
Educación

para todos

Educación para todos  no es un proyecto lucrativo, 
sino un esfuerzo colectivo de estudiantes y profesores de 

la UNAM para facilitar el acceso a los materiales necesarios para 
la educación de la mayor cantidad de gente posible. 

Pensamos editar en formato digital libros que por su alto costo, o 
bien porque ya no se consiguen en bibliotecas y librerías, no son 

accesibles para todos.

Invitamos a todos los interesados en participar en este 
proyecto a sugerir títulos, a prestarnos los textos para su 
digitalización y a ayudarnos en toda la labor técnica que 

implica su reproducción. El nuestro, es un proyecto colectivo 
abierto a la participación de cualquier persona y todas las 

colaboraciones son bienvenidas.

Nos encuentras en los Talleres Estudiantiles de la Facultad de 
Ciencias y puedes ponerte en contacto con nosotros a la siguiente 

dirección de correo electrónico:

eduktodos@gmail.com
http://eduktodos.dyndns.org

http://eduktodos.dyndns.org




The work of science is to substitute facts for appearances 
and demonstrations for  impressions.---RUSKIN. 





ACTUARIAL 
MATHEMATICS 

BY 
NEWTON L. BOWERS, JR. 

HANS U. GERBER 
JAMES C. HICKMAN 
DONALD A. JONES 
CECIL J. NESBITT 

Pub1 ished by 
THE SOCIETY OF ACTUARIES 

1997 



Library of Congress Cataloging-in-Publication Data 

Actuarial mathematics / by Newton L. Bowers . . . [et al.]. 
p. cm. 

Includes bibliographical references and index. 
ISBN 0-938959-46-8 (alk. paper) 

1. Insurance-Mathematics. I. Bowers, Newton L., 1933- 
HG8781.A26 1997 
368’ .01-d~21 97-8528 

CIP 

Copyright 0 1997, The Society of Actuaries, Schaumburg, Illinois. All rights reserved. 

No part of this publication may be reproduced or transmitted in any form or by any means, electronic 
or mechanical, including photocopy, recording, or any information storage or retrieval system, without 
permission in writing from the publisher. 

Second Edition 

Printed in the United States of America 
03 02 01 00 5 4 3 2  

Edited by David Anderson 
Society of Actuaries Liaisons: 

Judy F. Anderson, F.S.A., Staff Fellow 
Cathy Cimo, Practice Area Administrator 
John F. Carey, Scientific Publications Manager 

Schaumburg, Ill. 
Cover and interior design by Word Management, Highland Park, Ill., and Stet Graphics Incorporated, 

Typeset by Sally A. Groft at Pro-Image Corporation, York, Pa. 
Printed by Edwards Brothers, Inc., Ann Arbor, Mich. 



Preface for the Society of Actuaries 
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the variance of random events as well as the expected value. 

Since the publication of the first edition, the technology available to actuaries has 
changed rapidly and the practice has advanced. To reflect these changes, three of 
the original five authors agreed to update and revise the text. 

The Education and Examination Committee of the Society has directed the pro- 
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funding. Robert C. Campbell, Warren Luckner, Robert A. Conover, and Sandra L. 
Rosen have all made major contributions to the project. 

Richard Lambert organized the peer review process for the text. He was ably 
assisted by Bonnie Averback, Jeffrey Beckley, Keith Chun, Janis Cole, Nancy Davis, 
Roy Goldman, Jeff Groves, Curtis Huntington, Andre L’Esperance, Graham Lord, 
Esther Portnoy, David Promislow, Elias Shiu, McKenzie Smith, and Judy Strachan. 

The Education and Examination Committee, the Peer Review Team, and all oth- 
ers involved in the revision of this text are most appreciative of the efforts of 
Professors Bowers, Hickman and Jones toward the education of actuaries. 

DAVID M. HOLLAND ALAN D. FORD 

Education and Examination 
Steering and Coordinating Committee 

President General Chairperson 
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AUTHORS' INTRODUCTIONS 
AND GUIDE TO STUDY 

Introduction to First Edition" 
This text represents a first step in communicating the revolution in the actuarial 

profession that is taking place in this age of high-speed computers. During the 
short period of time since the invention of the microchip, actuaries have been freed 
from numerous constraints of primitive computing devices in designing and man- 
aging insurance systems. They are now able to focus more of their attention on 
creative solutions to society's demands for financial security. 

To provide an educational basis for this focus, the major objectives of this work 
are to integrate life contingencies into a full risk theory framework and to dem- 
onstrate the wide variety of constructs that are then possible to build from basic 
models at the foundation of actuarial science. Actuarial science is ever evolving, 
and the procedures for model building in risk theory are at its forefront. Therefore, 
we examine the nature of models before proceeding with a more detailed discus- 
sion of the text. 

Intellectual and physical models are constructed either to organize observations 
into a comprehensive and coherent theory or to enable us to simulate, in a labo- 
ratory or a computer system, the operation of the corresponding full-scale entity. 
Models are absolutely essential in science, engineering, and the management of 
large organizations. One must, however, always keep in mind the sharp distinction 
between a model and the reality it represents. A satisfactory model captures enough 
of reality to give insights into the successful operation of the system it represents. 

The insurance models developed in this text have proved useful and have deep- 
ened our insights about insurance systems. Nevertheless, we need to always keep 

*Chapter references and nomenclature have been changed to be in accord with the second 
edition. These changes are indicated by italics. 
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before us the idea that real insurance systems operate in an environment that is 
more complex and dynamic than the models studied here. Because models are only 
approximations of reality, the work of model building is never done; approxima- 
tions can be improved and reality may shift. It is a continuing endeavor of any 
scientific discipline to revise and update its basic models. Actuarial science is no 
exception. 

Actuarial science developed at a time when mathematical tools (probability and 
calculus, in particular), the necessary data (especially mortality data in the form of 
life tables), and the socially perceived need (to protect families and businesses from 
the financial consequences of untimely death) coexisted. The models constructed 
at the genesis of actuarial science are still useful. However, the general environment 
in which actuarial science exists continues to change, and it is necessary to peri- 
odically restate the fundamentals of actuarial science in response to these changes. 

-We illustrate this with three examples: 
1. The insurance needs of modern societies are evolving, and, in response, new 

systems of employee benefits and social insurance have developed. New mod- 
els for these systems have been needed and constructed. 

2. Mathematics has also evolved, and some concepts that were not available for 
use in building the original foundations of actuarial science are now part of 
a general mathematics education. If actuarial science is to remain in the main- 
stream of the applied sciences, it is necessary to recast basic models in the 
language of contemporary mathematics. 

3. Finally, as previously stated, the development of high-speed computing equip- 
ment has greatly increased the ability to manipulate complex models. This has 
far-reaching consequences for the degree of completeness that can be incor- 
porated into actuarial models. 

This work features models that are fundamental to the current practice of actu- 
arial science. They are explored with tools acquired in the study of mathematics, 
in particular, undergraduate level calculus and probability. The proposition guid- 
ing Chapters 2-24 is that there is a set of basic models at the heart of actuarial 
science that should be studied by all students aspiring to practice within any of 
the various actuarial specialities. These models are constructed using only a limited 
number of ideas. We will find many relationships among those models that lead 
to a unity in the foundations of actuarial science. These basic models are followed, 
in Chapters 25-22, by some more elaborate models particularly appropriate to life 
insurance and pensions. 

While this book is intended to be comprehensive, it is not meant to be exhaustive. 
In order to avoid any misunderstanding, we will indicate the limitations of the text: 

Mathematical ideas that could unify and, in some cases, simplify the ideas 
presented, but which are not included in typical undergraduate courses, are 
not used. For example, moment generating functions, but not characteristic 
functions, are used in developments regarding probability distributions. 
Stieltjes integrals, which could be used in some cases to unify the presentation 
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of discrete and continuous cases, are not used because of this basic decision on 
mathematical prerequisites. 
The chapters devoted to life insurance stress the randomness of the time at 
which a claim payment must be made. In the same chapters, the interest rates 
used to convert future payments to a present value are considered deterministic 
and are usually taken as constants. In view of the high volatility possible in 
interest rates, it is natural to ask why probability models for interest rates were 
not incorporated. Our answer is that the mathematics of life contingencies on 
a probabilistic foundation (except for interest) does not involve ideas beyond 
those covered in an undergraduate program. On the other hand, the modeling 
of interest rates requires ideas from economics and statistics that are not in- 
cluded in the prerequisites of this volume. In addition, there are some technical 
problems in building models to combine random interest and random time of 
claim that are in the process of being solved. 
Methods for estimating the parameters of basic actuarial models from obser- 
vations are not covered. For example, the construction of life tables is not 
discussed. 
This is not a text on computing. The issues involved in optimizing the orga- 
nization of input data and computation in actuarial models are not discussed. 
This is a rapidly changing area, seemingly best left for readers to resolve as 
they choose in light of their own resources. 
Many important actuarial problems created by long-term practice and insur- 
ance regulation are not discussed. This is true in sections treating topics such 
as premiums actually charged for life insurance policies, costs reported for pen- 
sions, restrictions on benefit provisions, and financial reporting as required by 
regulators. 
Ideas that lead to interesting puzzles, but which do not appear in basic actuarial 
models, are avoided. Average age at death problems for a stationary population 
do not appear for this reason. 

This text has a number of features that distinguish it from previous fine textbooks 
on life contingencies. A number of these features represent decisions by the authors 
on material to be included and will be discussed under headings suggestive of the 
topics involved. 

Probability Approach 

As indicated earlier, the sharpest break between the approach taken here and 
that taken in earlier English language textbooks on actuarial mathematics is the 
much fuller use of a probabilistic approach in the treatment of the mathematics of 
life contingencies. Actuaries have usually written and spoken of applying proba- 
bilities in their models, but their results could be, and often were, obtained by a 
deterministic rate approach. In this work, the treatment of life contingencies is 
based on the assumption that time-until-death is a continuous-type random vari- 
able. This admits a rich field of random variable concepts such as distribution 
function, probability density function, expected value, variance, and moment 
generating function. This approach is timely, based on the availability of high-speed 
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computers, and is called for, based on the observation that the economic role of 
life insurance and pensions can be best seen when the random value of time-until- 
death is stressed. Also, these probability ideas are now part of general education 
in mathematics, and a fuller realization thereof relates life contingencies to other 
fields of applied probability, for example, reliability theory in engineering. 

Additionally, the deterministic rate approach is described for completeness and 
is a tool in some developments. However, the results obtained from using a deter- 
ministic model usually can be obtained as expected values in a probabilistic model. 

Integration with Risk Theory 

Risk theory is defined as the study of deviations of financial results from those 
expected and methods of avoiding inconvenient consequences from such devia- 
tions. The probabilistic approach to life contingencies makes it easy to incorporate 
long-term contracts into risk theory models and, in fact, makes life contingencies 
only a part, but a very important one, of risk theory. Ruin theory, another important 
part of risk theory, is included as it provides insight into one source, the insurance 
claims, of adverse long-term financial deviations. This source is the most unique 
aspect of models for insurance enterprises. 

Utility Theory 

This text contains topics on the economics of insurance. The goal is to provide a 
motivation, based on a normative theory of individual behavior in the face of un- 
certainty, for the study of insurance models. Although the models used are highly 
simplified, they lead to insights into the economic role of insurance, and to an 
appreciation of some of the issues that arise in making insurance decisions. 

Consistent Assumptions 

The assumption of a uniform distribution of deaths in each year of age is con- 
sistently used to evaluate actuarial functions at nonintegral ages. This eliminates 
some of the anomalies that have been observed when inconsistent assumptions are 
applied in situations involving high interest rates. 

Newton L. Bowers 
Hans U. Gerber 

James C. Hickman 
Donald A. Jones 

Cecil J. Nesbitt 
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Introduction to Second Edition 
Actuarial science is not static. In the time since the publication of the first edition 

of Actuarial Mathematics, actuarial science has absorbed additional ideas from 
economics and the mathematical sciences. At the same time, computing and 
communications have become cheaper and faster, and this has helped to make 
feasible more complex actuarial models. During this period the financial risks that 
modern societies seek to manage have also altered as a result of the globalization 
of business, technological advances, and political shifts that have changed public 
policies. 

It would be impossible to capture the full effect of all these changes in the re- 
vision of a basic textbook. Our objective is more modest, but we hope that it is 
realistic. This edition is a step in an ongoing process of adaptation designed to keep 
the fundamentals of actuarial science current with changing realities. 

In the second edition, changes in notation and nomenclature appear in almost 
every section. There are also basic changes from the first edition that should be 
listed. 
1. 

2. 

3. 

4. 

5. 

6. 

Commutation functions, a classic tool in actuarial calculations, are not used. 
This is in response to the declining advantages of these functions in an age 
when interest rates are often viewed as random variables, or as varying deter- 
ministically, and the probability distribution of time until decrement may de- 
pend on variables other than attained age. Starting in Chapter 3, exercises that 
illustrate actuarial calculations using recursion formulas that can be imple- 
mented with current software are introduced. It is logically necessary that the 
challenge of implementing tomorrow’s software is left to the reader. 
Utility theory is no longer confined to the first chapter. Examples are given that 
illustrate how utility theory can be employed to construct consistent models 
for premiums and reserves that differ from the conventional model that im- 
plicitly depends on linear utility of wealth. 
In the first edition readers were seldom asked to consider more than the first 
and second moments of loss random variables. In this edition, following the 
intellectual path used earlier in physics and statistics, the distribution functions 
and probability density functions of loss variables are illustrated. 
The basic material on reserves is now presented in two chapters. This facilitates 
a more complete development of the theory of reserves for general life insur- 
ances with varying premiums and benefits. 
In recent years considerable actuarial research has been done on joint distri- 
butions for several future lifetime random variables where mutual indepen- 
dence is not assumed. This work influences the chapters on multiple life ac- 
tuarial functions and multiple decrement theory. 
There are potentially serious estimation and interpretation problems in multiple 
decrement theory when the random times until decrement for competing 
causes of decrement are not independent. Those problems are illustrated in the 
second edition. 
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7. 

8. 

9. 

10. 

11. 

The applications of multiple decrement theory have been consolidated. No at- 
tempt is made to illustrate in this basic textbook the variations in benefit for- 
mulas driven by rapid changes in pension practice and regulation. 
The confluence of new research and computing capabilities has increased the 
use of recursive formulas in calculating the distribution of total losses derived 
from risk theory models. This development has influenced Chapter 12. 
The material on pricing life insurance with death and withdrawal benefits and 
accounting for life insurance operations has been reorganized. Business and 
regulatory considerations have been concentrated in one chapter, and the foun- 
dations of accounting and provisions for expenses in an earlier chapter. The 
discussion of regulation has been limited to general issues and options for 
addressing these issues. No attempt has been made to present a definitive in- 
terpretation of regulation for any nation, province, or state. 
The models for some insurance products that are no longer important in the 
market have been deleted. Models for new products, such as accelerated ben- 
efits for terminal illness or long-term care, are introduced. 
The final chapter contains a brief introduction to simple models in which in- 
terest rates are random variables. In addition, ideas for managing interest rate 
risk are discussed. It is hoped that this chapter will provide a bridge to recent 
developments within the intersection of actuarial mathematics and financial 
economics. 

As the project of writing this second edition ends, it is clear that a significant 
new development is under way. This new endeavor is centered on the creation of 
general models for managing the risks to individuals and organizations created by 
uncertain future cash flows when the uncertainty derives from any source. This 
blending of the actuarial/statistical approach to building models for financial se- 
curity systems with the approach taken in financial economics is a worthy assign- 
ment for the next cohort of actuarial students. 

Newton L. Bowers 
James C. Hickman 

Donald A. Jones 

Guide to Study 

The reader can consider this text as covering the two branches of risk theory. 
Individual risk theory views each policy as a unit and allows construction of a 
model for a group of policies by adding the financial results for the separate policies 
in the group. Collective risk theory uses a probabilistic model for total claims that 
avoids the step of adding the results for individual policies. This distinction is 
sometimes difficult to maintain in practice. The chapters, however, can be classified 
as illustrated below. 

~~ ~~ ~ 

xxi i Guide to Study 



Individual Risk Theorv Collective Risk Theorv 
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
11, 15, 16, 17, 18, 21 

12, 13, 14, 19, 20 

It is also possible to divide insurance models into those appropriate for short- 
term insurance, where investment income is not a significant factor, and long-term 
insurance, where investment income is important. The following classification 
scheme provides this division of chapters along with an additional division of long- 
term models between those for life insurance and those for pensions. 

Long-Term Insurances 
Short-Term Insurances Life Insurance Pensions 

1, 2, 12, 13, 14 3, 4, 5, 6, 7, 8, 9, 10, 
11, 15, 16, 17, 18, 21 

9, 10, 11, 
19, 20, 21 

The selection of topics and their organization do not follow a traditional pattern. 
As stated previously, the new organization arose from the goal to first cover ma- 
terial considered basic for all actuarial students (Chapters 1-14) and then to include 
a more in-depth treatment of selected topics for students specializing in life insur- 
ance and pensions (Chapters 15-21). 

The discussion in Chapter 1 is devoted to two ideas: that random events can 
disrupt the plans of decision makers and that insurance systems are designed to 
reduce the adverse financial effects of these events. To illustrate the latter, single 
insurance policies are discussed and convenient, if not necessarily realistic, distri- 
butions of the loss random variable are used. In subsequent chapters, more detailed 
models are constructed for use with insurance systems. 

In Chapter 2, the individual risk model is developed, first in regard to single 
policies, then in regard to a portfolio of policies. In this model, a random variable, 
S, the total claims in a single period, is the sum of a fixed number of independent 
random variables, each of which is associated with a single policy. Each component 
of the sum S can take either the value 0 or a random claim amount in the course 
of a single period. 

From the viewpoint of risk theory, the ideas developed in Chapters 3 through 
11 can be seen as extending the ideas of Chapter 2. Instead of considering the 
potential claims in a short period from an individual policy, we consider loss var- 
iables that take into account the financial results of several periods. Since such 
random variables are no longer restricted to a short time period, they reflect the 
time value of money. For groups of individuals, we can then proceed, as in 
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Chapter 2, to use an approximation, such as the normal approximation, to make 
probability statements about the sum of the random variables that are associated 
with the individual members. 

In Chapter 3, time-of-death is treated as a continuous random variable, and, 
after defining the probability density function, several features of the probability 
distribution are introduced and explored. In Chapters 4 and 5, life insurances and 
annuities are introduced, and the present values of the benefits are expressed as 
functions of the time-of-death. Several characteristics of the distributions of the 
present value of future benefits are examined. In Chapter 6, the equivalence prin- 
ciple is introduced and used to define and evaluate periodic benefit premiums. In 
Chapters 7 and 8, the prospective future loss on a contract already in force is 
investigated. The distribution of future loss is examined, and the benefit reserve is 
defined as the expected value of this loss. In Chapter 9, annuity and insurance 
contracts involving two lives are studied. (Discussion of more advanced multiple 
life theory is deferred until Chapter 18.) The discussion in Chapters 10 and 11 
investigates a more realistic model in which several causes of decrement are pos- 
sible. In Chapter 10, basic theory is examined, whereas in Chapter 11 the theory is 
applied to calculating actuarial present values for a variety of insurance and pen- 
sion benefits. 

In Chapter 12, the collective risk model is developed with respect to single-period 
considerations of a portfolio of policies. The distribution of total claims for the 
period is developed by postulating the characteristics of the portfolio in the aggre- 
gate rather than as a sum of individual policies. In Chapter 13, these ideas are 
extended to a continuous-time model that can be used to study solvency require- 
ments over a long time period. Applications of risk theory to insurance models are 
given an overview in Chapter 14. 

Elaboration of the individual model to incorporate operational constraints such 
as acquisition and administrative expenses, accounting requirements, and the ef- 
fects of contract terminations is treated in Chapters 15 and 16. In Chapter 17, in- 
dividual risk theory models are used to obtain actuarial present values, benefit and 
contract premiums, and benefit reserves for selected special plans including life 
annuities with certain periods that depend on the contract premium, variable and 
flexible products, and accelerated benefits. In Chapter 18, the elementary models 
for plans involving two lives are extended to incorporate contingencies based on a 
larger number of lives and more complicated benefits. 

In Chapter 19, concepts of population theory are introduced. These concepts are 
then applied to tracing the progress of life insurance benefits provided on a group, 
or population, basis. The tools from population theory are applied to tracing the 
progress of retirement income benefits provided on a group basis in Chapter 20. 

Chapter 21 is a step into the future. Interest rates are assumed to be random 
variables. Several stochastic models are introduced and then integrated into models 
for basic insurance and annuity contracts. 
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The following diagram illustrates the prerequisite structure of the chapters. The 
arrows indicate the direction of the flow. For any chapter, the chapters that are 
upstream are prerequisite. For example, Chapter 6 has as prerequisites Chapters 1 , 
2, 3, 4, and 5. 

\1 \1 

We have a couple of hints for the reader, particularly for one for whom the 
material is new. The exercises are an important part of the text and include material 
not covered in the main discussion. In some cases, hints will be offered to aid in 
the solution. Answers to all exercises are provided except where the answer is given 
in the formulation of the problem. Writing computer programs and using electronic 
spreadsheets or mathematical software for the evaluation of basic formulas are 
excellent ways of enhancing the level of understanding of the material. The student 
is encouraged to use these tools to work through the computing exercises. 

We conclude these introductory comments with some miscellaneous information 
on the format of the text. First, each chapter concludes with a reference section that 
provides guidance to those who wish to pursue further study of the topics covered 
in the chapter. These sections also contain comments that relate the ideas used in 
insurance models to those used in other areas. 

Second, Chapters 1, 12, 13, 14, and 18 contain some theorems with their proofs 
included as chapter appendices. These proofs are included for completeness , but 
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