
in the following analysis.

From (5.5.1), we note that the random variable for the present value of the
refund-of-premium feature is

PYA) v” dgm—p

a7

where K and T are defined as in Chapter 3. The actuarial present value for this
feature is

APR — Pll}(A ) E[UT ﬁK+l—Ti|.
a7
Using (6.5.5) we obtain

T _ ,K+1
AR = P(A) E[—” = ]
_ (A, —A
= P(A,) (%) (6.5.7)
The level annual benefit premium is then, by the equivalence principle,
PAJ)A, — A)
di '

P(APR) = (6.5.8)

Formula (6.5.7) has the following interpretation: The actuarial present value of the
refund feature is the difference between the value of a continuous perpetuity of
P(A,) per year beginning at the death of (x), and the value of a continuous per-
petuity of P(A,) payable from the end of the year of death of (x).
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We return now to (6.5.6) where, by (6.5.5), we have

PUA) - P(A) = BA) D 2

X

@ (¢-2)

di, — 54,
Si,

Il
el

I
el

(A,)
A Ax — Ax
(A, YR

P

I
o]

= P(AFR), (6.5.9)
as obtained in (6.5.8). This confirms our assertion about (6.5.6).

This analysis can be extended to m-thly payment premiums and to other life
insurance in addition to whole life. In general,

Pin(A) — Pm(A)

is an m-thly payment premium for the refund feature.

Example 6.5.1

If the policy of Example 6.4.1(b) is to have apportionable premiums, what in-
crease occurs in the annual benefit premium?

Solution:

The apportionable annual benefit premium per unit of insurance is given by
(6.5.2),

- o d® Az d@
PE(Asoz) = PlAsom) 5 = —o R
450220
Under the assumption of a uniform distribution of deaths in each age interval, this
becomes
@i/ S)Aéo:m + ASO:%G d_(zz
()i 555 — B(®)(1 — 5Esp) d
_ (i/3) P510:§6| + Pso:;ﬂ @
a(®) = B()(Psyzy + d) B
Here a(®) = 53d7 = id/d* = 1.00028, B() = (55 — 1)/8 = 0.50985. Using other
values available in Example 6.4.1 we find

10,000 PP(A 555) = 329.69.
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Then the increase in annual premium is
10,000[P (A 5p35) — P@(Asu)] = 1.01,

which is the annual benefit premium payable semiannually for the refund feature.

v

6.6 Accumulation-Type Benefits

The analysis in this section is in terms of annual premiums for insurances payable
at the end of the year of death. An analogous development is possible for fully
continuous premiums and, with some adjustment, for semicontinuous premiums.
We first seek the actuarial present value for an n-year term insurance on (x) for
which the sum insured, in case death occurs in year k + 1, is Sy The present-
value random variable of this benefit, at policy issue, is

1 .
Sz, = El(_]) [v¥(1 + ])K+1 — vk 0<K<n

0 K=n

where the insurer’s present values are computed at interest rate i and d, is the
discount rate equivalent to interest rate j. The actuarial present value is

A — Axa

E[W] = 7
o

(6.6.1)
where A’}Cﬂ is calculated at the rate of interest i’ = (i — j)/(1 + j).

If i = j, then i’ = 0, and the actuarial present value is

e = A 1= p— A +u'p,
d d

= dx:ﬁl — Px llm
= g — E, &1, (6.62)

Formula (6.6.2) indicates that, when j = i, this special term insurance is equivalent
to an n-year life annuity-due except for the event that (x) survives the n years. Then
the term insurance would provide a benefit of zero, whereas the life annuity pay-
ments, given survival for n years, would have value §; at time n.

Now let us consider the situation where (x) has the choice of purchasing an n-
year unit endowment insurance with an annual premium of P, 5 or of establishing
a savings fund with deposits of 1/35; at the beginning of each of n years and
purchasing a special decreasing term insurance. The special insurance will provide,
in the event of death in year k + 1, the difference,

1- p—0,1,2...,1-1,
&

between the unit benefit under the endowment insurance and the accumulation in
the savings fund. We suppose further that the same interest rate i is applicable in
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valuing all these transactions. The same benefits are provided by the endowment
insurance and by the combination of the special term insurance and the savings
fund. Therefore one would anticipate that

(the annual benefit premium P,; = (the annual benefit premium
for the endowment insurance) for the special term insurance)

+ (the annual savings fund deposit 1/57).
To verify this conjecture, we consider the present-value random variable for the

special decreasing term insurance,

i ”K“(l—E):”K“—E?i 0=K<n
= 53

W S (6.6.3)
0 K = n.
The actuarial present value of W is denoted by Al and given by
ALa = E[W]

— Al. B ﬁx:ﬁ] ~ aPx aﬂ
x:n| .S.;I

_oat T = aEa S
X S‘a

[see (6.6.2)].

The annual benefit premium for the special term insurance is therefore

- Al
Pl=2dopo_Lypy
ax:m Sm
Px:ﬂ '1_ ’
57
and then
~1 1
Px:ﬂ = Px:ﬂ + —. (6.6.4)
57

We have already seen that
Px:ﬂ = P}(ﬂ + pl

xn|’
and now (6.6.4) provides an alternative decomposition of P,;;. The components are
the annual premium for the special term insurance and the annual savings fund
deposits, 1/55, which accumulate to one at the end of n years.

Example 6.6.1

Derive formulas for the annual benefit premium for a 5,000, 20-year term insur-
ance on (x) providing, in case of death within the 20 years, the return of the annual
benefit premiums paid:
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a. Without interest

b. Accumulated at the interest rate used in the determination of premiums.
In each case, the return of premiums is in addition to the 5,000 sum insured and
benefit payments are made at the end of the year of death.

Solution:

a. Let w, be the benefit premium. Then
T, dx:i'ﬁl = 5,000 Aal(:2_0| + ’ITa(IA)}CE\
and

Al
w, = 5000 — =2
.30 — (IA)x29

b. Let 7, be the benefit premium. We use (6.6.2) to obtain
1Tb dx:m = 5,000 A}Ciﬁl + ﬂb(ax2—0| - zoEx S’Eﬁ’),
"lTb ZO‘EXS.%\ - 5,000 Ajlc:ZOl
1

Al
w, = 5,000 —=2_
20Ex 875

AL
= 5,000 —22-

20Px 475
In practice, annual contract premiums would be refunded, and the formulas
would take this into account. v

Example 6.6.2

A deferred annuity issued to (x) for an annual income of 1 commencing at age
x + nis to be paid for by level annual benefit premiums during the deferral period.
The benefit for death during the premium paying period is the return of annual
benefit premiums accumulated with interest at the rate used for the premium. As-
suming the death benefit is paid at the end of the year of death, determine the
annual benefit premium.

Solution:
Equating the actuarial present value of the annual benefit premiums, m, to the
actuarial present value of the benefits, we have
wdx:ﬂ = nEx Gyyn t Tr(dx:a - nEx SZ{)
where the second term on the right-hand side comes from (6.6.2). Solving for =
yields

xtn

§2 v
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6.7 Notes and References

Lukacs (1948) provides a survey of the development of the equivalence principle.
Premiums derived by an application of the equivalence principle are often called
actuarial premiums in the literature of the economics of uncertainty. Gerber (1976,
1979) discussed exponential premiums and reserves; these were illustrated in Ex-
ample 6.1.1 under Principle III. Fractional premiums of various types are important
in practice. Scher (1974) has discussed developments in this area, namely, the re-
lations among fully continuous, apportionable, and semicontinuous premiums. The
decomposition of an endowment insurance premium appeared in a paper by
Linton (1919).

Exercises

Section 6.1

6.1. Calculate the expectation and the variance of the present value of the financial
loss for the insurance in Example 6.1.1, when the premium is determined by
Principle I

6.2. Verify that the exponential premium (with a = 0.1) for the insurance in Ex-
ample 6.1.1, modified so that the benefit amount is 10, is 3.45917. (Note that
this is roughly 11.3 times as large as the exponential premium for a benefit
amount of 1 found in Example 6.1.1.)

6.3. Using the assumptions of Example 6.1.1, determine the annual premium that
maximizes the expected utility of an insurer with initial wealth w = 10 and
utility function u(x) = x — 0.01x%, x < 50. [Hint: Use (1.3.6), w ~ 0.01w? =
E[(w — L) — 0.01(w — L)*]]

Section 6.2

6.4. A fully continuous whole life insurance with unit benefit has a level premium.
The time-until-death random variable, T(x), has an exponential distribution
with E[T(x)] = 50 and the force of interest is & = 0.06.

a. If the principle of equivalence is used, find the benefit premium rate.
b. Find the premium rate if it is to be such that Pr(L > 0) = 0.50.
c. Repeat part (b) if the force of interest, 8, equals 0.

6.5. If the force of mortality strictly increases with age, show that P(A,) > ., (0).
[Hint: Show that P(A,) is a weighted average of p,(t), t > 0.]

6.6. Following Example 6.2.1, derive a general expression for
ZAx - (Ax):2
(3a,)

where . (t) = w and 8 is the force of interest for t > 0.
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6.7. If 8 = 0, show that

6.8. Prove that the variance of the loss associated with a single premium whole
life insurance is less than the variance of the loss associated with an annual
premium whole life insurance. Assume immediate payment of claims on
death and continuous payment of benefit premiums.

6.9. Show that

da_\ = dA
+ —= - == )
(1 dx)P(A,» =
Section 6.3

6.10. On the basis of the Illustrative Life Table and an interest rate of 6%, calculate
values for the annual premiums in the following table. Note any patterns of
inequalities that appear in the matrix of results.

Fully Continuous Semicontinuous Fully Discrete
13 (/}35:1_01) p ({‘35;@) P 35:10]
If (435;%\) p (1‘} 35:30) Py
Ij (1‘_135@\) p (435:6_0\) Py
P(Ay) P(A) Py
(A L) P(A}s3) Pl
P(Assm) P(A3s) Pisq

6.11. Show that
ZOP}C:@] - Palc2_0| = 20p(20|lOAx)‘
6.12. Generalize Example 6.3.1 where
Wl = 1 — r)rk k=0,1,2,...;

that is, derive expressions in terms of r and i for A,, 4,, P,, and
A, — (A)*1/@ 4

Section 6.4

6.13. Using the information given in Example 6.4.1, calculate the value P$).

6.14. Using various formulas for iz'irz':q), first under the assumption of a uniform dis-
tribution of deaths in each year of age, show that the ratio

d.q
..(m)
Ay
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in (6.4.2) can be expressed as the reciprocal of each of (a) and (b). As an
alternative, if the development of (5.4.10) is followed show that the ratio is
the reciprocal of (c).

a. 43" — B(m)Ply

b. a(m) — B(m)(Pip + d)

m—1
c. 1 ——zm—(P}am-Fd).

6.15. Refer to Example 6.4.1(b) and directly calculate

Y ASO:%\
P(z)(ASO:EI) =20
50:201

using the Illustrative Life Table for the actuarial present values in the nu-
merator and the denominator.

6.16. If
1(12)

x:20]
= 1.032
Pl

and P, 55 = 0.040, what is the value of P%—())\?

Section 6.5
6.17. Arrange in order of magnitude and indicate your reasoning:
P(Z)(A4O@), P(A40:551), P[4’(A40:E|)f P(A40:ﬁ|)/ P{lz}(A40:2_5!)-
6.18. Given that
4 _ 9
d®™ 100’
evaluate
PrIA)
PU(AY "

6.19. If P(A,) = 0.03, and if interest is at the effective annual rate of 5%, calculate
the semiannual benefit premium for a 50,000 whole life insurance on (x)
where premiums are apportionable.

6.20. Show that

- - sox o (A= A
PI(A,5) = P™(A ) = B(A,z) (—QFM—T)

xn
(Al Al
= P(A,7) (W— :

x:71]
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Section 6.6
6.21. Express

§
1 - .. 26‘
54520

as an annual premium. Interpret your result.

6.22. On the basis of the Illustrative Life Table and an interest rate of 6%, calculate
the components of the two decompositions

a. 1,000 Psyzy = 1,000(P3oz5 + Psen)

b. 1,000 Psy55 = 1,000 (Pém + i)
53

6.23. Consider the continuous random variable analogue of (6.6.3),
= o7 (1 -1 0=T<n
0 T=n.
The loss,
L = W - Aiﬂ P
can be used with the equivalence principle to determine A;, the single ben-
efit premium for this special policy. Show that
a—x:ﬂ ™ P« [jﬂ

53
L+ %A, - 20 +0)" Ay + (1= ,p)
[+ — 1P ’

a. jalcﬂ = AJICE] -

b. E[W?] =

Miscellaneous
6.24. Express
A40 P40:2_5| + (1 - A40)P4o

as an annual benefit premium.

6.25. a. Show that
1 1

Ae5100  Se5:10)

b. What is the corresponding formula for

B
ity Sem
c. Show that the amount of annual income provided by a single benefit pre-
mium of 100,000 where
* The income is payable at the beginning of each month while (65) survives
during the next 10 years, and
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6.26.

6.27.

6.28.

6.29.

6.30.

6.31.

* The single premium is returned at the end of 10 years if (65) reaches age
75,
is given by
1 1

100,000 (W - —(12—)~> = 100,000(B)
Aes100  Ses10

where (B) denotes the answer to part (b) of this exercise.

An insurance issued to (35) with level premiums to age 65 provides

+ 100,000 in case the insured survives to age 65, and

* The return of the annual contract premiums with interest at the valuation
rate to the end of the year of death if the insured dies before age 65.

If the annual contract premium G is 1.17 where 7 is the annual benefit pre-

mium, write an expression for mr.

A 20-payment life policy is designed to return, in the event of death, 10,000
plus all contract premiums without interest. The return-of-premium feature
applies both during the premium paying period and after. Premiums are an-
nual and death claims are paid at the end of the year of death. For a policy
issued to (x), the annual contract premium is to be 110% of the benefit pre-
mium plus 25. Express in terms of actuarial present-value symbols the annual
contract premium.

Express in terms of actuarial present-value symbols the initial annual benefit

premium for a whole life insurance issued to (25), subject to the following

provisions:

» The face amount is to be one for the first 10 years and two thereafter.

* Each premium during the first 10 years is 1/2 of each premium payable
thereafter.

* Premiums are payable annually to age 65.

* Claims are paid at the end of the year of death.

Let L, be the insurer’s loss on a unit of whole life insurance, issued to (x) on
a fully continuous basis. Let L, be the loss to (x) on a continuous life annuity
purchased for a single premium of one. Show that L, = L, and give an ex-
planation in words.

An ordinary life contract for a unit amount on a fully discrete basis is issued
to a person age x with an annual premium of 0.048. Assume d = 0.06, A, =
0.4, and 2A, = 0.2. Let L be the insurer’s loss function at issue of this policy.
a. Calculate E[L].

b. Calculate Var(L).

Chapter 6 Benefit Premiums
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6.32.

6.33.

6.34.

6.35.

6.36.

c. Consider a portfolio of 100 policies of this type with face amounts given
below.

Face Amount Number of Policies

1 80
4 20

Assume the losses are independent and use a normal approximation to cal-
culate the probability that the present value of gains for the portfolio will
exceed 20.

Express, in terms of actuarial present-value symbols, the initial annual benefit
premium for a unit of whole life insurance for (x) if after 5 years the annual
benefit premium is double that payable during the first 5 years. Assume that
death claims are made at the moment of death.

Repeat Exercise 6.20 for h-payment whole life insurance.

The function I(t) is given by (6.2.1).

a. Establish that I"(t) = 0.

b. Adapt Jensen’s inequality from Section 1.3 to establish that if P = P(A)),
then P(A,) = vée/ az).

If T(x) has an exponential distribution with parameter p,
a. Exhibit the p.d.f. of L as shown in (6.2.12)

b. Show that E[L] = (u — P)/(w + 3).

c. Use part (b) to confirm that E[L] = 0 when P = P(A)).

Use the assumptions of Exercise 6.35, with p = 0.03 and 8 = 0.06.
a. Evaluate Pr(L = 0) when P = P(A)).
b. Determine P so that Pr(L > 0) = 0.5.
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BENEFIT RESERVES

7.1 Introduction

In Chapter 6 we introduced several principles that can be used for the determi-
nation of benefit premiums. The equivalence principle was used extensively in our
discussion in Chapter 6. By it, an equivalence relation is established on the date a
long-term contract is entered into by two parties who agree to exchange a set of
payments. For example, under an amortized loan, a borrower may pay a series of
equal monthly payments equivalent to the single payment by a lender at the date
of the loan. An insured may pay a series of benefit premiums to an insurer equiv-
alent, at the date of policy issue, to the sum to be paid on the death of the insured,
or on survival of the insured to the maturity date. An individual may purchase a
deferred life annuity by means of level premiums payable to an annuity organi-
zation equivalent, at the date of contract agreement, to monthly payments by the
annuity organization to the individual when that person survives beyond a spec-
ified age. Equivalence in the loan example is in terms of present value, whereas in
the insurance and annuity examples it is an equivalence between two actuarial
present values.

After a period of time, however, there will no longer be an equivalence between
the future financial obligations of the two parties. A borrower may have payments
remaining to be made, whereas the lending organization has already performed its
responsibilities. In other settings both parties may still have obligations. The in-
sured may still be required to pay further benefit premiums, whereas the insurer
has the duty to pay the face amount on maturity or the death of the insured. In
our deferred annuity example, the individual may have completed the payments,
whereas the annuity organization still has monthly remunerations to make.

In this chapter we study payments in time periods beyond the date of initiation.
For this, a balancing item is required, and this item is a liability for one of the
parties and an asset for the other. In the loan case, the balancing item is the out-
standing principal, an asset for the lender and a liability for the borrower. In the
other two cases, if the individual continues to survive, the balancing item is called

Chapter 7 Benefit Reserves
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a reserve. This is typically a liability that should be recognized in any financial
statement of an insurer or annuity organization, as the case may be. It is also
typically an asset for the insured or individual purchasing the annuity.

We illustrate the determination of the balancing item spoken of above by contin-
uation of Example 6.1.1 in the two cases where a utility function was used to define
the premium principle.

Example 7.1.1

An insurer has issued a policy paying 1 unit at the end of the year of death in
exchange for the payment of a premium P at the beginning of each year, provided
the life survives. Assume that the insured is still alive 1 year after entering into the
contract. Further, assume that the insurer continues to use i = 0.06 and the follow-
ing mortality assumption for K: '

o = 0.2 k=20,1,2 3, 4.

Find the reserve, ,V, as determined by the following;:

a. Principle II: The insurer, using a utility of wealth function u(x) = x, will be
indifferent between continuing with the risk while receiving premiums of
0.30272 (from Example 6.1.1) and paying the amount ,V to a reinsurer to assume
the risk.

b. Principle III: The insurer, using a utility of wealth function u(x) = —e %!, will
be indifferent between continuing with the risk while receiving premiums of
0.30628 (from Example 6.1.1) and paying the amount ,V to a reinsurer to assume

the risk.
Solution:
The conditional probability function for K, the curtate-future-lifetime, given that
K=1,is
Pr(K =k) 02
K=KK=1)=——7F=—=02 k= .
Pr( | 1) PrK=1) _ 08 0.25 1,2,3, 4

The present value at duration 1 of the insurer’s future financial loss is ,L = v®& D*!

— P ldg=7, where P is the premium determined in Example 6.1.1.

a. According to (1.3.1), we seek the amount ,V such that u(w - V) =
E[u(w — ,L)|K = 1]. By Principle II u(x) = x, so we have

Thus, Principle II is equivalent to requiring that ,V be chosen so that
.V = E[,LIK = 1]. For this example, this requirement is

4
V= ;1 (* D — 030272 dg=gry) X Pr(K = kK = 1)

4 4
= kzl v® D+ PrK = KK = 1) — 0.30272 k}_‘,l fg=yn X Pr(K = kKK = 1),

(7.1.1)
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which gives ;V = 0.15111 as shown in the following calculation.

Present Value (1 Year after Issue)

v Insurer’s
Outcome Conditional of Future Obligations of Prospective

k Probability Insurer Insured Loss

1 0.25 v = 0.94340 P i3 = 0.30272 0.64067

2 0.25 v? = 0.89000 P iz = 0.58831 0.30169

3 0.25 v® = 0.83962 P iz = 0.85773 —0.01811

4 0.25 v* = 0.79209 P iz = 111191 —0.31981

Expected Value 0.86628 0.71517 0.15111

The actuarial present value of the insurer’s prospective loss is

0.86628 — 0.71517 = 0.15111.

b. Again by (1.3.1) and now using the utility function in Principle III, we have

—p0l@—1V) = E[—e'al(w_lL)‘K > 1] =

_e~0‘1w E[eo.llLIK > 1]

Thus, Principle III is equivalent to requiring that ;V be chosen so that
e 1V = E[e*! {[K = 1] or that ,V = 10 log E[¢*! K = 1].

The following table summarizes the calculation of ,V using the premium
(0.30628) from part (c) of Example 6.1.1.

Insurer’s
Outcome Conditional Prospective
k Probability Loss, ,L g0
1 0.25 0.63712 1.06579
2 0.25 0.29477 1.02992
3 0.25 —0.02819 0.99718
4 0.25 —0.33287 0.96726

Thus, E[¢® 1K = 1] = (1.06579 + 1.02992 + 0.99718 + 0.96726)(0.25) = 1.01504
and ,V = (log 1.01504) /0.1 = 0.14925.

v

Henceforth, benefit reserves will be based on benefit premiums as determined
by the equivalence principle in part (a) of Example 7.1.1. Thus, the benefit reserve
at time t is the conditional expectation of the difference between the present value
of future benefits and the present value of future benefit premiums, the condition-
ing event being survivorship of the insured to time t. The type of reserve found in
part (b) of Example 7.1.1 is called an exponential reserve.

The sections in Chapter 7 parallel sections of Chapter 6 on benefit premiums. We
assume, as we do in Example 7.1.1, that the mortality and interest rates adopted
at policy issue for the determination of benefit premiums continue to be appropriate
and are used in the determination of benefit reserves.

Chapter 7 Benefit Reserves
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7.2 Fully Continuous Benefit Reserves

We now develop the benefit reserves related to the fully continuous benefit pre-
miums developed in Section 6.2 by application of the equivalence principle.

Let us consider reserves for a whole life insurance of 1 issued to (x) on a fully
continuous basis with an annual benefit premium rate of P(A,)). The corresponding
reserve for an insured surviving t years later is defined under the equivalence
principle as the conditional expected value of the prospective loss at time ¢, given
that (x) has survived to t. More formally, for T(x) > t the prospective loss is

Te)—t — p(A [JC]) ﬁT(X)*t . (7.2.1)

The reserve, as a conditional expectation, is calculated using the conditional dis-
tribution of the future lifetime at t for a life selected at x, given it has survived
to t. In International Actuarial Notation symbols this is

tV(A[x]) = E[tL'T(x) > t]

=v

= E[u™WT(x) > ] — P(Ay) Elamg=IT(x) > t]
= A[x]+, - p(A[x]) A+t (7.2.2)

If the attained age was the only given information at issue of the insurance at
age x, or for some other reason an aggregate mortality table is used for the distri-
bution of the future lifetime, then the conditional distribution of T(x) — t is the
same as the distribution of T(x + t), and (7.2.2) in symbols is

tV(Ax) = Ax—H - P(Ax)a_ert‘ (723)
Formulas (7.2.2) and (7.2.3) state that

(the benefit reserve) = (the actuarial present value for the
whole life insurance from age x + )

— (the actuarial present value of future

benefit premiums payable after age x + t at an annual rate
of P(A))).

The formulations of P(A,) and ,V(A,) are related. When t = 0, (7.2.3) yields
oV(A,) = 0. This is a consequence of applying the equivalence principle as of the
time the contract was established.

Remark on Notation (Restated):

In this book, we will simplify the appearance of the formulas by suppressing the
select notation unless its use is necessary or helpful in the particular situation. The
symbol ,(f) will be used for the force of mortality in the development of benefit
reserves to reinforce the idea that the conditional distributions used in reserve
calculations are derived from the distribution of T(x).
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Benefit reserves are defined in Section 7.1 as the conditional expectation of loss
variables. In evaluating these conditional expected values in this section, the
distribution of T(x) — ¢, given T(x) > t, was used. The interest rate and the distri-
bution of T(x) used with the equivalence principle at time ¢t = 0 to determine the
benefit premium were used again. The survival of the life (x) to time t was the only
new information incorporated into the expected value calculation. A comprehen-
sive reserve principle would require that all new information relevant to the loss
variables and their distributions be incorporated into the reserve calculation. The
objective of this requirement would be to estimate liabilities appropriate for the
time that the valuation is made. In Chapters 7 and 8 the process of learning from
experience to modify the assumptions under which benefit reserves are estimated
are not studied.

By steps analogous to those used to obtain (6.2.6), we can determine the variance

of ,L as follows:
L = Tt [1 + P(?X)] - P(glx), (7.2.4)

thus

Var[L|T(x) > t] = [1 + 15(%735)] Var[v™™~|T(x) > t]

—] [ZAx+t - (Ax+t)2]~ (7.2.5)

Note the relation to (6.2.6) and that the development holds for all premium levels.
It is not dependent on the equivalence principle.

Example 7.2.1

Follow up Example 6.2.1 by calculating ,V(A,) and Var [,L|T(x) > t].

Solution:
Since A,, 4,, and P(A,) are independent of age x, (7.2.3) becomes

V@A)=A,-PA)a, =0 t=0.

In this case, future premiums are always equivalent to future benefits, and no
reserve is needed.

Also, in this case, (7.2.5) reduces to
- A 2 _ _
Var[[L|T(x) > t] = [1 + %] PA, — (A)*] = Var(L) = 0.25,
as in Example 6.2.1. Here the variance of ,L depends on neither the age x nor the

duration t. v
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SE T [

On the basis of De Moivre’s law with [, = 100 — x and the interest rate of 6%,
calculate
a. P_(A_35)
b. ,V(A,5) and Var[,L|T(x) > t] for t = 0, 10, 20, . . ., 60.

Solution:

a. From I, = 100 — x, we obtain p;; = 1 — t/65 and ;p;s p(35 + t) = 1/65 for
0 =t < 65. It follows that

_ 65 1 i
Ay = j vt — dt = ~892% — 258047.

0 65 65
Then
_ 3 A
P(A ) = 3 = 0.020266.
() = 775 = 000
b. At age 35 + t, we have A, = dz—/ (65 — ) and
T A _ 2 _ 1- A35+t
V(Ass) = Assyy — 0.020266 —log 1.06) °

Further,

ZA — "‘65% 2 1 du = 2dés—t
S 65 — ¢t 65 — t

and, from (7.2.5),

0.020266

Var[L|T(x) > ] = [1 " Tog(1.06)

:l [2A35+t - (A35+t)2]'

Applying these formulas, we obtain the following results.

t V(A,) Varl L|T(35) > #]

0 0.0000 0.1187
10 0.0557 0.1201
20 0.1289 0.1173
30 0.2271 0.1073
40 0.3619 0.0861
50 0.5508 0.0508
60 0.8214 0.0097

Note the convergence of Var[,L|T(35) > t] toward zero. There is a rendezvous
with certainty. v

The table in Example 7.2.2 provides the mean and the variance of the conditional
distributions of ,L for selected values of t. To gain more insight into the nature of
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reserves, let us explore these distributions of ,L in more depth. We previously stud-
ied the case for t = 0 at (6.2.11) following Example 6.2.3. From (7.2.1),

L =0 — P4 ATm=1

+ B o
= pT®~! d + PlA) | _ P4 . (7.2.6)
d d
If 35 > 0, ,L is a decreasing function of T(x) — t and lies in the interval
B(A
——(?—x) <L=1 (7.2.7)

Using Figure 6.2.1 as a guide we can repeat the steps of (6.2.11) to establish the
following relationship between Fy,,(#) and the d.f. of the conditional distribution
of ,L, given T(x) > t, which we denote by F,(y). For a y in the interval given by
(7.2.7),

F.(y) = Pr[,L = y|T(x) > t]

= Pr| pT@-¢ [8 + g(Ax)] - p(‘;‘") =y|T(x) > t]

= Pr| 0@ < % T(x) > t:l

=Pr|Tx) =t — %log [?—:—;—J(%xy)] T(x) > t]

_ PTG = ¢ = (1/9) llog [y + PANI/I + PANM ), o
Pr[T(x) > t] -

_ 1= Eat = (1/8) log by + PAN/B + PANN g

1- PT(x)(t)

Differentiation of (7.2.9) with respect to y derives the p.d.f. for the conditional
distribution of ,L, given T(x) > t:

fuy) = L }f (t—-l-lo M) (7.2.10)
AT By + PAJIN - Frgl) 7™ \" "5 %8 |3+ PAy |) -

For an aggregate mortality law the conditional distribution of T(x) — ¢, given
T(x) > t, is the same as the distribution of T(x + f), so (7.2.8), (7.2.9), and (7.2.10)

reduce to
S P(A
F,(y) = Pr[T(x + )= - %log [%%ﬁ&—?]] (7.2.11)
3 P(A
= 1 - FT(x-H) <—% log |:~8y__:—_1'5~(54'—;)‘:|>, (7.2.12)
B 1 1 dy + P(A))
-ftL(y) = [y + P(Ax)] fT(x+t) < 5 log [8 T p(Ax) :D (7.2.13)
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To illustrate these concepts we will extend Example 7.2.2.

Example 7.2.3

For the insurance contract and assumptions in Example 7.2.2:

a. Exhibit the formulas for the d.f. and the p.d.f. of the conditional distribution for
L, given T(x) > t.

b. Display graphs of these conditional p.d.f.’s for t = 0, 20, 40, and 60.

Solution:

a. Since Example 7.2.2 specifies an aggregate mortality law, we use formulas
(7.2.12) and (7.2.13). In Example 7.2.2,

u
—_— =y=< — t
g for 0 = u =65
=1 for 656 — t < u,

1
fresenm) = 5 — ¢ for0=u=65—1t

FT(35+¢)(”) =

=0 elsewhere.

Figure 7.2.1 shows Figure 6.2.1 as it applies to this example. In this figure the
outcome space of T(35 + t) is on the u-axis, and the outcome space of the loss
random variable, ,L, is on the y-axis. The relationship between the outcomes of
T(35 + t) and the outcomes of L is given by the loss function y = I,(4) and is
indicated by the dashed line connecting u and y in the figure. The p.d.f. fys.5(1)
has its domain on the u-axis and its range on the y-axis. The domain of the p.d.f.
f.(y) is on the y-axis, and its range is to be imagined on an axis perpendicular
to the u-y plane, but for the sketch it has been laid perpendicular to the y-axis
in the u-y plane.

Schematic Diagrams of I(u), fyss.4(u), and f,(y)
y
1 —

y =1 () =v" - P (As) dny fT(35+t)(”)
fuv) \ \/ /
yr-—--- \

-1,(65-t)
/ ¥

P(A,)
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To determine the d.f. by ,L we start with a value of y corresponding to a value
of u in the interval (0, 65 — t). For such a y we have, by (7.2.12),
(=1/8) log {[8y + P(A5)]/[8 + P(Ay)]}

F,(y) =1— 65 _ ¢ O=y=1

Foray > 1, F;(y) = 1.
Again, for a value of y corresponding to a value of u in the interval (0, 65 — ¢),
and using (7.2.13), we have

( 1 ) 1 _ P(Ay) _ -
fu) = \65 — )| 8y + P(A.,) 5 77

0 elsewhere.

b. Figure 7.2.2 is the composite of the required graphs of the p.d.f.’s f,(y), for
t =0, 20, 40, and 60. Figure 7.2.1 is a graph for one value of . Compare Figures
7.2.1 and 7.2.2 as follows: The vertical y-axis of Figure 7.2.1 is the horizontal axis
in Figure 7.2.2. The axis that was imagined to be perpendicular to the u-y plane
in Figure 7.2.1 is the vertical axis in Figure 7.2.2. Note the curves in the y-t plane
that indicate the minimum and maximum possible losses, the expected loss (ben-
efit reserve), and the expected loss plus one standard deviation of the loss. W

f,(y) for t = 0, 20, 40, and 60
8.65 foe®)
3.89

7
1.00

7

1.00

Maximum

~

s \(}.%2“\0.92
066~

1.00
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Corresponding to Table 6.2.1, Table 7.2.1 for benefit reserves is presented. We
have not tabulated details of the prospective loss, ,L, and explicit formulas for
Var[,L|T(x) > t], corresponding to the several benefit reserves, are not displayed.

Fu y Continuous Benefit Reserves; Age at Issue x, Duration £, Unit Benefit

International
Plan Actuarial Notation Prospective Formula
Whole life insurance VI(A) A, —PA)a,.,,
_ Al _ DAL A
n-Year term insurance V(AL 64"*‘:"_“7‘ R _ Z
n-Year endowment V(A Ao — PA) Ay t<nm
insurance # 1 t=mn
h-Payment years, whole A A = WP(AY) 3iiim t<h
life insurance V(A,) . t>h
h-Payment years, n-year A — PAG) Gz t=h<n
endowment insurance V(A 5) A i h<t<n
1 t=n
. - P 7} <
n-Year pure endowment V(A L) {‘14 vt~ PA@) T : _ Z
: - v n*t|a_ +t p(n|a_x) a +tn—1 t=mn
Whole life annuity V(d,) {ﬁxﬂx X+t o

7.3 Other Formulas for Fully Continuous Benefit Reserves

So far we have defined the benefit reserve as the conditional expectation of the
prospective loss random variable and developed only one method to write for-
mulas for fully continuous benefit reserves, namely, the prospective method, stating
that the benefit reserve is the difference between the actuarial present values of
future benefits and of future benefit premiums. From the prospective method, we
can easily develop three other general formulas for policies with level benefits and
level benefit premium rates. We illustrate these for the case of n-year endowment
insurances.

The premium-difference formula for ,V(A,;) is obtained by factoring . ,;—; out
of the prospective formula for ,V(A,;):

n Ao—

VA ) = [J - P(Axw] Bty
ax+t:;1——.ﬂ

= [P_(Ax+t:;:?|) - p(Axﬁ])] Aystn=- (7.3.1)

Formula (7.3.1) exhibits the benefit reserve as the actuarial present value of a
premium difference payable over the remaining premium-payment term. The

212

Section 7.3 Other Formulas for Fully Continuous Benefit Reserves



premium difference is obtained by subtracting the original annual benefit premium
from the benefit premium for an insurance issued at the attained age x + ¢ for the
remaining benefits.

A second formula is obtained by factoring the actuarial present value of future
benefits out of the prospective formula. Thus, for ,V(A,;) we have

o - a 7= -
tV(Ax:ﬂ) = I:l - P(Axﬁl) At ] Ax+t:m\
x+tn—1]

_ g - PAa) | 4

g i ] L
This exhibits the benefit reserve as the actuarial present value of a portion of the
remaining future benefits, that portion which is not funded by the future benefit
premiums still to be collected. Note that P(A,, ;=) is the benefit premium required
if the future benefits were to be funded from only the future benefit premiums, but
P(A.7) is the benefit premium actually payable. Thus, P(A,;)/P(A,, ;=) is the
portion of future benefits funded by future benefit premiums. This is called a paid-
up insurance formula, named from the paid-up insurance nonforfeiture benefit to
be discussed in Chapter 16. Formulas analogous to (7.3.1) and (7.3.2) exist for a
wide variety of benefit reserves.

(7.3.2)

A third expression is the retrospective formula. We develop this from a more
general relationship. We have, from Exercise 4.12 and from formulas (5.2.18) and
(5.2.19), fort <mn — s,

Ax+s:n_:§ = Ax}ks:ﬂ + tEx+s Ax+s+t:n-—s—-t

and

ax+s:ﬂ = a_x+s:ﬂ + tEx+s ax+s+t:nfsft'

Substituting these expressions into the prospective formula for ;V(A,;), we obtain
VA = Alg — PAg) .4
+ Epis [Avionna — PA) derorml
=Ala t B olVAm) — PAg) a0, (7.3.3)

Thus the benefit reserves at the beginning and end of a ¢-year interval are connected
by the following argument:

(the benefit reserve at the = (the actuarial present value at the beginning

beginning of the interval) of the interval of benefits payable during the interval)

+ (the actuarial present value at the beginning

of the interval of a pure endowment for the amount

of the benefit reserve at the end of the interval)

— (the actuarial present value of benefit premiums
payable during the interval).
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The rearranged symbolic form,
SV(Ax:El) + p(AxZI) ax+szm
= Ax+s:ﬂ + tEx+s s+tV(Ax:E|)/ (734)

shows that the actuarial present values of the insurer’s resources and obligations
are equal.

The retrospective formula is obtained from (7.3.4) by setting s = 0, noting that
oV(A,;) = 0 by the equivalence principle, and solving for ,V(A, ;). Thus,

o 1 . )
V(A = T [P(A,7) a5 — ALl
t~x

Further, 5.3 = 4,3/,E, so the formula reduces to
tV(Ax:—ﬁ]) = P(Axﬂ) gx:ﬂ - tlzx‘ (735)

Here

== (7.3.6)

X

_

t~x

is called the accumulated cost of insurance. One notes that

Ex — ft vs spx l'l'x(s) dS

t
0 v tpx

[T e )
O .

Zx+t

t

(7.3.7)

This can be interpreted as the assessment against each of the I, survivors to pro-
vide for the accumulated value of the death claims in the survivorship group be-
tween ages x and x + t. Thus, the reserve can be viewed as the difference between
the benefit premiums, accumulated with interest and shared among only the sur-
vivors at age x + t, and the accumulated cost of insurance.

We conclude this section with some special formulas that express the whole life
insurance benefit reserves in terms of a single actuarial function. Analogous for-
mulas hold for n-year endowment insurance benefit reserves when benefit premi-
ums are payable continuously for the n years. Because we used (5.2.8) to express
P(A)) in terms of d and either a4, or A,, we can use those ideas here to express
V(A)) in terms of one of the actuarial functions 4,, A,, or P(A,) and 8.

For an annuity function formula, substitute (6.2.9) and (5.2.8) into the prospective
formula (7.2.3) to obtain

o 1
V(A =1 -da,.,, — (11?— - 8) Ay
a
=1 - X, 3.
5 (7.3.8)

X
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Further, substituting (6.2.9) into the premium-difference formula, we have
tV(Ax) = [p(Ax+t) - P(Ax)] .
— p(Axi-t) — p(Ax)
P(A) +8

(7.3.9)

Finally, we can rewrite (7.3.8) using A,,, = 1 — 84,,, to obtain

7 A 1-An _ A — A,
=1— Xt —x, 7.3.
V(A) =1 1= A, I (7.3.10)

These last three formulas depend on relationship (5.2.8) between the annuity for
the premium paying period and the insurance for the benefit period. Thus they are
available only for whole life and endowment insurances where the premium-
paying period and the benefit period are the same. Moreover, the frequency of
premium payment must be the same as the “frequency” of benefit payment. We
. will see that apportionable premiums satisfy these requirements in their own way.

Remark:

Although benefit reserves are non-negative in most applications, there is no
mathematical theorem that guarantees this property. Indeed, the reader can com-
bine Exercise 4.2 and formula (7.3.10) for a quick verification that negative benefit
reserves are a real possibility.

7.4 Fully Discrete Benefit Reserves

The benefit reserves of this section are for the insurances of Section 6.3 which
have annual premium payments and payment of the benefit at the end of the year
of death. As in Section 7.2 the underlying mortality assumption can be on a select
or aggregate basis. We will display the formulas for the aggregate case, which has
simpler notation. Let us consider a whole life insurance with benefit issued to (x)
with benefit premium P,. Following the development in Section 7.2, for an insured
surviving k years later, we define the benefit reserve, denoted by ,V,, as the con-
ditional expectation of the prospective loss, L, at duration k. More precisely,

L = pE®-H+L P, ixm=n+1 (7.4.1)
WV, =ELLKx) =k k+1,...]. (7.4.2)

The prospective formula for the benefit reserve is
Ve = A — Py (7.4.3)

As in Section 7.2 this formula is the actuarial present value of future benefits less
the actuarial present value of future benefit premiums.
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Analogous to (7.2.4), we have
Var[[L|IK(x) =k, k +1,...]

= Var[v[K(")“k]“ (1 + %)

2
= (1 + %) Var[p®®-KHHK(x) = k, k +1,...]

K(x)=k,k+1,...]

P 2
= (1 + —;) PAck = (Al (744

Example 7.4.1

Follow up Example 6.3.1 by calculating ,V, and Var[[L|IK(x) = k, k + 1, .. .].

Solution:
Here A,, d,, and P, are independent of age x so that A,,, = A, and

V., =A, —-P i, =0 k=01,2....

x

Also, from (7.4.4), Var[,L|K(x) = k, k + 1,...] = Var(L) = 0.2347. v

The benefit reserve formulas tabulated in Table 7.4.1 correspond to the benefit
premiums in Table 6.3.1 and are analogous to the benefit reserves in Table 7.2.1.

Fully Discrete Benefit Reserves; Age at Issue x, Duration k, Unit Benefit

International
Plan Actuarial Notation Prospective Formula
Whole life insurance Vs — P,
1 .
: ; : <
n-Year term insurance Vi { whii R ~ Pxl v : _ Z
n—Year endowment v x+km Pmbywm k<n
insurance k¥ k=n
h-P.ayr'nent years, whole hV S o k<h
life insurance k¥ x Ak k=h
h-Payment years, n-year x+ka1 WPer Genin k<h<n
endowment insurance [V - AR h=k<n
k=mn
i <
n-Year pure endowment V.4 { v = Pun B K _ Z
. . v —kax+k P(n|ax) [ix k:m k <mn
Whole life annuity V() { xik N k=n
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Example 7.4.2

Determine an expression in actuarial present values and benefit premiums for
the Var[,L|[K(x) = k, k + 1, . . .] for a fully discrete n-year endowment insurance
with a unit benefit.

Solution:
L=proin (14 Do) Py C g pgg -1
L= J 7 (x) =k, P
=yt < 1—3—1> Py Kx)=n,n+1,.
d d
Var[LIK(x) =k, k+1,..]

P\’
= <1 + _d—,_) [zAx+k:m - (Ax+k:n_—ﬂ)2]' v

In cases other than whole life or endowment insurances with premiums payable
throughout the insurance term, the expressions for the variance of the loss may be
difficult to summarize in convenient notation.

Formulas similar to those of Section 7.3 can be developed for fully discrete benefit
reserves. We illustrate these by writing the formulas for ,V; with a minimum of
discussion. Verbal interpretations and algebraic developments closely parallel those
for fully continuous benefit reserves.

The premium difference formula is

V 7 = (Px+k:ﬁfk\ - Px:m) ﬁx+k:nTk1' (745)
The paid-up insurance formula is
PX'I‘l
Ve = {1 = 572 ) A (7.4.6)
Px+k:m '

For the retrospective formula, we first establish a result analogous to (7.3.3),
namely, for h <n —j,

;’Vxﬁl = Ax}l—j:m ~ P.a dx+j:m + hEx+j j+th:Z|- (7.4.7)
Then, if j = 0, we have, since (V,; = 0,

1 )
th:ZI = ? (Px:ﬂ Ayn — Aylcm)

hx
= px:ﬁl 'S'x:m - hkx' (748)
Here the accumulated cost of insurance is ,k, = A}z /,E,, and a survivorship group

interpretation is possible.

An interesting observation follows from the retrospective formula for the benefit
reserve. Let us consider two different policies issued to (x), each for a unit of
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insurance during the first  years. Here, h is less than or equal to the shorter of the
two premium-payment periods. The retrospective formula for the benefit reserve
on policy one is

hV(l) = P(l) Serl — ik
and that for the benefit reserve on policy two is

hV(Z) = P(Z) Sell — Hk -
It follows that

hV(l) - hV(Z) = (P O~ p (2)) Sl (7.4.9)
which shows that the difference in the two benefit reserves equals the actuarial
accumulated value of the difference in the benefit premiums P, — P. Since
1/5.3 = P.5, formula (7.4.9) can be rearranged as

P(]) - P(z) = Px:%] (hv(l) - hV(2))‘ (7.4.10)

The difference in the benefit premiums is expressed as the benefit premium for an
h-year pure endowment of the difference in the benefit reserves at the end of h
years. Formula (6.3.10) is a special case of (7.4.10) with |V .o =1land }V, = A .
Another illustration of (7.4.10) is

P, = Ply+ P .V, (7.4.11)
since ,V35 = 0.
As in the fully continuous case, there are special formulas for whole life and

endowment insurance benefit reserves in the fully discrete case. Parallel to
(7.3.8)—(7.3.10), we have, by use of the relations A, = 1 — dd,and 1/d, = P, + d,

, 1 y
ka =1- dax+k - <;_ - d) Ayrk

X

=1 — Lk (7.4.12)
dy
P, +d P.,—P
V. =1-— X — T xtk x, 4.
o Px+k+d Px+k+d (7413)

and

_ _1_Ax+k_Ax+k—Ax
e T i wra (7.4.14)

Similar special formulas also hold for fully discrete n-year endowment insurance
benefit reserves, but not for insurance benefit reserves in general.

Fully discrete insurances provide instructive examples for the deterministic, or
expected cash flow, model of the operations of benefit reserves. This is displayed
in Examples 7.4.3 and 7.4.4.
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Example 7.4.3

Assume that a 5-year term life insurance of 1,000 is issued on a fully discrete
basis to each member of a group of 5, persons at age 50. Trace the cash flow
expected for this group on the basis of the Illustrative Life Table with interest at
6%, and, as a by-product, obtain the benefit reserves.

Solution:

We first calculate the annual benefit premium w = 1,000 Piy5 = 6.55692. Then
the expected accumulation of funds for the group through the collection of benefit
premiums, the crediting of interest, and the payment of claims is as stated in the
following:

¥)] 2 3) @) (5) (6) @) (8)

Expected
Benefit
Premiums Expected Expected
at Fund at Expected Number of
Beginning  Beginning  Expected Death Expected Fund  Survivors at
Year of Year of Year Interest Claims at End of Year  End of Year 1,000 ,V5

h losna ™ (2 +(6),_, (0.06) B), 1,000ds,, , () + @), — (5), Lsgin (6),/(7),,
1 586 903 586 903 35214 529 884 92233 88979.11 1.04
2 583 429 675 662 40 540 571 432 144 770 88 407.68 1.64
3 579 682 724 452 43 467 616 416 151 503 87 791.26 1.73
4 575 640 727 143 43629 665 065 105 707 87 126.20 1.21
5 571 280 676 987 40 619 717 606 0 86 408.60 0.00

Note that the benefit reserves derived in the table match those calculated by for-
mula. For example, at duration 2 we have

1,000 Adz = 20.09 and ds,5 = 2.81391.
Then
1,000 ,Vd5 = 20.09 — (6.55692)(2.81391) = 1.54. v

Example 7.4.4

Assume that a 5-year endowment insurance of 1,000 is issued on a fully discrete
basis to each member of a group of Iy, persons at age 50. Trace the cash flow
expected for this group on the basis of the Illustrative Life Table with interest at
6%, and as a by-product obtain the benefit reserves.

Solution:
Here the annual benefit premium is w = 1,000 P55 = 170.083. The expected cash
flow is displayed in the following table:

Chapter 7 Benefit Reserves 219



1) )
Expected

(3) 4) (5) (6)

@) (8)

Benefit
Premiums Expected Expected
at Fund at Expected Number of
Beginning  Beginning  Expected Death Expected Fund  Survivors at
Year of Year of Year Interest Claims at End of Year End of Year 1,000 Vg5
h Lsgrp-1 ™ ), + 6),_, (0.06)3), 1000dy,.,, @)+ @,—5), [ 6), + (),
1 15223 954 15223 954 913 437 529 884 15 607 507 88979.11 175.14
2 15133 829 30741 336 1844 480 571432 32014 384 88 407.68 362.12
3 15 036 638 47 051 022 2823 061 616 416 49 257 667 87791.26 561.08
4 14 931 796 64189 463 3851368 665 065 67 375766 87 126.20 773.31
5 14 818 680 82194 446 4931 667 717 606 86 408 507 86 408.60 1 000.00

\4

Figures 7.4.1 and 7.4.2 display the expected benefit premiums and expected death
claims for the preceding two examples. In Example 7.4.3, expected benefit premi-
ums exceed expected death claims for 2 years, but thereafter are less than expected
claims. The excess benefit premiums accumulate a fund in the early years to be
drawn on in the later years when expected claims are higher. At the end of 5 years,
the fund is expected to be exhausted.

Expected Benefit Premiums and Expected Death Claims for Example 7.4.3

750
700
650
600§
550
500
450

Thousands

100§
50

g J
[ ]

o Expected Benefit Premiums
x Expected Death Claims

Year

Expected Benefit Premiums and Expected Death Claims for Example 7.4.4

¢ Expected Benefit Premiums
x Expected Death Claims

16
15¢ ° ) ° °
14
13t
%)
.S 12§
3
2
1 x x X X X
0 1 2 3 4 5

Year
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For the 5-year endowment case of Example 7.4.4, the picture is much different.
As shown in Figure 7.4.2, the expected benefit premiums remain far in excess of
expected death claims throughout. The expected fund at the end of 5 years is suf-
ficient to provide 1,000 in maturity payments to each of the expected survivors.

The 5-year term insurance exemplifies a low-premium, low-accumulation life in-
surance, whereas the 5-year endowment insurance exemplifies a high-premium,
high-accumulation form. Most life insurances would fall between these two
extremes.

7.5 Benefit Reserves on a Semicontinuous Basis

We noted at the end of Section 6.3 that, in practice, there is a need for semicon-
tinuous annual benefit premiums P(A,), P(A,;), P(AL5), ,P(A,), and ,P(A, ) to take
account of immediate payment of death claims. In such cases, the benefit reserve
formulas in Table 7.4.1 need to be revised by replacement of A by A and of P by
P(A). Moreover, the principal symbol for the benefit reserve is now V(A) with a
subscript on the A to indicate the type of insurance as in the benefit premium
symbol. For example, for an h-payment years, n-year endowment insurance

. /:1x+k:ﬂ1 - hP(Ax:m) /B k<h<n
V(A = (A Z <k<n (7.5.1)
1 = 7.

If a uniform distribution of deaths over each year of age is assumed, we have, from
(4.4.2) and (6.3.12),

WAz =< iVig + BV (7.5.2)

Under this circumstance benefit reserves on a semicontinuous basis are easily cal-
culated from the corresponding fully discrete benefit reserves.

7.6 Benefit Reserves Based on True m-thly
Benefit Premiums

In this section we examine the benefit reserve formulas corresponding to the
formulas for true m-thly benefit premiums discussed 1n Section 6.4. By the pro-
spective method, one can write a direct formula for ”Vﬂ namely,

V(m) Ax+k:n——-k1 - hPx:;fl ax+k:m k < h. (7.6.1)
This can be evaluated after obtaining hPf:% by means of (6.4.1) or (6.4.2), and
"= by means of (5.4.15) or (5.4.17).

We now consider the difference between "V w1 and {V_ = in the general case of a
limited payment endowment insurance. We have, for k < h,
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oy o . m .
V — Vg =P el Ay — 1Pl ax@kzﬂ

LZ( )
— hp('") “xl] .

(m)
i [ nP ] ax+k_| (7.6.2)

x:H|

Under the assumption of a uniform distribution of deaths in each year of age, (7.6.2)
becomes

(m) m i1 dun — Bm) Al .
Vm th:ﬁf = Px:;fl { 1 2 aerk:ﬂI

4.

- I:a(_lm) ax+k_\ (m) Axik:ﬂ\] }

The terms involving éz’(ﬂm) cancel to yield
W — o = Bim) P Vi (7.6.3)
Thus,

(the benefit reserve for an insurance = (the corresponding fully
with true m-thly benefit premiums) discrete benefit reserve)

a fully discrete benefit reserve for term insurance over
+ | the premium paying period for a fraction, B(m), of the |.
true m-thly benefit premium for the plan of insurance

A similar result holds for benefit reserves on a semicontinuous basis with true
m-thly benefit premiums under the assumption of uniform distribution of deaths
in each year of age. By the prospective method, we have for k < h,

hV(m)(A _I) x+k_\ hp( )(Ax—|) ax+k_| (764)
By steps analogous to those connecting (7.6.1) and (7.6.3), we obtain
VOAAz) = VA + Bm) PA ) (Vi (7.6.5)

Further, by letting m — « above, we obtain for a fully continuous basis
V(Ag) = IVAg) + BE) WPAg) Vig. (7.6.6)

Note again that the term insurance benefit reserve is on a fully discrete basis.

Example 7.6.1

On the basis of the Illustrative Life Table with the assumption of uniform dis-
tribution of deaths over each year of age and i = 0.06 calculate the following for a
20-year endowment insurance issued to (50) with a unit benefit and true semian-
nual benefit premiums:

a. The benefit reserve at the end of the tenth year if the benefit is payable at the
end of the year of death.

b. The benefit reserve at the end of the tenth year if the benefit is payable at the
moment of death.

Also verify (7.6.5) in relation to the benefit reserve in part (b).
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Solution:

a. In addition to the values calculated in Example 6.4.1, we require

A = 0.13678852
Agig = 0.58798425
lgoiq = 7.2789425
WV = Abig — Phag dig = 0.052752

10V50:m = Aeo:ﬂ - P 5030 A 6010 = 0.355380.

Then, under the assumption of a uniform distribution of deaths over each

year of age, we have
i@ = a(2) g = BR) (1 — Eg) = 7.1392299.

The benefit reserve, 1,V %55, can be calculated using either

(7.6.1): Agry — PB %5y = 0.355822
or
(7.6.3): Vs + B2) PR 10V g = 0.355822.

b. We need additional calculated values:

L Adsy = 013423835

5
- As,
PO(Asoz) = Z oo = 003286830
50:20]

L Al = 014085233

(2]

Asozy = 0.36471188

- A
P(Asoz) = ;Lj' = 0.03229873
50:2

Ay = 0.59204806
WV (Asom) = Aory — P(Asom) figoag = 0.3569475
WV PAsom) = Agig — PO(Asezy) i@ = 0.3573937
B(2) P4 559) 10V hag = 0.000446.

This last value is the difference between the two directly above it, as shown

in (7.6.5).

\4
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7.7 Benefit Reserves on an Apportionable or Discounted

Continuous Basis

In Section 6.5 we discussed apportionable, or discounted continuous, benefit pre-
miums, and we now consider the corresponding benefit reserves. For integer k, we
have by the prospective method

Zv{m}(Ax:ﬂ) = Ax+k:m - hP{m)(Ax:ﬂ) dicrzlr]kzm k < h (771)
But by (6.5.2),
- dm
hP{m](Ax:ﬂ) = —8_ hP(Ax:ﬁI)r
and by (5.5.4),
-.[m] — 6 -
ax+k:ﬂl - d_(;,; ax+k:lﬁ|'

Substitution into (7.7.1) yields, for an integer k,
ZV(mI(Ax:ﬁ\) = Ax+k:ﬂ| - hp(Ax:ﬂ) a_xﬁ—k-.m = ’I:V(Axﬂ) (772)

This means that, on anniversaries of the issue date, fully continuous benefit reserves
can be used for all apportionable cases, independent of the premium-paying mode.
The condition that k be an integer can be relaxed to being at the end of an m-th
for m-thly premiums.

In Section 6.5, it was noted that the apportionable benefit premium could be
decomposed as

PWA)) = P(A,) + P(ALR) (7.7.3)

where the superscript PR is used to denote an insurance for the benefit premium
refund feature. A similar decomposition for the benefit reserves can be verified by
use of the prospective method and (6.5.7). The steps are:

- -~ A A -
VAT = PA) —"-”‘8——"”‘ = P(ATR) d iy

5y By — O,y

= P@A) S — [P(A,) = P(A)] -

Since

[oZN IR W

P(A,) = PY(A),
the expression can be reduced to
kV(AgR) = _P(Ax) a_x+k + P(Ax) dx+k
= Ax+k - P(Ax) Ayvx — [Ax+k - P(Ax) Ay rx)
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kV(A x) - kV(A x)

ka (Ax) - kV(Ax)'
Thus we have

ka(Ax) = kV(Ak) + kV(AER)- (7.7.4)

7.8 Notes and References

This chapter has developed the idea of a reserve in parallel to the development
of premiums in Chapter 6. Discussion of recursion formulas for reserves is deferred
to Chapter 8. Reserve principles based on the utility functions used in Chapter 6
were first applied. Gerber (1976, 1979) develops these reserves in a more abstract
setting. Benefit reserves, which followed from a linear utility function, were studied
extensively. Scher (1974) explored the apportionable benefit premium reserves as
discounted fully continuous benefit reserves.

Exercises

Section 7.1

7.1. Determine the benefit reserve for t = 2, 3, 4, and 5 for the insurance in Ex-
ample 6.1.1.

7.2. Determine the exponential reserve for t = 2, 3, 4, and 5 for the insurance in
Example 6.1.1.

7.3. Determine the exponential reserve for t = 1, 2, 3, 4, and 5 for the insurance
in Exercise 6.2.

7.4. Consider the insurance in Example 7.1.1 and the insurer of Exercise 6.3 with
utility function u(x) = x — 0.01 x%, 0 < x < 50. Determine the reserve, .V, for
k =1, 2, 3, and 4 such that the insurer, with wealth 10 at each duration, will
be indifferent between continuing the risk while receiving premiums of
0.30360 (from Exercise 6.3) and paying the amount ,V to a reinsurer to assume
the risk.

7.5. Consider a unit insurance issued to (0) on a fully continuous basis using the
following assumptions:
i. De Moivre’s law with @ = 5
ii. i = 0.06
iii. Principle III of Example 6.1.1 with a = 0.1.
a. Display equations which can be solved for the exponential premium and
the exponential reserve at t = 1.
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b. Solve the equations of (a) for the numerical values for the exponential
premium and exponential reserve. Numerical methods must be used to
obtain these required solutions.

Section 7.2

7.6.

For an n-year unit endowment insurance issued on a fully continuous basis
to (x), define ,L, the prospective loss after duration f. Confirm that

2 A _ A >
Var(tL|T > t) = AXHIH ( x+t:n_—ﬂ) .

(de:ﬁ])z
7.7. The prospective loss, after duration t, for a single benefit premium n-year
continuous temporary life annuity of 1 per annum issued to (x) is given by
[ = art— t=T<n
! a,= T = n.
Express E[,L|T > t] and Var(.L|T > t) in symbols of actuarial present values.
7.8. Write prospective formulas for
a. 1V(Assa)
b. the benefit reserve at the end of 5 years for a unit benefit 10-year term
insurance issued to (45) on a single premium basis.
7.9. a. For the fully continuous whole life insurance with the benefit pre-
mium determined by the equivalence principle, determine the outcome
uy, = T(x) — t such that the loss is zero. [Caution: For large values of t, a
solution may not exist.]
b. Determine the value of u, for t = 20 in Example 7.2.3 and compare it to
Figure 7.2.1 for reasonableness.
7.10. The assumptions of Example 7.2.3 are repeated. Find the value of t such that
the minimum loss is zero. Check your result by examining Figure 7.2.2.
7.11. a. Repeat the development leading to (7.2.9) to obtain the d.f. for the loss
variable associated with an n-year fully continuous endowment insurance.
b. Draw the sketch that corresponds to Figure 7.2.1 for this endowment
insurance.
7.12. Repeat Exercise 7.11 for an n-year fully continuous term insurance.
7.13. Confirm that (7.2.10) satisfies the conditions for a p.d.f.
Section 7.3
7.14. Write four formulas for 2JV(A ).
7.15. Write seven formulas for ;,V(A 435)-
7.16. Give the retrospective formula for 3V(sss)-
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7.17. For 0 < t = m, show
a. PA ) = DALz + Po V(A )
b' tV(Ax:M) = tV(Aalcﬂ) + thzg_n\ mV(Ax:m)

and give an interpretation in words.

7.18. State what formula in Section 7.3 the following equation is related to, and
give an interpretation in words:

%(O)V(Aso) = Azfo:ﬂ + 5E40 %gV(Ae,o) - 2013 (Aso) ‘740:§|-
Section 7.4

7.19. Write four formulas for 23V,.
7.20. Write seven formulas for 4V 5.
7.21. For 0 < k = m, show
kazm = kvolcﬂ + kanl?l mVx:M'

722. 1t k < n/2, Vg = 1/6, and d. + s = 2 d,5mg, calculate
ka+k:m'
Section 7.5

7.23. On the basis of the Illustrative Life Table and interest of 6%, calculate values
for the benefit reserves in the following table. (See Exercise 6.10.)

Fully Continuous Semicontinuous Fully Discrete
10V(A 3530 1oV(A 35:30)) 10V3530
10V(Az) 10V (A 35) 1035
10V(A és;ﬂ) 10V(A %S:EIL 10V§5:§6|

7.24. Under the assumption of a uniform distribution of deaths in each year of age,
which of the following are correct?

- 1
a. kV(Ax:ﬁl) = g kvxﬂ

- i
b‘ kV(Ax) = g ka

_ i
c V(AL = 5 Vi

Section 7.6

7.25. Show that, under the assumption of a uniform distribution of deaths in each
year of age,

4__ _

svgo):ﬂ V3070 - Asosg
2017(4) _ 20 :
VR - Vs Ag

(The assumption is sufficient but not necessary.)
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7.26. Which of the following are correct formulas for sV {5?

S Py
a. (P — PR)a® b. |1~ pum) Ass
55
(m) gy
) .
c. Py 547(’)':1)‘51 — 15K40 d.1- )
i
Section 7.7

7.27. Which of the following are correct formulas for ;;V*#(A 0)?

a. 15V(A40) b. [P {4}(1455) - P ‘4}(1440)]&{5‘15}
o PA] -

¢ [PAs) - PAylis  d [1 - %] A
1 -2 £ P(AL) Sims — 15k

€. A . P(A ) 54015 — 15740

7.28. Show that

a. PM(A ) = PrUA) + (1 - A, )P

b (VAR = VALY + (1= AV
Give an interpretation in words.

Miscellaneous

7.29. Calculate the value of P.; if ,V, = 0080, P, = 0.024, and
Py =02

7.30. If ,,V5s = 0.150 and ,,V,; = 0.354, calculate ,V .

7.31. A whole life insurance issued to (25) pays a unit benefit at the end of the year
of death. Premiums are payable annually to age 65. The benefit premium for
the first 10 years is P,; followed by an increased level annual benefit premium
for the next 30 years. Use your Illustrative Life Table and i = 0.06 to find the
following.

a. The annual benefit premium payable at ages 35 through 64.

b. The tenth-year benefit reserve.

c. At the end of 10 years the policyholder has the option to continue with
the benefit premium P,; until age 65 in return for reducing the death benefit
to B for death after age 35. Calculate B.

d. If the option in (c) is selected, calculate the twentieth-year benefit reserve.

7.32. Assuming & = 0.05, g, = 0.05, and a uniform distribution of deaths in each
year of age, calculate
a. (IA)3 b. 1, V((IA):7)-
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ANALYSIS OF BENEFIT RESERVES

8.1 Introduction

In Chapter 3 probability distributions for future lifetime random variables were
developed. Chapters 4 and 5 studied the present-value random variables for in-
surances and annuities. The funding of insurance and annuities with a system of
periodic payments was explored in Chapter 6, and in Chapter 7 the evolution of
the liabilities under the periodic payments to fund an insurance or annuity was
discussed. In these last two chapters the emphasis was on level benefits funded by
level periodic payments that are usually determined by an application of the equiv-
alence principle.

Why was the emphasis on level payments? First, traditional insurance products
are purchased with level contract premiums. It is natural to think of a constant
portion of each premium being for the benefit, hence a level benefit premium.
Second, the single equation of the equivalence principle yields a solution for only
one parameter. It is natural to think of this parameter as the benefit premium.
Third, until the incidence of expenses is discussed in Chapter 15, one of the moti-
vations of nonlevel benefit premiums is not present. Fourth, historically some reg-
ulatory standards have been specified in terms of benefit reserves defined by level
benefit premiums.

In this chapter we define benefit reserves as we did in Chapter 7, but the defi-
nition is applied to general contracts with possibly nonlevel benefits and premiums.
Of course, level premiums are a special case of nonlevel premiums, so the ideas
here apply to the examples of Chapter 7. However, the reverse is not true. The
special technique and relationships of Chapter 7 may not apply to the more general
contracts of this chapter.

We start with definitions of general fully continuous and fully discrete insur-
ances, and recursion relations are developed for these general models. The general
discrete model is used to obtain formulas for benefit reserves at durations other
than a contract anniversary, something that was not obtained in Chapter 7. An
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allocation of loss and of risk of the contract to the various periods of the contract
duration is obtained by use of the general fully discrete model. Again, these ideas
apply to the contracts of Chapter 7, and the reader is encouraged to exercise this
application.

8.2 Benefit Reserves for General Insurances

Consider a general fully discrete insurance on (x) in which

* The death benefit is payable at the end of the policy year of death

* Premiums are payable annually, at the beginning of the policy year

» The death benefit in the j-th policy year is b]-, j=12,...

* The benefit premium payment in the j-th policy yearis m;_;, j = 1,2,....
Note that the subscripts of b and w are the times of payment.

For a non-negative integer, h, the prospective loss, ,L, is the present value at &
of the future benefits less the present value at / of the future benefit premiums.
Expressed as a function of K(x), it is

L 0 o Kx)=0,1,...h—1

. : 8.2.1
by VO — ;gh ™ vl Kx)y=hh+1,.... ( )

Note: This definition extends the one given in (7.4.1) by including values (zeros)
of ,L for K(x) less than h. Of course, this extension will not change the value of the
benefit reserve because it is the conditional expectation given K(x) = h. The exten-
sion will be used in the development of recursion relations.

The benefit reserve at /1, which we will denote by ,V, is defined as
WV = E[,LIK(x) = K]

K(x)
— Kx)+1—=h __ j—h

]

K(x)—h
=E [b(K(x)—h)+h+1 p K=+t — E Tyt v|K(x) = h]~ (8.2.2)
j=0
Under the assumption that the conditional distribution of K(x) — h, given K(x) =

h, h +1,...,is equal to the distribution of K(x + h), this last expression can be
rewritten as

K(x+h)
- Kx+h)+1 _ j
WV = B | brainyinea 0P }% Ty4j U
i=

i j
= 2) (bh+j+1 v/t — 12) Ttk vk> iPxth Qxrn+je (8.2.3)
j= —

Note that if this assumption fails, we are in the select mortality mode. By applying
summation by parts (see Appendix 5) or reversing the order of summation, (8.2.3)
can be rewritten as
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W= 2} b v/t iPxan Gxrnvj — 2} Th+j vjjpx+h' (8.24)
j= i=

Thus, ,V as defined by (8.2.2) converts readily to the prospective formula: the ac-
tuarial present value of future benefits less the actuarial present value of future
benefit premiums.

In Chapter 7 we discussed four types of formulas for the benefit reserve:
prospective, retrospective, premium-difference, and paid-up insurance. These were
applicable to benefit reserves for contracts with level benefit premiums and level
benefits. Only the prospective and retrospective forms extend naturally to the gen-
eral fully discrete insurance. The retrospective formula will be developed in the
next section.

Example 8.2.1

A fully discrete whole life insurance with a unit benefit issued to (x) has its first
year’s benefit premium equal to the actuarial present value of the first year’s ben-
efit, and the remaining benefit premiums are level and determined by the equiv-
alence principle. Determine formulas for (a) the first year’s benefit premium,
(b) the level benefit premium after the first year, and (c) the benefit reserve at the
first duration.

Solution:

a. From Chapter 4, m, = Al

b. By the equivalence principle ALy + ma, = A,, so w = (A, — Ag)/a, =
Ax+1 /dx-l-l = Px+1'

c. By the prospective formula, ,V = A, ,; — mi, ., = 0. v

Example 8.2.1 illustrates one approach to nonlevel premiums. Another approach
would be to set a premium pattern in the loss variable (L as defined in (8.2.1) by
a set of weights, w;, for j = 0,1, 2, . . . . Applying the equivalence principle, we
have in a special case of (8.2.1)

E[,L] =0,

or

E bj+1 v/t PxlGuesj =T E w; vi Px (8.2.5)
i=0 =0

and

20 bj+1 it iPx Axj
m =L . (8.2.6)

E wj v/ jpx
j=0
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By different selections of sequences {b;,,;j =0,1,2,...}and {w;j=0,1,2,.. .},
the various benefit premium formulas can be obtained.

If we consider the sequence {ij; j=0,1,2,...} to be fixed, there remains great
flexibility in selecting the sequence {w;; j = 0, 1, 2, . . .}, which in turn determines
the sequence {w]- ;17=0,1,2,...}. There may be commercial considerations to require
that w; = 0 for all j, but the equivalence principle does not impose this condition.
In Example 8.2.1, b;,; = 1 for all j, but mw, = A}j and 7w, = (A, — Alg)/a, ] =
1,2,...,and (8.2.6) is satisfied. A different application is found in Example 8.2.2.

Example 8.2.2

The annual benefit premiums for a fully discrete whole life insurance with a unit
benefit issued to (x) are m; = mw;, where w; = (1 + r)l. The rate r might be selected
to estimate the expected growth rate in the insured’s income.

Develop formulas for
a.

b. ,V and
c. ,Vwhenr =i

Solution:
a. Using (8.2.5), m = A,/ i}, where i is valued at the rate of interest

*=@G0—-r/A+r). Whenr=im=A//(e + 1)
b. Using (8.2.4),

o0
W= Agpy — EO Tin U Pt
i=

A, {1+ rY

= Ax+h I (1 + r)h 2 ( > iPx+n
a, j=0
A, ;

= A — a_,(. 1+ r)ha;:+h’

c. hV = Ax-(-h - [Ax/(ex + 1)](1 + r)h(ex+h + 1) v

In Example 8.2.2, negative benefit reserves are possible with higher values of r.
See Exercise 8.32 for a variation of this policy.

Now consider a general fully continuous insurance on (x) under which

* The death benefit payable at the moment of death, ¢, is b, and

* Benefit premiums are payable continuously at t at the annual rate, m,.
The prospective loss for a life insured at x and surviving at ¢ is the present value
at t of the future benefits less the present value at t of the future benefit premiums:
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0 T(x) =t

L = T(x)
brg 0T = f w, v du T(x) > t.
t

(8.2.7)

The benefit reserve for this general case, which we will denote by ,V, is then

tV = E[tLlT(x) > t]

T(x)
=E [bT(x) pTo-t — j w, v du|T(x) > t]
t

T(x)—t
=E [b(m)_t)ﬂ p Tt — L ., U7 dr|T(x) > t]. (8.2.8)

As assumed to obtain (8.2.3) for the fully discrete insurance, we assume here that
the conditional distribution of T(x) — ¢, given T(x) > t, is the same as the distri-
bution of T(x + t) and proceed to

_ T(x+t)
vV =E [bT(x+t)+t v — fo Ty U d”:l
o U
= fo (bt+u vt - fo Ty U d?‘) Prst Pl + 1) du

= fo Dyyy U Prsr ot + 1) du — JO Tyyy U Py dr. (8.2.9)

The second integral in (8.2.9) is obtained by integration by parts, or, alternatively,
by reversing the order of integration. In other words, ,V can be expressed as the
actuarial present value of future benefits less the actuarial present value of future
benefit premiums. If the assumption about the conditional distribution of T(x) — t,
given T(x) > t, does not hold, we are in the select mortality mode.

8.3 Recursion Relations for Fully Discrete Benefit Reserves

One objective of this chapter is to explore recursion relations among the loss
random variables, their expected values, and variances. We start with a definition
for the insurer’s net cash loss (negative cash flow) within each insurance year for
the fully discrete model as defined for (8.2.1). Figure 8.3.1 is a time diagram that
shows the annual cash income and cash outgo.

Insurer's Cash Income and Outgo for General Fully Discrete Insurance
Outgo 0 0 0 0 0 by« O 0

Income Ty my M1y T3 /\/ WK(X)_l 1TK(x) 0 0 0 etc.
0 1 2 3

K(x)-1 K(x) K(x)+1 K{x)+2 K(x)+3
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Let C, denote the present value at h of the net cash loss during the year
(h, h + 1). If (h, h + 1) is before the year of death [I < K(x)], then C, = —m,. If
(h, h + 1) is the year of death [h = K(x)], then C, = v b,,;, — m,. And if (h, h + 1)
is after the year of death, of course, C, = 0. Restating this definition as an explicit
function of K(x),

0 Kx)y=0,1,...,h =1
Ch = 1% bh+1 - 1Th K(.x) = h (8.3‘1)
—m, Ko)=h+1,h+2....

For the conditional distribution of C,, given K(x) = h, we observe that

Cp = Vb I —m,

where
- {1 with probability g,.,,
0 with probability p,,,,.
Therefore,
E[C|K(x) = h] = v by Gorn — T, (8.3.2)
and
Var[C,|K(x) = h] = (U bys1)® Gxrn Pron- - (83.3)
Moreover, using (2.2.10) and (2.2.11) along with (8.3.1)—(8.3.3),
E[C] = ( busy Gun — ™) wPx (8.3.4)
and
Var(Cy) = (U by Gean = T wx 18x + © Uys1)*Gusn Prsn P (8.3.5)

Finally, for j > h, G and C, are correlated, an assertion that is left for the student
to verify in Exercises 8.5 and 8.6.

As previously defined in (8.2.1), ,L is the present value at & of the insurer’s future
cash outflow less the present value at 11 of the insurer’s future cash income. By
rearranging the terms in this definition, an equivalent one that states ,L as the sum
of the present values at h of the insurer’s future net annual cash losses is obtained.
This is

WLo= }‘z v C,. (8.3.6)
i=
For h < K(x), we have from (8.3.1),
K(x) ' Kx)—1 .
= i=

K(x)

— ,K@+1-h _ i—h

= vi® b +1 Eh v/t
j=

as before. For h = K(x), ,L = Cy.,, = (U bygys1 — i) And for h > K(x), both sides
of (8.3.6) are zero.
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A recursion relation for the loss variables follows from (8.3.6):
JL=C, +v j:;liﬂ v7D G = C, + v L. (8.3.7)
A recursion relation for the benefit reserves can be obtained from (8.3.7) by
WV = E[,LIK(x) = h]
= E[C, + v ,,,LIK(x) = K]
=0 by Gyon — ™ + v E[,,,L|K(x) = H]. (8.3.8)
Since ;L is zero when K(x) is h, we have
WV =0 by Gean — ® + 0 E[ LK) = B + 1] p,yy,
= 0 by Gurn = T+ U4tV Prr (83.9)

Formula (8.3.9) is a backward recursion formula [u(h) = c(h) + d(h) X u(h + 1)]
for the general fully discrete benefit reserve. Note that d(h) = vp,,, again and c(h)
= by 1G,n — T, A forward recursion formula can be obtained by solving (8.3.9)
for ,.,V. (See Exercise 8.7.) This forward formula was used in Examples 7.4.3 and
7.4.4 in an aggregate mode; that is, the mortality functions were in life table form.

Further insight to the progress of benefit reserves can be gained by rearrange-
ments of (8.3.9). First, add m, to both sides, to see

WV o+ ™ = by U Gey + 5V U P (8.3.10)

In words, the resources required at the beginning of insurance year i + 1 equal
the actuarial present value of the year-end requirements. The sum ,V + , is called
the initial benefit reserve for the policy year h + 1. In contrast, ,V and ,,,V are
called the terminal benefit reserves for insurance years h and & + 1 to indicate that
they are year-end benefit reserves.

Formula (8.3.10) can be rearranged to separate the benefit premium 1, into com-
ponents for insurance year & + 1, namely,

Ty = bpe1 U Gern T GaV U Prsn — V). (8.3.11)

The first component on the right-hand side of (8.3.11) is the 1-year term
insurance benefit premium for the sum insured b,,,. The second component,
ne1V U Peyn — 1V, represents the amount which, if added to ,V at the beginning of
the year, would accumulate under interest and survivorship to .,V at the end of
the year.

For the purpose of subsequent comparison with formulas for a fully continuous
insurance, we multiply both sides of (8.3.11) by 1 + i and rearrange the formula
to

wm, + GV + m)i + w1 Vxin = by Gesn t AGV). (8.3.12)
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The left-hand side of (8.3.12) indicates resources for insurance year & + 1, namely,
the benefit premium, interest for the year on the initial benefit reserve, and the
expected release by death of the terminal benefit reserve. The right-hand side con-
sists of the expected payment of the death benefit at the end of the year and the
increment ,,,,V — ,V in the benefit reserve.

An analysis different than (8.3.10)—(8.3.12) results if one considers that the benefit
reserve ,,,V is to be available to offset the death benefit b, ,,, and that only the net
amount at risk, b,., — ,,,V, needs to be covered by 1-year term insurance. For this
analysis we have, on substituting 1 — ¢, for p,, in (8.3.10) and multiplying
through by 1 + i,

iV = GV + m)A + D) = By = 51V (8.3.13)
Corresponding to (8.3.11), we now have
Ty = Bpsr = 0V G T © 4V =, V). (8.3.14)

The first component on the right-hand side of (8.3.14) is the 1-year term insurance
benefit premium for the net amount of risk. The second component, v ,,,V — ,V,
is the amount which, if added to ,V at the beginning of the year, would accumulate
under interest to ,,,V at the end of the year. In this formulation ,,,V is used, in
case of death, to offset the death benefit. Consequently, the benefit reserve accu-
mulates as a savings fund. This is shown again by the formula corresponding to
(8.3.12), namely,

T+ GV A+ )i = By — pd Ve + AGY), (8.3.15)

which is left for the reader to interpret.

The analysis by (8.3.11) does not use the benefit reserve to offset the death benefit,
and consequently the benefit reserve accumulates under interest and survivorship.
Both components of the right-hand side of (8.3.11) involve mortality risk, whereas
in (8.3.14) only the first component does. We see in Section 8.5 that (8.3.14) is related
to a flexible means for calculating the variance of loss attributable to the random
nature of time until death.

Formulas (8.3.10)—(8.3.15) are all recursion relations for the benefit reserve at
integral durations. None of the six is written in the form of an explicit backward
or forward formula; rather, each is written to give an insight. In Example 8.3.1,
recursion relation (8.3.14) is used to obtain an explicit formula for the benefit pre-
mium and benefit reserve.

‘Example 8.3.1

A deferred whole life annuity-due issued to (x) for an annual income of 1 com-
mencing at age x + n is to be paid for by level annual benefit premiums during
the deferral period. The benefit for death prior to age x + n is the benefit reserve.
Assuming the death benefit is paid at the end of the year of death, determine the
annual benefit premium and the benefit reserve at the end of year k for k = n.
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Solution: ,
Using the fact that b, , = ,,;Vforh =0,1,2,...,n — 1, in (8.3.14), we have

Tm=v,,V -,V
On multiplication by v*, we have
wot = ", LV — vV =A@ V). (8.3.16)

Summing over h = 0,1,2,...,n — 1, we obtain
n—1
v V=00 V=7 D vt = i,
=0

and, since ,V = 0 and ,V = d,,,, it follows that

™ =0v" 1'17.— = axi
4z 54
Thus, this annuity is identical to that described in Example 6.6.2. The benefit reserve
at the end of k years can be found by summing (8.3.16) over h = 0, 1, 2, . . .,
k — 1 to give
Uk kV = Traﬂ,
from which

kV = TrSH. v

Example 8.3.2

A fully discrete n-year endowment insurance on (x) provides, in case of death
within 7 years, a payment of 1 plus the benefit reserve. Obtain formulas for the
level benefit premium and the benefit reserve at the end of k years, given that the
maturity value is 1.

Solution:
In this case b, = 1 + ,V, and the net amount at risk has constant value 1. Denoting
the annual benefit premium by 7 and using (8.3.14), we have

Uh+1V—hV=1T_qu+h hzo,l,...,n—l.
On multiplication by v”, this becomes
A" V) = moh —v"l g, (8.3.17)

Summing this over h = 0,1,2,...,n — 1, we obtain
n—1

v" V= iy — > v,
h=0
so that, with ,V = 1 (the maturity value is 1),

n-1
n h+1
vt + h§:0 v Gtn

4

'Tr:
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By summing (8.3.17) over h = 0,1, 2, ..., k — 1, and solving for ,V, we have

k-1

Vo=msg - 2 L+ i g,
=0 v

Just before Example 8.2.1 we promised to develop a retrospective formula for
the benefit reserve of the general fully discrete insurance in this section. We start
by rewriting recursion relation (8.3.11) in the form

Ty = by U Gy = 4V U P — 1V
and then multiplying both sides by v" ,p, to obtain
T 0" e = byt V' 0y Qs = 0V O ape — WV 0" s
AGV V" p), (8.3.18)

which holds for # = 0, 1, 2, . . . . When we sum both sides of (8.3.18) over the
values from 0 to k — 1, we have

k-1
1;) (0" 4Py = bys v Qo) =V UF We = oV

With equivalence principle premiums, (V' = 0, so we can rewrite this last equation
for the terminal benefit reserve of the general fully discrete insurance as

k-1
V= 2 m, U WPx = buia AR Y
Vo= k
h=0 U" Py
and then as
(1 + )

k=hPx+n

k-1
Vo= ’;) (M, = Vb1 G (8.3.19)
Formula (8.3.19) shows the benefit reserve at k as the sum over the first k years of
each year’s premium less its expected death benefit accumulated with respect to
interest and mortality to k.

8.4 Benefit Reserves at Fractional Durations

We consider again the general fully discrete insurance of (8.2.1) on (x) for a death
benefit of b, at the end of insurance year j + 1, purchased by annual benefit
premiums of ™, j=20,1,..., payable at the beginning of the insurance year. We
seek a formula for, and an approximation to, the interim benefit reserve, that is,
wsV forh=10,1,2,...and 0 <s < 1. Extending the earlier definition of the benefit
reserve as stated in (8.2.1) and (8.2.2), we have for the interim case

0 Kx)=0,1,...,h—1
pesl = 1077 by Ko K(x) = h
pKOH=tE) p = D 0P K@) =h+ 1, h+2, ...
j=h+1
(8.4.1)
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and
wisV = Bl LIT(x) > h + s]. (8.4.2)
From (8.4.2),
pesV = 0 7 byt 1o aanes T 0T VP (8.4.3)
Now multiply both sides of (8.4.3) by v*® p.., to obtain
Usspx+h h+sV =v bh+1(s|1—sqx+h) + v(h+1v) Pxth- (8'44)

Equation (8.3.9) provides an expression for vb,, 4., which can be substituted into
(8.4.4) to obtain

sll—sqx+h
UsPain nesV = GV + Ty = 4V U prir) — + U 1V P

x+h

which can be rearranged to

sll—sqx+h sl —shx+n

vsspx+h h+sV = (hV + Trh)

+ GV U Pri) <1 - ) (8.4.5)

x+h x+h

This exact expression shows that when the interim benefit reserve at h + s is
discounted with respect to interest and mortality to 4, the result is equal to an
interpolated value between the initial benefit reserve at # and the value of the
terminal benefit reserve at h + 1 discounted to h.

We emphasize that the interpolation is, in general, not linear; however, under
the assumption of uniform distribution of deaths over the age interval the inter-
polation weights are linear and (8.4.5) is

VisPrrn sV = GV + m)1 = 8) + (12V v pri)(s). (8.4.6)

By replacing i and g, ,, with zeros in (8.4.6), as an approximation, the result is linear
interpolation between the initial benefit reserve at I and the terminal benefit re-
serve. The approximate result is

wesV = (L = 8)GV + m) + s(,.,V), (8.4.7)
which is often written in the form
wsV = (1 =98)GV) + s(,.,V) + (1 = s)m,. (8.4.8)

Here the interim benefit reserve is the sum of the value obtained by linear inter-
polation between the terminal benefit reserves,

1 = 9)GV) + 5(,4.V),
and the unearned benefit premium (1 — s)w,. In general,

(the unearned benefit premium = (the benefit premium
at a given time during the year)  for the year)

X (the difference between the time
through which the premium
has been paid and the given time).
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Thus, on an annual premium basis, the benefit premium has been paid to the end
of the year so at time s the unearned benefit premium is (1 — s)m,. This notion of
an unearned benefit premium will be used in discussing approximations to benefit
reserves when the premiums are collected by installments more frequent than an
annual basis.

We consider now one such case, that of true semiannual premiums with claims
paid at the end of the insurance year of death. For 0 < s = 1/2 we could start
with the random variable giving the present value of prospective losses as of time
h + s and then calculate its conditional expectation given that (x) has survived to
h + s. This is a bit more complex than it was for (8.4.4), so we start with the
equation corresponding to (8.4.3) by noting that it is the prospective formula

h+sV(2) = vl-s bh+l(1fsQJc+h+s) + vl¥s(h+1v(2)) 1—spx+h+s

™
- ?h (U 0l5_s)(0.5—spx+h+s)' (849)

The first two terms of (8.4.9) can be viewed as the actuarial present value of the
death benefit and an endowment benefit of amount equal to the reserve, and the
third term is the actuarial present value of the future benefit premium for the
1 — s year endowment insurance. Multiplying both sides of (8.4.9) by ,p,,, v°, we
have

sPxin U° h+sV(2) = vbh+l(s|l—sqx+h) + U(h+1V(2)) Px+n

Ty

5 %) o5Prsn)- (8.4.10)

For the semiannual premium policy the equation corresponding to (8.3.10) is also
a prospective benefit reserve formula:

gy
WO = b s1Vxen + h+1V(2)pr+h - -Z—h 1+ UO‘SO‘SPHh)- (8.4.11)

Equation (8.4.11) provides an expression for vb,,, to substitute in (8.4.10), which
yields

_ Ty \ sli-s9x+h
P U p1sV@ = (hv(z) + —2‘> —
qx+h

T
+ [U(h+1v(2)) Pr+n — “2‘}1 (00'5)(0.5Px+h)]

X (1 - 5———'“%‘”). (8.4.12)
qx+h

Formula (8.4.12) corresponds to (8.4.5), which showed that the interim benefit re-

serve at h + s, discounted with respect to interest and mortality to 4, is equal to a

nonlinear interpolated value between the initial benefit reserve at # and the dis-

counted value to h of the terminal benefit reserve at h + 1. For the semiannual

premium case, this terminal reserve has been reduced by the amount of the
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discounted value of the midyear benefit premium. Under the assumption of a uni-
form distribution of deaths over the age interval, we have linear interpolation on
the right-hand side:

k)
spx+h v* h+sV(2) = <hv(2) + ?h> (1 - S)

+ |:U(h+1v(2)) Px+n — % (UO'S)(O.spx+h)] (s)- (8.4.13)

Again setting i and g, ., equal to zero, as an approximation, we obtain simple linear
interpolation between the initial benefit reserve and the terminal benefit reserve
reduced by the benefit premium due at midyear:

Hy®=Qw”+%>a—@+<mw”—%)m

This formula can be rearranged as the interpolated value between the terminal
benefit reserves plus the unearned benefit premium (m,)(1/2 — s):

1
h+SV(2) = [(1 - S)hV(z) + s h+1V(2)] + (E - S) e (8.4.14)

For the last half of the year when 1/2 < s = 1, we can proceed as above to
obtain the following exact formula for the benefit reserve at &1 + s discounted with
respect to interest and mortality to h:

U sft—sx+h
Prsn V¥ V@ = [hV@) + ?” 1+ v0'50‘5px+h)] iooter
x+n
+ [0V prial (1 - M) (8.4.15)
x+h

Again under uniform distribution of death in the year of age, we have the linear
interpolation

ks
spx+h v* h+sV(2) = (1 - S) |:hV(2) + _2—h (1 + UO'SO.prJrh):l

+ 5061V ®) Pesal, (8.4.16)

and with i and g,,, set equal to zero, as an approximation, we have the simple
linear interpolation plus the unearned benefit premium

V@ =, VA1 = 5) +,,VO(s) + m(1 - ). (8.4.17)

(For the general result for m-thly reserves see Exercise 8.12.)

8.5 Allocation of the Risk to Insurance Years

In Section 8.3 recursion relations for benefit reserves are developed by an analysis
of the insurer’s annual cash income and cash outflow. Now we extend this analysis
to an accrual or incurred basis and develop allocations of the risk, as measured by
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the variance of the loss variables, to the insurance years. Figure 8.5.1 shows in a
time diagram the insurer’s annual cash incomes, cash outflows, and changes in
liability for the general fully discrete insurance of (8.2.1). The random variable C,
is related to the cash flows of the policy year (h, h + 1). We now define a random
variable related to the total change in liability, cash flow, and reserves.

Incomes, Outflows, and Changes in Liability
for Fully Discrete General Insurance

Outflow 0 0 0 b1

Income W T T, Tr) 0

AlLiability ng ,WV=(1+i),V ko V= )V = (I+1)gV 0 etc.
0 1 2 K(x) K(x)+1 K(x)+2

Let A, denote the present value at & (a non-negative integer) of the insurer’s cash
loss plus change in liability during the year (b, h + 1). If (1, h + 1) is before the
year of death [ < K(x)], then

Ah = Ch + v ALiability = '—'ﬂ'h + v h+1V - hV'
If (h, h + 1) is the year of death [k = K(x)], then
Ah = Ch + UALlabﬂity =0 bh+1 - 'Tl'h - ]’lV'

And if (h, h + 1) is after the year of death, of course A, = 0. Restating this definition
as a function of K(x), and rearranging the terms,

0 K@) =01,...,h—1
Ay =q@ by —m) + (=4V) K@x) = h (8.5.1)
(—m,) + @,V —,V) Ko=h+1h+2....

The definition of A, in (8.5.1) can be rewritten to display A, as the loss variable for
a l-year term insurance with a benefit equal to the amount at risk on the basic
policy. See Exercise 8.31.

It follows that
E[A)K(x) = h] = v byay Gern T 0 pdV P — (m +4V), (8.5.2)
which is zero by (8.3.10).

Since the conditional distribution of A,, given K(x) = h, h + 1, ..., is a two-
point distribution, then
Var[A,[K(x) = h] = [vBye1 = 5caVIF Prcn Gxon- (8.5.3)
With j = h we can use (2.2.10) and (2.2.11) to obtain
E[AJK(x) =jl =0 (8.5.4)
and
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VarAJK() = ] = Var[A K@) = k], p,.,. (8.5.5)

Unlike the C,’s of Section 8.3, the A,’s are uncorrelated, an assertion that is
proved in the following lemma. This fact conveys some sense of the role of reserves
in stabilizing financial reporting of insurance operations.

Lemma 8.5.1:
For non-negative integers satisfying ¢ = h <,

Cov[A,, Aj|K(x) = g] = 0. (8.5.6)

Proof:
From (8.5.4), E[A,|K(x) = g] = 0; therefore,

CovlA,, AJKR) = g] = EIAA K@) = gl.

From (8.5.1) we see that A, is equal to the constant (v ,,,,V — ,V — m,) where A, is
nonzero. Thus,

AAj = UV =V = m)A, for all K(x), (8.5.7)
E[AAIK(x) = gl = (v 4V =,V — m)EIAK(x) = ¢] = 0,
and
Cov[AAK(x) = g] = 0. [ |

We now express the loss variables ,L in terms of the A,’s. From the definition
of the A,’s and formula (8.3.6),

> vt A =Y, v HC, + vALiability (j, j + 1)]
j=h

j=h

L+ 2, v ALiability (j, j + 1). (8.5.8)

j=h

Conceptually the last term will be the present value of the final liability minus the
liability at #, that is, 0 — ,V. Thus we have the relationship

0 Kx)<h
L=3= (8.5.9)
21 VI A+, VO K(x) = b,
=
which can be rewritten as
0 Kx) <h
hL = h+i—1 4 =] ) (8.5.10)
> UTRA A+ D v A + VK@) = L
i=h j=h+i

These relationships can be interpreted as stating that the present value of future
losses, measured at time h following issue, is equal to the present value of future
cash flows, adjusted for changes in reserves, plus the reserve at .

Using the representation of L, shown in (8.5.9), we have
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Proof:

(a) follows from (8.5.11), first line
(b) follows from (8.5.11), third line
(c) follows from (8.5.12) and (8.5.13).

We refer to this theorem as the Hattendorf theorem, and we illustrate its appli-
cation in the following two examples. Items (b) and (c) of the theorem can be used
as backward recursion formulas that are useful for understanding the duration
allocation of risk and, perhaps, for computing.

Just as the random variables C, introduced in (8.3.1), allocate each loss to insur-
ance years, and the random variables A, introduced in (8.5.1), allocate cash loss
and liability adjustment to insurance years, the Hattendorf theorem facilitates the
allocation of mortality risk, as measured by Var[,L|K(x) = h] to insurance years.
This allocation facilitates risk management planning for a limited number of future
insurance years rather than for the entire insurance period. This option permits
sequential risk management decisions.

The formula Var[A,|K(x) = h] = [v(bys1 — w1 V)IPrsnfern confirms that the
amount at risk (b,,; — ,.,V) is a major determinate of mortality risk, as measured
by the variance. In fact if b,,; = ,,,V for all non-negative integer values of h,
mortality risk drops to zero.

| Example 8.5.1

Consider an insured from Example 7.4.3 who has survived to the end of the
second policy year. For this insured, evaluate
a. Var[,L|K(50) = 2] directly
b. Var[,L|[K(50) = 2] by means of the Hattendorf theorem
c. Var[,L|K(50) = 3]
d. Var[,L|K(50) = 4].

Solution:

a. For the direct calculation, we need a table of values for ,L.

Conditional
Outcome Probability
of K(50) — 2 = ,L of Outcome
0 1,000v — 6.55692 dy = 936.84 ofs2 = 0.0069724
1 1,000v> — 6.55692 iz = 877.25 1952 = 0.0075227
2 1,0000° — 6.55692 iz = 821.04 252 = 0.0081170
=3 0 — 6.55692 45 = —18.58 3Ps = 0.9773879

Then E[,L|K(50) = 2] = 1.64, in agreement with the value shown in Example
7.4.3 and
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Var[,L|K(50) = 2] = E[,[2|K(50) = 2] — (E[,LIK(50) = 2])?

17,717.82 — (1.64)

= 17,715.1.
b. To apply the Hattendorf theorem, we can use the benefit reserves from Example
7.4.3 to calculate the variances of the losses associated with the 1-year term
insurances.

j 50+ v* (1,000 — 1,000 2+,‘+1Vé0:§|)2 Pso+i G52+;
0 0.0069724 6 140.842
1 0.0075755 6 674910
2 0.0082364 7 269.991

Then by (8.5.15),
Var[,L|K(50) = 2] = 6,140.842 + (1.06)72(6,674.910)ps,

+ (1.06)"4(7,269.991),ps, = 17,715.1,

which agrees with the value found by the direct calculation in part (a).

Note that in the direct method it was necessary to consider the gain in the
event of survival to age 55; but for the Hattendorf theotem, we need to consider
only the losses associated with the 1-year term insurances for the net amounts
at risk in the remaining policy years. Thereafter, the net amount at risk is 0, and
the corresponding terms in (8.5.15) vanish.

Also note that the standard deviation, V'17,751.1 = 133.1, for a single policy
is more than 80 times the benefit reserve, E[,L|K(50)=2, 3, . . .] = 1.64.

Similarly, we use (8.5.15) to calculate
¢. Var[;L|K(50) = 3] = 6,674.910 + (1.06) %7,269.991) ps;, = 13,096.2
d. Var[,L|K(50) = 4] = 7,269.991, or after rounding, 7,270.0. v

Example 8.5.2

Consider a portfolio of 1,500 policies of the type described in Example 7.4.3 and
discussed in Example 8.5.1. Assume all policies have annual premiums due im-
mediately. Further, assume 750 policies are at duration 2, 500 are at duration 3,
and 250 are at duration 4, and that the policies in each group are evenly divided
between those with 1,000 face amount and those with 3,000 face amount.

a. Calculate the aggregate benefit reserve.

b. Calculate the variance of the prospective losses over the remaining periods of
coverage of the policies assuming such losses are independent. Also, calculate
the amount which, on the basis of the normal approximation, will give the in-
surer; a probability of 0.95 of meeting the future obligations to this block of
business.

c. Calculate the variance of the losses associated with the 1-year term insurances
for the net amounts at risk under the policies and the amount of supplement to
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the aggregate benefit reserve that, on the basis of the normal approximation, will
give the insurer a probability of 0.95 of meeting the obligations to this block of
business for the 1-year period.

d. Redo (b) and (c) with each set of policies increased 100-fold in number.

Solution:

a. Let Z be the sum of the prospective losses on the 1,500 policies. The symbols
E[Z] and Var(Z) used below for the mean and variance of the portfolio of 1,500
policies are abridged, for in both cases the expectations are to be computed with
respect to the set of conditions given above for the insureds. Using the results
of Example 7.4.3, we have for the aggregate benefit reserve

E[Z] = [375(1) + 375(3)](1.64) + [250(1) + 250(3)](1.73)
+ [125(1) + 125(3)](1.21)

= 4,795.
b. From Example 8.5.1, we have

Var(Z) = [375(1) + 375(9)](17,715.1)
+ [250(1) + 250(9)](13,096.2)
+ [125(1) + 125(9)](7,270.0)
= (1.0825962) x 108
and o, = 10,404.8.

Then, if

0.05 = Pr(Z > ¢) = Pr <Z — 47950 _ ¢ - 4,795.0)/

10,404.8 10,404.8

the normal approximation would imply

c— 47950
10,404.8 1645,
or
c = 21,911,

which is 4.6 times the aggregate benefit reserve, E[Z].

c. Here we take account of only the next year’s risk. For each policy, we consider
a variable equal to the loss associated with a 1-year term insurance for the net
amount at risk. Let Z; be the sum of these loss variables. The expected loss for
each of the 1-year term insurances is 0, hence E[Z;] = 0.

From the table in part (b) of Example 8.5.1 we can obtain the variances of the
losses in regard to the 1-year term insurances, and hence
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Var(Z,) = [375(1) + 375(9)](6,140.8) + [250(1) + 250(9)](6,674.9)
+ [125(1) + 125(9)](7,270.0)
= (4.880275) x 10/
and o, = 6985.9.

If ¢, is the required supplement to the aggregate benefit reserve, then
Z, -0 S 6= 0

6,985.9 = 6,985.9)’

and we determine, again by the normal approximation,

¢, = (1.645)(6,985.9) = 11,492,

0.05 = Pr(Z, > ¢;) = Pr (

which is 2.4 times the aggregate benefit reserve 4,795.

d. In this case, E[Z] = 479,500 and Var(Z) = (1.0825962) X 10'. By the normal
approximation the amount c required to provide a probability of 0.95 that all
future obligations will be met is

479,500 + 1.645 V1.0825962 X 10° = 650,659,
which is 1.36 times the aggregate benefit reserve E[Z].

Also, Var(Z,) is now (4.880275) X 10°. The amount ¢, of supplement to the
aggregate benefit reserve required to give a 0.95 probability that the insurer can
meet policy obligations for the next year is 1.645 V4.880275 X 10*° = 114,918,
or 24% of the aggregate benefit reserve. v

8.6 Differential Equations for Fully Continuous

Benefit Reserves

In Section 8.2 a general fully discrete insurance and a general fully continuous
model is developed. Section 8.3 contains the recursion relations for the fully discrete
model. The parallel results for the fully continuous model are developed in this
section.

The expression for the benefit reserve at t, ,V, is given in (8.2.9) and is restated
here:

tV = jo bH—u ¥ uPx+i p‘x(t + u) du — fO Tty v* uPx+t du.

To simplify the calculation of the derivative with respect to t of ,V, we combine
the two integrals, replace the variable of integration by the substitution s = t + u,
and then multiply inside and divide outside by the factor v’ p, to obtain
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J' [bs }.LX(S) - 1TS]US sPx ds
t

V= > 8.6.1)
Now
av _ _ wd(t) + 3 f ) s
dt - ( 1)[bt “‘x(t) Trt] + Ut tpx ; [bs "Lx(s) ’Tfs]U spxdsl
A% _
L =+ 18+ wOLT by () (8.62)

Here the rate of change of the benefit reserve is made up of three components: the
benefit premium rate, the rate of increase of the benefit reserve under interest and
survivorship, and the rate of benefit outgo. A rearrangement of formula (8.6.2)
provides a formula corresponding to (8.3.12):
- 4V

m + 3,V + ,Vpdlt) =b p() + TR (8.6.3)
This balances the sum of income rates to the sum of the rate of benefit outgo and
the rate of change in the benefit reserve.

If the benefit reserve is treated as a savings fund available to offset the death
benefit, we have

47

mo+ 3V = (b — V) pt) + at

(8.6.4)
Here the income rates are in respect to benefit premiums and to interest on the
benefit reserve, and these balance with the outgo rate, (b, — ,V) u,(t), based on the
net amount at risk and the rate of change in the benefit reserve. Formula (8.6.4)
corresponds to (8.3.15). Again, the left side represents the resources available, ben-
efit premiums, and investment income, and the right side represents their allocation
to benefits and benefit resources.

Example 8.6.1

Use (8.6.2) to develop a retrospective formula for the benefit reserve for the gen-
eral fully continuous insurance.

Solution:

We start by moving all of the benefit reserve terms of (8.6.2) to the left-hand side
and then multiplying both sides by the integrating factor exp{—[{[8 + w.(s)] ds}.
Thus,

av -
v' i, {j — [ + w(t)] tV} = [m, — b, p(t)] V' tPxr

or
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d -
a (vt tPx tV) = [Trt - bt p’x(t)] v' tPx-

Integration of both sides of this last equation over the interval (0, ) yields

v,y rV - OV = J’o [m, — b, u(H)] v WPy dt.

For equivalence principle benefit premium rates, ,V = 0, so

fo [m — b, ()] v ,p, dt

V= T . (8.6.5)

8.7 Notes and References

Recursive formulas and differential equations for the loss variables as functions
of duration and the expectations and variances of these loss variables provide basic
insight into long-term insurance and annuity processes. In particular, one of these
recursive formulas is applied to develop Hattendorf’s theorem (1868); for refer-
ences, see Steffensen (1929), Hickman (1964), and Gerber (1976). This formula al-
locates the variance of the loss to the separate insurance years. This discussion of
reserves can be easily extended to more general insurances using martingales of
probability theory; see, for example, Gerber (1979). Another application of the re-
cursion relations is to the formulation of the interim reserves at fractional durations,
which is discussed for the fully discrete case in Section 8.4.

Exercises
Section 8.2
8.1. Assume that jp, = by =17=0123...,and 0 <r <1
a. fw,=w, =w,=...=1,use (8.2.6) to calculate 7 at the interest rate i.
b. If w; = (-1),j=10,1,2, ..., use (8.2.6) to calculate 7 at the interest
rate i.

8.2. Develop a continuous analogue of (8.2.6) by applying the equivalence prin-
ciple to the loss variable of (8.2.7) with t = 0 and m, = ww(t), where w(t) is
given.

83. If L = T(x) v™™ — mips and the forces of mortality and interest are constant,
express (a) w and (b) ,V in terms of w and 3.

8.4. For the general fully discrete insurance of Section 8.2, show that for j <,

COV(C]‘I Cp) = (my, = Vb Gesr) wP(T; G, T+ Ub]'+1 iPx Gxs)-
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Section 8.3

8.5.

8.6.

8.7.

8.8.

8.9.

8.10.

Consider the life insurance policy described in Example 8.2.1. Display, for

0<j<h

a. The covariance of C, and C,.

b. Repeat part (a) for C; and C,.

c. Give a rule for determining h such that the covariance of C; and C, is
negative.

Consider the deferred annuity described in Example 8.3.1. Find Cov(C;, C,),
j < h = n and, for a fixed j, determine a condition on h such that
Cov(C;, C;) < 0. [Note that this condition on h does not depend on j.]

Show that (8.3.9), with h replaced by k + 1, can be rearranged as

1+ i _ b qx—?-h
h+1 .
x+h px+h

eV = GV + m)

Give an interpretation in words. (This is called the Fackler reserve accumu-
lation formula, after the American actuary David Parks Fackler.)

For a fully discrete whole life insurance of 1 issued to (x), use recursion re-
lations [(8.3.11) in (a) and (8.3.14 in (b)] to prove that
k1
Px — Uxwn
a. VvV, = S
o h=0 k—hEx+h
k=1
b.,\V, = hE_O [Py = vqen(l = e VIIL + )0

Give an interpretation of the formulas in words.

If b, = 4V, oV=0and m, =m forh=0,1,...,k — 1, prove that ,V =
msy. [Hint: Use (8.3.14).]

Show that if 7 is the level annual benefit premium for an n-year term insur-
ance with b, = g5, h =1,2,...,n,,V =,V =0, then
a; —a
a. m= "
Ayl
b. \V = 5 — Gpniamn — Tk

nj X1

[Hint: This can be shown directly or by use of (8.3.10).]

Section 8.4

8.11.

Starting with (8.4.3), establish the equation
sPx+h h+sv + Ul—s Ax+h bh+1 = (1 + Z)s(hV + Trh) 0<s<l

Explain the result by general reasoning.

8.12. Interpret the formulas

Chapter 8 Analysis of Benefit Reserves
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h
a. k+(h/m)+rV(m) = (1 e r) Ve

h
b eqmyerV " = <1 - 7’) v

where 0 <r < 1/m.

8.13. For each of the following benefit reserves, develop formulas similar to one or
more of (8.4.8), (8.4.14), and (8.4.18).

a. 201/2V(Ax11—()1) b. 201/2V(Ax:§_0|)
C. 201/2V(2)(/J_1x:m) d. 202/3V(2)(1_4x%|)
€. 201/2V(2}(Ax:E|) f. 202/3V{2}(Ax:@\)

8.14. On the basis of the Illustrative Life Table and interest of 6%, approximate
101/6V(4}(A25)-
Section 8.5

8.15. For a fully discrete whole life insurance of amount 1 issued to (x) with pre-
miums payable for life, show that

oo . 2
a
a. Var[L] = D (—";"”) 02" b Pein Qe

h=0 X

2
b, Var[kLIK(x) - k 2 < x+k+h+1) p 2+ WPrsk Prskin Txsksn -

= x

8.16. For a life annuity-due of 1 per annum payable while (x) survives, consider
the whole life loss

L = tgm) — 4, K=2012...

and the loss A, valued at time £, that is allocated to annuity year &, namely,

0 K=h-1
Ay ==y — 1) = = UPxrp Ayiprs K=h
Uiy iy = eon = 1) = UGeun Beipan K=h+1

a. Interpret the formulas for A,
b. Show that

()L = i vt A
=0
(ii) E[A] = 0

(iil) Var(A,) = v? (Gripns1)’ wPx Pxen Gusn-
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8.17. a. For the insurance of Example 8.3.2, establish that

n—1
Var(L) = hz% vZ(h+1) hpx px+h qx+h'

b. If 8 = 0.05, n = 20, and w,(t) = 0.01, t = O, calculate Var(L) for the insurance
in (a).

8.18. A 20-payment whole life policy with unit face amount was issued on a fully
discrete basis to a person age 25. On the basis of your Illustrative Life Table
and interest of 6%, calculate

a. 5Pps b. Vs c. 30Vas
d. Var[,,L|K(25) = 20] e. Var[;3L|K(25) = 18], using Theorem 8.5.1.
Section 8.6

8.19. Interpret the differential equations

d - -

a. E Vo=m 4+ B+ w)] V- bop(t)
d - - -

b. E; V=m+3d,V—(b — V) pt)

8.20. If b, = ,V, ;V = 0, and =, = m, t = 0, show that ,V = u§;.
8.21. Evaluate (d/dt) {[1 — V(A)] p.}-
8.22. Use (8.6.2) to write expressions for

a. % (p.:V) b % @ ,V) « % @'y, V)

and interpret the results.

Miscellaneous

8.23. Show that the formula equivalent to (8.4.6) under the hyperbolic assumption
for mortality within the year of age is

wsV =01 = 9V + w)(A + i) + 5,V
8.24. Prove that
[ o = PaE ey dt = [0 = AR ) a
and interpret the result.

8.25. For a different form of the Hattendorf theorem, consider the following:

K-k
bK+1v(Kik)+l_kV_ Z 7Tk+hvh K(x)=k,k+1,..,k+m— 1

k,mL — - h=0
k+va’"—kV—hE_Oﬂrrk+hvh Kx)y=k+mk+m+1,...,
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and, forh=0,1,...,m—1,

0 Kx)y=kk+1,..., k+h—-1
Apin = Y 0bein = GV + i) Kx)y=k+h
vk+h+1V—(k+hV+1Tk+h) K(x)=k+h+1,k+h+2,....
Show that
m—1

_ h
a. gL = ; v" Ay,
=0
m—1

b. Var],,LIK(x) = k] = 20 v Var[A,,,|K(x) = k].

8.26. Repeat Example 8.5.1 in terms of an insured from Example 7.4.4 who has
survived to the end of the second policy year.

8.27. Repeat Example 8.5.2 in terms of a portfolio of 1,500 policies of the type
described in Example 7.4.4 and discussed in Exercise 8.26.

8.28. In Exercise 8.27 there is no uncertainty about the amount or time of payment
for the insureds who have survived to the end of the fourth policy year. Redo
Exercise 8.27 for just those insureds at durations 2 and 3.

8.29. Write a formula, in terms of benefit premium and terminal benefit reserve
symbols, for the benefit reserve at the middle of the eleventh policy year for
a 10,000 whole life insurance with apportionable premiums payable annually
issued to (30).

8.30. A 3-year endowment policy for a face amount of 3 has the death benefit
payable at the end of the year of death and a benefit premium of 0.94 payable
annually. Using an interest rate of 20%, the following benefit reserves are
generated:

End of Benefit
Year Reserve
1 0.66
2 1.56
3 3.00

Calculate
a. qx
b' qx+1

c. The variance of the loss at policy issue, (L
d. The conditional variance, given that the insured has survived through the
first year, of the loss at the end of the first year, ;L.
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8.31.

a. Use (8.3.10) to transform (8.5.1) to

0 Kxy=h-1
Ay =3 Br = 5aV) v = Oy = 541V) U G K(x) = h
0 = (Oni1 = 141V) U Goin K(x) = h + 1.

In this interpretation A, is the loss on the 1-year term insurance for the
amount at risk in the year (b, b + 1).

b. Use the display in (a) to verify E[A,] = 0.

c. Use parts (a) and (b) to obtain Var(A,).

Computing Exercises

8.32. Consider a variation of the insurance of Example 8.2.2 which provides a unit

8.33.

8.34.

8.35.

benefit whole life insurance to (20) with geometrically increasing benefit pre-
miums payable to age 65. On the basis of your Illustrative Life Table and i
= 0.06, determine the maximum value of 7 such that the benefit reserve is
non-negative at all durations.

Use the backward recursion formula (8.3.9) to calculate the benefit reserves
of

a. Example 7.4.3 [Hint: ;V = 0.0.]

b. Example 7.4.4. [Hint ;V = 1.0.]

A decreasing term insurance to age 65 with immediate payment of death
claims is issued to (30) with the following benefits:

For Death

between Ages Benefit
30-50 100,000
50-55 90,000
55-60 80,000
60-65 60,000

On the basis of your Illustrative Life Table with uniform distribution of deaths
within each year of age and i = 0.06, determine

a. The annual apportionable benefit premium, payable semiannually and

b. The reserve at the end of 30 years, if benefit premiums are as in (a).

A single premium insurance contract issued to (35) provides 100,000 in case

the insured survives to age 65, and it returns (at the end of the year of death)

the single benefit premium without interest if the insured dies before age 65.

If the single benefit premium is denoted by S, write expressions, in terms of

actuarial functions, for

a. S

b. The prospective formula for the benefit reserve at the end of k years

c. The retrospective formula for the benefit reserve at the end of k years

d. On the basis of your Illustrative Life Table and d = 0.05, calculate S and
the benefit reserve ,,V.

Chapter 8 Analysis of Benefit Reserves
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8.36. In terms of P = ,,P"?(A, 35) and actuarial functions, write prospective and
retrospective formulas for the following:
a. %SV(IZ)(Asoﬁ\)
b. %gv(lz)(AmEQ)
¢. On the basis of your Illustrative Life Table with uniform distribution of
deaths within each year of age and 8 = 0.05, calculate P and the benefit
reserves of parts (a) and (b).

256 Exercises



MULTIPLE LIFE FUNCTIONS

91 Introduction

In Chapters 3 through 8 we developed a theory for the analysis of financial
benefits contingent on the time of death of a single life. We can extend this theory
to benefits involving several lives. An application of this extension commonly
found in pension plans is the joint-and-survivor annuity option. Other applications
of multiple life actuarial calculations are common. In estate and gift taxation, for
example, the investment income from a trust can be paid to a group of heirs as
long as at least one of the group survives. Upon the last death, the principal from
the trust is to be donated to a qualified charitable institution. The amount of the
charitable deduction allowed for estate tax purposes is determined by an actuarial
calculation. There are family policies in which benefits differ due to the order of
the deaths of the insured and the spouse, and there are insurance policies with
benefits payable on the first or last death providing cash in accordance with an
estate plan.

In this chapter we discuss models involving two lives. Actuarial present values
for basic benefits are derived by applying the concepts and techniques developed
in Chapters 3 through 5. Models built on the assumption that the two future life-
time random variables are independent constitute most of the chapter. Section 9.6
introduces special models in which the two future lifetime random variables are
dependent. Annual benefit premiums, reserves, and models involving three or
more lives are covered in Chapter 18.

A useful abstraction in the theory of life contingencies, particularly as it is applied
to several lives, is that of status for which there are definitions of survival and
failure. Two elements are necessary for a status to be defined. The general term
entities is used in the definition because of the broad range of application of the
concept:

-+ There must be a finite set of entities, and for each member it must be possible
to define a future lifetime random variable.

* There must be a rule by which the survival of the status can be determined at

any future time.

Chapter 9 Multiple Life Functions

257



To compute probabilities or actuarial present values associated with the survival
of a status, the joint distribution of the future lifetime random variables must be
available. Some of these random variables may have a marginal distribution such
that all the probability is at one point.

Several illustrations of the status concept may be helpful. A single life age x
defines a status that survives while (x) lives. Thus, the random variable T(x), used
in Chapter 3 to denote the future lifetime of (x), can be interpreted as the period
of survival of the status and also as the time-until-failure of the status. A term
certain, 71, defines a status surviving for exactly n years and then failing. More
complex statuses can be defined in terms of several lives in various ways. Survival
can mean that all members survive or, alternatively, that at least one member sur-
vives. Still more complicated statuses can be in regard to two men and two women
with the status considered to survive only as long as at least one man and at least
one woman survive.

After a status and its survival have been defined, we can apply the definition to
develop models for annuities and insurances. An annuity is payable as long as the
status survives, whereas an insurance is payable upon the failure of the status.
Insurances also can be restricted so they are payable only if the individuals die in
a specific order.

9.2

Joint Distributions of Future Lifetimes

The time-until-failure of a status is a function of the future lifetimes of the lives
involved. In theory these future lifetimes will be dependent random variables. We
will explore the consequences of that dependence. For convenience, or because of
the lack of data on dependent lives, in practice, an assumption of independence
among the future lifetimes has traditionally been made. With the independence
assumption numerical values from the marginal distributions (life tables) for single
lives can be used.

Example 9.2.1

While the distribution in this example is not realistic, it is offered as a vehicle to
explore a joint distribution for two dependent future lifetimes. For two lives (x)
and (y), the joint p.d.f. of their future lifetimes, T(x) and T(y), is

f (s, t) = 0.0006(t — s)? 0<s<10,0<t<10
T 0 elsewhere.

Determine the following;:

a. The joint d.f. of T(x) and T(y)

b. The p.d.f, d.f., jp,, and p(x + s) for the marginal distribution of T(x). Note the
symmetry of the distribution in s and ¢, which implies that T(x) and T(y) are
identically distributed.

c. The correlation coefficient of T(x) and T(y).

258

Section 9.2 Joint Distributions of Future Lifetimes



Solution:

a. Before calculating, we look at the sample space of T(x) and T(y) in Figure 9.2.1
and observe the region where the joint p.d.f. is positive. At points outside the
first quadrant, the d.f. will be 0. In the first quadrant we start by calculating the
d.f. at a point in Region I where both s and t are between 0 and 10:

Froyrey(s, t) = Pr[T(x) = s and T(y) < t]

s t
- .Lo j_mfﬂx)T(y)(u/ v) dv du

S t
= JO J; 0.0006(v — u)? dv du

= 0.00005[s* + t* — (t — s)%]
0<s=10,0<t=<10.

Sample Space of T(x) and T(y)

T(y)
I 11
10
I v
0 10 -T®

Sample Space of T(x) and T(y)

Since the joint p.d.f. is 0 in regions II, III, and IV, we have

F T(x)T(y)(Sl t) =

1
5 + 0.00005[#* — (10 — #)*]

F T(x)T(y)(sr 10) = F T(x)(s)

% + 0.00005[s* — (10 — s)4]

in Region II

Fregr(10, £) = Fr(f) in Region IV

1 in Region III.
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b. Using the d.f. obtained in part (a), we have

F T(x)T(y)(S/ 10) = Fru(s)
=0 s=0

= % + 0.00005[s* — (10 — 5)Y] 0 <s =10

=1 s > 10

and

e _10.0002[s® + (10 — s)*] 0<s=10
() = Freols) = {0 elsewhere.

The survival probability and force of mortality are given by

Pr = 1- FT(x)(S)

= -;— + 0.00005[(10 = 5)4 — s4] 0<s=10
=0 s > 10,
f’Tx(t)
and px + t) = —Lar
1- PT(x)(t)

_0.0002[s° + (10 — s)’]
1/2 + 0.00005[(10 — s)* — s%]

0 <s=10.

C. E[T(x)] = J:O $(0.0002)[s®> + (10 — s)’] ds = 5 = E[T(y)],

10

E[T(x)?] = f s2(0.0002)[s* + (10 — s)?] ds = 1710 = E[T(y)2,

0
35
Var[T(x)] = 3 Var[T(y)],

10 (10
E[T(x)T(y)] = fo jo st(0.0006)(t — s)*> ds dt = ?,

25
CovIT(), T(y)] = EIT@)T(y)] — EIT®IETy)] = — =,
_ Cov[Tx), T(y] _ —25/3 _

_5 v
pT(x)T(y) O-T(x)UT(y) 35 / 3 7 .

For the joint life distribution, we define the joint survival function as
Storp(S, 1) = Pr[T(x) > s and T(y) > t]. 9.2.1)

Unlike the single life distribution, the d.f. and survival function do not necessarily
add up to 1. Their relationship for the joint life distribution can be illustrated by

260

Section 9.2 Joint Distributions of Future Lifetimes



a graph of their joint sample space as shown in Figure 9.2.2. The d.f.
Fre 1y (8, ) gives the probability of Region A, “southwest” of the point (s, t), and
Ste 1oy (S, 1) gives the probability of Region B, “northeast” of (s, t).

Sample Space of Future Lifetime Random Variables T(x) and T(y)

T(y)
/
Region
B
(s,8) _ i
; i
Region
A
— T

0 . (%)

Sample Space of Future Lifetime
Random Variables T(x) and T (y)

Example 9.2.2

For the distribution of T(x) and T(y) in Example 9.2.1 determine the joint survival
function.

Solution:
For0<s<10and 0 < t < 10,

Steorp(ss ) = PrlT(x) > s N T(y) > ]
- J; J: fT(x)T(y)(u/ v) dv du

10 (10
= f f 0.0006(v — u)* dv du
s t

= 0.00005[(10 — #)* + (10 — s)* — (t — s)*].

For other points in the first quadrant, sy, 7, (s, t) will be 0 and for all points in
the third quadrant it will be 1. In the second quadrant, where s < 0 and t > 0,

St 1) (Sr £) = Spe(t) = 4Py

In the fourth quadrant, where s > 0 and t < 0,

57x) T(y)(sl t) = s1y(8) = Ps-
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In Example 9.2.1 we were given the joint distribution of two dependent future
lifetimes and then determined their marginal distributions and their correlation
coefficient, which indicated their degree of dependence. In applications, the de-
pendence of the time-until-death random variables may be difficult to quantify.
Consequently, the future lifetimes are usually assumed to be independent, and then
their joint distribution is obtained from their marginal single life distributions that
we discussed in Chapter 3. This is illustrated in the next example.

Example 9.2.3

The future lifetimes T(x) and T(y) are independent, and each has the distribution
defined by the p.d.f.

_J0.02 (10 = ¢t) 0<t<10
fit) = {O elsewhere.

a. Determine the d.f., survival function, and force of mortality of this distribution.
b. Determine the joint p.d.f., d.f., and survival function for T(x) and T(y).

Solution:
t
a Fro®) = | _frls) ds
0 t=0
=41 - 00110 — £)* = 02t — 0.012 0<t=10
1 t > 10,
1 t<0
Stew(t) = 1 — Fry(t) = 4 0.01(10 — ¢)? 0=t<10
0 t = 10,
“‘(x + t) — fT(x)(t) — 2 0<t< 10

Sr(t) 10 — ¢

b fromm(S: 1) = fra(S)ry(t)

_ J(0.02)%(10 = s)(10 — ) 0<s<10,0<t<10
0 elsewhere,

Froyrp(s: £) = Froy(8)Fr,(t)
= (02)%(t — 0.05t)(s — 0.05s2) 0<s=10,0<t=10
= Fru(s) = (0.2)(s — 0.05s?) 0<s=10,t>10
= Fr, () = (0.2)(t - 0.05t2) s>10,0 <t =10,

ST(x)T(y)(SI t) = ST(x)(S)ST(y)(t)

= (0.01)%(10 — s)2(10 — t)? 0=s<10,0=<t<10

= 57(8) = (0.01)(10 — s)? 0=5<10,¢t<0

= 57,(t) = (0.01)(10 — #)? s<0,0=t<10

=0 s =10, t = 10. v
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9.3 The Joint-Life Status

A status that survives as long as all members of a set of lives survive and fails
upon the first death is called a joint-life status. It is denoted by (x;, x,, . . ., x,,),
where x; represents the age of member i of the set and m represents the number of
members. Notation introduced in Chapters 3 through 5 is used here with the sub-
script listing several ages rather than a single age. For example, A,, and p,, have
the same meaning for the joint-life status (xy) as A, and p, have for the single
life (x).

A joint-life status is an example of what we call a survival status, that is, a status
for which there is a future lifetime random variable, and, therefore, a survival
function can be defined. For the future lifetime of a survival status, the concepts
and relationships established in Sections 3.2.2 through 3.5 (excluding the life table
example in Section 3.3.2) apply to the distribution of the survival status. These
concepts will be used here without new proofs.

We now consider the distribution of the time-until-failure of a joint-life status.
For m lives, T(x,, x,, . . . , x,,) = min[T(x,), T(xy), . . ., T(x,,)], where T(x,) is the time
of death of individual i. For the special case of two lives, (x) and (y), we have
T(xy) = min[T(x), T(y)]. When clear by context, we denote the future lifetime of
the joint-life status by simply T. The student can interpret the time-until-failure of
the joint-life status as the smallest order statistic of the m lifetimes in the set. In
previous studies of order statistics, the random variables in the sample have usually
been independent and identically distributed. Here the random variables are typ-
ically independent by assumption but are rarely identically distributed.

We begin by expressing the distribution function of T, for t > 0, in terms of the
joint distribution of T(x) and T(y) for the general (dependent) case:

Fr(t) = gy = Pr(T = 1)

= Pr{imin[T(x), T(y)] = ¢}

=1 — Pr{min[T(x), T(y)] > t}

=1 — Pr{T(x) > t and T(y) > t}

=1 = Sy 1pft - (9.3.1)

Another equation can be obtained from the second line by recognizing that the
event {min[T(x), T(y)] < t} is the union of {T(x) = t} and {T(y) =< t}. Then,

Fr(t) = Primin[T(x), T(y)] = t},
and using a basic result in probability, we have

Fr(t) = Pr[T(x) = t] + Pr[T(y) = t] — Pr[T(x) =t N T(y) = ¢]

= T ¥y — Fre T(y)(t/ t). (9.3.2)
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The mixture of IAN and standard probability/statistics notation in (9.3.2) dem-
onstrates that although the IAN system may accommodate survival statuses, it does
not provide for the joint distribution of several statuses except in the independent
case which can be expressed in single survival status symbols.

When T(x) and T(y) are independent, the two expressions for the d.f. of T can
be written in terms of single life functions as:
F;(t) = Primin[T(x), T(y)] = t}
=1 = spp 1t ) =1 = popy, (9.3.3)
and
Fr(t) = g, + 4, — Fry T(y)(t/ t) = g, + My — Hx Ay (9.3.4)
The survival function for the joint-life status, ,p,,, is obtained by subtracting the d.f.

from 1.

For the general case, p,, = sru 1(,)(t t) using (9.3.1). In the independent case, we
have by (9.3.3)

tpxy = Px tpy' (935)

Expression (9.3.5) is the convenient starting point for the independent case since
the joint-life status survives to t if, and only if, both (x) and (y) survive to .

Example 9.3.1

Determine the d.f., survival function, and complete expectation for the joint-life
status, T(xy), for the lives of Example 9.2.1.

Solution:
For t = 0 and t > 10, the value of Fr,,(f) would be 0 and 1, respectively. For
0 < t = 10, we have by the results of Example 9.2.1(a) and (b) and (9.3.2)

Fruy(t) = 2{0.5 + 0.00005[t* — (10 — t)*]} — 0.0001 t*
=1 — 0.0001 (10 — ¢t)*
for 0 <t =10.

Now,
Pry = 1 = Frey(t) = 0.0001(10 — ¢)* 0=t <10.
From (3.5.2),
&, = E[TGxy)] = [§ pyy dt = [ 0.0001(10 — t)* dt = 2. v

Example 9.3.2

Determine the d.f. and survival function and the complete expectation for the
joint-life status, T(xy), for the distribution of Example 9.2.3.
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Solution:
For independent lives we use (9.3.5) and the results of Example 9.2.3 to obtain

Py = [0.01(10 — #)?]* = 0.0001(10 — t)* for 0 =t < 10.
Then
PT(xy)(t) =1 — (0.0001)(10 — ¢t)* for0 <t=<10

and

10
& = | 0000110 — t)* dt = 2,
0 v

An insight can be gained from the two previous examples. Although the joint
distributions of the two underlying future lifetime random variables of the two
examples are not the same, the distributions of their joint-life statuses are the same.
This is a important point in practice when only the first-to-die can be observed. In
such case the underlying joint distribution is not uniquely determined. In statistics
this is called nonidentifiability because of the difficulty in distinguishing among
two or more models for the same observed data.

The p.d.f. for T can be obtained by differentiating its d.f. as displayed in either
(9.3.1) or (9.3.2). For (9.3.1) we will need the derivative, with respect to ¢, of

ST(x) T(y)(t/ t) = J; J; fT(x)T(y)(u, U) du dv.
Using the formula from calculus in Appendix 5, we have
d * %
a ST(X) T(}/)(t’ t) = _|:~ft fT(x)T(y)(tl v) dv + J; fT(x)T(y)(u/ t) du].
Hence,

Freap(®) = ft Freomp(t, v) dv + ft Frearip(ts 1) du. (9.3.6)

Using (9.3.2), the reader can show that the p.d.f. of T can also be written as

t t
fT(xy)(t) = fT(x)(t) + fT(y)(t) - [L fT(x)T(y)(tl v) dv + LfT(x)T(y)(u/ t) d”]r
or with actuarial notation as

fT(xy)(t) = P x + 1) + p, w(y + £)

- [ fo Freomt, v) dv + fo Fromn(is ©) du]. 9.3.7)

When T(x) and T(y) are independent, fr. (4, v) = ,p, wx + u) ,p, p(y + v), and
(9.3.6) reduces directly to

= P, P [1x + 1) + w(y + 1) (9.3.8)
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Example 9.3.3

By use of (9.3.6) determine the p.d.f. of T(xy) for Example 9.2.1. Verify your result
by examination of the d.f. in Example 9.3.1.

Solution:
Using (9.3.6) we obtain

10

r (10
f 0.0006 (t — v)* dv + 0.0006 (u — t)* du
t t
= 0.0004(10 — t)° for 0 <t <10,
fT(t) =
0 elsewhere.
\
This is the derivative of the d.f. in Example 9.3.1. v

We saw that T(xy) has the same distribution in Examples 9.3.1 and 9.3.2. If we
use (9.3.8) to obtain the p.d.f. of T(xy) for Example 9.2.3, we will see this again.
This is left as Exercise 9.8.

As explained in Chapter 3, the distribution of T = T(xy) can also be specified by
the force of “mortality,” or more generally, the force of ““failure.” First we consider
a notation for the force of failure of the status at time f. The traditional notation
for this force is .. (in analogy with p,.,), but, in preparation for discussing
other statuses where duration must be recognized, and in accordance with the
notational convention adopted in Chapter 3, we use the notation w.,,(t). The nota-
tion p,,(t) does not necessarily mean that (x) and (y) or the survival status (xy)
were subject to a selection process, but the status did come into existence at these
ages.

By analogy with the first formula of (3.2.12) and with fr,,(x) and Fy,(x) replaced
by fruy,(t) and Fr.,(t), we have

— fo (t)
}.ny(t) = Tfﬁm (9.3.9)

For dependent T(x), T(y), this expression does not simplify beyond the general
form. However, using (9.3.3) and (9.3.8) for the independent case, we have

Ry (t) = plx + £) + w(y + ).

In words, if the future lifetimes are independent, the force of failure for their
joint-life status is the sum of the forces of mortality for the individuals. As in
Chapter 3 with the single life case, we can characterize the distribution of T(xy) by
the p.d.f., the d.f.,, the survival function, or the force of failure.

Example 9.3.4

Determine the force of failure for the joint-life statuses of (x) and (y) in Examples
9.2.1 and 9.2.3.
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Solution:

Since the joint distributions of the two examples produce the same distribution
for T(xy), we will use the independent case. From the results of part (a) of Example
9.2.3 and (9.3.9),

4
= <t < 10.
M (£) 0—¢ O 0 v

We now turn to the curtate future lifetime of the joint-life status.

The probability that the joint-life status fails during the time k to k + 1 is deter-
mined by

Prk<T=k+1) =Pr(T =k +1) — PT < K
=kpxy_k+lpxy

= WPy Dxtkey+k- (9.3.10)

When the future lifetimes of (x) and (y) are independent, the probability of the
joint-life status (x + k:y + k) failing within the next year can be written in terms
of the probabilities of independent failure of the individual lives as follows:

Trrkyrk = L = Prskyri
=1 = Prsk Pyss
=1-(Q1 = g0 — qy10)
= Qe T Gyek = Gurk Gyek

= Gesx T (1= Geri) Gyose (9.3.11)

From the discussion of curtate-future-lifetime of (x) in Section 3.2.3, we see that
(9.3.10) also provides the p.f. of the random variable K, the number of years com-
pleted prior to failure of the joint-life status; that is, fork =0, 1,2, ...,

Pr(K=k) =Prk =T <k + 1)
=Prk<T=k+1)

kpxy qx+k:y+k

= iy (9.3.12)

Example 9.3.5

Determine the p.f. and curtate expectation of K(xy) using the common d.f. of
Examples 9.3.1 and 9.3.2.

Solution:
From Example 9.3.2,

Py = 0.0001(10 — k)"
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Hence

Pr[K(xy) = k] = 0.0001[(10 — k)* — (9 — k)*],
k=01223...,9

From (3.5.5),

© 9
ey, = EIKG@y)] = 2 14apy = >, 0.0001(9 — k)* = 1.5333.
k=0 k=0

9.4 The Last-Survivor Status

In addition to benefits defined in terms of the time of the first death, there are
those defined in terms of the time of the last death. In this section we will examine
situations in which the random variable is the time of the last death.

A survival status that exists as long as at least one member of a set of lives is
alive and fails upon the last death is called the last-survivor status. It is denoted
by (x; x, * -~ x,,), where x; represents the age of member i and m represents the
number of members of the set. We consider the distribution of the time-until-failure
of the last-survivor status, the random variable T = max[T(x,), T(x,), . . ., T(x,)],
where T(x,) is the time-until-death of individual i. The random variable T can be
interpreted as the largest order statistic associated with [T(x;), T(x,), . . ., T(x,)].
Unlike the typical situation in the study of inferential statistics, the m random var-
iables here are not necessarily independent and identically distributed.

For the case of two lives (x) and (y), T(xy) = max[T(x), T(y)]. General relation-
ships exist among T(xy), T(xy), T(x), and T(y). For each outcome, T(xy) equals either
T(x) or T(y) and T(xy) equals the other. Thus, for all joint distributions of T(x) and
T(y), the following relationships hold: '

Txy) + T(xy) = T(x) + T(y), (94.1)
T(xy) Txy) = T(x) T(y), 94.2)
aT + gTo0 = gT® 4+ gTW»  for g > 0. (9.4.3)

There are also some general relationships among the distributions of these four
random variables that come from the method of inclusion-exclusion of probability;
that is,

Pr(A U B) + Pr(A N B) = Pr(A) + Pr(B). 9.4.4)

Defining A as {T(x) = t} and B as {I(y) = t}, we have A N B = {T(xy) = t} and
A U B = {T(xy) = t}, which lead to

FT(xy)(t) + FT(x—y)(t) = Fry(t) + FT(y)(t). (9.4.5)
From this it follows that

Py T P = P T Py (9.4.6)
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and

fT(xy)(t) + fT(x—y)(t) = fT(x)(t) + fT(y)(t)' (94.7)
The relationships developed above allow the distribution of the last-survivor
status to be explored by use of the distribution of the joint-life status that is de-
veloped in the previous section. An illustration of this fact is provided by substi-
tuting (9.3.2) into (9.4.5) to obtain
FT(@)(t) = FT(x)(t) + FT(y)(t) - PT(xy)(t) = FT(x)T(y)(t/ t),
a relationship that also follows from Fyg; () = Pr[T(x) =t N T(y) = t].

Example 9.4.1

Determine the d.f., survival function and p.d.f. of T(xy) for the lives in Example
9.2.1.

Solution:
From (9.4.5) and the solutions to part (b) of Example 9.2.1 and Example 9.3.1,

Fra(t) = 2{0.5 + 0.00005[t* — (10 — #)*]} — [1 — 0.0001(10 — #)*]
= 0.0001t* = Frip,(t t) 0=t<10,
P = 1 — Frg(t) = 1 — 0.0001¢* 0<t=10.
By differentiation,

fram(t) = 00004 £ 0 <t <10. v

Example 9.4.2

Determine the d.f., survival function and p.d.f. of T(xy) for the lives in Example
9.2.3.

Solution:
From (9.4.5) and the solutions to Examples 9.2.3 and 9.3.2 for 0 < t = 10,

Frag)(t) = 2[1 = 0.01(10 — ¢)?] — [1 — 0.0001(10 — #)]
= [1 — 0.01(10 — #)’J?
= t30.2 — 0.01#)* = Froyr,(t, t),
P =1 — Frgg(t) =1 — t%0.2 — 0.01t),
fram(t) = 0.0442 — 0.1¢)(1 — 0.1¢) 0 <t<10. v
An observation derived by comparing Examples 9.3.1 and 9.3.2 with Examples
9.4.1 and 9.4.2 is that two different joint distributions may produce the same dis-

tribution for the joint-life status but different distributions for the last-survivor
status. This possibility could have been anticipated by the general nature of (9.4.5).

For applications it is preferable to rearrange and to restate (9.4.5) and (9.4.7) in
actuarial notation:
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I = v Gy = Gy (9.4.5) restated

tp@ p"x_y(t) = tpx “‘(x + t) + tpy ”‘(y + t) - tpxy 'J‘xy(t) (947) reStated

The force of failure for the last-survivor status is implicitly defined in this restate-
ment of (9.4.7) as

frem(t)
1-F T(xy)(t)
_ Px px +t) + p, y +t) — Py p“xu(t). (9.4.8)
Pxy
When T(x) and T(y) are independent p.,,(t) can be replaced by p.(t) + w,(t) in
(9.4.7) and (9.4.8), and they can be rewritten as

p“xy(t) -

Py Wag(t) = gy P (X + t) + . py Wy + 1) (9.4.9)

and

Ay Px X+ 1) + g, p, My + 1)

Ay Px e Py ¥ Peiby
In this form the force of failure of the last-survivor status is a weighted average of
forces of mortality. Forces of mortality are conditional p.d.f.’s, and the probability

density that (x) and (y) will die at ¢ is 0. As a result, the force associated with
P+ P, in the weighted average is 0.

ng(t) = (9.4.10)

Example 9.4.3

Determine the force of failure for the last survivor of the two lives in
a. Example 9.2.1, and
b. Example 9.2.3.

Solution:
a. Using the results of Example 9.4.1,

0.0004¢3 _ 4¢3

balt) = T 0.0001¢ ~ 10,000 — £
b. Using the results of Example 9.4.2,

0.0442 — 0.1)(1 — 0.1t) _ 4H20 — £)(10 — ¢)
1 — t%0.2 — 0.01t) 10,000 — 220 — )2

H(t) = v

Discrete analogues of relationships (9.4.1)-(9.4.3) and (9.4.5)-(9.4. 7) exist for the
curtate-future-lifetimes. These are

K(xy) + K(xy) = K(x) + K(y), (9.4.11)

K(xy) KGy) = K@) K(y), (9.4.12)
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aken + gk = gK& 4 gKw)  for g > Q, (9.4.13)

Frayp(k) + Frap(k) = Frey(k) + Fyy (k). (9.4.14)
From (9.4.14) it follows that
fK(xy)(k) + fK(@)(k) = frw(k) + fK(y)(k)' (9.4.15)

The distribution of K(xy), the number of years completed prior to failure of the last-
survivor status, that is, the number of years completed prior to the last death, can
now be determined from these relationships and the results for the curtate-fu-
ture-lifetime of the joint-life survivor status. From (9.4.15),

PrK(xy) = k] = fuap®) = Px Gesx T iy Gysx = Py Grrky- (94.16)
For independent lives, (9.3.5) and (9.3.12) allow us to write (9.4.16) as

PrK(xy) = k] = ips Gosx + Py Gyix = x Py Geek T Gyak = Terkly+x)

= @ =) P Qeri ¥ (L= 4P Py Gy + Px Py T Ty
In this last form, the first two terms are the probability that only the second death
occurs between times k and k + 1. The third term is the probability that both deaths
occur during that year. This expression for Pr[K(xy) = k] is analogous to (9.4.9) for
the p.d.f. of T(xy) where, since the probability that two deaths occur in the same
instant is 0, there are only two terms.

9.5 More Probabilities and Expectations

In Sections 9.3 and 9.4 we express the p.d.f.’s and the d.f.’s of the future lifetimes
of the joint-life status and the last-survivor status in terms of the functions of the
probability distributions for the single lives. In this section we use these expressions
to solve probability problems and to obtain expectations, variances, and, for inde-
pendent individual future lifetimes, the covariance of the joint-life and last-survivor
future lifetimes.

Example 9.5.1

Assuming the future lifetimes of (80) and (85) are independent, obtain an ex-
pression, in single life table functions, for the probability that their
a. First death occurs after 5 and before 10 years from now, and
b. Last death occurs after 5 and before 10 years from now.

Solution:

a. With T = T(80:85) we obtain
Pr(5 < T = 10)

Pr(T > 5) — Pr(T > 10)
= 5Ps0:85 — 10Ps0:85

= 5Ps0 5Ps5 — 10Ps0 10Ps5-

Note that the independence assumption is used only in the last step.
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b. With T = T(80:85)
Pr(5 < T < 10)

= sPgoes — 10P80:85/

and from (9.4.6) we obtain

= Pso — 10Ps0 T sPss — 10Pss — (sPs0:85 —

Pr(T > 5) — Pr(T > 10)

Using the independence assumption, we can substitute spg, spgs for spg.q5 and

10P80 10Ps5 fOT 10Ps0.85-

v

The results of Section 3.5 concerning expected values of the distribution of T, the
time-until-the death of (x), are also valid if T = T(u) the time-until-failure of a
survival status (1). We used some of these ideas in the previous two sections; now

we will state them explicitly.

From (3.5.2) we have that &, = E[T(x)], which for a survival status (1) can be

obtained from the formula

e, = f P dt.

0

If (u) is the joint-life status (xy), then

by = fo sy L,

and for the last-survivor status (xy) we have

by = f Py dt.

0

Upon taking expectation of both sides of (9.4.1), we see that

[} _ o g _ 9
e@—ex+ey Crye

From (3.5.5), the expected value of K = K(u) is
eu = El: kpu

for a survival status, (u). Special cases include

o

exy = Z kpxy

and

o

€ = 21 Py

It follows from (9.4.11) that

e = & + €, — .

(9.5.1)

(9.5.2)

(9.5.3)

(9.5.4)

(9.5.5)
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The variance formulas derived in Section 3.5 can be used to calculate the variance
of the future lifetime, or curtate-future-lifetime, of any survival status, (1). Thus,

Var[T(xy)] = 2 fo t Py dt — (€,) (9.5.6)

and

Var[T(xy)] = 2 fo i t P dt — (Eg)™ (9.5.7)

In Example 9.2.1 we calculated the covariance of T(x) and T(y) for dependent
future lifetimes. For the moment, we return to dependent future lifetimes to explore
the covariance of T(xy) and T(xy) in the general case:

Cov[T(xy), TG = E[TGxy) TGH)] — E[TGxy)] EITGH)]. (9.5.8)
On the basis of (9.4.2),
E[T(xy) T(xy)] = E[T(x) T(y)].
Using this result and (9.5.4), we can write
Cov[T(xy), TGyl = E[T(x) T(y)] — E[Tx] {E[TW)] + E[T(y)] — E[TGy]l},
which can be rewritten as
= Cov[T(x), T(y)] + {E[T(x)] — E[Tey)} {E[T(Y] — E[Tay].  (9.5.9)
If T(x) and T(y) are uncorrelated, then
CovITay), TED] = €, = 8,)E, — &,). 9.5.10)

Since both factors of (9.5.10) must be non-negative, we can see that when T(x) and
T(y) are uncorrelated, T(xy) and T(xy) are positively correlated, except in the trivial
case where &, or é, equals &,,.

For T(x) and T(y) of Examples 9.2.1 and 9.2.3 determine (a) Cov[T(xy), T(xy)],
and (b) the correlation coefficient of T(xy) and T(xy).

Solution:

Most of the required calculations have been done in previous examples. The
remaining calculations can be done readily with the p.d.f.’s that were determined
there. We will complete the calculations by displaying intermediate results in tab-
ular form along with the number of the formula being illustrated.
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Distribution

Examples 9.2.1,

Examples 9.2.3,

Item 9.3.1, 9.4.1 9.3.2,9.4.2

a. & = ¢, = E[T()] = E[T(y)] 5 10/3
&y = E[T(xy)] 2 2
Cov|[T(x), T(y)] -25/3 0
Cov[T(xy), TG 2/3 16/9

b. E[T(xy)?] 20/3 20/3
Var[T(xy)] 8/3 8/3
E[T(xy)] 8 14/3
E[T®)] 200/3 80/3
Var[T(xy)] 8/3 44/9

PTay) TG) 1/4 V8/33

v

9.6 Dependent Lifetime Models

In Section 9.2 the concept of the joint distribution of [T(x), T(y)] was introduced.
Two examples, which did not appear plausible as models for the joint distribution
of [T(x), T(y)] for human lives, were used to illustrate the ideas. Example 9.2.1
illustrated the ideas when T(x) and T(y) are dependent, and Example 9.2.3 provided
similar illustrations for independent random variables.

In this section, two general approaches to specifying the joint distribution of
[T(x), T(y)] will be studied. The convenient independent case is included within

each model.

9.6.1 Common Shock

Let T*(x) and T*(y) denote two future lifetime random variables that, in the
absence of the possibility of a common shock, are independent; that is,

ST*(X) T*(y)(S, t) -

Pr[T*(x) > s N T*(y) > f]

(9.6.1)

In addition, there is a common shock random variable, to be denoted by Z, that
can affect the joint distribution of the time-until-death of lives (x) and (y). This
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common shock random variable is independent of [T*(x), T*(y)] and has an ex-
ponential distribution; that is,

sz) =e™ z>0,N=0.

We can picture the random variable Z as being associated with the time of a ca-
tastrophe such as an earthquake or aircraft crash. The random variables of interest
in building models for life insurance or annuities to (x) and (y) are T(x) =
min[T*(x), Z] and T(y) = min[T*(y), Z]. The joint survival function of [T(x), T(y)]
is

Stwry(S, t) = Primin[T*(x), Z] > s N min[T*(y), Z] > t}
=Pr{[T*(x) >s N Z>s] N [T*y) >t N Z>t]}
= Pr[T*(x) > s N T*(y) >t N Z > max(s, t)]
= Spup8) Spagy(t) e MM, (9.6.2)

The final line of (9.6.2) follows from the independence of [T*(x), T*(y), Z].

Using the joint survival function displayed in (9.6.2), we can determine the joint
p.d.f. of [T(x), T(y)]. Except when s = t, the p.d.f. can be found by partial differ-
entiation. We have

9? B .
fT(x)T<y)(S' t) = :9;:9_1‘ ST’*(x)(S) ST*(y)(t) e~ Nmax(s,t)]
= [87:9(8) STup(t) = NSpu(S) S7+()] €7 0 <t <s (9.6.3a)
= [570(8) 87xy(t) = NSTs(y(8) Spe()] e 0 <s <t (9.6.3b)

This display does not complete the definition of the p.d.f. When s = ¢, the common
shock contribution to the p.d.f. is

The domain of this mixed p.d.f., with a ridge of density along the line s = ¢, is
shown in Figure 9.6.1.

& s e
Domain of Common Shock p.d.f.
t
s=t
s<t
Z  ____(9.6.3
(9.6.3b) (9.6.3¢)
s>t
(9.6.3a)
S
0
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Remark:

The interpretation of the p.d.f. given in (9.6.3.a), (9.6.3.b), and (9.6.3c) requires a
careful analysis of the distribution of [T*(x), T*(y)] and the derived distribution of
{T(x) = min[T*(x),Z], T(y) = min[T*(y), Z]}. Table 9.6.1 facilitates this analysis.
Because of the intervention of the common shock, realizations of T*(x) and T*(y)
may not be observed because of the prior realization of Z. The common shock
random variable can mask or censor observations of T*(x) and T*(y). In addition,
events such as T*(x) < Z < T*(y) and T*(y) < Z < T*(x) can contribute to the p.d.f.

The marginal survival functions are given by
St(8) = Pr{[T(x) > s] N [T(y) > 0]}
= Spyp(s)e™ (9.6.4a)

and

sty(t) = Pr{[T(x) > 0] N [T(y) > t]}
= St ™. (9.6.4b)

Interpretation of p.d.f. of (T(x), T(y)), Common Shock Model

Formula Interpretation Domain

9.6.3a Prifs <T*x) =s + As) N (t < THy) =t + AHNZ>s)|UNT 0<t<s
) NE<THy) =t +A)N(GE<Z=s5+ Ag)]} =
[fre(S) fregy(t) $2(8) + S12() fruy(t) f2(5)]AsAt

9.6.3b Pr{ifs < T*(x) = s + As) N (¢ < T*y) =t + At) N (Z > t)] U 0<s<t
[(6<T*x)=s+A)NT*y)>H)HN(E<Z=t+ A} =
[free(s) fT*(y)(t) $7(t) + fruw(s) sT*w)(t)fZ(t)]AsAt

9.6.3¢ PriT*) > t) N (THy) > )Nt < Z=t+ At)} = s =1t
Steeu(t) ST*(y)(t) fA) At

If we are interested in the distribution of T(xy) = min[T(x), T(y)], the joint-life
status in the common shock model, the survival function can be obtained using
(9.3.1) and (9.6.3):

Stay(t) = Spaw(t) Spey(t) e 0 < t. (9.6.5)

The distribution of T(xy) = max|[T(x), T())], the last-survivor status in the common
shock model, can be derived by using (9.4.5), (9.6.5), (9.6.4a), and (9.6.4b):

stap(t) = [sp(t) + Step(t) = Spayreyt, ] e 0 <t (9.6.6)

If the common shock parameter A = 0, formulas (9.6.5) and (9.6.6) revert to the
form where T(x) and T(y) are independent. When N > 0 the joint-life and last-
survivor survival functions are each less than the corresponding survival function
when A = 0.

276

Section 9.6 Dependent Lifetime Models



Example 9.6.1

Exhibit ., (t) as derived from (9.6.5).
Solution:

d
Mxy(t) = -7 10g [ST*(x)(t) ST*(y)(t)e_M]
dt

px + ) + pu(y +t) + A v

Example 9.6.2

The random variables T*(x), T*(y), and Z are independent and have exponential
distributions with, respectively, parameter p,, p,, and \. These three random var-
iables are components of a common shock model.

a. Exhibit the marginal p.d.f. of T(y) by evaluating

t o
fT(y)(t) = J; fT(x)T(y)(SI t) ds + fT(x)T(y)(tl t) + J; fT(x)T(y)(s/ t) ds.

b. Exhibit the marginal survival function of T(y) by evaluating

ST(y)(t) = Jt fT(y)(u) du.

c. Evaluate

PHT() = T = | fromolt, ) .

Solution:
a. We use the three elements of (9.6.3), adapted for exponential distributions, to
obtain
fT(y)(t) = J‘f) “’1("1’2 + )\)e—ms—(uzﬂ)t ds + Ne~(mitpatMi
+J7 oy + N)e~ (ths=mat g
— (Mz + )\)e—(uzﬂx)t (1 — e—mt) + Ne (Nt 4 Mze—(ul*’-mﬂx)t
= (Mz + )\)e~(uz+)\)f 0<t.
b. sy () = J7 fropW) du = e~ @M = g (t)e ™, which agrees with (9.6.4.b).
T(y) T(y) T*(y) &

A

c. Pr[T(x) = T(y)] = & he tp2tN g = —
[T = Te)) = J3 N r—— v

9.6.2 Copulas

The word copula means something that connects or joins together. Copula is
used in multivariate statistical analysis to define a class of bivariate distributions
with specified marginal distributions.
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In this section we will illustrate actuarial applicétions of Frank’s copula. The
notation will be that used in Section 9.2. It is claimed that

N (efoT(x)(S) — 1)(eaFT<y)(t) — 1)
e — 1

1
Frogrp(s, t) = o log [1 (9.6.7)

when o # 0 is a joint d.f. with marginal distribution Fr,(s) and Fy,(t). This claim
can be verified by confirming that

Frayray(0, 0) = 0, ‘ (9.6.8)
FT(x)T(y)(oor ©) =1, (9.6.9)

82
5e57 LS 1) = fromy(s: t)

— fr5)(8) froyy () [0 Fro ]
[(e* = 1) + (e — 1)(efrw® — 1)]

s —1) =0, (9.6.10)

and
I3 T(x)T(y)(s' ) = F T(x)(s)r

F T(x)T(y)(ool ty=F T(y)(t)‘

Statements (9.6.8) and (9.6.9) are necessary for Frqyr,(s, t) to be a d.f. of two future
lifetime random variables. Statement (9.6.10) exhibits the joint p.d.f. and shows that
it is non-negative.

The parameter « in the d.f. displayed in (9.6.7) and the p.d.f. displayed in (9.6.10)
controls the dependence of T(x) and T(y). This can be appreciated by finding

11_12 fT(x)T(y)(Sr t) = frw(s) fT(y)(t) {lig} [A(a) B(e) C(Ol)]},

where
A(a) = ea[FT(x)(s)"'FT(y)(t)]’
(e — Da
B(a) = —— 22
(o) @ =1
nd Cla) = 1
) YT EE - e~ D/ @ - DI
We have
lim A(e) = 1,
a—0
lim B(a) = 1,
a0
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and lim C(a) depends on the term in the denominator

a—0

Hm

o—0

l:(eaFTm(S) — 1)(eaFT<y)(t) — 1)]

e —1

i [Friof®) @@ — 1) + By (efoeo — 1)
a—0 ea
= 0.
Therefore, lim C(a) = 1, and im fr,)r,(S, t) = frs(S) fr,(t). This means that T(x)
a—0 0

and T(y) are independent in the limit as a — 0. We interpret the joint p.d.f. in this
fashion when a = 0.

Example 9.6.3

Let Frpy(s) = 5,0 <s =1, and Fry(t) =t 0 <t =1,in (9.67) and T(xy) =
min[T(x), T(y)].
a. Find the d.f. of T(xy).
b. Find the p.d.f. of T(xy).

Solution:

a. Using (9.3.2),
PT(xy)(t) = PT(x)(t) + PT(y)(t) - PT(x)T(y)(tl t)

eoct _ 1)2

1 (
=2t — — + <t<l
2t 0Llog[l e"‘—l] 0<t<l1

d
b. Jroy(t) = I Toy(t)

2a(e* — 1)e* /(e — 1)
afl + [ — 1)*/(e* — DI}

_9_ 2(e* — 1)e™
- (e — 1) + (e — 1)

=2 —

] O<t<l.

9.7 Insurance and Annuity Benefits

Insurances and annuities, previously discussed for an individual life, can be de-
fined for the survival status, (1), and are discussed in this section. We also inves-
tigate more complicated examples in which an annuity, payable to a survival status,
(u), is deferred until another status, (v), has failed.

9.7.1 Survival Statuses

With the single-life status, (x), replaced by the survival status, (1), the models
and formulas of Chapters 4 and 5 are applicable here. Expressions for the actuarial
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present values, variances, and percentiles in terms of the distribution of (u) are
immediately available. The relationships of Sections 9.3 and 9.4 can then be used
to be these expressions in terms of functions for the individual lives of the survival
status.

For an insurance of unit amount payable at the end of the year in which the
“survival” status fails, the model and formulas of Section 4.3 apply. Thus if K
denotes the curtate-future-lifetime of (1), then the

* Time of payment is K + 1,

* Present value at issue of the payment is Z = v**1,

* Actuarial present value, A,, is E[Z] = D>, v**! Pr(K = k), (9.7.1)
0

* Var(Z) = %A, — (A)~ (9.7.2)
As an illustration, consider a unit sum insured payable at the end of the year in
which the last survivor of (x) and (y) dies. From (9.4.16) and (9.7.1) we have

=)

A@ - ; Uk+l (kpx qx'H‘ + kp;‘/ qy+k B kpxy qx+k:y+k)/
which can be used at forces of interest & and 28 to obtain the variance by (9.7.2).

The numerous formulas for discrete annuities in Section 5.3 are valid when the
annuity payments are contingent on the survival of a survival status. For example,
if we replace x with u to emphasize that K is the curtate-future-lifetime of the
survival status, (1), we can restate the following formulas for an n-year temporary
life annuity in regard to (u):

— dK'Fl K = O, 1, « ey n — ].
Y {dﬂ K=nn+l, ..., (5.3.9) restated
n—-1
d,q = E[Y] = % At ke + O Pus (9.7.3)
n—1 n—1
Gy = g «Ey = EO: vk ., (5.3.9) restated
.1
i =7 (1 = Az, (5.3.12) restated
Var(Y) = ‘—11—2 PA.q — (Al (5.3.14) restated

As an illustration, consider an annuity of 1, payable at the beginning of each
year to which both (x) and (y) survive during the next n years. This is an annuity
to the joint-life status (xy). By substituting p,,, or p, p, if the lifetimes are inde-
pendent, for ,p, in the above formulas, we can obtain the actuarial present value
of the annuity. For the variance as given in (5.3.14), we can use ’

Axy:ﬂ =1-— d('l'xy:a
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and

Aym =1—2d — d? %z,
yerl y:r

or we can calculate the actuarial present values directly.

In addition, we can establish relationships among the present-value random var-
iables for annuities and insurances on the last-survivor status and the joint-life
status. From relationship (9.4.13), we have

pKEDTL 4 pKap+l = K@+ 4 K+l (9.7.4)

b 1 ke = ke T kg - (9.7.5)
By taking the expectations of both sides of (9.7.4) and (9.7.5), we have
Ag + A, = A T A,

and
U + 4y, = d, + d,.

These formulas allow us to express the actuarial present values of last-survivor
annuities and insurances in terms of those for the individual lives and the joint-
life status. Note that these formulas hold for all joint distributions; independence
is not required.

We now consider continuous insurances and annuities. If T, the future-lifetime
random variable in Sections 4.2 and 5.2, is reinterpreted as T(u), the time-until-
failure of the survival status, (1), the formulas of those sections for present values,
actuarial present values, percentiles, and variances hold for insurances and annu-
ities for the status (u).

For an insurance paying a unit amount at the moment of failure of (1), the present
value at policy issue, the actuarial present value and the variance are given by

Z=vT,
A, = L vt p, () dt, (4.2.6) restated
Var(Z) = %A, — (A~

As an illustration, the restated (4.2.6) for the last survivor of (x) and (y) would be

Ag = f v' pg uglt) dt.

0

From (9.4.7), this is

Ag = fo vl [y (x + 1)+ p, (Y ) Py Ry (E)] dE
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For an annuity payable continuously at the rate of 1 per annum until the time-of-
failure of (u), we have

Y = ﬁﬂ,
a, = JO ag p, w,(t) dt (5.2.3) restated
= fo vt p, dt, (5.2.4) restated
24 — (AR
Var(Y) = ”—82(—”—)— (5.2.9) restated
The interest identity,
dag +vT =1, (5.2.7) restated

is also available for T = T(u) and provides the connection between the models for
insurances and annuities.

As an application, consider an annuity payable continuously at the rate of 1 per
year as long as at least one of (x) or (y) survives. This is an annuity in respect to
(xy), so we have from the above formulas with T = T(xy)

Y = g

= J;) Ut tp@ dt,
24— (A
Var(Y) = __xy__?)#@t)_
Formula (9.4.3) implies that
and
Eﬁ\ + am = E—T-(;)' + E'T'("y—lr 9.7.7)
and (9.4.1) implies that
I Ty = T (T, (9.7.8)

These identities can be used to obtain the relations among the actuarial present
values, variances, and covariances of insurances and annuities for the various stat-
uses. For example, taking the expectations of both sides of (9.7.6) and (9.7.7), we
obtain

+ (9.7.9)
+a, (9.7.10)
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In the same way that Cov[T(xy), T(xy)] was expressed as
Cov[T(xy), T(xy)] = Cov[T(x), T(y)] + (e, — ey)e, — &),
it can be shown that
Cov(v™, vT®) = Cov(®™, v™™) + (A, — A )4, — A,). (9.7.11)

Both factors in the second term of (9.7.11) are nonpositive, so it will be non-negative
and will be zero only in the trivial case where either A, or A, equals A,,.

The actuarial present value of a continuous annuity paid with respect to (xy)
where, because (x) and (y) are subject to common shock, the joint survival function
is given by (9.6.5) can be written in current payment form as

0

0y, = fo e Nis L (t) dE + f OV () dt

0

Formula (9.7.12) illustrates how the common shock parameter N can be combined
with the force of interest in some calculations.

Example 9.7.1

a. Extend (9.7.9) to the actuarial present value of an n-year term insurance paying
a death benefit of 1 at the moment of the last death of (x) and (y) if this death
occurs before time 7. If at least one individual survives to time 7, no payment
is made.

b. Use the formula to calculate the actuarial present value, on the basis of & = 0.05,
of a 5-year term insurance payable on the death of the last survivor of the two
lives in Example 9.2.1.

Solution:

a. By restating (9.7.6) for n-year term insurance random variables and then taking
expectation of both sides, we have

A;Cylzm = A}c:ﬁl + A;ﬂ - A/xl—y\ﬂ .

The symbol A/:T]y‘\:ﬁl represents the actuarial present value of an n-year term in-
surance payable at the failure of the joint-life status if it occurs prior to n.

b. From Example 9.2.1, T(x) and T(y) each has p.d.f. fi(t) = 0.0002 [t* +
(10 — t)%], 0 = t < 10. Therefore,

5
Alg = Alg = fo e~0951(0.0002[t> + (10 — t)°]} dt

= (.4563.
From Example 9.3.3, we have that fr,(t) = 0.0004(10 — t)?, 0 < t < 10, so

5
Agng = JO e~0050.0004(10 — +)°] dt = 0.8614.
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Using the result from part (a),

Agls = 2(0.4563) — 0.8614 = 0.0512. v
9.7.2 Special Two-Life Annuities
In this section we illustrate by an example special annuities in which the payment
rate depends on the survival of two lives.
An annuity is payable continuously at the rate of
* 1 per year while both (x) and (y) are alive,
* 2/3 per year while one of (x) or (y) is alive and the other is dead.

Derive expressions for

a. The annuity’s present-value random variable

b. The annuity’s actuarial present value

c. The variance of the random variable in (a), under the assumption that T(x) and
T(y) are independent.

Solution:

a. The annuity is a combination of one that is payable at the rate of 2/3 per year
while at least one of (x) and (y) is alive—until time T(xy)]—and one that is
payable at the rate of 1/3 per year while both individuals are alive—until time
T(xy). The present value of the payments is

2 1_
Z = 5 a—@ + 5 LZW‘.
b. The actuarial present value is
2 _ 1_
Using (9.7.10) to substitute for ag;, we have
2_ 2. 1_
E[Z] = gax +§lly - gaxy
Alternatively, from (5.3.2B) restated, we have
2 (" 1 ("
E[Z] = 3 fo vl g dt + gfo vt p,, dt.
Then, by considering the three mutually exclusive cases as to which of the lives
may be surviving when (xy) is surviving at time ¢, we can write
tp@ = tpxy + (tpx - tpxy) + (tpy - tpxy)‘
Substitution of this expression into the first integral and combining the results
with the second give
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00

2 o0
E[Z] = j Ut tpxy dt + 5 J; vt (tpx - tpxy) dt

0

2 00
L2 0, - pg e

This expression of E[Z] can be directly obtained by considering the three cases.
The first term is the actuarial present value of the payments at the rate of 1 per
year while both (x) and (y) survive. The second term is the actuarial present
value of the payments at the rate of 2/3 per year at those times t when (x) is
alive (with probability ,p,) but not both of (x) and (y) are alive (with probability
Px,)- The third term has a similar interpretation with x and y interchanged.

2 _ 1._
c. Var(Z) = Var (5 ) + gam)

4 _ 1 _ 4 _ —
= ) Var(am_y)) + ) Var(azgy) + 5 Cov(aﬁ_yﬂ, Ay

But, by Exercise 9.23, ‘for independent T(x) and T(y),
Cov(p @ pTew)
82
(A - AYA, - A
82

COV(&T(@)V ATey) =

)

Hence

Var(Z) =

{4/9 Az — Ag)l + 1/9PA,, — (A1 + 4/9 (A, — A)A, — Aw)}
52 '

9.7.3 Reversionary Annuities

A reversionary annuity is payable during the existence of a status (u), but only
after the failure of a second status (v). Conceptually, this is a deferred life annuity
with a random deferment period equal to the time until failure of the second status.
In fact, it is a generalization of the deferred life annuity, for if (v) is an n-year term
certain, then reversionary annuity reduces to an n-year deferred annuity. If (u) is
a term certain, the reversionary annuity reduces to a form of insurance, family
income insurance, studied in Chapter 17. The basic notation for the actuarial pres-
ent value of this annuity is a,, with adornments to indicate frequency and timing
of payments. The concept has been useful to obtain expressions for the more com-
plex annuity arrangements in terms of single and joint status annuities (see Ex-
ample 9.7.3). Here we will study the present-value random variables for reversion-
ary annuities.
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We start with an annuity of 1 per year payable continuously to (y) after the death
of (x). The present value at 0, denoted by Z, is

0 T(x) > T(y).
This can be written as
- {ﬁw —army T = T(y) ©.7.14)
0 T(x) > T(y),
or as
7z = {am ~im TW =TQ) (9.7.15)
Em - am T(x) > T(y),
which is the same as
Z = @y — frgg (9.7.16)
Thus,
Ex|y = E[Z] = E[am] - E[am] = Ey - Exy. (9717)

Formulas (9.7.16) and (9.7.17) hold for survival statuses (1) and (v). For example,

Aealy = Ay — Oy s

ax\y:ﬂ = ay:ﬂ - axy:ﬂ‘

We note that (9.7.17) holds for dependent future lifetimes.

Example 9.7.3

Calculate the actuarial present value of an annuity payable continuously at the
rates shown in the following display.

Case, Rate, and Condition

1. 1 per year with certainty until time #,

2. 1 per year after time n if both (x) and (y) are alive,

3. 3/4 per year after time n if (x) is alive and (y) is dead, and
4. 1/2 per year after time #n if (y) is alive and (x) is dead.

Solution:

We use the reversionary annuity idea to write the actuarial present value of this
arrangement in terms of single-life and joint-life annuities.

* Case 1: This is an n-year annuity-certain: a.

* Case 2: This is n-year deferred joint life annuity to (xy):

nlaxy - axy - Exyﬂ .
* Case 3: This is a reversionary annuity of 3/4 per annum to x after y:#:

3. 3, _ 3
Z ay:ﬁ“x - Z (ax - ax:(y:ﬂ)) - Z (ax - axy - ax:ﬂ + axy:ﬂl)‘
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« Case 4: This is a reversionary annuity of 1/2 per annum to y after x:7:

1_ 1, _ _
S Gy = 5 @y — 4y, — g + dyn).
7 7 Yy y y y

Adding the results for the four cases together, we obtain the required actuarial
present value,

_ 3_ _ 1_ 1_
a; + Zax + a, — el E{Zyﬂ + Zaxy:a.

N | =
AN
bNY|
&

[
W
N

9.8 Evaluation—Special Mortality Assumptions

In Section 9.7 the actuarial present values of a variety of insurance and annuity
benefits that involve two lifetime random variables were developed. These devel-
opments typically culminated in an integral or summation. In this section we study
several assumptions about the distribution of T(u) that will simplify the evaluation
of these integrals and summations.

9.8.1 Gompertz and Makeham Laws

Here we examine the assumption that mortality follows Makeham'’s law, or its
important special case, Gompertz’s law, and the implications for the computations
of actuarial present values with respect to multiple life statuses. Independent future
lifetime random variables will be assumed.

We begin with the assumption that mortality for each life follows Gompertz’s
law, p(x) = Bc*. We seek to substitute a single-life survival status (w) that has a
force of failure equal to the force of failure of the joint-life status (xy) for all t = 0.
Consider

Ry (S) = p(w + 3) s=0; 9.8.1)
that is,
Bc**s 4+ Be¥*ts = Bc¥ts,
or
c* + ¥ =c¥, (9.8.2)
which defines the desired w. It follows that for t > 0,

exp [—fot w(w + s) ds]
= exp [— fo Py (5) dS]

= Py ’ (9.8.3)

Thus for w defined in (9.8.2), all probabilities, expected values, and variances for
the joint-life status (xy) equal those for the single life (w). For tabled values, the

tpw
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need for a two-dimensional array has been replaced by the need for a one-
dimensional array, but typically w is nonintegral, and therefore the determination
of its values requires interpolation in the single array.

The assumption that mortality for each life follows Makeham’s law (see Table
3.6) makes the search more complex. The force of mortality for the joint-life status
is

My (8) = mlx + 8) + w(y + s) = 2A + Be® (¢ + ¢Y). (9.8.4)

We cannot substitute a single life for the two lives because of the 2A. Instead, we
replace (xy) with another joint-life status (ww), and then

Mwo(S) = 2w + s) = 2(A + Be’c®), (9.8.5)
and we choose w such that
2c¥ = ¢* + ¢V (9.8.6)

Unlike the Gompertz case where the one-dimensional array is based on functions
from a single life table, this one-dimensional array is based on functions for a joint-
life status (ww) involving equal-age lives.

Use (3.7.1) and the 4,, values based on the Illustrative Life Table (Appendix 2A)

with interest at 6% to calculate the value of dg.,. Compare your result with the
values of dg.5 in the table of 4,.,, .

Solution:

From ¢ = 10°% and ¢% + ¢”° = 2¢¥, we obtain w = 66.11276. Then using linear
interpolation, dgy.,0 = 0.88724d,.¢ + 0.11276d,.,, = 7.55637. The value by the
d,.,.10 table is 7.55633. v

9.8.2

Uniform Distribution

We retain the independence assumption, and in addition we assume a uniform
distribution of deaths in each year of age for each individual in the joint-life status.
With this additional assumption, we can evaluate the actuarial present values of
annuities payable more frequently than once a year and insurance benefits payable
at the moment of death.

We recall from Table 3.6 that, under the assumption of a uniform distribution of
deaths for each year of age, p, = 1 — tg, and

d
Px 'J"(x + t) = E (1 - tpx) = Gy (987)

When we apply this assumption to a joint-life status (xy), with independent T(x)
and T(y), we obtain, for 0 =t = 1,
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Py By (t) = i p, [0(x + 1) + pu(y + 1)]
=P, P ulx + 1) + p.p, 0y + 1)
=1 - tg)9, + (A — tg,)4,
=4q, tq, — g4, + (1 — 2t)q4,
= g, + (1 — 2t)q,4,. (9.8.8)

On the basis of (4.4.1), the actuarial present value for an insurance benefit in regard
to a survival status, (1), can be written as

ke 1
A, = 2 v, J 1+ )t ktsPu w,(k + s) ds.
k=0 0 P

u

Using (9.8.8), we can rewrite this for the joint-life status, (xy), as

o0 1
Axy = kZ:() vk+l kpxy I:qx+k:y+k J;) (1 + 1‘)175 ds

1
T Gk y+k L (1 + 1.)145 (1 - 25) ds]

i i 2 2\ <«
= gAxy + '8" <1 - g + ;) l;) vk+1 kpxy qx+k q]/+k' (9.8.9)

To interpret the right-hand side of (9.8.9), we see from (4.4.2) that the first term
is equal to Axy if T(xy), the time-until-failure of (xy), is uniformly distributed in each
year of future lifetime. Such is not the case for T(xy) = {min[T(x), T(y)]} when T(x)
and T(y) are distributed independently and uniformly over such years. Under this
latter assumption, the conditional distribution of T(xy), given that T(x) and T(y) are
in different yearly intervals, is also uniform over each year of future lifetime. How-
ever, given that T(x) and T(y) are within the same interval, the distribution of their
minimum is shifted toward the beginning of the interval (see Exercise 9.38). A
consequence of this shift is to require the second term in (9.8.9) to cover the ad-
ditional expected costs of the earlier claims in those years. The second term, which
is the product of an interest term that is close to i/6 (see Exercise 9.39) and a
actuarial present value for an insurance payable if both individuals die in the same
future year, is very small. The actuarial present value A, is often approximated by
ignoring the small correction term, thereby simplifying (9.8.9) to

< i

A, = 5 Ay (9.8.10)
which is exact, as noted previously, if T(xy) is uniformly distributed in each year
of future lifetime.

To evaluate a,,, we have from (5.2.8), with survival status (x) replaced by (xy),
_ 1 —
Ayy = g (1 - Axy)/

and, on substitution from (9.8.9), obtain
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1 2 2\ <&
by =5 {1 ~ 5 [A + (1 -5t ;) ;0 V5 Dy ik qy+k]}-

Now, on the basis of (5.3.7) for the status (xy), we substitute 1 — dd,, for A,, and
use (5.4.12) and (5.4.13) to write

g, = [a(=)idy, — B()]

82 (1 - > 2 ke Pry Dxtk Qy+k- (9.8.11)

Formula (9.8.11) follows from the assumption that T(x) and T(y) are distributed
independently and uniformly over future years. If we assume that T(xy) itself
is uniformly distributed over each future year, then from the continuous case of
(5.4.11), m = «, we would have immediately

4, = a(®)i, — B(). (9.8.12)

Formula (9.8.12) differs from (9.8.11) by a small amount, which approximates the
product of i/(68) and the actuarial present value for an insurance payable if both
individuals die in the same future year.

To use the same approach to evaluate the actuarial present value of an annu-
ity-due payable m-thly, we need an expression for A{) under the assumption of a
uniform distribution of deaths for each of the 1nd1v1duals in each year of age. In
analogy to the continuous case, we start with

A;r;t) = k§;) Uk kpxy 2; vj/m ((j—l)/mpx+k:y+k B j/mpx+k:y+k)' (9813)
= i=

In Exercise 9.40 this expression, under the assumption that T(x) and T(y) are in-
dependently and uniformly distributed over each year of age, is reduced to

. 1 2 [ee]
Ag = Tm—) A, + % (1 o Tm t ) 2 Py Terr Gy (9:8.14)

As m — =, the expression in (9.8.14) approach their counterparts in (9.8.9). To
interpret the right-hand side of (9.8.14), we see by analogy to (9.8.9) that the first
term is the usual approximation for Af;’ and is exact if T(xy) is uniformly distrib-
uted in each year. Then,

iy 12 2\ _m-1
7om m dm i) em*
which is less than i/6.

By substituting (9.8.14) into (5.4.4) restated for (xy), and replacing A,, by
1 — dd,,, we obtain the formula for &} that is analogous to (9.8.11). If the second
term of (9.8.14) is ignored, the formula for 4 reduces to

i = a(m)i,, — B(m). (9.8.15)

Again by (5.4.11), this is exact under the assumption that the distribution of T(xy)
is uniform over each year of future lifetime.
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9.9 Simple Contingent Functions

In this section we study insurances that, in addition to being dependent on the
time of failure of the status, are contingent on the order of the deaths of the indi-
viduals in the group. In this section we will assume that T(x) and T(y) have a

continuous joint d.f. This is done to exclude the common shock model of Section
9.6.1.

We begin with an evaluation of the probability that (x) dies before (y) and before
n years from now. In IAN this probability is denoted by ,g;,, where the 1 over the
x indicates the probability is for an event in which (x) dies before (y), and » indi-
cates that the event occurs within n years. Then ,g,, equals the double integral of
the joint p.d.f. of T(x) and T(y) over the set of outcomes such that T(x) = T(y) and
T(x) = n:

"qi“y = J; J; fT(x)T(y)(S/ t) dt ds
= J’O J; fT(y)|T(X)(t‘S) dt fT(x)(s) dS
= J; Pr[T(y) > s|T(x) = s] Froo(s) ds

= JO" Pr{T(y) > s|T(x) = s] p, w(x + s) ds. 9.9.1)

For the independent case, Pr[T(y) = s|T(x) = s] = p,, so

Mg=f%$wv+9%- (9.9.2)

0

An interpretation of (9.9.2) involves three elements. First, because s is the time of
death of (x), the probability ,;p, ,p, indicates that both (x) and (y) survive to time s.
Second, u(x + s) ds is the probability that (x), now age x + s, will die in the interval
(s, s + ds). Third, the probabilities are summed for all times s between 0 and #.

Example 9.9.1

Calculate 4q;, for the lives in Example 9.2.1.

Solution:
From (9.9.1),

5 10
5%=L50MW-Wﬂ%

5
= fo 0.0002(10 — s)® ds = 0.46875.
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We can also evaluate the probability that (y) dies after (x) and before n years
from now. This probability is denoted by ,g4,;, the 2 above the y indicating that (y)
dies second and n requiring that this occurs within # years. To evaluate ,g,;, we
integrate the joint p.d.f. of T(x) and T(y) over the event [0 = T(x) = T(y) = n]:

nqx; = fO J;) fT(x)T(y)(S/ t) ds dt
= fo JO Sreomp(Slt) ds fr,(t) dt
= fo Pr[T(x) = t{T(y) = t] fr,(t) dt

= J; Pr[T(x) = t{T(y) = t] p, M(y + t) dt. (9.9.3)

Again in the independent case, we have

g = f fx Py Wy + 1) dt

0

=y = allxy- (9.9.4)

If the integration of (9.9.3) is set up in the reverse order, we have

sy = L L froorp(s, t) dt ds
- J'O J'S fT(y)lT(X)(t{S) dt fT(x)(S) dS

= f: Prls < T(y) = n|T(x) = s] p, w(x + s) ds.

Making the assumption of independence for T(x) and T(y), we can rewrite this as

ey = fo Py = wPy) Px 1lx + 5) ds

= nqalcy - npy rqu' (9'9‘5)

In (9.9.5) the integrand is interpreted as the probability that (x) dies at time s, with
0 < s < n, and (y) survives to time s but not to time n. Moreover, we now have
that

wxy = ey + Py ol
This implies
ey = sy
Similar integrals can be written for the actuarial present values of contingent
insurances, but some do not simplify to the same extent. Consider the actuarial

present value of an insurance of 1 payable at the moment of death of (x) provided

that (y) is still alive. This actuarial present value, denoted by A}Cy, is E[Z] where
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_Ju™ T = T(y)
10 T(x) > T(y).

Since Z is a function of T(x) and T(y), the expectation of Z can be obtained by using
the joint p.d.f. of T(x) and T(y):

Ay = fo L U° froory(s, t) dt ds
- fo L V® fropmeo(tls) dt fra(s) ds

- fo [L Freym(tls) dt] v* p, u(x + s) ds. (9.9.6)

In the case of independent future lifetimes, T(x) and T(y), we can simplify (9.9.6)
and express it in IAN as

a= [ o a] v g s 9 a

0

= fO U° Py Pr X+ ) ds. (9.9.7)

The final expression can be interpreted as follows: If (x) dies at any future time s
and (y) is still surviving, then a payment of 1, with present value v*, is made. When

8 =0,A} = .0

Example 9.9.2

Determine the actuarial present value of a payment of 1,000 at the moment of
death of (x) providing that (y) is still alive for (x) and (y) in Example 9.2.3 and on
the basis of & = 0.04.

Solution:
Since T(x) and T(y) are independent in Example 9.2.3, we can use the results of
that example in (9.9.7) to have

1,000 A}, = 1,000 fo e "% p, p. wlx + s)ds
10
= 1,000 f e=0% 0.01(10 — s)? 0.02(10 — s) ds
0

10
=02 j e 0% (10 — 5)® ds = 462.52.
0

Example 9.9.3

a. Derive the single integral expression for the actuarial present value of an insur-
ance of 1 payable at the time of death of (y) if predeceased by (x).
b. Simplify the integral under the assumption of independent future lifetimes.
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c. Obtain a second answer for part (b) by reversing the order of integration in the
part (b) double integral.

Solution:

a. The actuarial present value, denoted by Ax;, is E[Z] where

_ 0T T = T(y)
~lo T(x) > T(y).

Again, Z is a function of T(x) and T(y), so we write an integral for the expectation
of Z by using the joint p.d.f. of T(x) and T(y),

w [t
A, = J-O L ' fror(s, t) ds dt
= fo vth(x)lT(y)(Slt) ds fT(y)(t) dt

= J v! Pr[T(x) = t|T(y) = t] fy,(t) dt.

0
b. Invoking the independence assumption and writing in IAN we have

Ax§ = f Ut th tpy P«(?/ + t) dt

0

= fo v'(l = p) p, Wy + t) dt

=A, - A,
We note for the independent case that we can express the actuarial present value
for a simple contingent insurance, payable on a death other than the first death,
in terms of the actuarial present values for insurances payable on the first death.
This is the initial step in the numerical evaluation of simple contingent insur-

ances for independent lives.
c. We have

ij = jﬂ J; vt spx ].L(X + S) tpy M(y + t) dt dS,

To simplify we replace t with » + s in the inner integral and rewrite the
expression

Ax; = fo L v, My + o+ 8) pplx + s) dr ds

0 0

=J v° Py Py (X + 5) [f v’rpy+su(y+s+r)dr] ds

= f vl Ay Py Px X+ ) ds.

0

This last integral is an application of the general result given in (2.2.10),
E[W] = E[E[W|V]]. Here V = T(x), W = Z, and we see that the conditional
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expectation of Z, given T(x) = s, is the actuarial present value, v° Py Ay+s, of the
pure endowment for an amount A, sufficient to fund a unit insurance on

(y +9). v

9.10 Evaluation—Simple Contingent Functions

We now turn to the evaluation of simple contingent probabilities and actuarial
present values, noting the effects of assuming Gompertz’s law, Makeham'’s law,
and a uniform distribution of deaths. The ubiquitous assumption of independence
will be made.

Example 9.10.1

Assuming Gompertz’s law for the forces of mortality, calculate

a. The actuarial present value for an n-year term contingent insurance paying a
unit amount at the moment of death of (x) only if (x) dies before (y)

b. The probability that (x) dies within n years and predeceases (y).

Solution:

a. Ly = JO V! Py (x + ) dt.

Under Gompertz’s law,

Al = Jo V' py, Be* ¢! dt

c* "
— t X LAYl
c"-l-cyfo vt i,y Ble™ + c¥)c dt

c* g
= f vt tpxy l‘l'xy(t) dt

¢+ c¥Jo
- 4 9.10.1
- Cx + Cy /)T_l/\lz[' ( . . )

Furthermore, if (9.8.2) holds, then
Apnq = Aba,
and

Al = z— Al (9.10.2)
b. Referring to (9.9.2) we see that g4}, is A, ; with v = 1. Thus, it follows from
(9.10.2) that, under Gompertz’s law,

X

iy = o nleos (9.10.3)

where c¥ = ¢* + V. \ 4
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Example 9.10.2

Assuming Makeham’s law for the forces of mortality, repeat Example 9.10.1.

Solution:

a. Aln = f v! Py (A + Be'c') dt
0

n Cx n .
=A J; vty dt + prary Cyjo v Py, B(c* + c)ct dt

2¢* "
=A <1 v Cy)jo vt p,, dt

c"i— cyfo v Py [2A + B(c* + c¥)c'] dt

_ 2c* — o
-4 (1 B :+—> Tyl ¥ o A
Then by using (9.8.6), we obtain

_ _ cr\ _ cr - 1
A’l(]/ﬂ =A (1 - ﬁ) aww:ﬁ] + _2? A/zﬁ\ﬁ[ (910.4)
b. Again, we set v = 1 in the result of part (a) to have
c* c*
w= AL S e T 5 i 9.10.5
nqu A < Cw> Evwr 2w nww ( 0 )
v

The actuarial present value for a contingent insurance payable at the end of the
year of death is

Ay = 20 iy Gy (9.10.6)

Under the assumption of a uniform distribution of deaths for each individual and
independence between the pair of future lifetime random variables, we have

1
qﬁ:y+k = fo spx+k:y+k }L(x +k+ S) ds

1
= [ ot -~ s as

1
= vk <1 - E qy+k>' (9.10.7)

We can now rewrite p, ., .« M(x + k + ) in terms of qﬁwk,
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sPx+ky+k p(x +k +s) = q.,(0 - qu+k)

1
= Guvk (1 - E qy+k>

1
+ <§ - 5) Gx+kGy+k

1
= qﬁ:y+k + (E - S> qx+qu+k' (9108)

When the benefit is payable at the moment of death, the actuarial present value is

Il
M s

1
v kpxy j() v° spx+k:y+k ”’(x +k+ S) ds

Al
X
Y pr

s 1
_ ) .
- 26 vk kPxy liq;i-—k:yﬂc fo (1 + i) =ds

1 o 1
+ qx+k qy-#kJ'O (1 + 1)1 ° <E - S> ds:l

i 1i 2 2\ <
= gAalcy + E _8— <1 - _5_ + ;) k§=:0 U Py Dtk Ty+k - (9.10.9)

The second term (9.10.9) is very small relative to the total amount. It is 1/2 of the
second term in (9.8.9).

9.11 Notes and References

The concept of the future-lifetime random variable, developed for a single life in
previous chapters, has been extended to a survival status, particular cases of which
are statuses defined by several lives. Probability distributions, actuarial present
values, variances, and covariances based on these new random variables were ob-
tained for statuses defined by two lives by adaptation of the single life theory.
These concepts are developed for more than two lives in Chapter 18.

Discussions of the ideas of this chapter without the use of random variables can
be found in Chapters 9-13 of Jordan (1967) and Chapters 7-8 of Neill (1977). A
general analysis of laws of mortality, which simplify the formulas for actuarial
functions based on more than one life, is given by Greville (1956). Exercise 9.36
illustrates Greville’s analysis.

Marshall and Olkin (1967, 1988) contributed to the literature on families of bi-
variate distributions. In particular, they wrote about the common shock model.
Frank’s family of bivariate distributions is named for M. J. Frank, who developed
it. This family is reviewed by Genest (1987).

Frees, Carriere, and Valdez (1996) used Frank’s copula to analyze data from last-
survivor annuity experience. They assumed that the marginal distributions belong
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to the Gompertz family. The estimation process yielded an estimate of a of ap-
proximately —3.4. Comparing this estimate with the approximate standard error of
the estimate leads to the conclusion that T(x) and T(y) were dependent in that
experience.

The parameter o is not a conventional measure of association. The value —3.4 is
associated with a positive correlation between T(x) and T(y). This might have been
expected because in practice lives receiving payments until the last survivor dies
live in the same environment.

Frees et al. also found that the assumption of independence between T(x) and
T(y) resulted in higher estimated last-survivor annuity actuarial present values than
those estimated using a model that permits dependence. The difference was in the
range of 3% to 5%.

Exercises

Unless otherwise indicated, all lives in question are subject to the same table of mortality
rates, and their times-until-death are independent random variables.

Section 9.2

9.1. The joint p.d.f. of T(x) and T(y) is given by

(n—1Dn — 2)

fT(x)T(y)(S/ t) = A +s+ 0 0<s,0<tn>2

Find:

a. The joint d.f. of T(x) and T(y).

b. The p.d.f,, d.f,, and p(x + s) for the marginal distribution of T(x). Note the
symmetry in s and t which implies that T(x) and T(y) are identically
distributed.

c. The covariance and correlation coefficient of T(x) and T(y), given that
n > 4.

9.2. Display the joint survival function of [T(x), T(y)] where the distribution is
defined in Exercise 9.1.

9.3. The future lifetime random variables T(x) and T(y) are independent and iden-
tically distributed with p.d.f.

n-—2
f(t)=—(1 T n>3,t>0.

Determine the joint d.f. and the joint survival function.
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Section 9.3

9.4. In terms of the single life probabilities ,p, and ,p,, express
a. The probability that (xy) will survive n years
b. The probability that exactly one of the lives (x) and (y) will survive n years
c. The probability that at least one of the lives (x) and (y) will survive n years
d. The probability that (xy) will fail within n years
e. The probability that at least one of the lives will die within n years

The probability that both lives will die within n years.

=~

9.5. Show that the probability that (x) survives n years and (y) survives n — 1
years may be expressed either as

Py
Py—1

or as

Px n—1px+1:y'

9.6. Evaluate

f tpxx p“xx(t) dt

0

9.7. Using the distribution of T(x) and T(y) shown in Exercise 9.1 display (a) the
d.f., (b) the survival function, and (c) E[T(xy)] for T(xy). Assume n > 3.

9.8. Use (9.3.8) to obtain the p.d.f. of T(xy) for the joint distribution of T(x) and
T(y) given in Example 9.2.3.

Section 9.4
9.9. Show
tp@ = tpxy + Px (1 - tpy) + tpy (1 - tpx)

algebraically and by general reasoning.

9.10. Find the probability that at least one of two lives (x) and (y) will die in the
year (n + 1). Is this the same as ,|q5? Explain.

9.11. The random variables T(x) and T(y) have the joint p.d.f. displayed in Exercise
9.1. Find (a) the d.f. and the p.d.f. of T(xy), (b) E[T(xy)] for n > 3, and (c)

M@(t)-
Section 9.5

9.12. Given that ,5p55.5 = 0.2 and ;5p,5 = 0.9, calculate the probability that a person
age 40 will survive to age 75.
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9.13.

9.14.

9.15.

9.16.

9.17.

If w(x) = 1/(100 — x) for 0 = x < 100, calculate

a. 10P40:50 b. 1P

¢ 4.5 d. épm

e. Var[T(40:50)] f. Var[T(40:50)]

g. Cov[T(40:50), T(40:50)] h. The correlation between T(40:50) and
T(40:50).

Q
exx

dx’

Evaluate

Show that the probability of two lives (30) and (40) dying in the same year
can be expressed as

1+ e30.40 = Paoll + €31.40) = Pao(l + €30.41) + P30:a0(1 + €31.41)-

Show that the probability of two lives (30) and (40) dying at the same age
last birthday can be expressed as

10P30(1 + €40.40) — 2 13P30 (1 + €g0.41) + Pao 11P20 (1 + €43.41)-

Assume that the forces of mortality that apply to individuals I and II, re-
spectively, are

pl(x) = log %0 for all x

and
pix) = (10 — x)7! for 0 = x < 10.

Evaluate the probability that, if both individuals are of exact age 1, the first
death will occur between exact ages 3 and 5.

Section 9.6

9.18.

9.19.

9.20.

This is a continuation of Example 9.6.3. Exhibit (a) the d.f. and (b) the p.d.f.
of T(xy).

If 59, = 0.05 and 59, = 0.03, calculate the corresponding value of Frr,, (5, 5)
using (9.6.7). Your answer will depend on the parameter a.

Use the result of Exercise 9.19 to evaluate sq3; for (a) @ = 0, (b) @ = 3, and
(c) @ = —3. [Hint: Recall (9.4.5) and (9.3.2).]

Section 9.7

9.21.

Show that

T = a5 + ol

Describe the underlying benefit.
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9.22.

9.23.

9.24.

9.25.

9.26.

9.27.

9.28.

9.29.

9.30.

For an actuarial present value denoted by A, describe the benefit. Show that

_m =A —Ax:a + v".

X

For independent lifetimes T(x) and T(y), show that

Cov(™™, vT¥) = (A, — A A, — A,).

Express, in terms of single- and joint-life annuity values, the actuarial present
value of an annuity payable continuously at a rate of 1 per year while at least
one of (25) and (30) survives and is below age 50.

Express, in terms of single- and joint-life annuity values, the actuarial present
value of a deferred annuity of 1 payable at the end of any year as long as
either (25) or (30) is living after age 50.

Express, in terms of single- and joint-life annuity values, the actuarial present
value of an n-year temporary annuity-due, payable in respect to (xy), provid-
ing annual payments of 1 while both lives survive, reducing to 1/2 on the
death of (x) and to 1/3 on the death of (y).

An annuity-immediate of 1 is payable to (x) as long as he lives jointly with
(y) and for n years after the death of (y), except that in no event will payments
be made after m years from the present time, m > n. Show that the actuarial
present value is

Ayl + nEx ax+n:y:m—-n .

Obtain an expression for the actuarial present value of a continuous annuity
of 1 per annum payable while at least one of two lives (40) and (55) is living
and is over age 60, but not if (40) is alive and under age 55.

A joint-and-survivor annuity to (x) and (y) is payable at an initial rate per

year while (x) lives, and, if (y) survives (x), is continued at the fraction p,

1/2 = p = 1, of the initial rate per year during the lifetime of (y) following

the death of (x).

a. Express the actuarial present value of such an annuity-due with an initial
rate of 1 per year, payable in m-thly installments, in terms of the actuarial
present values of single-life and joint-life annuities.

b. A joint-and-survivor annuity to (x) and (y) and a life annuity to (x) are
said to be actuarially equivalent on the basis of stated assumptions if they
have equal actuarial present values on such basis. Derive an expression for
the ratio of the initial payment of the joint-and-survivor annuity to the
payment rate of the actuarially equivalent life annuity to (x).

Show that
a. A2, = A, — da,, [This exercise depends on material in Section 9.9.]
d

b~y = p(x) 4y — A2,
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Section 9.8

9.31.

9.32.

9.33.

9.34.

9.35.

9.36.

When, under Makeham’s law, the status (xy) is replaced by the status (ww),
show that

_log(c* + 1) —log 2
log ¢

w —

where A = x — y = 0. (This indicates that w can be obtained from the younger
age y by adding an amount that is a function of A = x — y. Such a property
is referred to as a law of uniform seniority.)

On the basis of your Illustrative Life Table with interest of 6% calculate
fis.¢0.79- I your solution, use

a. Values interpolated in the i,, table

b. Values from the 4,.,.,, table.

Given a mortality table that follows Makeham’s law and ages x and y for
which (ww) is the equivalent equal-age status, show that
a. p, is the geometric mean of p, and ;p,
b. p. +p,>2,p,forx #y
gy > gy for x # .

Given a mortality table that follows Makeham’s law, show that Exy is equal
to the actuarial present value of an annuity with a single life (w) where c* =
¢* + ¢¥ and force of interest 8’ = & + A. Further, show that

A, = A, + Az,
where the primed functions are evaluated at force of interest 8.
Consider two mortality tables, one for males, M, and one for females, F, with

uM(z) = 3a + % and pf(z) = a + bz

We wish to use a table of actuarial present values for two lives, one male and
one female, each of age w, to evaluate the actuarial present value of a joint-
life annuity for a male age x and a female age y. Express w in terms of x
and y.

From Section 9.5 we know that if T(x) and T(y) are independent,

Exy = f e~ Jod+pa+s)+uly+9)ds gt
0

If we could find &', k, and w such that
d+ wx +t) + Wy +t) =38 + kn(w + t) (*)

we would have
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Exy = J Ut(tpw)k dt

0

J— !
= Ayeys

where the prime on the discount factor indicates that it is valued at force of
interest 8" and w(k) indicates a joint-life status with k “lives” (k is not neces-
sarily an integer).

If w(x +t) =a + b(x + t) + c(x + t)? confirm that (*) is satisfied if

k=2,
_xty
w==—,
d =8 + c(x? + y? — 2w?).

9.37. Find &, if g, = q, = 1 and the deaths are uniformly distributed over the year
of age for each of (x) and (y).

9.38. Let T(x) and T(y) be independent and uniformly distributed in the next year
of age. Given that both (x) and (y) die within the next year, demonstrate that
the time-of-failure of (xy) is not uniformly distributed over the year. [Hint:
Show that Pr[T(xy) = t|(T(x) = 1) N (T(y) = 1)] = 2t — #2]

9.39. Show

1 1
8 il — (/2 - /3 + /4 — %5 + -]

1( i 2 i 1944 )
=-|l4+-—-—=+——=—+---)

Hence, show

9.40. Show that if deaths are uniformly distributed over each year of age, then

1 m+1 -2

oy T T A

G-10/mPry = jmPxy =
forany x and yand j = 1, 2, 3, . . ., m. Hence, verify (9.8.14).
Section 9.9
9.41. Show by general reasoning that

Ty = ey e Py

When n — «, what does the equation become?
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9.42. Show that the actuarial present value for an insurance of 1 payable at the end
of the year of death of (x), provided that (y) survives to the time of payment,
can be expressed as vp i, 1 — dy,.

9.43. Show that A}, — A = A,, — A,.

9.44. Express, in terms of actuarial present values for single life and first death
contingent insurances, the net single premium for an insurance of 1 payable
at the moment of death of (50), provided that (20), at that time, has died or
attained age 40.

9.45. Express, in terms of actuarial present values for pure endowment and first
death contingent insurances, the actuarial present value for an insurance of 1
payable at the time of the death of (x) provided (y) dies during the n years
preceding the death of (x).

9.46. If w(x) = 1/(100 — x) for 0 = x < 100, calculate ,54,5.%-

Section 9.10

9.47. In a mortality table known to follow Makeham’s law, you are given that
A = 0.003 and ¢' = 3.
a. If 8.5, = 17, calculate .44, 5.
b. Express A5 in terms of Ayy.5, and .50

9.48. Given that mortality follows Gompertz’s law with p(x) = 107* X 2*/® for
x > 35 and that by (9.10.2)

Al — £A1
A40:48;E\ - wa:lor

calculate f and w.

Miscellaneous

9.49. The survival status (11]) is one that exists for exactly n years. It has been used
in conjunction with life statuses, for example, in A,;, Ay, A i Ay
Simplify and interpret the following:

a. 4z
b. A2

9.50. Use the probability rule Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B) to obtain
(9.4.6).

9.51. Evaluate 9 €.y
ax v

9.52. The random variables T*(x), T*(y), and Z are independent and have expo-
nential distributions with, respectively, parameters p,, jt,, and X. These three
random variable are components of a common shock model.
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a. Exhibit the marginal p.d.f. of T(y) by evaluating

t 0
frop() = LfT(x)T(y)(sr t) ds + frory(t t) + ft frar(s, t) ds.

b. Exhibit the marginal survival function of T(y) by evaluating

ST(y)(t) = ft fT(y)(u) du.

Compare the result with (9.6.4b).
c. Evaluate

Pr[T(x) = T(y)] = J; fT(x)T(y)(t/ t) dt.
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MULTIPLE DECREMENT MODELS

10.1 Introduction

In Chapter 9 we extended the theory of Chapters 3 through 8 from an individual
life to multiple lives, subject to a single contingency of death. We now return to
the case of a single life, but here subject to multiple contingencies. As an application
of this extension, we observe that the number of workers for an employer is re-
duced when an employee withdraws, becomes disabled, dies, or retires. In man-
power planning, it might be necessary to estimate only the numbers of those pres-
ently at work who will remain active to various years into the future. For this task,
the model for survivorship developed in Chapter 3 is adequate, with time-until-
termination of employment rather than time-until-death as the interpretation of the
basic random variable. Employee benefit plans, however, provide benefits paid on
termination of employment that may depend on the cause of termination. For ex-
ample, the benefits on retirement often differ from those payable on death or dis-
ability. Therefore, survivorship models for employee benefit systems include ran-
dom variables for both time-of-termination and cause of termination. Also, the
benefit structure often depends on earnings, which is another and different kind
of uncertainty that is discussed in Chapter 11.

As another application, most individual life insurances provide payment of a
nonforfeiture benefit if premiums stop before the end of the specified premium
payment term. A comprehensive model for such insurances incorporates both time-
until-termination and cause of termination as random variables.

Disability income insurance provides periodic payments to insureds who satisfy
the definition of disability contained in the policy. In some cases, the amount of
the periodic payments may depend on whether the disability was caused by illness
or accident. A person may cease to be an active insured by dying, withdrawing,
becoming disabled, or reaching the end of the coverage period. A complete model
for disability insurance incorporates a random variable for time-until-termination,
when the insured ceases to be a member of the active insureds, as well as a random
variable for the cause of termination.

Chapter 10 Multiple Decrement Models
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Public health planners are interested in the analysis of mortality and survivorship
by cause of death. Public health goals may be set by a study of the joint distribution
of time-until-death and cause of death. Priorities in cardiovascular and cancer re-
search were established by this type of analysis.

The main purpose of this chapter is to build a theory for studying the distribution
of two random variables in regard to a single life: time-until-termination from a
given status and cause of the termination. The resulting model is used in each of
the applications described in this section. Within actuarial science, the termination
from a given status is called decrement, and the subject of this chapter is called
multiple decrement theory. Within biostatistics it is referred to as the theory of
competing risks.

It is also possible to develop multiple decrement theory in terms of deterministic
rates and rate functions. There is some recapitulation of the theory from this point
of view in Section 10.4.

10.2 Two Random Variables

Chapter 3 was devoted in part to methods for specifying and using the distri-
bution of the continuous random variable T(x), the time-until-death of (x). The same
methods can be used to study time-until-termination from a status, such as em-
ployment with a particular employer, with only minor changes in vocabulary. In
fact, we use the same notation T(x), or T, to denote the time random variable in
this new setting.

In this section we expand the basic model by introducing a second random vari-
able, cause of decrement, to be denoted by J(x) = ]. We assume that | is a discrete
random variable.

The applications in Section 10.1 provide examples of these random variables. For
employee benefit plan applications, the random variable | could be assigned the
values 1, 2, 3, or 4 depending on whether termination is due to withdrawal, disa-
bility, death, or retirement, respectively. In the life insurance application, | could
be assigned the values 1 or 2, depending on whether the insured dies or chooses
to terminate payment of premiums. For the disability insurance application, | could
be assigned the values 1, 2, 3, or 4 depending on whether the insured dies, with-
draws, becomes disabled, or reaches the end of the coverage period. Finally, in the
public health application, there are many possibilities for causes of decrement. For
example, in a given study, ] could be assigned the values 1, 2, 3, or 4 depending
on whether death was caused by cardiovascular disease, cancer, accident, or all
other causes.

Our purpose is to describe the joint distribution of T and ] and the related
marginal and conditional distributions. We denote the joint p.d.f. of T and | by
fr;(t, j), the marginal p.f. of | by f;(j), and the marginal p.d.f. of T by f;(t). Figure
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10.2.1 illustrates these distributions. They may seem strange at first because | is a
discrete random variable and T is continuous.

‘/fT(? t = b

I

The joint p.d.f. of T and ], f; ,(t, j), can be pictured as falling on m parallel sheets,
as illustrated in Figure 10.2.1 for three causes of decrement (m = 3). There is a
separate sheet for each of the m causes of decrement recognized in the model. In
Figure 10.2.1 the following relations hold:

3
]Zl i) =1
and

f:fT(t) dt = 1.

The p.d.f. f; (¢, j) can be used in the usual ways to calculate the probabilities of
events defined by T and J. For example,

fo b f)dt =Pr{(t < T <t +dt)yN (J = j) (10.2.1)
expresses the probability of decrement due to cause j between t and t + dt,

Lt fry6Dds =Pr{0<T=¢tnN{J=j) (10.2.2)

expresses the probability of decrement due to cause j before time ¢, and
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m b
21 f fr;(t ) dt = Prla < T =< b
j= a
expresses the probability of decrement due to all causes between a and b.

The probability of decrement before time t due to cause j given in (10.2.2) has
the special symbol

t
g9 = fof”(s’ j) ds t=0,j=1,2,...,m, (10.2.3)

which is illustrative of the use of the superscript to denote the cause of decrement
in multiple decrement theory.

The use of information given at age x to select a distribution is similar to the
concepts in Chapter 3. If being in the survival status at age x is the only information
available, then an aggregate distribution would be used. On the other hand, if there
is additional information, then the distribution would be a select distribution and
the age of selection would be enclosed in brackets.

By the definition of the marginal distribution for ], appearing as f;(j) in the (j, z)
plane of Figure 10.2.1, we have the probability of decrement due to cause j at any
time in the future to be

£ = J; fr, (s, ) ds = .49 ji=12 ..., m (10.2.4)

This is new and without a counterpart in Chapter 3, unlike the marginal p.d.f. for
T, f(t) in the (¢, z) plane of Figure 10.2.1. For f;(t), and the d.f., F(t), we have for
t=0

frlt) = Elfm(t, ) (10.2.5)
P

and

t
Fp(t) = fO fr(s) ds.

The notations introduced in Chapter 3 for the functions of the distribution of the
future-lifetime random variable, T, can be extended to accommodate those of the
time-until-decrement random variable of the multiple decrement model. Using the
superscript (1) to indicate that a function refers to all causes, or total force, of
decrement, we obtain

t
g =Pr{T =t} = Fr(t) = fofT(s) ds, (10.2.6)

tps') = Pr{T > t} = 1 — tqgcT)/ (10.2.7)
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_A® 14,

W) = 772 F) g0
= tplm ;t P
-4 log 1", (10.2.8)
ot
and
PO = o= Jb wis) ds. (10.2.9)

Mathematically, these functions for the random variable T of this chapter are
identical to those for the T of Chapter 3; the difference is in their interpretation in
the applications. The choice of the symbol p(t) for the force of total decrement is
influenced by these applications. For example, in pension applications (x) is an age
of entry into the pension plan, and although no special selection information may
be available, subsequent causes of decrement may depend on this age.

As with the applications in previous chapters, the statement in (10.2.1) can be
analyzed by conditioning on survival in the given status to time t. In this way, we
have

fot, ) dt =PHT >t} Pril(t < T =t + dt) N (J = HIIT > t). (10.2.10)

By analogy with (3.2.12) this suggests the definition of the force of decrement due
to cause j as

| ( j) )
p(t) = 1le] FT](L‘) = fT/t]pgr)] .

The force of decrement at age x + t due to cause j has a conditional probability
interpretation. It is the value of the joint conditional p.d.f. of T and | at x + t and
J, given survival to x + t. Then (10.2.10) can be rewritten as

T, 7) dt = p& pP(t) dt i=1,2,...,mt=0. (10.2.10) restated
\E ] ]

Restated in words,

(10.2.11)

(the probability of decrement between _ (the probability, p{”, that (x) remains
t and t + dt due to cause j) in the given status until time ¢)

X (the conditional probability, n(t)
that decrement occurs between ¢
and ¢t + dt due to cause j, given
that decrement has not occurred
before time t).

It follows, from differentiation of (10.2.3) and use of (10.2.11), that

d
0 EE 0. (10.2.12)

(])( ) =
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Now, from (10.2.6), (10.2.5), and (10.2.3),

0

a0 = [ 5o ds = [ St s

m t m
= 21 fofm(sf j)ds = 2 . (10.2.13)
7= j=

That the first and last members of (10.2.13) are equal is immediately interpretable.
Combining (10.2.8), (10.2.13), and (10.2.12), we have

W) = 2, pdt); (10.2.14)
=1

that is, the force of total decrement is the sum of the forces of decrement due to
the m causes.

We can summarize the definitions here by expressing the joint, marginal, and
conditional p.d.f’s in actuarial notation and repeating the defining equation
numbers:

fr)@ ) = 9 pdt), (10.2.11) restated
() = 47, (10.2.4) restated

) = p& poe). (10.2.8) restated

The conditional p.f. of ], given decrement at time ¢, is

_fo b ) _ P )

frG) =" 6 = o)
()t
= :(—)8 (10.2.15)

Finally, we note that the probability in (10.2.3) can be rewritten as

t
g = f P pd(s) ds. (10.2.16)

0

Example 10.2.1

Consider a multiple decrement model with two causes of decrement; the forces
of decrement are given by

w(t) = t=0,

t

100

p(t) = L t=0.
* 100

For this model, calculate the p.f. (or p.d.f.) for the joint, marginal, and conditional
distributions.
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Solution:
Since

s+1
100 7

p(s) = p(s) + pP(s) =

the survival probability p{ is

fs+1
@ = -
Ps exp< fo 100 ds)

(42

200
and the joint p.d.f. of T and ] is

t —(t* + 2t) .
[——200 ] t=0,j=1

fT,](t’ ]) = ’
Lexp[—(E—Jrz—t)} t=0,j=2.

200

The marginal p.d.f. of T is
2 L t+1 —(#2 + 2t)
frt) = j;fm(t, )= 100 exp [ 200 t=0,

and the marginal p.f. of [ is

L fT,](t/ 1) dt j=1
fG) =
fo fTJ(t, 2) dt j=2.

It is somewhat easier to evaluate f;(2). In the following development, ®(x) is the
d.f. for the standard normal distribution N(0, 1). By completing the square we have

» —(t + 17
_— ,0.005 PR S
f@ = 1006 fo P [ 00 |

1 0005 A / j ———-——(t + 1)2
~100°¢ w10 \/ P | o0 | H

We now make the change of variable z = (t + 1) /10 and obtain

£ =— 60005 V2w o \/1_ exp <_Zz> dz

= 116 %% \/2m [1 — @(0.1)]

= 0.1159.

Therefore f](l) = (0.8841. Finally, the conditional p.f. of ], given decrement at ¢, is

derived from (10.2.15) as

Chapter 10 Multiple Decrement Models

313



() = ——

t+ 1
and
1
frir2lt) = T v

For the joint distribution of T and | specified in Example 10.2.1, calculate E[T]
and E[T|] = 2].

Solution:
Using the marginal p.d.f. f;(t), we have

E[T] = f: t {tl-l(;()l exp [_(t;;(; Zt)]} dt.

Integration by parts, as in (3.5.1), yields
(2

=)

200

0

” —(t2 + 2t)
+ jo exp [———200 ] dt

= 0 + 100£,(2),
hence
E[T] = 11.59.
Using the conditional p.d.f. f; (¢, 2)/f;(2), we have

E[T|] = 2] = f: t {100—l exp [%2—”] }(0.1159)-1 dt.

This integral may be evaluated as follows:

E[T|] = 2] = E[(T + 1) — 1|]] = 2]

L[t +1 —(t2 + 2t) B
(0.1159) fo—loo exp — 00 at - 1

—(t* + 2t)
200

-1
0

—(0.1159) " exp [

= 7.63.

The point of Examples 10.2.1 and 10.2.2 is that once the joint distribution of T and
] is specified, marginal and conditional distributions can be derived, and the mo-
ments of these distributions determined. v

In some instances, a particular application may require a modification of the
above model. A continuous distribution for time-until-termination, T, is inadequate
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in applications where there is a time at which there is a positive probability of
decrement.. One example of this is a pension plan with a mandatory retirement
age, an age at which all remaining active employees must retire. A second example
is term life insurance in which there is typically no benefit paid on withdrawal.
Thus, after a premium is paid, none of the remaining insureds withdraw until the
next premium due date. Here we do not attempt to extend the notation to cover
such situations. However, in Section 10.7 we describe extended models for each of
these examples.

The random variable K, the curtate-future-years before decrement of (x), is de-
fined as in Chapter 3 to be the greatest integer less than T. Using (10.2.1) and
(10.2.11), we can write the joint p.f. K and | as

PriK=kN{J=) =Prfk <T=k+1)N(J=)
= f:ﬂ PO wNt) dt. (10.2.17)

Rewriting p of the integrand in the exponential form of (10.2.9) and factoring it
into two factors changes (10.2.17) to

k+1 L )
= L e kst ) dt.

Changing the variables of the integrations by r = u — kand s = t — k yields

1
= kpg:) J;) e_f% p‘gc‘rbﬁ'r) dr Mgc])(k + S) ds'

Thus far we have done manipulations that hold in all tables. If we are using an
aggregate or ultimate (a nonselect) table where the forces of decrement depend on
an initial age and the duration only through their sum, that is, the attained age,
then for T and all j,

Mk + 8) = pyi(s) for all x, k, and s = 0,
and (10.2.17) may be written

1
20 [ P u0u0) ds = 0 g (10.218)

The probability of decrement from all causes between ages x + k and x + k
+ 1, given survival to age x + k, is denoted by 4}, and it follows that

1
0= | o upu ds

1 m
= jo Pl 2, Wli(s) ds

j=1

= 21 g0 (10.2.19)
pn
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An examination of (10.2.18) and (10.2.19) discloses why multiple decrement theory
is also called the theory of competing risks. The probability of decrement between
ages x + kand x + k + 1 due to cause j depends on p,, 0 =s = 1, and thus on
all the component forces. When the forces for other decrements are increased,
P, is reduced, and then gY), is also decreased.

10.3 Random Survivorship Group

Let us consider a group of I{” lives age a years. Each life is assumed to have a
distribution of time-until-decrement and cause of decrement specified by the p.d.f.

fr,6 ) =pP pdt) t=0,j=1,2...,m

We denote by ,99 the random variable equal to the number of lives who leave the
group between ages x and x + n, x = g, from cause j. We denote E[,9Y] by ,d{
and obtain

A9 = EL9Y]

(10.3.1a)
x+n—a )
=10 [ b wpee) ar
As usual, if n = 1, we delete the prefixes on ,9¢ and ,d{). We note that
90 = 3 99
j=1
and define
A9 = B[a0] = > 4. (10.3.1b)
j=1
Then, using (10.3.1a), we have
m x+n—a
AP =10 2, P () dt
j= X—a
xX+n—a
= l,‘;)J PO () dt. (10.3.2)

If £(x) is defined as the random variable equal to the number of survivors at
age x out of the I{” lives in the original group at age 4, then by analogy with (3.3.1)
we can write

19 = E[¢0(x)]
=10 o, (10.3.3)

a x—ara

We recognize the integral of (10.3.1a) with n = 1 as the integral of (10.2.17) with
x = a and k = x — a. Thus for a nonselect table, we have from (10.2.18)

dP =10 _p® g0 =19 g0, (10.3.4)

316

Section 10.3 Random Survivorship Group



This result lets us display a table of p{” and 4¢ values in a corresponding table of
I? and d{ values. Either table is called a multiple decrement table.

Example 10.3.1

Construct a table of [{? and d{ values corresponding to the probabilities of dec-
rement given below.

(1) (2)

x 9x 9=
65 0.02 0.05
66 0.03 0.06
67 0.04 0.07
68 0.05 0.08
69 0.06 0.09
70 0.00 1.00

Although this display is designed for computational ease, it may be roughly sug-
gestive of a double decrement situation with cause 1 related to death and cause 2
to retirement. It appears that, in this case, 70 is the mandatory retirement age.

Solution:
We assume the arbitrary value of I2 = 1,000 and use (10.3.4) as indicated below.

x P g0 p0 R -I00, a0 -10g0 4P = 1048
65 0.02 0.05 0.07 0.93 1 000.00 20.00 50.00
66 0.03 0.06 0.09 091 930.00 27.90 55.80
67 0.04 0.07 0.11 0.89 846.30 33.85 59.24
68 0.05 0.08 0.13 0.87 753.21 37.66 60.26
69 0.06 0.09 0.15 0.85 655.29 39.32 58.98
70 0.00 1.00 1.00 0.00 557.00 0.00 557.00

Note, as a check on the calculations, that [}, = I —d® — d?, except for rounding
error.

We continue this example with the evaluation, from first principles, of several
probabilities:
PR = PR pes = (0.93)(0.91) = 0.8463,
268 = P P& 4ed = (0.91)(0.89)(0.05) = 0.0405,
292 = 9% + pg) 9% = 0.07 + (0.89)(0.08) = 0.1412.

The last three columns of the above table may be used to obtain the same proba-
bilities. The answers agree to four decimal places:
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1@ )
o _ 88630 g463,

o = ) _ 37.66
2% = 1@ T 930.00

= 0.0405,

A% +d?  59.24 + 60.26

- = 0.1412.
19 846.30 0 v

2) _
499 =

10.4 Deterministic Survivorship Group

The total force of decrement can also be viewed as a total (nominal annual) rate
of decrement rather than as a conditional probability density. In this view, where
we assume a continuous model, a group of I lives advance through age subject
to deterministic forces of decrement p”(y — a), y = a. The number of survivors to
age x from the original group of [{” lives at age a is given by

[ =19 exp [—f w2 (y — a) dy], (104.1)

a
and the total decrement between ages x and x + 1 is

dp =19 - 12,

_ e I

AT
x+1

=1y {1 ~ exp [—J Wy — a) dy]}

= 190~ pt)

= Mg, (104.2)
Further, by definition or from differentiating (10.4.1), we have
1 4
p(x —a) = — 1© dx (10.4.3)

These formulas are analogous to those for life tables in Section 3.4. Here q{” is the
effective annual total rate of decrement for the year of age x to x + 1 equivalent
to the forces p?(y —a), x =y <x + 1.

Consider next m causes of decrement and assume that the [{” survivors to age x
will, at future ages, be fully depleted by these m forms of decrement. Then the
1% survivors can be visualized as falling into distinct subgroups 19, j =1,2, ...,
m, where [ denotes the number from the [ survivors who will terminate at future
ages due to cause j, so that

10 = > 19, (10.4.4)
j=1
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We define the force of decrement at age x due to cause j by

pfx — a) = lim ———*
h—0

hl
where [, not 1, appears in the denominator. This yields
. 1 dlY
ij)(x - a) = - @ E (10.4.5)
From (10.4.3)—(10.4.5) it follows that
1d3 . &
wOx —a) = = 5= 2 1P =2 pdx — a). (10.4.6)
lx dx j=1 j=1

Formula (10.4.5), substituting y for x, can be written as
—dI =19 w9y — a) dy,

and integration fromy = x toy = x + 1 gives

x+1
19— 190, = a0 = [ 19w - o dy. (1047)
Summation over j = 1, 2, . .., m yields
x+1
0 - 10, = a0 = [ 1 oy - ) dy. (10.45)
Further, from division of formula (10.4.7) by I, we have
d;j) x+1 ) )
T f yPO WPy — a) dy = g9 (10.4.9)

Here ¢\ is defined as the proportion of the [’ survivors to age x who terminate
due to cause j before age x + 1 when all m causes of decrement are operating.

As was the case for life tables, the deterministic model provides an alternative
language and conceptual framework for multiple decrement theory.

10.5 Associated Single Decrement Tables

For each of the causes of decrement recognized in a multiple decrement model,
it is possible to define a single decrement model that depends only on the particular
cause of decrement. We define the associated single decrement model functions as

follows:
t
P = exp [— fo nd(s) dS],

4.0 =1 — plo, (10.5.1)

Quantities such as 4. are called net probabilities of decrement in biostatistics
because they are net of other causes of decrement. However, many other names
have been given to the same quantity. One is independent rate of decrement, chosen
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because cause j does not compete with other causes in determining ,4,. The term

we use for 4, is absolute rate of decrement. The use of the word rate in describing

. stems from a desire to distinguish between g and q’. The symbol ,4 denotes

a probability of decrement for cause j between ages x and x + f, and we will show
’

that it differs from ,4,9. In addition, p., unlike p%, is not necessarily a survivor-
ship function, because it is not required that lim,_., ;% = 0.

While

fo P‘?)(t) dt = o,

we can conclude from (10.2.14) only that

f p(t) dt = o
0
for at least one j. There may be causes of decrement for which this integral is finite.

We seldom have an opportunity to observe the operation of a random survival
system in which a single cause of decrement operates. In an employee benefit plan,
retirement, disabilities, and voluntary terminations make it impossible to directly
observe the operation of a single decrement model for mortality during active ser-
vice. In biostatistical applications random withdrawals from observation and ar-
bitrary ending of the period of study may prevent the observation of mortality
alone operating on a group of lives.

As we see in Section 10.6, a usual first step in constructing a multiple decrement
model is to select absolute rates of decrement and to make assumptions concerning
the incidence of the decrements within any single year of age to obtain probabilities
g\. The converse problem of obtaining absolute rates from the probabilities also
involves assumptions about the incidence of the decrements. These assumptions
are implicit in statistical methods for estimating absolute rates and will be discussed
in Section 10.5.5.

In the next subsection we examine a number of relationships between a multiple
decrement table and its associated single decrement tables. Then we examine a
number of special assumptions about incidence of decrement over the year of age
and note some implied relationships. In Section 10.5.5 some of the statistical issues
in estimating a multiple decrement distribution are examined.

10.5.1 Basic Relationships
First, note that since
t
P = exp {— fo [k66) + nP(s) + -+ - + pf()] dS},
we have
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PO =11 p. (105.2)
i=1

This result does not involve any approximation. It is based on the definition of an
associated single decrement table where the sole force of decrement is equal to the
force for that decrement in the multiple decrement model. We require that it hold
for any method used to construct a multiple decrement table from a set of absolute
rates of decrement.

Now compare the size of the absolute rates and the probabilities. From (10.5.2)
we see, if some cause other than j is operating, that
P = P,
This implies
tp;(j) “’gcj)(t) = tpgcT) p,g)(t),

and if these functions are integrated with respect to t over the interval (0, 1), we
obtain

1 1

00 = | o o ar= | o o at = g9 1053
0 0

The magnitude of other forces of decrement can cause p. to be considerably

greater than p{”, and thus there can be corresponding differences between the ab-

solute rates and the probabilities.

10.5.2 Central Rates of Multiple Decrement

There is one function of the multiple decrement model that is quite close to the
corresponding function for an associated single decrement model. To introduce this
function, we return to a mortality table and recall the central rate of mortality, or
central-death-rate at age x, denoted by m, and defined in (3.5.13) by

1 1
[, pem@ar [ 1w

0

m, = 1 - 1
[ o ar [

0

™~ LP..

=

(10.5.4)

Thus, m, is a weighted average of the force of mortality between ages x and
x + 1, and this justifies the term central rate.

Such central rates can be defined in a multiple decrement context. The central
rate of decrement from all causes is defined by

1

0 ) de

mp = 1
f P dt

0

(10.5.5)
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and is a weighted average of n(t), 0 = t < 1. Similarly, the central rate of dec-
rement from cause j is

1

PO u() dt

0
1
Jo P dt

and is a weighted average of n{(t), 0 = t < 1. Clearly,

my) = (10.5.6)

m
m® = > m?,
=1

The corresponding central rate for the associated single decrement table is given
by

1
[ i woey a
m, = T . (10.5.7)
tp;c(j) dt
0

This is again a weighted average of pY(t) over the same age range, the weight
function now . rather than p{. If the force wY)(t) is constant for 0 =t < 1, we
have m{ = m/) = pP(0). If p(#) is an increasing function of ¢, then p.? gives
more weight to higher values than does p{, and m, > mQ. If w)(t) is a decreasing
function of t, then m)? < m{. See Exercise 10.33 for a more formal treatment of

these statements.

Central rates provide a convenient but approximate means of proceeding from

the 4. to the ¢¥, j = 1,2, ..., m, and vice versa. This is illustrated in Exercise
10.18.
10.5.3 Constant Force Assumption for Multiple Decrements
Let us examine specific assumptions concerning the incidence of decrements.
First, let us use an assumption of a constant force for decrement j and for the total
decrement over the interval (x, x + 1). This implies
p(t) = pnX(0)
and
pOt) = p0)  0=t<1l
Then, for 0 = s = 1, we have
a0 = | oo e a
() s ()
Py (O) OGO Moy (O)
— T (¢ dt = (T). 10.5-8
M;T)(O) 0 tHx Moy ( ) ug:)(o) sx ( )
But also for any r in (0, 1), under the constant force assumption,
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ru’(0) = —log p
and
r“'gc/)(o) = _log e :,((j)/
so that from (10.5.8),
log p.”

g = w 9. (10.5.9)

Equation (10.5.9) can be rearranged as
P = (PO

and then in the limit as r goes to 1 can be solved for 4, to give

g =1 — (pgg))sq@/sq@ ) (10.5.10)

L

If the constant force assumption holds for all decrements (and then automatically
for the total decrement), (10.5.9), as r and s approach 1, together with (10.5.2), can
be used for calculating ¢¢ from given values of 4,, j = 1,2, ..., m. Also, (10.5.10)
is useful for obtaining absolute rates from a set of probabilities of decrement. Note
that for (10.5.9) and (10.5.10) special treatment is required if p; or p{” equals 0.

10.5.4 Uniform Distribution Assumption for Multiple Decrements

Formula (10.5.10) holds under alternative assumptions. One of these is that both
decrement j and total decrement, in the multiple decrement context, have a uniform
distribution of decrement over the interval (x, x + 1). Thus we assume that

a0 = tqf
and

a0 =t g

Also under the given assumption, we see from (10.2.12) that

PO p(t) = 99 (10.5.11)
and
§)) §)]
Oy = B — 4
rY(t) = =
PO T
Then

P = exp [— [ woe dt]

0

s ;j)
= exp —fo T

;)
exp [ﬁ log (1 — sq?° ]

= (PO, (10.5.12)

Chapter 10 Multiple Decrement Models 323



Ats = 1, (10.5.10) and (10.5.12) yield the same equation relating ¢, with g’ and

. As a result, (10.5.9) with r = 1 can be used to obtain ¢{. Exercise 10.22 provides
additional insights into the connection between the developments in Sections 10.5.3
and 10.5.4.

Example 10.5.1

Continue Example 10.3.1 evaluating ¢, and ¢, by (10.5.10).

Solution:
By (10.5.10), the following results are obtained.

1) (2) (1) 1(2)

x 9x 9= 9x 9x

65 0.02 0.05 0.02052 0.05052
66 0.03 0.06 0.03095 0.06094
67 0.04 0.07 0.04149 0.07147
68 0.05 0.08 0.05215 0.08213
69 0.06 0.09 0.06294 0.09291
70 0.00 1.00 — —

At age 70, the rates depend on mandatory retirement, and there is no particular
need for g, ¢,? although they could be identified, respectively, using gy
and ¢%. v

10.5.5

Estimation Issues

The definition of the absolute rate of decrement given in (10.5.1) depends on the
force of decrement in multiple decrement theory as defined in (10.2.11). From def-
inition (10.5.1), the developments in this section and their application in construct-
ing multiple decrement distributions from assumed absolute rates of decrement
follow. Questions remain, however, about the interpretation and estimation
of p.

If the joint p.d.f. fr (¢, j) is known, then the survival function and forces of dec-
rement are determined using the formulas of Section 10.2. For example, (10.2.13)
follows as a consequence of the assumption that decrements occur from m mutually
exclusive causes. The issue is, under what conditions can information obtained in
a single decrement environment be used to construct the distribution of (T, J)?

We will illustrate this issue by considering two causes of decrement. Each as-
sociated single decrement environment has its time-until-decrement random vari-
able Ti(x) and its survival function sg(t) = Pr{Tj(x) > t},j = 1, 2. The joint survival
function of T,(x) and T,(x) is given by

sry,1, (Fs t2) = Pr{(Ty(x) > t)) N (T(x) > t))}.

In this context, the time-until-decrement random variable T equals the minimum
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of T,(x) and T,(x) and, in accordance with Section 9.3, (9.3.1), its survival function
is

ST(t) = ST],TZ (tl t)'

If T,(x) and T,(x) are independent,
sr(t) = STl(t)STz(t) = 5T1,T2(t/ 0)s,, 1,(0, t),

and

d
pO(t) = — dt log sr,(t)sr,()

I

p(t) + p@(t). (10.5.13)
On the other hand, if T,(x) and T,(x) are dependent,

d
pO(t) = — at log sr, 1,(t, t)

d d
*F — T log sr, 1,(t, 0) — 7 log sr, 1,(0, t). (10.5.14)
The two terms on the right-hand side of (10.5.13) are called marginal forces of
decrement associated, in order, with T,(x) and T,(x).

If T,(x) and T,(x) are independent, then the marginal forces of decrement from a
single decrement environment can be used with (10.5.2) to determine p{. If T;(x)
and T,(x) are dependent, we have no assurance that assuming (10.5.2) yields the
survival function of time-until-decrement in a multiple decrement environment.

Example 10.5.2

This example builds on Examples 9.2.1, 9.2.2, and 9.3.1. The dependent random
variables T;(x) and T,(x) have a joint p.d.f. given by

frop(s, t) = 0.0006(s — t)*  0<s5<10,0<t<10

=0 elsewhere.

The joint survival function is exhibited in Example 9.2.2, and the survival function
of T = min[T,, T,] is exhibited in Example 9.3.1.

Show that
- % log s(t) # — % log sr, 1,(t, 0) — % log sr, 1,(0, t).
Solution:
—%logsT(t)=(104_ D 0<t<10,
and
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4,000 — 1,200f + 120¢2
20,000 — 4,000t + 600> — 40t3

B 100 — 30t + 3t
500 — 100t + 15t% — #3

_ 100 — 30t + 3t2
(10 — t)(50 — 5t + t?)’

d
— ;l—t log sr, 1,(t, 0) =

which by symmetry is also equal to — ;Zd_t log s, 1,(0, t). Therefore

4 1 <200—60t+6t2>

4 log s;(t) = 1

dt 0—-+ 10-1t\ 50— 5t + ¢t

Example 10.5.3

This example builds on Examples 9.2.3 and 9.3.2. The independent random var-
iables T,(x) and T,(x) have a joint p.d.f. given by

fron(s, ) = [0.02(10 — §)][0.02(10 — £)] 8 z X z %8
Show that
_ %log sp(t) = — %log sr,t, 0) — % log 57, 1,0, ).
Solution:

The survival function of T = min[T,(x), T,(x)] is displayed in Example 9.3.2.
Therefore,

d 4
7 log s;(t) 0 ¢ 0 <t<10,
d 2
—_— = - <t <
o log sr, 1,(t,0) 0= ¢ 0<t<10,
and by symmetry
d 2
- Et‘ log sy, (0, t) = ']F:—t' 0<t<10.

As a result,

d d d
-3 log s;(t) = — It log sp,1,(t, 0) — T log s, 1,0, t). v

An interesting but distressing aspect of Examples 10.5.2 and 10.5.3 is that two
dependent time-until-decrement random variables and two independent time-until-
decrement random variables yield the same distribution of T = min[T (x), T,(x)].
Values of T can be observed, but without additional information it is impossible
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to select between the two models that may be generating the data. This, as in
Section 9.3, is an example of nonidentifiability. Henceforth, in this chapter when
constructing multiple decrement distributions from associated single decrement
distributions, we assume that the component random variables are independent.

Remark:

The correspondence between the theory for the joint life model and the theory
for the multiple decrement model can provide insights, but it is not complete. The
difference between the two models centers on two facts that were identified in the
discussion of (10.5.2) and Example 10.5.2. Realizations of both T(x) and T(y) can,
at least in theory, be observed, while only the minimum of T;(x) and T,(x) and
which one is the minimum can be observed. The corresponding problem in esti-
mating joint life models was mentioned in Section 9.3. In addition, lim,_.. ,p, =
lim,_.. p, = 0, whereas there is no assurance that

lim,_., p? =0 j=12

10.6 Construction of a Multiple Decrement Table

In building a multiple decrement model it is best if data, including that on age
and cause of decrement for the population under study, can be used to estimate
directly the probabilities q¢. Large, well-established employee benefit plans may
have such data. For other plans, such data are frequently not available. An alter-
native is to construct the model from associated single decrement rates assumed
appropriate for the population under study. The adequacy of the model should
then be tested by reviewing data as they become available.

Once satisfactory associated single decrement tables are selected, the results of
Section 10.5 can be used to complete the construction of the multiple decrement
table. The availability of a set of p,?, for j = 1,2, ..., m and all values of x, will
permit the computation of p by (10.5.2) and of 40 by q© = 1 — p{”. The remaining
step is to break ¢{ into its components g’ forj = 1,2, ..., m. If either the constant
force or the uniform distribution of decrement assumption is adopted in the model,
(10.5.9) can be used for the calculation of the g{.

Example 10.6.1

Use (10.5.2) and (10.5.9) to obtain the multiple decrement table corresponding to
absolute rates of decrement given below. Presumably the actuary has examined the
characteristics of the participant group and has decided that associated single dec-
rement tables yielding these rates are appropriate for the group under study. It is
also assumed that cause 3 is retirement that can occur between ages 65 and 70 and
is mandatory at 70.
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x .’ 4? q”
65 0020 002 004
66 0025 002  0.06
67 0030 002 008
68 003 002 010
69 0040 002 012

Solution:
The table below contains the results of the calculation of the probabilities of
decrement. Formula (10.5.2) can be rewritten as

3

@0 =1-110 - g9

=1

In this equation the assumed independence among the three causes of decrement
is apparent. Formula (10.5.9), and the mandatory retirement condition, yield the
multiple decrement probabilities. The multiple decrement table is constructed as in
Example 10.3.1.

(7) 1) 2) 3) (7) (1) (2) (3)
x qgs qx qx 9x I d; d; d;

65 0.07802 0.01940 0.01940 0.03921 1 000.00 19.40 19.40 39.21
66 0.10183 0.02401 0.01916 0.05867 921.99 2214 17.67 54.09

67 0.12545 0.02851 0.01891 0.07803 828.09 23.61 15.66 64.62
68 0.14887 0.03290 0.01866 0.09731 724.20 23.83 13.51 70.47
69 0.17210 0.03720 0.01841 0.11649 616.39 22.93 11.35 71.80
70 1.00000 0.00000 0.00000 1.00000 510.31 0.00 0.00 510.31

v

It has been noted that (10.5.9) and (10.5.10) will not be used if p,? or p = 0;
some alternative device will be necessary. One such method, which handles this
indeterminacy and lends itself to special adjustments, is based on assumed distri-
butions of decrement in the associated single decrement tables rather than on as-
sumptions about multiple decrement probabilities as in Section 10.5. We first ex-
amine an assumption of uniform distribution of decrement (in each year of age) in
the associated single decrement tables. We restrict our attention to situations with
three decrements, but the method and formulas easily extend for m > 3. Under the
stated assumption,

PP =1—-tg» j=1,230=t=1 (10.6.1)

and

PO w0 = T (- p) = g0 (1062)
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It follows that

1
o= | pe uoe) @
0
1
= [ i woe) pi2 i
0
1
— g [ a - tgea - g a
4]

— 0 [1- 2 o + g | (1063
Similar formulas hold for 4, 4%, and it can be verified that
40 + 42 + 49 = g0 + @ + g,®
— @992 + 999 + qP9,©)
+ 4,02,

=1- (- g1 - g - %) =P, (1064)

Example 10.6.2

Obtain the probabilities of decrement for ages 65-69 from the data in Example
10.6.1, under the assumption of a uniform distribution of decrement in each year
of age in each of the associated single decrement tables.

Solution:
This is an application of (10.6.3).

() 1(2) 1(3) ) @ ®
X qx 9« qx 9« 9x 9x

65 0.020 0.02 0.04 0.01941 0.01941 0.03921
66 0.025 0.02 0.06 0.02401 0.01916 0.05866
67 0.030 0.02 0.08 0.02852 0.01892 0.07802
68 0.035 0.02 0.10 0.03292 0.01867 0.09727
69 0.040 0.02 0.12 0.03723 0.01843 0.11643

These probabilities are close to those obtained by (10.5.9), displayed in Example
10.6.1. v

We conclude this section with another example illustrating the use of a special
distribution for one of the decrements. Special distributions are sometimes required
by the facts of the situation being modeled.

Example 10.6.3

Consider a situation with three causes of decrement: mortality, disability, and
withdrawal. Assume mortality and disability are uniformly distributed in each year
of age in the associated single decrement tables with absolute rates of 4, and
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7.%, respectively. Also assume that withdrawals occur only at the end of the year
with an absolute rate of g.®.
a. Give formulas for the probabilities of decrement in the year of age x to x + 1
for the three causes.
b. Reformulate the probabilities under the assumptions that
(i) In the associated single decrement model, withdrawals occur only at the
age’s midyear or year end, and
(ii) Equal proportions, namely (1/2), 4,®, of those beginning the year withdraw
at the midyear and at the year end.

Remark:

Until now our multiple decrement models have been fully continuous, except
possibly to recognize a mandatory retirement age. Moreover, our theory began with
a multiple decrement model and after defining the forces wi’(t), j = 1,2,..., m
proceeded to the associated single decrement tables. In this example we start with
the single decrement tables, and in one of these tables the decrement takes place
discretely at the ends of stated intervals. We do not attempt to define a force of
decrement for this discrete case but proceed by direct methods to build, from the
single decrement tables, a multiple decrement model possessing the relationships
(10.2.19) and (10.5.2) established in our prior theory.

Solution:

a. Figure 10.6.1 displays survival factors for the given single decrement tables and
for a multiple decrement table where

— 1 2 3
PP = p p@ p®

for nonintegral + = 0. At t = 1, p/® and p{° are discontinuous, so we
consider

. — 2
111'11'1 PP = p P 1
f—1—

and
O = pOpP1 - g,9).
We also require that, for our multiple decrement table,
30 =4V + 4P + 40 =1-pP =1 - pOp2(1 — g,9).
We set

1
0= [ 0w a
1
= L PO PM)pD(E) dt

1
= a1 fo (1 - tq,?) at

! 1 ’
= qx(l) <1 — 5 qx(2)>
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Fac
) o) ,3)

tHx lpx tHx

ﬂk

s
L) Ao — - '}\
qx \\ q;(z) ( : q;(B),{ _______ S
{
|
|

e

tors, .,p.”, j =1, 2, 3, and ,p{

X

Survival

> ¢ N > f > ¢
0 1 0 1 0 1
epf)

1 \(m P (1)
99 l

______ — P2 (1-4;)
|
Lt

0 1

Similarly, we set

’ 1 !
72 = g (1 - 5%5”)-

Then
O = g0 - (@ + 9)
=1 - P;(l)P;(z)(l — q;@)) — q”((l) _ q}’((z) + q;(l)q;(Z)’
and, since
1 = ppig.O.
Note that

lim p? — lim pQ = pWpPq, = 40 ;
t—1— t—1+
that is, the discontinuity at t = 1 equals g9.
b. Here p. and p.® are as in Figure 10.6.1, but p,® and p now have discon-
tinuities at t = 1/2 and t = 1, as shown in Figure 10.6.2.
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Survival Factors, ,p.® and ,p{

(3

th tpx(r)
A ?
_1.0 (1)
12 7P Pl
1 R — ‘ 1 _ 1(3) 1 \
— 1 w @] 1.0
R 1 CEARER
o L@ /(3
: I : I\\tpx th()(l—qx( ))
| | ! !
A 1 _t N 1 —
0 1/2 1 0o 1/2 1

Proceeding as in (a), but taking account of the intervals [0, 1/2) and [1/2, 1), we
set

1/2
W= [T a-rgma

1
+ g/ <1 - 1q’(3)> J 1 — t q,@) dt

1/2

’ 1 ' ' ' ’

Similarly, we set

3
2 = '@ —_ Z g — Q) 4 = 505G ),
qx qx ( q 4 qx 16 q qJ{ )
Then,
;3) = 1 — p(T) — q(l) — q(z)

1 — p’(l)p’(z)(l — q’(S)) — q(l) — q(z),

which reduces to

’ 3 ’ ’ ! ’
4o = g0 (1 LA q @ 4 2 qx(”q (2)) v

10.7 Notes and References

The history of multiple decrement theory was reviewed by Seal (1977). Chiang
(1968) developed the theory using the language of competing risks. The foundation
for the actuarial theory of multiple decrement models was built by Makeham
(1874). Menge (1932) and Nesbitt and Van Eenam (1948) provided insight into the
deterministic interpretation of forces of decrement and of increment. Bicknell and
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Nesbitt (1956) developed a very general theory for individual insurances using a
deterministic multiple decrement model. Hickman (1964) redeveloped this theory
using the language of the stochastic model, and this redevelopment is the basis for
much of this chapter. The analysis of life tables by cause of death is the subject of
papers by Greville (1948) and Preston, Keyfitz, and Schoen (1973).

The perplexing estimation issues that arise when the times-until-decrement are
not independent are discussed by Elandt-Johnson and Johnson (1980). Promislow
(1991b) makes the excellent point that in practice multiple decrement models
should be select in the sense of Chapter 3. He developed a theory and associated
notation for select multiple decrement models. Exercises 10.3 and 10.24 are built
on a discussion by Robinson (1984).

Carriere (1994) applied copulas, discussed in Section 9.6.2, to create multiple
decrement distributions that incorporate dependent component random variables.
Carriere also discusses the problem of identifiability and reviews the condi-
tions under which it is possible to identify a unique joint survival function

ST Tz(x)(t/ t).

Exercises

Section 10.2

10.1. Let p(t) = n(0),j=1,2,...,m, t = 0. Obtain expressions for
a. frt ) b. £(7) e frlt).

The functions called for in (a) and (c) are p.d.f.’s, and the function in (b) is
a p.f. Show that T and ] are independent random variables.

10.2. A multiple decrement model with two causes of decrement has forces of
decrement given by

1

(1) - -
B0 =100 T T p
and

2
w(t) = o0 = cED 100 — x

If x = 50, obtain expressions for
a. frt, ) b fil®) e £ d. flo).
10.3. Given the joint p.d.f.
fr t, J) = puy 70 + (1 = p)u, e” @2+ 0=tj=1
= pu, et (1 — pyy, e 0=t j=2

where 0 <p <1and 0 < uy, u,, vy, v,,
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find
a. The marginal p.d.f:s f(t) and f())

b. The survival function s;(t).

Section 10.3

10.4. Using the multiple decrement probabilities given in Example 10.3.1, evaluate
the following:

1 2
a. b. 3|q(65) e 8.

10.5. The following multiple decrement probabilities apply to students entering a
4-year college.

Curtate Probability of
Duration, Survival
at Beginning Academic Withdrawal for through the

of Academic Failure, All Other Academic

Year j=1 Reasons, j = 2 Year

0 0.15 0.25 0.60

1 0.10 0.20 0.70

2 0.05 0.15 0.80

3 0.00 0.10 0.90

An entering class has 1,000 members.

a. What is the expectation of the number of graduates? What is the variance?

b. What is the expected number of those who will fail sometime during the
4-year program? What is the variance of the number of students who will
fail?

10.6. Construct a multiple decrement table on the basis of the data in Exercise
10.5 and use it to exhibit
a. The marginal distribution of the random variable | (mode of exit), which
takes on values for academic failure, withdrawal, and graduation
b. The conditional distribution of the mode of termination, given that a
student has terminated in the third year.

Section 10.4

10.7. Given that u®(x) = 1/(a — x), 0 = x < a, and p®(x) = 1, derive expressions
for
a. I b. d¥ c. do@.
Assume [) = a.

10.8. Given p®P(x) = 2x/(@@ — x?),0 = x = Vg, and p@x) = ¢, c > 0, and [) =
1,000, derive an expression for lff).

10.9. Derive expressions for the following derivatives:

d d d
a. aﬂﬁf) b. th@ ¢ 4P
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Section 10.5

10.10.

10.11.

10.12.

10.13.

10.14.

10.15.

10.16.

10.17.

10.18.

Using the data in Exercise 10.5, and assuming a uniform distribution of
all decrements in the multiple decrement model, calculate a table of 4,7,
j=1,2k=0,1,2, 3 (where k is the curtate duration).

If wI(t) is a constant ¢ for 0 = t < 1, derive expressions in terms of ¢ and
P for
a. g\ b. m® c. g,

Show that under appropriate assumptions of a uniform distribution of
decrements
® _— 0
11—/ " T 1-a/2) 0
and, conversely,
m , m ‘ m' 0
_x e’q(/)z—x~_ f~€];)= = _
1+ @1/2) mP 1+ (1/2) mP 1+ (1/2) m¥

, 2
c. mV = X

(M = - Ix
a- T 1 (1/2) g0

d. g0 =

Order the following in terms of magnitude and state your reasons:
79, 49, m.

Given, for a double decrement table, that ¢,’ = 0.02 and ¢, = 0.04,
calculate g to four decimal places.

For a double decrement table you are given that m{) = 0.2 and ¢," = 0.1.

Calculate ;% to four decimal places assuming

a. Uniform distribution of decrements in the multiple decrement model

b. Uniform distribution of decrements in the associated single decrement
tables.

Using the data in Exercise 10.5 and assuming a uniform distribution of dec-
rements in the multiple decrement model, construct a table of my, j = 1, 2,
k = 0,1, 2, 3 (where k is the curtate duration). Calculate each result to five
decimal places.

Given that decrement may be due to death, 1, disability, 2, or retirement, 3,
use (10.5.9) to construct a multiple decrement table based on the following
absolute rates.

Age x qr(l) q;(z) q;(3)
62 0.020 0.030 0.200
63 0.022 0.034 0.100
64 0.028 0.040 0.120

Recalculate the multiple decrement table from the absolute rates of decre-
ment in Exercise 10.17 by means of the central rate bridge. [Hint: To use the
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10.19.

10.20.

10.21.

central rate bridge, first calculate m.? by the formula
1) 2 =1,2,3
S r-a/yee T
which holds if there is a uniform distribution of decrement in the associated
single decrement tables. Next, assume m{ = m,?, j = 1, 2, 3, and proceed
to ¥ by

o _d9 _ 49 ~ my

OO 0 —(1/2)d0 + (1/2)d9 1+ (1/2) mO

This second relation holds if there is a uniform distribution of total decre-
ment in the multiple decrement table. But then

PO =1 - tq0 # pl p@ pl©
= (1 — ") — g — tg9)

under the condition of a uniform distribution in the associated single dec-
rement tables. Thus there is an inconsistency in the stated conditions, but
the calculations may be accurate enough for this purpose.]

Indicate arguments for the following relations:
a. m0 = my
b 10 0

1- (1/2) q’@ 1-(1/2) 47"

Show that these lead to

D1 = (1/2) g9
C =TT T (1/2) g0

0
() =~ X
LT @

Compare (c) and (d) to (10.5.9) and (10.5.10).

Use the values of ¢, 4.9 from Example 10.5.1 to calculate values of m{,
m,j=1,2,x =65 ...,69 under appropriate assumptions of uniform
distribution of decrements (see Exercise 10.12).

Which of the following statements would you accept? Revise where
necessary.
%
a. g0 = o my
=1y (1/2) m¥

l(f)
b. f Bwdt =17 1+ (1/2) m?

c. gV = g1 - (1/2)9.?] in a double decrement table where there is a
q q q
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10.22. a.

10.23. a.

uniform distribution of decrement for the year of age x to x + 1 in each
of the associated single decrement tables.

For a certain age x, particular cause of decrement j, and constant K, show
that the following conditions are equivalent:
) 4?9 = K; 4> 0=t=1

(i) w0 = K uf() 0=t=1
(i) 1 - g =1-4M% 0=t=1
[Hint: Show (i) = (ii) = (iii) = (ii) = (@i).]

. Verify that, in a multiple decrement table, where either

() = pnd(0) 0=t=1,j=1,2,...,m
(the constant force assumption for each cause of decrement) or
qP =t g9 0=st=1,j=12,...,m
(the uniform distribution for each cause of decrement), then
g =K 49 0=t=1j=12...,m
Assume that in part (a), condition (ii), p(f), 0 = t < 1, is given by
(1) kt" k>0,n>0 (Weibull)
(ii) Bc! B>0,¢c>1 (Gompertz)
and for each example find the corresponding expressions for 4% and
1 - g9
Prove that
W) = K ud()  0=t,j=1,2
where
K= J5p0w®dt =12,

if and only if the random variables T and | are independent.
If T,(x) and T,(x) are independent and | and T are independent, show
that

P = (tPiT))K" j=12
[Remark: Note that K; = £,().]

10.24. This exercise is a continuation of Exercise 10.3 and uses the notation of Sec-
tion 10.5.5. The joint survival function is given by

ST1,T2(t1/ tz) = pe—ultl-vltz + (1 — p)e—uztrvztz
0=t,t, u, u, vy, v,

0<p<l.

Confirm that

ST],Tz(t/ t) :# ST],Tz(t/ 0) sTl,Tz(O/ t)

and
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_ dlog sy, 1ty t) 4 d log sy, r,(t, 0)
ot, dt '

t1=tr=t

Section 10.6

10.25.

10.26.

10.27.

10.28.

10.29.

Redo Exercise 10.10 by use of the formula for 4, in Exercise 10.19.

Show that u?(1/2) = mY, under the assumption of a uniform distribution
of each decrement in each year of age in a multiple decrement context.

How would you proceed to construct the multiple decrement table if the
given rates were those given below?

a. g%, q;®, g9

b. g, 42, 47

In Example 10.6.2 suppose that decrement 3 at age 69 is not uniformly dis-
tributed but follows the pattern

,@_{1—aut 0<t<1
o0 t =1

In words, the cause 3 absolute rate is 0.12 during the year. Then, just before
age 70, all remaining survivors terminate due to cause 3. This is consistent
with an assumption that g;5 = 1. What then is the value of 4?

In a double decrement table where cause 1 is death and cause 2 is with-

drawal, it is assumed that

* Deaths in the year from age h to i1 + 1 are uniformly distributed,

+ Withdrawals in the year from age h to age & + 1 occur immediately after
the attainment of age h.

From this table it is noted that, at age 50, I} = 1,000, 43 = 0.2, and d} =

0.06 d¥). Determine g2V

Miscellaneous

10.30.

10.31.

10.32.

On the basis of a triple decrement table, display an expression for the prob-
ability that (20) will not terminate before age 65 for cause 2.

a. You are given q,, 4;®, m®, m». How would you proceed to construct a
multiple decrement table where active service of an employee group is
subject to decrement from death, 1, withdrawal, 2, disability, 3, and re-
tirement, 47

b. On the basis of the table in (a), give an expression for the probability that,
in the future, an active member age y will not retire but will terminate
from service for some other cause.

Prove and interpret the relation

1
99 =g,V - g L PO () -4, dt.
j
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10.33. Let

()

0 tpgcT) dt

and
) ()
wi(t) = 55— 0=st=1
o tp;(,') dt

Assume that j and at least one other cause have positive forces of decrement
on the interval 0 = ¢t < 1.
a. Show that
(i) w™(0) > wP(0)
(i) w?(1) < w?(1)
(iii) There exists a unique number r, 0 < r < 1, such that w™(r) = wi(r).
b. Let

-1 = L [wP(t) — wD(t)]dt.
Show that

I= f [wO(t) — wD(t)]dt.

c. Assume that pd(f) is an increasing function on the interval 0 = t < 1.
Use the mean value theorem for integrals to establish the following
inequalities:

mo — mh) = fo 1 [w?(t) — w(t)]ud(t) dt
_ [ o0 - wtor

s [ w0 — woeluoe

v

]

—ud(te) I+ pd(t) I O0<t,<r<t <1

=1 [P«;(ci)(tﬂ - P«g(cj)(to)] > 0.
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10.34. The joint distribution of T and ] is specified by

N
oa—1 ,—Bt
Mgcl)(t)::)—te—‘ 0<o6<1
s 1 e Bsds a>0
t
>0
® (1 —0)yrte® B
Moy (t) = = t=0.

f s te P ds |
t

a. Obtain expressions for fr (¢, j), f(j), and fr(t).
b. Express E[T] and Var(T) in terms of o and B.
c. Confirm that | and T are independent.

340 Exercises



APPLICATIONS OF MULTIPLE

DECREMENT THEORY

111 Introduction

The multiple decrement model developed in Chapter 10 provides a framework
for studying many financial security systems. For example, life insurance policies
frequently provide for special benefits if death occurs by accidental means or if the
insured becomes disabled. The single decrement model, the subject of Chapters 3
through 9, does not provide a mathematical model for policies with such multiple
benefits. In addition, there may be nonforfeiture benefits that are paid when the
insured withdraws from the set of premium-paying policyholders. The determi-
nation of the amount of these nonforfeiture benefits, and related public policy is-
sues, are discussed in Chapter 16. The basic models associated with these multiple
benefits are developed in this chapter.

Another major application of multiple decrement models is in pension plans. In
this chapter we consider basic methods used in calculating the actuarial present
values of benefits and contributions for a participant in a pension plan. The par-
ticipants of a plan may be a group of employees of a single employer, or they may
be the employees of a group of employers engaged in similar activities. A plan,
upon a participant’s retirement, typically provides pensions for age and service or
for disability. In case of withdrawal from employment, there can be a return of
accumulated participant contributions or a deferred pension. For death occurring
before the other contingencies, there can be a lump sum or income payable to a
beneficiary. Payments to meet the costs of the benefits are referred to as contribu-
tions, not premiums as for insurance, and are payable in various proportions by
the participants and the plan sponsor.

A pension plan can be regarded as a system for purchasing deferred life annuities
(payable during retirement) and certain ancillary benefits with a temporary annuity
of contributions during active service. The balancing of the actuarial present values
of benefits and contributions may be on an individual basis, but frequently it is on
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some aggregate basis for the whole group of participants. Methods to accomplish
this balance comprise the theory of pension funding. Here we are concerned with
only the separate valuation of the pension plan’s actuarial present value of benefits
and contributions with respect to a typical participant. Aggregate values can then
be obtained by summation over all the participants. The basic tools for valuing the
benefits of, and the contributions to, a pension plan are presented here, but their
application to the possible funding methods for a plan is deferred to Chapter 20.

In Section 11.6 we study disability benefits commonly found in conjunction with
individual life insurance. The benefits include those for waiver of premium and
for disability income. There is a discussion of a widely used single decrement ap-
proximation for calculating benefit premiums and benefit reserves for these disa-
bility coverages.

11.2 Actuarial Present Values and Their

Numerical Evaluation

Actuarial applications of multiple decrement models arise when the amount of
benefit payment depends on the mode of exit from the group of active lives. We
let BY), denote the value of a benefit at age x + f incurred by a decrement at that
age by cause j. Then the actuarial present value of the benefits, denoted in general
by A, will be given by

A= | B p0 wit) dt. (11.2.1)
=1 Jo
If m = 1 and BY, = 1, A reduces to A,, the actuarial present value for a unit of
whole life insurance with immediate payment of claims.

More appropriate for this chapter is the example of a double indemnity provision,
which provides for the death benefit to be doubled when death is caused by ac-
cidental means. Let ] = 1 for death by accidental means and | = 2 for death by
other means, and take BY), = 2 and B®, = 1. The actuarial present value for an
n-year term insurance is given by

A=2 f vt pOud() dt + f vt p0 u@(t) dt. (11.2.2)
0 (4}

For numerical evaluation, the first step is to break the expression into a set of
integrals, one for each of the years involved. For the first integral,

n n—1 1
2o W dt =2 g0 [ o w0k + 9

If now we assume, as for (10.5.11), that each decrement in the multiple decrement
context has a uniform distribution in each year of age, we have
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1
2 [t w0yt =23 w0 g, [+ s

00|N'

2 k+1 (T) (1)
~ x+k'

Applying a similar argument for the second integral and combining, we get

;T
5[2 k+1 p(T)( q(l) —+ q(Z) )]
: n—1

= 5 2 0 (g + 420
d k=0

= ALY + Aly, (11.2.3)

where A}ﬁg ' is the actuarial present value of term insurance benefits of 1 covering
death from accidental means and Al is the actuarial present value for term insur-
ance benefits of 1 covering death from all causes. Here ,p{’ could be taken as the
survival function from a mortality table. If values of ¢\, are available, it would be
unnecessary to develop the full double decrement table in order to calculate (11.2.3)
under the assumption that each decrement has a uniform distribution in each year
of age.

This example is simple because the benefit amount does not change as a function
of age at decrement, and, in particular, it does not change within a year of age. For
a contrasting example, we take BY), = t and B, = 0 for t > 0. In this case,

A= f t vt p u(t) dt = E v p‘T)f k + s)v° p0 pP(k + s) ds.

We again make the assumption that each decrement in the multiple decrement
context has a uniform distribution in each year of age, and we obtain

A= gt p g0, f (k + $)(1 + i) ds

k=0

1 1

o1 ) g0, - <k + 5 ;> (11.2.4)

I
e

In practice, BY), is often a complicated function, possibly requiring some degree of
approximation. For such a case, if we apply the uniform distribution assumption
to the j-th integral in (11.2.1), we obtain

oo 1
E 1 (T) (]) j B;;lkﬂ (1 + i)lfs ds.
k=0 0

Then, use of the midpoint integration rule yields

o0

> okt2 g g B, L (11.2.5)

as a practical formula for the evaluation of the integral.
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As an example, we return to (11.2.4) where the quantity

1 1

k+-=-—-=

o 1
can be viewed as an effective mean benefit amount for the year k + 1, and the
familiar i/8 term can be viewed as the correction needed to provide immediate

payment of claims. The value given by (11.2.4) is closely approximated by

S k12 o g (k N %) (11.2.6)

which makes use of the midpoint rule for approximate integration to evaluate
1
fo (k +s)A + i)' ds.

In Section 10.6 we discussed situations where a uniform distribution of decre-
ment assumption was not appropriate. For such situations, special adjustments to
the actuarial present value should be made. We reexamine Example 10.6.3 where,
in the associated single decrement model for decrement (3), one-half the expected
withdrawals occur at midyear and the other half occur at year end. The actuarial
present value for withdrawal benefits is given by

s 1
-5 vt [t s 1 L)~ o)

41 5 38 v By (1 - g8 - q’@i)]-

Here we are dealing with the distribution of decrement in the context of the as-
sociated single decrement tables, rather than in the multiple decrement context. A
possible approximation would be to use a geometric average value of the interest
factor in the year of withdrawal, such as v*/%, and the arithmetic average value of
the withdrawal benefit, such as

A 1 ‘
By = 5 <B§c342k+1/2 + Bgcslkﬂ)-

1 1 1
v b, | Lo (1= Do) (1 - o)

F LA - g - g

Thus,

M s

A=

k

Il
Mg

pk+3/4 3) DG
P g2 B

=
I
o
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Remark:

In this section we have not used the format employed in Chapter 6 to state
premium determination problems. This was done to achieve brevity. The premium
problems of this section could have been approached by formulating a loss function
and invoking the equivalence principle or some other premium principle.

Assume, for example, an insurance to (x) paying
a. 2B upon death due to an accident before age r
b. B upon death due to all other causes before age r, and
c. B upon death after age r.
Two causes of decrement are recognized, ] = 1, the accidental cause, and | = 2,
the nonaccidental cause. The loss function is

2B — 7w J=1 0<T=r-—x
L=3BvT—w J=2 0<T=r—x
BvT —m J=1,2 T>r—x

The equivalence principle requires that E[L] = 0, or

0

m™=B l:f vt tpf) pO(t) dt + f vt p0 p() dt]~
0

A measure of the dispersion due to the random natures of time and cause of death
is provided by Var(L) = E[L?]. One can verify that, for this case,

Var(L) = B? | 3 v 0 u) dt + | v pP pO) dt | -
0 P

0
In the general case, with actuarial present value given by (11.2.1), we have
Var(L) = E[L?] = 2 | (B2, v = AP p? wd(t) dt,
j=1 70

which can be reduced to

Var(L) = 3, | (B, v pl il di — (A). (112.7)
P

11.3 Benefit Premiums and Reserves

We examine, in this section, a method of paying for benefits included in a life
insurance policy in a multiple decrement setting. Often these extra benefits are
included in life insurance contracts on a policy rider basis; that is, a specified extra
premium is charged for the extra benefit, and a separate reserve is held for this
benefit. The extra premium is payable only for as long as the benefit has value. In
the case of double indemnity it is common to pay the extra amount only for death
from accidental means before a specific age, such as 65, and thus the specified extra
premiums would be payable only until that age.

We henceforth consider the double indemnity benefit as such a benefit. The
model is not complete because the possibility of withdrawal, with a corresponding
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withdrawal benefit, is not included. We consider withdrawal benefits in Section
11.4, but most of this subject is discussed in Chapters 15 and 16.

Consider the fully discrete model for a whole life policy to a person age 30 with
a double indemnity rider. The benefit amount is one for nonaccidental death, dec-
rement | = 1, and is two for death by accidental means, decrement | = 2. The
principle of equivalence is now applied twice, once for the premium payable for
life for the policy without the rider and once for the premium payable to age 65
for the extra benefit payable on accidental death before age 65.

For the policy without the rider the benefit level is one under either decrement
1 or 2 and the premium is payable for life. Thus

k+1 () (1)
" kEO U kP36 Ga0+k
D ke
Py =

(11.3.1)
()

> vk P
k=0

The benefit premium for the rider reflects that the premium is payable through age
64, and its benefit amount, payable under decrement 2 only, is unity. It is given by

34

k+1 (1) -(2)
. U™ " kP30 G30+k

2) — k=
P30 =

34 (11.3.2)
;::O v

We now display the benefit reserve for the policy with the rider for years prior to
attaining age 65:

) 34—k
_ h+1 (1) () h+1 (1) (2)
W= };} U P30k Ga04kan T ;_:0 V" P304k G30-+k-h

— (T) ho (7 (2) b 4,(7)
(PsTo hZ:o V" a0k Tt 3sP50 hZO % hP3B+k)~

This reserve is the sum of a reserve on the base policy plus a reserve on a policy
that pays only on failure through decrement 2. The reserve on the base policy is a
Chapter 7 benefit reserve for a fully discrete whole life insurance with g, = g% =
7+ p.

11.4 Withdrawal Benefit Patterns That Can Be Ignored in

Evaluating Premiums and Reserves

A single decrement model for an individual life insurance benefit with annual
premiums and reserves was built in Chapters 6 through 8. In that model the timing
and, perhaps, the amount of benefit payments are determined by the time of death
of the insured, and premiums are paid until death or the end of the premium
period as specified in the policy. In practice, there is no way to prevent the cessation
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of premium payments by the policyholder before death or the end of the premium
period. In this situation an issue arises about how to reconcile the interests of the
parties to the policy for which a model derived from multiple decrement theory is
appropriate. Public policy considerations that should guide the reconciliation of the
interests of the insurance system and the terminating insured have been subject to
discussion since the early days of insurance.

Before premiums and reserves can be determined, a guiding principle must be
adopted. A guiding principle is required as well in the determination of nonfor-
feiture benefits, those benefits that will not be lost because of the premature ces-
sation of premium payments. In this section we adopt a simple operational prin-
ciple, one that is, in effect, close to that adopted in U.S. insurance regulation. The
principle is that the withdrawing insured receives a value such that the benefit,
premium, and reserve structure, built using the single decrement model, remains
appropriate in the multiple decrement context.

This principle is motivated by a particular concept of equity about the treatment
of the two classes of policyholders, those who terminate before the basic insurance
contract is fulfilled and those who continue. Clearly several concepts of what con-
stitutes equity are possible, ranging from the view that terminating policyholders
have not fulfilled the contract, and are therefore not entitled to nonforfeiture ben-
efits, to the view that a terminating policyholder should be returned to his original
position by the return of the accumulated value of all premiums, perhaps less an
insurance charge. The concept of equity, which is the foundation of the principle
adopted in the United States, is an intermediate one; that is, withdrawing life
insurance policyholders are entitled to nonforfeiture benefits, but these bene-
fits should not force a change in the price-benefit structure for continuing
policyholders.

To illustrate some of the implications of this principle, we will develop a model
for a whole life policy on a fully continuous payment basis with death and with-
drawal benefits. The force of withdrawal is denoted by p2(t) with u{(f) = pd(t)
+ p@(t). For multiple decrement models, it is required that

| up =

so that

lim ,p{" = 0,

f—o0

but it is not necessary for p?(t) and the derived ,p,® to have these properties.

We assume that the introduction of withdrawals into the model does not
change the force of mortality, which is labeled for this development p{’(¢) in both
the single and double decrement models. In other words, time-until-death and
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time-until-withdrawal will be assumed to be independent, but this assumption may
not be realized in practice. This issue was discussed in Chapter 10.

We start our model by specializing (8.6.4) to the case of a whole life insurance
and single decrement premiums and reserves:

d 5, o
5 VA) = P(A) + 8 V(A - pd) [1 - VA (11.4.1)
Recalling from Section 10.2 that
L P9 = —pPud®) + uP),

we can express the following derivative as
d o
5 0P VAL = vt pPIPAY) + 8 V(A — w1 — V(A

— v 0 VAIIS + pd®) + pP(H)]

I

v pOIPA) — () — p@() V(A (11.4.2)

The progress of the reserves for a whole life insurance that includes withdrawal
benefit ,V(A,) using premiums and reserves derived from a double decrement
model is analogous to (11.4.1) and is shown in (11.4.3). In this expression, the
superscript 2 denotes premiums and reserves based on the double decrement
model:

% [V(A)] = PA2 + & V(A2

— OO — VAR - pQOLVA) - VAR (1143)

The last term in (11.4.3) is the net cost of withdrawal when the reserve ,V(A,)? is
treated as a savings fund available to offset benefits [see (8.4.5)]. Thus,

[v PO VA = vt p (PA)E + 8 V(AR — nPB1 — V(AN
- kA LVA) - V(AN
— v 0 VAR IS + ) + pf )]

— ot POIPA) = wt) = w0 VAL (1144)
Combining (11.4.2) and (11.4.4), we obtain
S pOLVAR - VAN = o pOIPAY - PAL  (1145)

We now integrate (11.4.5) from t = 0 to t = % to obtain
0 = aD[P(A,)? — P(A))], (11.4.6)
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which implies that
P(A R = P(A,).
Thus (11.4.5) reduces to

W pOLVA ~ DA =0,

which, with the initial condition that
0"7(143)Z = OV(AX)I
implies that
V(AR =,V(A) forallt=0. (11.4.7)

Therefore, if the withdrawal benefit in a double decrement model whole life in-
surance, fully continuous payment basis, is equal to the reserve under the single
decrement model, the premium and reserves under the double decrement model
are equal to the premium and reserves under the single decrement model. This
result is not directly applied to the practical problem of defining nonforfeiture
benefits. However, it does suggest the basic idea of how to minimize the impact
of withdrawal or nonforfeiture benefits on premiums and reserves (determined
under a single decrement model). These ideas are developed further in Chapter 16.

The ideas of this section are closely related to Example 6.6.2, where it was dem-
onstrated that if the death benefit during the premium-paying period for a deferred
life annuity is the accumulated value of the premiums, then the premium does not
depend on the mortality assumption during the deferral period. This idea is elab-
orated in Example 11.4.1.

Example 11.4.1

A continuously paid life annuity issued on (x) provides an income benefit com-
mencing at age x + n at an annual rate of 1. The benefit for death (decrement
J = 1) or withdrawal (decrement | = 2) during the n-year deferral period, paid at
the moment of death, will be the accumulated benefit premiums with interest at
the rate used in the premium calculation. Premiums are paid continuously from
age x to x + n or to the age of decrement, if less than x + n. Assume that there
are no withdrawals after the commencement of the annuity payments.

a. Formulate a loss variable.
b. Determine the annual benefit premium rate 7 using the principle of equivalence.
¢. Determine the benefit reserve at time t, 0 < f < n.

Solution:

a [ = ’lTU_Tgﬂ—ﬂ'_ﬁﬂ 0=T=mn J=
V" Ap=y) — T dy T>n, i

b. Applying the principle of equivalence, we obtain

BILL = | " s — i) 0 w000 .

Chapter 11 Applications of Multiple Decrement Theory : 349



This yields
v npgr) ﬁx-%—n = ﬁﬁ] npy) and w =
c. The reserve at time t, t = n, viewed prospectively, is given by

n—t
i o s — w0 w4 9
0

b [ 0t e — ) L 00+ 9 d

n—t

I

™ gﬂ(l - n—tpgcT-)H) + n—t\axﬂ‘ - aﬁ—_t\ n—tpgc?rt
= TS5,

The simplification of the last term comes from the definition of 7 in part (b).
The benefit premium and reserve during the deferred period can be viewed as
derived from a zero decrement model. v

11.5 Valuation of Pension Plans

Two sets of assumptions are needed to determine the actuarial present values of
pension plan benefits and of contributions to support these benefits. These sets can
be identified as demographic (the service table and survival functions for retired
lives, disabled lives, and perhaps lives who have withdrawn) and economic (in-
vestment return and salary scale) assumptions.

11.5.1 Demographic Assumptions

A starting point for the valuation of pension plan benefits is a multiple decrement
(service) table constructed to represent a survivorship group of participants subject,
in the various years of active service, to given probabilities of

» Withdrawal from service

* Death in service

* Retirement for disability, and

* Retirement for age-service.

The notations for these probabilities for the year of age x to x + 1 are g, g, 49,
and ¢, respectively. These are consistent with the notations developed in Chapter
10. Also, we use the survivorship function I{? from Chapter 10, which satisfies

10 = 1911 = (g + g + 40 + O] = 19 0.
This function can be used to evaluate such expression as p{”, thus,
1@

_ tx+k
Py = 1o
X
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One can also proceed by direct recursion, namely,

WP = P Py

The forces of decrement related to a service table will be continuous at most ages.
They will be denoted by p®(f), W(t), wi(t), and nP(t). At some ages, disconti-
nuities may occur. This occurs most frequently at age «, the first eligible age for
retirement. We generally assume that decrements are spread across each year of
age.

In the early years of service, withdrawal rates tend to be high, and the benefit
for withdrawal may be only the participant’s contributions, if any, possibly accu-
mulated with interest. After a period of time, for example, 5 years, withdrawal
rates will be somewhat lower, and the withdrawing participant may be eligible for
a deferred pension. If these conditions hold, it may be necessary to use select rates
of withdrawal for an appropriate number of years. Conditions for disability retire-
ment may also indicate a need for a select basis. The mathematical modifications
to a select basis are relatively easy to make, and the theory is more adaptable if
select functions are used. In this chapter we denote the age of entry by x, but we
do not otherwise indicate whether an aggregate table, select table, or select-and-
ultimate table is intended.

The Illustrative Service Table in Appendix 2B illustrates a service table for entry
age 30, earliest age for retirement o = 60, and with no probability of active service
beyond age 71. Here I} = 0.

As noted earlier, the principal benefits under a pension plan are annuities to
eligible beneficiaries. For the valuation of such annuity benefits, it is necessary to
adopt appropriate mortality tables that will differ if retirement is for disability, for
age-service, or perhaps withdrawal. The corresponding annuity values will be in-
dicated by post-fixed superscripts. The continuous annuity value is used as a con-
venient means of approximating the actual form of pension payment that usually
is monthly, but may have particular conditions as to initial and final payments.

11.5.2 Projecting Benefit Payment and Contribution Rates

A common form of pension plan is one that defines the rate of retirement income
by formula. These plans are called defined benefit plans. Some pension plans define
benefit income rates as a function of the level of compensation at or near retirement.
In these cases, it is necessary to estimate future salaries to value the benefits. Spon-
sor contributions are also often expressed as a percentage of salary, so here too
estimation of future salaries is important. To accomplish these estimations, we de-
fine the following salary functions:

(AS),,, is the actual annual salary rate at age x + h, for a participant who entered
at age x and is now at attained age x + h,

(ES),1n+: is the projected (estimated) annual salary rate at age x + h + t.

Further, we assume that we have a salary scale function S, to use for these projec-
tions, such that
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(ES)y et = (AS),.p 22222 (1151)
x+h

The salary functions S, may reflect merit and seniority increases in salary as well
as those caused by inflation. For example, in the Illustrative Service Table, S, =
(1L.06)~% s,, where the s, factor represents the progression of salary due to individ-
ual merit and experience increases, and the 6% accumulation factor is to allow for
long-term effects of inflation and of increases in productivity of all members of the
plan. As was the case of the I” function, one of the values of S, can be chosen
arbitrarily. For instance, in the Illustrative Service Table, S, is taken as unity. The
S, function is usually assumed to be a step function, with constant level throughout
any given year of age.

We now move to the problem of estimating the benefit level for a pension plan.
For this purpose, we introduce the function R(x, , t) to denote the projected annual
income benefit rate to commence at age x + h + t for a participant, who entered
h years ago at age x. Both x and & are assumed to be integers. We assume that the
income benefit rate remains level during payout so that when we come to express-
ing the actuarial present value of the benefit at time of retirement, it will simply
be R(x, h, t)@,,,,,. As stated in the previous section, the post-fixed superscript r
indicates that a mortality table appropriate for retired lives should be used.

We now consider several common types of income benefit rate functions
R(x, h, t). The estimation procedure falls into two groups. First, there are functions
that do not depend on salary levels. For other types of benefit formulas, which
depend on future salaries, the projected annual income rate must be estimated.
There are those that depend on either the final salary rate or on an average salary
rate over the last several years prior to retirement. There are also formulas that
depend on the average salary over the career with the plan sponsor. The following
are examples of the more common types of benefit formula together with their
estimation.

a. Consider an income benefit rate that is a fraction d of the final salary rate. Thus
R(x, h, t) = d(ES) 4+, Here we estimate the final salary from the current salary
at age x + h by (ES) iyt = (AS)eun(Syinii/ Sxvn) so that R(x, h, t) =
d(AS)x+h(Sx+h+t/Sx+h)‘

b. A final m-year average salary benefit rate is a fraction d of the average salary
rate over the last m years prior to retirement. We illustrate this in the common
case where m = 5. In this case, if t > 5, an estimate of the average salary over
the last 5 years is given as

0.5 S inik-5 t Seansi-a T Sevnin-s + Seinii—n + Syvnie1 + 0.5 514y

(A5 "
x+

where k is the greatest integer in ¢.

The thinking behind this expression is that if retirement occurs at midyear,
the current year’s salary is earned only for the last half year of service. A no-
tation in common usage for the above average is sZ, .,/ S, If the participant
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is within 5 years of possible retirement, account could be taken of actual rather
than projected salaries.

The above formulas do not reflect the amount of service of the participant at
retirement. We now look at three formulas where the benefits are proportional
to the number of years of service at retirement.

c. Consider an income benefit that is d times the total number of years of service,
including any fraction in the final year of employment. In this case R(x, &, t) =
d(h + t). If only whole years of service are to be counted, then R(x, h, t) =
d(h + k), where k is the greatest integer in t.

d. Consider an income benefit rate that is the product of a fraction d of the final
5-year average salary and the number of years of service at retirement. A typical
formula would be, where d is a designated fraction,

= dl + DAS),.,
Sx+h

Again, if the participant is within 5 years of possible retirement, account could
be taken of actual rather than projected salaries.

e. Consider an income benefit rate that is d times the number of years of service
times the average salary over the entire career. Such a benefit formula is called
a career average benefit. This formula is equivalent to a benefit rate of a fraction
d of the entire career earnings of the retiree.

The analysis of career average retirement benefits breaks naturally into two
parts, one for past service for which the salary information is known and one
for future service where salaries must be estimated. Here past salaries enter into
the valuation of benefits for all participants and not just for those participants
very near to retirement age. If the total of past salaries for a participant at age
x + h is denoted by (TPS),,, the benefit rate attributed to past service is
d(TPS), ;. The retirement income benefit rate based on future service is given
by

Sean ¥ Syanpr T+ Sepiier + 05 S

Sx+h

A(AS)csn

where k is the greatest integer in t and retirements are assumed to occur at
midyear.

Finally, we display one benefit formula where the service component for par-
ticipants with a large number of years of service at retirement is modified.

f. Consider an income benefit rate that is the product of the 3-year final average
salary and 0.02 times the number of years of service at retirement for the first
30 years of service with an additional 0.01 per year of service above 30 years.
Following (d),

=0.02 (h + t) (AS),., 3ZSM h+t=30
x+h
= [0.30 + 0.01 (h + t)] (AS),., % h + t > 30.
x+h

Chapter 11 Applications of Multiple Decrement Theory 353



11.5.3

Defined-Benefit Plans

We now seek to develop formulas for actuarial present values of such benefits
and of the contributions expected to be used to fund the promised benefits. We do
so first for a general case of a defined-benefit plan and then examine a specific
example that includes a typical pattern of defined benefits.

Let us first look at the evaluation of, and approximation to, the actuarial present
value for an age-retirement benefit. Assume that the benefit rate function has been
found as R(x, h, t) and that the benefit involves life annuities with no certain period.
We can then write an integral expression for the actuarial present value of the
retirement benefit as

APV = L_x_h vt 0, pO(h + £) R(x, b, ) @y, dt. (11.5.2)

As in Section 11.2, we approximate the integral for practical calculation of the ac-
tuarial present value. To do so, we write

0

1
APV = ; 2 . vk Pl fo U P WO+ k + 8) R(x, b, k + 8) @y ppss 5.
et
By assuming a uniform distribution of retirements in each year of age, we can
Yy g y g
rewrite this as

<)

1
APV = 2 v P ek fo v* R(x, b, k + 8) @ ipqs dS.

k=a—x—h

Using the midpoint approximation for the remaining integrals gives

o«

APV = 2 V2 a R Bk + 1/2) Bgsnse (11.5.3)
k=a—x—h
Formula (11.5.3) is the general means by which we calculate the actuarial present
value of retirement and, by extension, other benefits of a pension plan.

We now present an example that shows the types of calculations that might be
used for the valuation of the several benefits of a hypothetical defined-benefit pen-
sion plan.

Example 11.5.1

Find the actuarial present values of the following benefits for a participant who
was hired 3 years ago at age 30 and who currently has a salary of $45,000.

a. Retirement income for any participant of at least age 65 or whenever the sum
of the attained age and the number of years of service exceeds a total of 90. The
benefit is in the form of a 10-year certain and life annuity, payable monthly, at
an annual rate of 0.02 times the final 5-year average salary times the total number
of years of service, including any final fraction.
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b. Retirement income for any participant with at least 5 years of service upon
withdrawal. The benefit and income benefit rate formula is as for age retirement.
However, the initial payment of the annuity is deferred until the earliest possible
date of age retirement had the participant continued in the active status.

c. Retirement income for those disabled participants too young for age retirement.
The income benefit rate is the larger of 50% or the percentage based on years of
service, uses the average salary over the preceding 5 years, and is for a 10-year
certain and life annuity.

d. Lump sum benefit for those participants who die while still in active status. The
benefit amount is two times the salary rate at the time of death.

Solution:

The participant was hired at age 30 and so is eligible for retirement at age 60
[60 + (60 — 30) = 90]. Assuming midyear retirements, the income benefit rate is
given by

= 0.02 (h + 1) (AS),., Lusnsk
Sx+h

Z
= 0.02 (3 + k + 0.5) (45,000) =303+
S 30+3
for retirements starting in the year following age 33 + k. The actuarial present value
of age-retirement benefits is approximated by

APV =900 3, v""2 s 40au

k=27

Z

5430434k 1

X (35 + k) Tti G33+k+1/270-
3043

Benefits are paid for those withdrawing from active status between ages 35 and
60. After attaining age 60, the withdrawals are classified as retirements. The income
benefit rate is again given by

= 0.02 (h + 1) (AS),,, sk

Sx+h

= 0.02 (3 + k + 0.5) (45,000) LZENEN
SSO+3
For withdrawals at ages 35 through 37, adjustments using actual wage data rather
than the Z function could be made. The actuarial present value of the withdrawal
benefits is approximated by

26
APV = 900 ;2 o2 R s 50 s ik

V4

5%:30+3+k —w

X (3-5 + k) S 27-k—1/2| #33+k+1/2:701-
30+3
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For the disability benefit the income benefit rate function makes a distinction
between disabilities starting before and after the participant has worked for 25
years. Thus the income benefit rate is

= 0.5 (AS),,, SZS—”';k = 0.5 (45,000) 5—2530‘"—3*" for0 <k <21
x+ 30+3

=0.02 (h + t) (AS),., M = 0.02 3 + k + 0.5) (45,000) 5Z30+3+k
Sx+h S30+3

for 22 = k = 26.

Thus, the actuarial present value of the disability benefits is approximated by

21

4 Z i
- k+1/2 @  sLsorstk ol
APV = 22,500 1;) vkl kpgo)+3 Q3l0+3+k S A 334k+1/2:10
= 30+3

26

; Z i
54530+3+k i
+ 900 k§;2 yk+1/2 kp(sTo)Jrs q§’3+3+k S = (3.5 + k) A 331k+1/2:10/-
= 30+3

For the death benefit, the projected lump sum benefit amount is

s,
= 2 (AS),.,, XLk

S x+h
S3O+3+k
= 2 (45,000) 2203k
S30+3
Thus, the actuarial present value of the death benefits is approximated by

oo . S
APV = 90,000 2, v 85 4o o
k=0 30+3 v

There are many funding or budgeting methods available to assure that contri-
butions are made to the plan in an orderly and appropriate manner. An overview
of these methods is presented in Chapter 20.

11.5.4

Defined-Contribution Plans

The principal benefit under a pension plan is normally the deferred annuity for
age-service retirement. In defined-contribution plans, the actuarial present value is
simply the accumulation under interest of contributions made by or for the partic-
ipant, and the benefit is an annuity that can be purchased by such accumulation.
The accumulated amount is typically available upon death and, under certain con-
ditions, upon withdrawal before retirement. We examine the interplay between the
rate of contribution and the rate of income provided to the participant in the fol-
lowing example. The defined-contribution rate can be determined with a retirement
income goal. The risk that the goal will not be achieved is held by the participant
of the plan, not the sponsor. Budget constraints on the sponsor may, of course,
restrict the amount of the contributions.
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Example 11.5.2

Find the contribution level for the sponsor to provide for age-retirement at age
65 that has as its objective a 10-year certain and life annuity with an initial benefit
rate of 50% of the average salary over the 5 years between ages 60 and 65. The
contribution rate, which is to be applied as a proportion of salary, is calculated for
a new participant at age 30. Assume that there are no withdrawal benefits for the
first 5 years but after that the contributions accumulated with interest are vested,
that is, become the property of the withdrawing participant, and will be applied
toward an annuity to start no earlier than age 60. (An active participant who be-
comes disabled is treated as a withdrawal and is covered by a separate disability
income coverage for the period between the date of disability and age 65 at which
time a regular age retirement commences.) Upon death after the end of the 5-year
vesting period but before retirement income has commenced, the accumulated con-
tributions are paid out.

Solution:
We start by calculating the actuarial present value of a contribution rate of ¢
times the annual salary rate, assumed for convenience to be 1, at age 30:

S S Saosi _ V%550,
APV =¢ E 8 @50 + 4500 E UL SJ -

k=0 j=0 30 254

+ sp5 E pkH1/2 ;‘”k} (11.5.4)
30

In (11.5.4) contributions are assumed to occur at midyear, and the projected salary
rate at age 30 + k is (S59.1/ S30) times 1, the initial salary at age 30.

We now estimate the desired benefit payment rate at age 65 as the first step in
estimating the actuarial present value of the target benefits. The average salary
projected to be earned between the ages of 60 and 65 is (Sgy + S¢; + S, + Sg3 +
Ses) /(5 Ss0). The desired benefit rate is one-half of this, and the actuarial present
value of the target benefit is given by

. Seo T Se1 T Sep TS¢3 + Ses _r
APV = 35P(30) 038 (0.5) 60 61 5 562 63 64 gD (11.5.5)
30

This expression is the actuarial present value at age 30 of the new participant’s
target income benefit.

The actuarial present value of the vested benefit is given by

k
. o1
APV = ¢ {E o2 0D @S + 4500 [2 (1 + iy —lsgf“ — 1 Zan ]} (11.5.6)
j=0 30 2 530

The expression for the actuarial present value of contributions, (11.5.4), less the
expression for the actuarial present value of vested benefits, (11.5.6), is
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4 k
S S
2 930+ k+1/2 230+k
¢ {2 D @55k + 9500 [2 v/t — pftl/2 =

k=0 i=0 30 255,

34 S
+ 5P 2, v —30*"}- (11.5.7)
=0 S0
The benefits in this plan, after the 5 years when vesting occurs, are similar to those
discussed in Example 11.4.1.

We now equate the two actuarial present values from (11.5.4) and (11.5.7) to
solve for ¢, the sponsor’s contribution rate, which will be applied to all future salary
payment in accordance with the plan to achieve the stated retirement income

goal. v

Some plans of this type have both sponsor and participant contributions. It is
common here for some kind of matching between the size of the sponsor contri-
bution and the size of the participant contribution.

11.6 Disability Benefits with Individual Life Insurance

In Section 11.5.3 we discuss disability benefits included in pension plans. We
now turn to disability benefits commonly found with individual life insurance.
Provision can be made for the waiver of life insurance premiums during periods
of disability. Alternatively, policies can contain a provision for a monthly income,
sometimes related to the face amount, if disability occurs. The multiple decrement
model is appropriate for studying these provisions.

The usual disability clause provides a benefit for total disability. Total disability
can require a disability severe enough to prevent engaging in any gainful occu-
pation, or it can require only the inability to engage in one’s own occupation. Total
disability that has been continuous for a period of time specified in the policy,
called the waiting or elimination period, qualifies the policyholder to receive ben-
efit payments. The waiting period can be 1, 3, 6, or 12 months. In policies with
waiver of premium, it is common to make the benefits retroactive, that is, to refund
any premiums paid by the insured during the waiting periods. Coverage is only
for disabilities that occur prior to a disability benefit expiry age, typically 60 or 65.
However, benefits in the form of an annuity, either as disability income or as waiver
or premiums, will often continue to a higher age, typically the maturity date or
paid-up date of the life insurance policy.

11.6.1

Disability Income Benefits

Let us start by expressing the actuarial present value of a disability income ben-
efit of 1,000 per month issued to (x) under coverage expiring at age y and with
income running to age u. We assume that the waiting period is m months. Using
notation from Chapter 10 and earlier sections of Chapter 11, we can express the
actuarial present value as a definite integral as
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y_x P . .
A= L vt 0 p() v Pl (12,000 3524 1 i) At (11.6.1)

The i superscript on ,, .}, indicates a survival probability for a disabled life. We
now break up the integral into separate integrals for each year. Upon making the
assumption of uniform distribution for the disability decrement within each year
of age and replacing t by k + s, we obtain an expression for the actuarial present
value much like (11.2.5):

y—x—1

A=12000 > oFpQ gl v
k=0

1
X L v m/lZpl[x+k+s] dfalca—);c+s]+m/12: m dS. (1162)

A simplification of this formula occurs when the decrement i (disability) is defined
to occur only if the person who is disabled survives to the end of the waiting period
of m months. If death occurs during the waiting period, the decrement is regarded
as death. This means that the disabled life survivorship factor, ,,/1oP}, 5+s iS UN-
necessary as it has been taken into account in the definition of 4{,,. We note that
it also means that the attained age at entry into the disabled life state is reached at
the completion of the waiting period and is so indicated in the select age of the
disabled life annuity function.

By the midpoint method the integrals in (11.6.2) are evaluated as

1/2 ;(12)

1
.. (12)i _ 12)i
fo U ks em2a sy 48 = VY2 AR pempaarm - (11.6.3)

With these two changes (11.6.2) can be written as
y—x—1 ) )
A = 12,000 k}_}) o2 OO L i (11.6.4)

11.6.2 Waiver-of-Premium Benefits

Let us go through the same process for a waiver of premium benefit. We assume
that the premium, P, to be waived is payable g times per year for life. The primary
difference between this and the disability income benefit is that the waiver benefit
is a g-thly payment annuity starting at the first premium due date after the end of
the waiting period.

We start with a special case with its actuarial present value written with the
definite integrals already broken down to individual years of time of disablement.
The case chosen is the waiver of semiannual premiums, payable for life, in the
event of a disability occurring prior to age y and continuing through a 4-month
waiting period. We further assume that the benefits are retroactive by which we
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mean that for a premium paid to the insurer on a due date during the waiting
period, reimbursement with interest at the valuation rate will be made. This will
increase the number of integrals within each year of age because disabilities that
start within the first 2 months of each half year do not have premiums due during
the waiting period:

y—x—1 1/6
A k . (2)i
A =P ’;) v kpgcT) I:L vs g{?—k l""(l)(k + S) 1/2—s\a§x)-il-k+s] dS

1/2 1
+ Jl/6 v° pg:lk M(l)(k + s) <1 s|‘1[x+k+s] + 4/12P[x+k+s] vl 5) ds

2/3
. (2)i
+ J;/Z v° spgc?-k l"‘gcl)(k + S) lfslaEx)nlLkJrs] ds

1
. , 1
(2 ; _
+ L/s v® p Pk + ) (3/2-—s|aEx)-:—k+s] + 4Pk U E) ds]. (11.6.5)

If we incorporate the assumption of a uniform distribution of disability within each
year of age and include only those disabilities that survive the waiting period as
disabilities, (11.6.5) becomes

y—x-1 1/6
" +4/12 ;@)
=P Z P90k [fo vt 1/2-5-4/12/ [x+k+s+4/12] ds

1/2 1
+4/12 4 (2)i 1/2 —
+ fl/(j v 1-s—4/12f8 [x+k+s+a/12) T U / 5 ds

2/3
+4/12 = (2)i
+ J'1/2 v 1-5—-4/12% [x+k+s+4/12] ds

1
+ L/3 psra/1z 3/2—5— 4/12\aEx)+k+s+4/12] tuvz d5:| (11.6.6)

We now use the midpoint approximate integration method for each of the several
integrals within each year of age to obtain
y—x—1

1 .
5 2 +(2)
=P E vk P(T) O [ & 1/12|a[x-:—k+5/12]

1 ()i 1 1 )i
- 3 <v2/3 1/3|a§x)-:—k+2/31 + vl 2 * 6 vt/ 1/12I‘1Ex)ik+11/12]
1 )i 1

11.6.3 Benefit Premiums and Reserves

Equivalence principle benefit premiums for disability income and waiver of pre-
mium benefits are found by equating the actuarial present value of benefits to the
actuarial present value of premiums. For the waiver benefit discussed in Section
11.6.2, the annual benefit premium, ,_ IT,, equals A of (11.6.7) divided by 4}
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Active life benefit reserves, that is, the reserve when premiums are not being
waived, are most conveniently expressed by a premium difference formula:

Vo= (yfx—kHw—k - y—xHx) d&?k:;ﬂ- (11.6.8)
The terminal reserve for a disabled life is the actuarial present value of future
disability benefits, calculated on the assumption that the insured has incurred a
disability. The amount of premium waived, or disability income rate, is multiplied
by the actuarial present value of an appropriate disabled life annuity. This value
takes into account the age at disablement, the duration since disablement, and the
terminal age for benefits.

11.7 Notes and References

We have not defined insurer’s losses and studied their variances in this chapter.
Formula (11.2.7) gave a means of doing so if we consider the total benefits for all
causes of decrements. If we consider only a single benefit, such as the retirement
benefit, there is more than one way of defining losses. The usual concept is that
premiums and reserves, for a benefit in regard to a particular cause of decrement,
apply only to that decrement. Thus, if decrement due to a second cause occurs,
then, with respect to the first cause, there is zero benefit and a gain emerges. An
insurer’s loss based on this concept would lead, for example, to (11.4.3). However,
losses defined in this way may have nonzero covariances, so that the loss variance
for all benefits is not the sum of the loss variances for the individual benefits.

Alternatively, one may consider that when a particular cause of decrement oc-
curs, the reserves accumulated for the benefits in regard to all the other causes are
released to offset the benefit outgo for the given cause. In this case, the loss random
variables defined for the benefits for the several causes of decrement have zero-
valued covariances, and the loss variance for all benefits is the sum of the loss
variances for the individual benefits. However, the premiums and reserves for the
individual benefits are more difficult to compute on this second basis and individ-
ually differ significantly from those on the usual basis. For insights into these mat-
ters, see Hickman (1964).

The result stated in Section 11.4 concerning the neutral impact on premiums and
reserves when a withdrawal benefit equals the reserve on the death benefit does
not hold for fully discrete insurances. This was pointed out by Nesbitt (1964), who
reported on work by Schuette. The problem results from the fact that, in the discrete
model, the probability of withdrawal

1 t
&% = JO exp [“ f pOk + ) dS] p(k + 1) dt

0

depends on the force of mortality.

While there are many papers and a number of books dealing with pension fund
mathematics, it seems useful for the purposes of this introductory treatment to refer
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only to other actuarial texts with similar chapters; see, for example, Hooker and
Longley-Cooke (1957), Jordan (1967), and Neill (1977). These authors stress the
formulation of actuarial present values in terms of pension commutation functions
and the use of tables of such functions to carry out computations.

In contrast, a major portion of our presentation has been in terms of integrals
and approximating sums, with the integrands or summands expressed in terms of
basic functions. These approximating sums can be computed by various processes
that may or may not make use of commutation functions. For pension benefits
determined by complex eligibility or income conditions, it can be more flexible
and efficient to calculate by processes not requiring extensive formulation by
commutation functions. An opposing view, indicating the power of commutation
functions for expressing actuarial present values and controlling their computation,
is given by Chamberlain (1982).

There is an alternative foundation for constructing a model for disability insur-
ance. In Section 11.6 we used a multiple decrement model that did not explicitly
provide for recovery from disability. Models with several states of disability, with
provision for transition from state to state, have been developed. These models are
frequently the foundation of long-term care insurance. Hoem (1988) provides an
introduction with valuable references to these ideas.

The multiple decrement model developed in Chapter 10 and applied in this chap-
ter can be viewed as being made up of m + 1 states; m are called absorbing states
in that it is impossible to return from them to the active state. These m states are
associated with the m causes of decrement, and the remaining state is associated
with continuing survival. If some of the m decrements are not absorbing, but are
such that transition to the active state or one of the other nonabsorbing states is
possible, a more complex but possibly more realistic model results. Estimation of
the probabilities of transition among the states can be difficult because the proba-
bilities can depend on the path followed to the current state.

Exercises

Section 11.2

11.1. Employees enter a benefit plan at age 30. If an employee remains in service
until retirement, the employee receives an annual pension of 300 times years
of service. If the employee dies in service before retirement, the beneficiary
is paid 20,000 immediately. If the employee withdraws before age 70 for any
reason except death, the member receives a deferred (to age 70) life annuity
of 300 times years of service. Give an expression, in terms of integrals and
continuous annuities, for the actuarial present value of these benefits at
age 30.

11.2. Let ] = 1 represent death by accidental means and | = 2 represent death by
other means. You are given that
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(i) 8 = 0.05
(i) w(t) = 0.005 for t = 0 where pV(t) is the force of decrement for death
by accidental means.

(iii) p@(H) = 0.020 for t = 0.

A 20-year term insurance policy, payable at the moment of death, is issued
to a life age (x) providing a benefit of 2 if death is by accidental means and
providing a benefit of 1 for other deaths. Find the expectation and variance
of the present value of benefits random variable.

Section 11.4

11.3.

A double decrement model is defined by p(t) = p@() = 1/(@ — t),0 =

t <a.

a. In the single decrement model with decrement (1) only, the prospective
loss variable at duration ¢ is given by

L= pTot 0<t=Tkx),]=1.
Confirm that
1 _ e—'ﬁ(a—t)

V= e

- Al
b. In the double decrement model, the prospective loss variable at duration ¢
is given by
L2 = pTet 0<t=Tk),J=1
=0Tt L VI 0 <t=T@E),]J =2
Confirm that E[ AT = t] = V1.

Section 11.5

11.4.

11.5.

11.6.

A pension plan valuation assumes a linear salary scale function satisfying
Sy = 1. If (ES);5 = 2(AS)ys, find S, for x = 20.

A new pension plan with two participants, (35) and (40), provides annual
income at retirement equal to 2% of salary at the final rate times the number
of years of service, including any fraction of a year. If

(i) Salary increases occur continuously,

(ii) For (40), (AS)4 = 50,000 and S,,,, = 1 + 0.06t, and
(iii) For (35), (AS);s = 35,000 and S35, = 1 + 0.10t,
calculate the maximum value of [R(40, 0, ) — R(35, 0, t)] for t = 0.

It is assumed that, for a new participant entering at age 30, there will be
annual increases in salary at the rate of 5% per year to take care of the effects
of inflation and increases in productivity. In addition, it is assumed that
promotion raises of 10% of the existing salary will occur at ages 40, 50, and
60.

a. Construct a salary scale function, Sy,,,, to express these assumptions.
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