11.7.

11.8.

11.9.

11.10.

b. Write an expression for the actuarial present value of contributions of
10% of future salary for a new entrant with annual salary 24,000 and with
increases in salary according to the scale constructed in (a).

Every year, a plan sponsor contributes 10% of that portion of each partici-
pant’s salary in excess of a certain amount. That amount is 15,000 this year
and will increase by 5% annually. Express the actuarial present value of the
sponsor’s contribution for a participant entering now at age 35 with a salary
of 40,000.

A plan provides for an income benefit rate, payable from retirement to age

65, of 2% of the final 3-year average salary for each year of service. After

age 65 the income benefit rate is 1-1/3% of the final 3-year average salary

for each year of service.

a. For a participant age 50, who entered service at age 30 and currently has
a salary of 48,000, express the actuarial present value of the participant’s
benefit if the earliest retirement age is 55 and there is no mandatory re-
tirement age.

b. If the maximum number of years to be credited in the plan is 35, express
the actuarial present value of the benefit for the above participant.

c. Give an expression for the actuarial present value of the income benefit
associated with past service for the above participant.

A career average plan provides a retirement income of 2% of aggregate sal-

ary during a participant’s years of service. The earliest age of retirement is

58, and all retirements are completed by age 68. For a participant age 50

who entered service at age 30 and has 450,000 total of past salaries with a

current salary of 42,000, write expressions for

a. The participant’s total income benefit rate in case of retirement at exact
age 65

b. The participant’s midyear total income benefit rate in case of retirement
between ages 65 and 66

c¢. The actuarial present value of this participant’s retirement benefit for past
service

d. The actuarial present value of this participant’s retirement benefit for fu-
ture service. '

A new participant in a pension plan, age 45, has a choice of two benefit

options:

(1) A defined-contribution plan with contributions of 20% of salary each
year. Contributions are made at the beginning of each year and earn 5%
per year. Accumulated contributions are used to purchase a monthly life
annuity-due.

(2) A defined-benefit plan with an annual benefit, payable monthly, of 40%
of the final 2-year average salary.

You are given that (a) é;’ = 10 and (b) S5, = (1.05)" for k = 0 where S, is

a step function, constant over each year of age. Assuming that retirement
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11.11.

11.12.

occurs at exact age 65 and that the participant survives to retirement, cal-
culate the ratio of the expected monthly payment under the defined-contri-
bution plan to that under the defined-benefit plan.

Display definite integrals for the actuarial present values of the following

possible benefits of an employee benefit package. Assume that the employee

is currently age 40 and earning 40,000 annually. This employee was hired at

age 25 and has received a total of 320,000 in salary since hire. Retirement

benefits are available only after age 55, and withdrawal benefits are only

available before age 55 in the form of an annuity with payments deferred

until the employee reaches age 55.

a. A retirement benefit at the annual benefit rate of 50% of the final salary.

b. A retirement benefit at the rate of 0.015 times the product of the final
salary rate multiplied by the exact number of years (including fractions)
of service at the moment of retirement.

c. A withdrawal benefit using the benefit income formula in (b).

d. A retirement benefit at the rate of 0.025 times the total salary paid over
the whole career to the employee.

e. A withdrawal benefit using the benefit income formula in (d).

A retirement benefit consisting of a continuous annuity, payable for life, is
part of an employer’s benefit package. The annual benefit income rate is 60%
of the salary rate applicable at the moment of retirement for retirements
between ages 60 and 70. For retirements after attaining age 70, the benefit
rate is 60% of the salary rate applicable between ages 69 and 70. Give an
approximating sum for the actuarial present value of this benefit for a person
age 30 who has just been hired at a salary of 35,000.

Section 11.6

11.13.

a. Give an expression for the annual benefit premium, payable to age 60,
for a disability income insurance issued to (35) of 2,000 per month payable
to age 65 in case (35) becomes disabled before age 60 and survives a
waiting period of 6 months.

b. Give an expression for the active life benefit reserve at the end of 10 years
for the insurance in (a).

Miscellaneous

11.14.

The Hattendorf theorem for the fully continuous model as stated in Exercise
8.24 can be restated in the definitions and notation of this chapter for the
fully continuous multiple decrement model:

var(L®) = 2, | [0 (B — VEP P w() dt.
£

Confirm that this result holds for the fully continuous whole life insurance
discussed in Section 11.4.

Chapter 11 Applications of Multiple Decrement Theory
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Outline of solution:
a. Confirm that the loss random variable for this insurance is

2o [or - PAYan 0=T =1
=T W VA - PA)Ra, O0=T =2

b. Use (11.4.6) and (11.4.7) to rewrite the differential equation (11.4.3) and
then employ the integrating factor e~ to obtain the solution

o VA = PAY T — | e w1 - VA as.

c. Use the result of part (b) to modify both lines of the definition of ,L? in
part (a) and then show that

Var(,[?) = L ) {Ut[l - V(A)]

2

- fot v pds) [1 - V(AY] dS} PO dt

[ { [ o e o - v ds} 0 20 .

d. Perform the indicated squaring operation on the factor in the integrand
of the first integral in part (c) and combine the two integrals that include
{5 v w®(s) [1 = V(A,)] ds}? as a component of the integrand. Then use

integration by parts to obtain
VarGd) = | o 11— VAP p p00 at

This result provides a reduction of variance argument for establishing the
withdrawal benefit as ,V(A,).
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COLLECTIVE RISK MODELS
FOR A SINGLE PERIOD

121 Introduction

In Chapters 3 through 11 we considered models for long-term insurances. The
inclusion of interest in these models was essential. In this chapter we return to a
topic introduced in Chapter 2, namely, short-term insurance policies. Consequently
interest will be ignored. The purpose of this chapter is to present an alternative to
the individual policy model discussed in Chapter 2.

The individual risk model of Chapter 2 considers individual policies and the
claims produced by each policy. Then aggregate claims are obtained by summing
over all the policies in the portfolio.

For the collective risk model we assume a random process that generates claims
for a portfolio of policies. This process is characterized in terms of the portfolio as
a whole rather than in terms of the individual policies comprising the portfolio.
The mathematical formulation is as follows: Let N denote the number of claims
produced by a portfolio of policies in a given time period. Let X; denote the amount
of the first claim, X, the amount of the second claim, and so on. Then,

S=X, +X,+ + Xy (12.1.1)

represents the aggregate claims generated by the portfolio for the period under
study. The number of claims, N, is a random variable and is associated with the
frequency of claim. The individual claim amounts X,, X,, ... are also random
variables and are said to measure the severity of claims.

In order to make the model tractable, we usually make two fundamental
assumptions:
1. Xy, X,, ... are identically distributed random variables.
2. The random variables N, X,, X,, ... are mutually independent.
Expression (12.1.1) will be called a random sum, and unless stated otherwise, as-
sumptions (1) and (2) will be made concerning its components.
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A principal tool for developing the theory of this chapter is the moment gener-
ating function (m.g.f.). These functions provide a simple but powerful means for
the reader to gain a working knowledge of the collective theory of risk. A reader
who has not worked with them recently would do well to review the m.g.f.’s,
means, and variances of the widely used probability distributions summarized in
Appendix 5.

12.2 The Distribution of Aggregate Claims

In this section we see how the distribution of aggregate claims in a fixed time
period can be obtained from the distribution of the number of claims and the
distribution of individual claim amounts.

Let P(x) denote the common d.f. of the independent and identically distributed
X/s. Let X be a random variable with this d.f. Then let

pr = E[X'] (12.2.1)
denote the k-th moment about the origin, and
Mi(t) = E[e'¥] (12.2.2)
denote the m.g.f. of X. In addition, let
My(t) = E[e™] (12.2.3)

denote the m.g.f. of the number of claims, and let

M(t) = E[e"] (12.2.4)
denote the m.g.f. of aggregate claims. The d.f. of aggregate claims will be denoted
by F(s).

Using (2.2.10) and (2.2.11), in conjunction with assumptions (1) and (2) of Section

12.1, we obtain
E[S] = E[EISINT] = Elp, N1 = p, EIN] (122.5)
and
Var(S) = E[Var(S|N)] + Var(E[S|N])
= E[N Var(X)] + Var(p,N)
= E[N] Var(X) + p7 Var(N) (12.2.6)
where Var(X) = p, — pi.

The result stated in (12.2.5), that the expected value of aggregate claims is the
product of the expected individual claim amount and the expected number of
claims, is not surprising. Expression (12.2.6) for the variance of aggregate claims
also has a natural interpretation. The variance of aggregate claims is the sum of

two components where the first is attributed to the variability of individual claim
amounts and the second to the variability of the number of claims.
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In a similar fashion we derive an expression for the m.g.f. of S:
M(t) = Ele*] = E[E[e”|N]]
= E[My(t)] = E[e"s"0]
= My[log My(®)].

(12.2.7)

Example 12.2.1

Assume that N has a geometric distribution; that is, the p.f. of N is given by

Pr(N = n) = pq" n=20,1,2,...
where 0 < g <1and p = 1 — g. Determine M(t) in terms of M(t).

Solution:
Since

— tN1 — S AV J— p
My(t) = Ele™ = 2 pae) =15

(12.2.7) tells us that

_ p
Ms(t) = 1 — gMy()

(12.2.8)

(12.2.9)

v

To derive the d.f. of S, we distinguish according to how many claims occur and

use the law of total probability,

Fs(x) =Pr(S =x) = i Pr(S = x|N = n) Pr(N = n)

= > Pr(X, + X, + -+ + X, = x) Pr(N = n).
n=0

In terms of the convolution defined in Section 2.3, we can write
Pr(X, + X, + -+ + X, = x) = P*P+P* - - - xP(x)
= P,
which is the n-th convolution of P defined in Chapter 2. Recall that

1 x=0
PW@={0§<Q

Thus (12.2.10) becomes

Fy(x) = i P*(x) Pr(N = n).

(12.2.10)

(12.2.11)

(12.2.12)

If the individual claim amount distribution is discrete with p.f. p(x) = Pr(X = x),
the distribution of aggregate claims is also discrete. By analogy with the above

derivation, the p.f. of S can be obtained directly as
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fw0=;yW@HW=n) (12.2.13)

where

p(x) = prpr - oo xplx) = Pr(X, + X, + -0+ X, =x) (122.11A)

n

wapew =) 171

Here the inequality sign in the probability symbol in (12.2.11) has been replaced
by the equal sign.

Example 12.2.2

Consider an insurance portfolio that will produce zero, one, two, or three claims
in a fixed time period with probabilities 0.1, 0.3, 0.4, and 0.2, respectively. An
individual claim will be of amount 1, 2, or 3 with probabilities 0.5, 0.4, and 0.1,
respectively. Calculate the p.f. and d.f. of the aggregate claims.

Solution:
The calculations are summarized below. Only nonzero entries are exhibited.

(1 2) 3) @) (5) 6) (7)
x p*(x) pr(x) = pl) p*(x) p*(x) fsx) Fy(x)
0 1.0 — — — 0.1000 0.1000
1 — 0.5 — — 0.1500 0.2500
2 — 04 0.25 — 0.2200 0.4700
3 — 0.1 0.40 0.125 0.2150 0.6850
4 —_ — 0.26 0.300 0.1640 0.8490
5 — — 0.08 0.315 0.0950 0.9440
6 — — 0.01 0.184 0.0408 0.9848
7 — — — 0.063 0.0126 0.9974
8 — — — 0.012 0.0024 0.9998
9 — — — 0.001 0.0002 1.0000
n 0 1 2 3 — —
Pr(N = n) 0.1 0.3 04 0.2 — —

Since there are at most three claims and each produces a claim amount of at most
3, we can limit the calculationstox =0,1,2,...,9.

Column (2) lists the p.f. of a degenerate distribution with all the probability mass
at 0. Column (3) lists the p.f. of the individual claim amount random variable.
Columns (4) and (5) are obtained recursively by applying

p*(”+1)(x) = PI‘(Xl + X2 4o + XH1 = x)

=2 PrX,q =) Pr(X; + X, + -+ X, = x — y)
Yy

=§mwwu—w (12.2.14)
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Since only three different claim amounts are possible, the evaluation of (12.2.14)
will involve a sum of three or fewer terms. Next, (12.2.13) is used to compute the
p-f. displayed in column (6). For this step, it is convenient to record the p.f. of N
in the last row of the results. Finally, the elements of column (7) are obtained as
partial sums of column (6). An alternative approach, not illustrated here, would be
to perform the convolutions in terms of the d.f.’s, obtain Fg(x) from (12.2.12), and
calculate fo(x) = Fg(x) — Fg(x — 1). v

If the claim amount distribution is continuous, it cannot be concluded that the
distribution of S is continuous. If Pr(N = 0) > 0, the distribution of S will be of
the mixed type; that is, it will have a mass of probability at 0 and be continuous
elsewhere. This idea is illustrated in the following example.

Example 12.2.3

In Example 12.2.1, add the assumption that
Plx)y=1-—-¢" x> 0;

that is, the individual claim amount distribution is exponential with mean 1. Then
show that

Myt) = p + g p%t (12.2.15)

and interpret the formula.

Solution:
First, we rewrite (12.2.9) as follows:

Myt

Then we substitute
My(t) = fo e dx=(1—-t)"!

to obtain (12.2.15).

Since 1 is the m.g.f. of the constant 0 and p/ (p — f) is the m.g.f. of the exponential
distribution with d.f. 1 — 7%, x > 0, (12.2.15) can be interpreted as a weighted
average (with weights p and g, respectively). It follows that the d.f. of S is the
corresponding weighted average of distributions. Thus, for x > 0

Fo(x) = p(1) + g(1 — &) = 1 — ge ™. (12.2.16) |

This distribution is of the mixed type. Its d.f. is shown in Figure 12.2.1. v
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Graph of Fy(x)
K (x)

12.3 Selection of Basic Distributions

In this section we discuss some issues in selecting the distribution of the number
of claims N and the common distribution of the X/'s. As different considerations
apply to these two selections, a separate subsection will be devoted to each.

12.3.1

The Distribution of N

One choice for the distribution of N is the Poisson with p.f. given by

Ne™
n!

Pr(N = n) = n=012... (12.3.1)

where N\ > 0. For the Poisson distribution, E[N] = Var(N) = \. With this choice for
the distribution of N, the distribution of S is called a compound Poisson distribu-
tion. Using (12.2.5) and (12.2.6), we have that

E[S] = \p, (12.3.2)
and
Var(S) = Ap, . (12.3.3)
Substituting the m.g.f. of the Poisson distribution
My(t) = D (12.3.4)
into (12.2.7), we obtain the m.g.f. of the compound Poisson distribution,
M(t) = MO (12.3.5)

The compound Poisson distribution has many attractive features, some of which
are discussed in Section 12.4.

When the variance of the number of claims exceeds its mean, the Poisson distri-
bution is not appropriate. In this situation, use of the negative binomial distribution
has been suggested. The negative binomial distribution has a p.f. given by
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Pr(N=n)=<r+Z‘1>pfqn n=01,2.... (12.3.6)

This distribution has two parameters: ¥ > 0 and 0 < p < 1, ¢ = 1 — p. For this
distribution, we have

M(t) = <1 _p qé)r/ (12.3.7)
BINT = 2L (123.8)

and
Var(N) = ;% . (12.3.9)

When a negative binomial distribution is chosen for N, the distribution of S is called
a compound negative binomial distribution. Substituting from (12.3.8) and (12.3.9)
into (12.2.5) and (12.2.6), we have

E[S] = %‘7 p, (12.3.10)
and

2
Var(S) = A p, + L 2. (12.3.11)

p p

Substituting from (12.3.7) into (12.2.7), we obtain

p r

M) = | —L—|. 12.3.12
e [1 = qua)] (12312

We observe that the family of geometric distributions used in Examples 12.2.1 and
12.2.3 is contained as a special case (r = 1) of the two-parameter family of negative
binomial distributions.

A family of distributions for the number of claims can be generated by assuming
that the Poisson parameter A is a random variable with p.d.f. #(\), N\ > 0, and that
the conditional distribution of N, given A = \, is Poisson with parameter \. There
are several situations in which this might be a useful way to consider the distri-
bution of N. For example, consider a population of insureds where various classes
of insureds within the population generate numbers of claims according to Poisson
distributions with different values of N\ for the various classes. If the relative fre-
quency of the values of \ is denoted by u(\), we can use the law of total probability
to obtain

Pr(N = n) = j: Pr(N = n|A = \) u(\)d\

P NN ]
= J € AL dn (12.3.13)
o n!
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Furthermore, using (2.2.10) and (2.2.11), we have

E[N] = E[E[N|A]] = E[A] (12.3.14)
and
Var(N) = E[Var(N|A)] + Var(E[N|A])
= E[A] + Var(A). (12.3.15)
Also,
My(t) = E[e™] = E[E[e™N|A]] = E[eA¢V] = M, (e' — 1). (12.3.16)

The equality,
E[etNL/\] — eA(ef-l),

follows from the hypothesis that the conditional distribution of N, given A, is Pois-
son with parameter A.

A comparison of (12.3.14) and (12.3.15) shows that, as in the case of the negative
binomial distribution, E[N] < Var(N). In fact, the negative binomial distribution
can be derived in this fashion, which will be shown in the following example.

Assume that u(\) is the gamma p.d.f. with parameters o and B,
B* -1 ,—BA
= a > 3.
u(\) I() A Te A>0 (12.3.17)

where

(o) = fo y* eV dy.
a. Show that the marginal distribution of N is negative binomial with parameters

_ B
P=1+g

b. By substituting E[A] = o/B and Var(A) = a/p? into (12.3.14) and (12.3.15),
verify (12.3.8) and (12.3.9).

r=aq,

(12.3.18)

Solution:

a. Substituting

_ (B Y
M, () = ( = t) (12.3.19)

into (12.3.16), we have

AMG=MM—D=[——E~—}

B-( -1
_ B/(B+1) "
_{1—H—BMB+DM}' (12320
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Comparison of (12.3.20) with (12.3.7) confirms that this distribution for N is
negative binomial with parameters r = a,

__B
P=17 B’ (12.3.21)
1
g=1—-p= 1+8°
b. The suggested substitutions into (12.3.14) and (12.3.15) yield
a g
E[N] =—-=—
N B p
as in (12.3.8) and
_o.,. o _1 q rq
Var(N) = = + — <1+;>—?
as in (12.3.9). v

The following is another example of a distribution for N that is obtained by
mixing Poisson distributions.

Example 12.3.2

Assume that u(\) is the inverse Gaussian p.d.f. with parameters o and B. Exhibit
the moment generating function of N, E[N], and Var(N).

Solution:
Example 2.3.5 contains the basic facts about the inverse Gaussian distribution.

Applying (12.3.16) yields
My(t) = My — 1) = el1=[1-2(=1) /BT /%)

and from (12.3.14) and (12.3.15) we obtain

E[N] = E[A] = =

B
and Var(N) = E[A] + Var(A)
a o ofpf+D
st mT T @
B B B
This distribution is called the Poisson inverse Gaussian distribution. v

Table 12.3.1 summarizes pertinent information on the compound distributions
resulting from the selections for N discussed here.
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12.3.2 The Individual Claim Amount Distribution

On the basis of (12.2.12) we see that convolutions of the individual claim amount
distribution may be required. Thus, when possible, it is convenient to select that
distribution from a family of distributions for which convolutions can be calculated
easily either by formula or numerically. For example, if the claim amount has the
normal distribution with mean w and variance ¢?, then its n-th convolution is the
normal distribution with mean np and variance no?. For many types of insurance,
the claim amount random variable is only positive, and its distribution is skewed
to the right. For these insurances we might choose a gamma distribution that also
has these properties. The n-th convolution of a gamma distribution with parameters
a and B is also a gamma distribution but with parameters na and B. This can be
confirmed by noting from (12.3.19) that My(t) = [B/ (B — #)]*, and hence the m.g.f.
associated with P*'(x) is

My (t)" = (B—Lii) t < B. (12.3.22)
If the claim amounts have an exponential distribution with parameter 1, the p.d.f.
is given by

px) =e* x>0.

This is a gamma distribution with « = § = 1. Then, by using (12.3.19), we conclude
that the n-th convolution is a gamma distribution with parameters o = n, p = 1;
that is,

p(x) = - 1_)! x > 0. (12.3.23)

To obtain an expression for P**(x), we perform integration by parts n times as
follows:

© s n—1 ,—y
1—P*"(x)=J' £ g

N—4
_ yn—l . *® N J‘w yn—Z ey
m-1° ] " =Y
xn—l
= =1 e + [1 — P*"=D(x)]
n—1 xi
=e > T (12.3.24)
i=0 L
Then, using (12.2.12), we have
oo n—~1 _i
1- Fx) = D) Pr(N = n)e* >, ji, x>0, (12.3.25)
n=1 i=0 L.

This exponential distribution case shows that even with simple assumed distribu-
tions, the distribution of aggregate claims may not have a simple form. Therefore,
it may be more practical to select a discrete claim amount distribution and calculate

Chapter 12  Collective Risk Models for a Single Period

377



the required convolutions numerically. For compound Poisson distributions it has
been established that the convolution method can be shortened or, alternatively,
that it can be bypassed by use of a recursive formula for directly calculating the
distribution function of S. These computational shortcuts are discussed in the fol-
lowing section.

12.4 Properties of Certain Compound Distributions

In this section we discuss some mathematical properties of certain compound
distributions. Two theorems concerning the compound Poisson are presented.

The first shows that the sum of independent random variables, each having a
compound Poisson distribution, also has a compound Poisson distribution.

Theorem 12.4.1 i

% P(x) 242

Proof:
We let M(t) denote the m.g.f. of P(x). According to (12.3.5), the m.g.f. of S, is

M;(t) = exp{\[M(t) — 1]}

By the assumed independence of S,, ... ., S,, the m.g.f. of their sum is
My = [T Ms(®) = eXp{El NIM() — 1]}.
Finally, we rewrite the exponent to obtain

M(t) = exp{ [2 EM(E) — 1]} (12.4.3)

Since this is the m.g.f. of the compound Poisson distribution, specified by (12.4.1)
and (12.4.2), the theorem follows. ]

This result has two important consequences for building insurance models. First,
if we combine m insurance portfolios, where the aggregate claims of each of the
portfolios have compound Poisson distributions and are mutually independent,
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then the aggregate claims for the combined portfolio will also have a compound
Poisson distribution. Second, we can consider a single insurance portfolio for a
period of m years. Here we assume independence among the annual aggregate
claims for the m years and that the aggregate claims for each year have a compound
Poisson distribution. It is not necessary that the annual aggregate claims distribu-
tions be identical. Then it follows from Theorem 12.4.1 that the total claims for the
m-year period will have a compound Poisson distribution.

Example 12.4.1

Let xy, x,, ..., x,, be m different numbers and suppose that N;, N,, ..., N,, are
mutually independent random variables. Further, suppose that N; (i = 1, 2, ..., m)
has a Poisson distribution with parameter ;. What is the distribution of

4N, + ,N, + -+ + x,N,? (12.4.4)

Solution:

By interpreting x;N; to have a compound Poisson distribution with Poisson pa-
rameter \; and a degenerate claim amount distribution at x;, we can apply Theorem
12.4.1 to establish that the sum in (12.4.4) has a compound Poisson distribution
with

A=\

i=1
and p.f. of claim amount p(x) where

A; x=x, i=1,2,...,m
px) = 1 (12.4.5)
0 elsewhere.

v

We show in Theorem 12.4.2 that the construction in Example 12.4.1 is reversible:
that is, every compound Poisson distribution with a discrete claim amount distri-
bution can be represented as a sum of the form (12.4.4). We let x;, x,, . . ., x,, denote
the discrete values for individual claim amounts and let

;= p(x;) i=12,...,m (12.4.6)

denote their respective probabilities. Let N; be the number of terms in (12.1.1) that
are equal to x;. Then, by collecting terms, we see that

S=xN; +x,N,+---+x,N, . (12.4.7)
In general, the N;'s of (12.4.7) are dependent random variables. However, in the

special case of a compound Poisson distribution for S, they are independent, as is
shown in Theorem 12.4.2.

Before stating Theorem 12.4.2, we cite some properties of the multinomial dis-
tribution that are used in the proof. For the multinomial, each of n independent

Chapter 12 Collective Risk Models for a Single Period

379



trials result in one of m different outcomes. The probability that a trial ends in
outcome i is denoted by ;. We denote the random variable that counts the number
of outcomes i in 7 trials by N;. Then

m m
=§;wi, n=2Ni,
=

i=1
and the joint p.f. of N;, N,, ..., N, is given by

!
Pr(N1=n1/N2=n2l"'/N :nm)z n:

m

—_— M 2 e e o gl 12.4.8
nlndeeomt b2 e )

By using (12.4.8) we obtain

E [exp (Z t; Ni>] = (m e+ me+ e+ o, ety (12.4.9)
i=1

The multivariate discrete distribution with p.f. given by (12.4.8) and m.g.f. given
by (12.4.9) is called a multinomial distribution with parameters n, w, ..., 7,

Theorem 12 4.2

If 5 a5 gwen in (124.7), has a compound Poisson dlstnbutmn ‘with param-
eter A and p f. of claim amounts given by the discrete p.f. exh:bzted m (12 4.6),
then :

a. Nl, Nr,, .., N,, are mutually mdependent . ,
b N, has a Pms-son distribution with parameter A, = A 1',, i1 .m
Proof:

We start by defining the m.g.f. of the joint distribution of Ny, N,, ..., N,, by use
of (2.2.10) for conditional expectations. Note that for a fixed number of independent
claims (trials) where each claim results in one of m claim amounts, the numbers of
claims of each amount have a multinomial distribution with parameters n, m,, ,,

, m,. Hence, given

N=>N,=n,
i=1

the conditional distribution of N;, N,, ..., N,, is this multinomial distribution. For
this case, we use (12.4.9) to obtain

e (§00)]- 5o

e
(11-1 elt + -« o + m,, etm)n
We now perform the required summation by recognizing (12.4.10) as a Taylor series
expansion of an exponential function. We obtain

%L

t; Ni> ‘N = n:| Pr(N = n)

A \n

I
M

—~ (12.4.10)

Il
=]

n
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tr
—
o
P
jge)
<o
V=
Z
S——
—_—
Il

exp(—N\) exp ()\ > e“’)
i=1

fl exp[Am(e' — 1)I. (12.4.11)

Since this is the product of m functions each of a single variable t;, (12.4.11) shows
the mutual independence of the N/s. Furthermore, if we set t, = ¢, and t; = 0 for
j # iin (12.4.11), we obtain

Elexp(tN;)] = exp[\w(e' — 1)], (12.4.12)

which is the m.g.f. of the Poisson distribution with parameter \ ;. This proves
statement (b). ]

Formula (12.4.7) and Theorem 12.4.2 provide an alternative method for tabulating
a compound Poisson distribution with a discrete claim amount distribution. First,
we compute the p.f.’s of x; N;, x, N,, ..., x,, N,,. Since the nonzero entries for the
p-f. of x; N; are at multiples of x; and are Poisson probabilities, this is an easy task.
Then the convolution of these m distributions is calculated to obtain the p.f. of S.
This method is particularly convenient if m, the number of different claim amounts,
is small. Even if a continuous distribution has been selected for the individual claim
amounts, a discrete approximation can sometimes be used with this alternative
method to produce a satisfactory approximation to the distribution of S. The basic
and the alternative methods for tabulating the distribution of S are compared in
the following example.

Example 12.4.2

Suppose that S has a compound Poisson distribution with A = 0.8 and individual
claim amounts that are 1, 2, or 3 with probabilities 0.25, 0.375, and 0.375, respec-
tively. Compute f¢(x) = Pr(S = x) forx =0, 1, ..., 6.

Solution:
For the basic method, the calculations parallel those in Example 12.2.2 and are
summarized below.

Basic Method Calculations
1) (2) (3) @) (5) (6) (7) 8) )

x p*(x) p(x) pPlx) pPk) pHM)  pPk)  p*k) fs(x)

0 1 — — — — — — 0.449329
1 — 0.250000 — — — — — 0.089866
2 — 0.375000 0.062500 — — — — 0.143785
3 — 0.375000 0.187500 0.015625 — — — 0.162358
4 — — 0.328125 0.070313 0.003906 — — 0.049905
5 — — 0.281250 0.175781 0.023438 0.000977 — 0.047360
6 — — 0.140625 0.263672 0.076172 0.007324 0.000244 0.030923
n 0 1 2 3 4 5 6

08 (_(ﬂ 0.449329 0.359463 0.143785 0.038343 0.007669 0.001227 0.000164
n!
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For the alternative method outlined in this section, the calculations are displayed
below.

Alternative Method Calculations

1 (2) 3) (CY) (5 ()]
Pr(N, + 2N, = x) Pr(N; + 2N, + 3N; = x)
(x) Pr(IN, = x) Pr(2N, =x) Pr(3N,; = x) = (2)*(3) = @*(5) = fi(x)
0 0.818731 0.740818 0.740818 0.606531 0.449329
1 0.163746 — — 0.121306 0.089866
2 0.016375 0.222245 — 0.194090 0.143785
3 0.001092 — 0.222245 0.037201 0.162358
4 0.000055 0.033337 — 0.030973 0.049905
5 0.000002 — — 0.005703 0.047360
6 0.000000 0.003334 0.033337 0.003287 0.030923
i 1 2 3
N; 0.2 0.3 0.3
e—0.2 (Oz)x 8—0.3 (0.3):(/2 6703 (0,3)x/3
x! (x/2)! (x/3)

For the application of the formulas of this section, we note that m = 3, x; = 1,
X, =2,x =3, N =Ap() =02,\, =Ap2) =03, and \; = A p(3) = 0.3. First,
we compute columns (2), (3), and (4). The nonzero entries are Poisson probabilities.
Then we obtain the convolution of the p.f.’s in columns (2) and (3) and record the
result in column (5). Finally, we convolute the p.f.’s displayed in columns (4) and
(5) and record the result in column (6).

Remember that the complete p.f. is not displayed in either set of calculations.
The example required probabilities for only x = 0, 1, ..., 6. However, Pr(S = 6)
= f5(0) + f5(1) + - -+ + f5(6) = 0.973526. v

Formula (12.4.7) and Theorem 12.4.2 have another implication. Instead of defin-
ing a compound Poisson distribution of S by specifying the parameter A and the
d.f. P(x) of the discrete individual claim amounts, we can define the distribution
in terms of the possible individual claim amounts x;, x,, . . ., x,, and the parameters
N, Ny, ..., N\, of the associated Poisson distributions described in part (b) of The-
orem 12.4.2. Thus for x; there is an associated Poisson distribution of N; with pa-
rameter \,. In terms of this new definition of the distribution of S, we have from
E[N;] = Var(N;) = \; and the independence of the N;s that

E[S] = E [2 x,-Nl] = > X\ (12.4.13)
i=1 i=1
and
Var(S) = Var (2 x,.Ni> = > x2\,. (12.4.14)
i=1 i=1

Formula (12.4.13) could be obtained by starting from (12.3.2) and noting that
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Ap; = A 2 X = E XN

i=1 i=1

Similarly we can obtain (12.4.14) from (12.3.3).

In some cases it is useful, as in Example 12.4.1, to regard S as a sum of mutually
independent random variables x;,N,, i = 1, 2, ..., m, where x;N; has a compound
Poisson distribution with parameter \; and degenerate claim amount distribution
at x;. This interpretation follows from Theorem 12.4.2 and underlies the alternative
method illustrated in Example 12.4.2.

There is a third way, the recursive method, for evaluating certain compound
distributions for which the only possible claim amounts are positive integers. It is
based on the recursive formula of the following theorem.

Theorem 12.4.3

For compound distributions where the probability distribution for N, the
number of claims, satisfies the condition Pr(N = n)/Pr(N = n — 1) = a +
(b/n) forn = 1, 2, . . ., and where the distribution of claim amounts is
restricted to the positive integers,

x

fily) = > [a - (l«’xi)] ik -0  x=12 . .. (12415
i=3
with the starting value given by f,(0) = Pr(N = 0).

We establish the following lemma to be used in the proof of the theorem.

Lemma

o bor X0 X, Ky, ., X, which ate mdependent and 1dent1cally dzstrlbutedv
random variables takmg on values restrlcted to the posmve mtegers, we. have'
for poqmve integer values of x, ; ,

; (1) vv : . : *”(l) Z P(I) paem lj(x i l)

) pr(x) = % >, i pl) p Y — i,

o = &

Proof of the Lemma:

For n = 1, both (i) and (ii) reduce to p*!(x) = p(x) X p*?(0). For n > 1 we establish
(i) by using the Law of Total Probability to evaluate Pr(X;+X, + - -+ + X, = x) by
conditioning on the value taken by X, as

X

>, Pr(X, = i) Pr(X,+ X+ -+ +X, = x — i).
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We then note that Pr(X,+X;+ -+ +X, = x — i) and Pr(X;+X,+ - -+ +X, = x) can
be evaluated by using (n — 1)-fold and n-fold convolutions, respectively, of p(i);
see (2.3.4).

For n > 1, we establish (ii) by considering the conditional expectations
E[X /X, +X,+ X3+ -+ +X, = x] fork = 1,2, 3, ..., n. From reasons of symmetry,
these quantities are the same for all such k. Since their sum is x, each is equal to
x /n. The conditional expectation E[X;|X;+X,+X,+ - - - +X, = x] is evaluated as

D iPr(X, = i) Pr(X,+Xs+ - - +X, = x — i) /Pr(X, + X, + X;+ - +X, = x).

n
i=1

We then note that Pr(X,+X;+ + -+ +X, = x — i) and that Pr(X;+X,+ - - - +X, = x)
can be evaluated by using (n — 1)-fold and n-fold convolutions, respectively, of
p(i). Solving for p*"(x) completes the proof. |

Proof of the Theorem:
First,

fox) = 2 Pr(N = n) p*(x).

With Pr(N = n) = [a + (b/n)] Pr(N = n — 1), we have

= “ b
fsx) =a §=)1 Pr(N = n — 1) p*(x) + 21 - Pr(N = n — 1) p*'(x),

and by the two parts of the lemma

fox) =a E Pr(N =n — 1) 2 p(i) p*@V(x — i)

X

+ > %Pr(N —n—1) g > i pi) preV(x — i),
n=1

i=1
Interchanging the order of summation, we get
fox) = a Zl p() Zl Pr(N =n — 1) p**™(x ~ i)

2 ip(i) D, Pr(N = n — 1) p**V(x — i)

n=1

+

=Rl

—a 30 il = )+ 23 i) filx )

=2 (a + %) p(i) folx = i).

i=1 |
We now examine the only three distributions that satisfy the required relation-

ship between successive values of Pr(N = n).

a. Poisson: [Pr(N = n)/Pr(N = n — 1)] = N/n. The recursion formula for the
compound Poisson is
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X

folx) = 2 > ip(i) fo(x — i) with f5(0) = e™™ (12.4.16)

i=1
b. Negative binomial: [Pr(N = n)/Pr(N =n — 1)] = (1 — p)l(n + r — 1)/n] so
thata = (1 — p) and b = (1 — p)(r — 1). The recursion formula for the compound
negative binomial is

fe=0-p3 [(r ~ o+ 1] p() fix — i) (12.4.17)
with f5(0) = p".
c. Binomial with parameters m and p:

PeN=n) _m+1-n_p
Pr(N=n —1) n 1-p

so thata = —[p/(1 — p)land b = (m + 1)[p/(1 — p)]. The recursion formula in
this case is

fi) = (1—%) > [(m e 1] Pl filx — ) (124.18)

i=1

with £(0) = (1 - p)".

Example 12.4.2
(recomputed)

For the compound Poisson distribution of this example, compute fs(x) =
Pr(S = x) by the recursive method.

Solution:
Substituting the values used for the alternative method of calculation into

(12.4.16) yields
fs(x) = Slc_ [0.2 fo(x — 1) + 0.6 f(x — 2) + 0.9 fs(x — 3)] x=1,2,....

Recalling that fo(x) = 0, x < 0, and f5(0) = e™ = 0.449329, we readily reproduce
the values of f;(x) given in the basic method calculations. v

12.5 Approximations to the Distribution of
Aggregate Claims

In Section 2.4 the normal distribution was employed as an approximation to the
distribution of aggregate claims in the individual model. The normal approxima-
tion is the first developed here for use with the collective model.

For the compound Poisson distribution, the two parameters of the normal ap-
proximation are given by (12.3.2) and (12.3.3). For the compound negative binomial
distribution the parameters are given by (12.3.10) and (12.3.11). In each of the two
cases the approximation is better when the expected number of claims is large, or,
in other words, when \ is large for the compound Poisson case and when  is large
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for the negative binomial. These two results are contained in Theorem 12.5.1, which
may be interpreted as a version of the central limit theorem.

Theorem 12.5.1

a. If S has a compound Poisson distribution, specified by A and P(x), then the
distribution of

i)
VAP,

converges to the standard normal distribution as A — =@,
b. If S has a compound negative binomial distribution, specified by r, p, and
P(x), then the distribution of

Z

: b= r(q/f]){?l - ' (12.5.2)
Vrq/pp, + 1@/ PP

Proof:
We shall prove statement (a) by showing that

lim M,(t) = e®/2.

A—>00

Statement (b) can be proved using a similar strategy, but the proof involves addi-
tional steps.

From (12.5.1), it follows that

t APy t)
M,t) = Mg|——|exp | — ——).
A0 = Ms (vr,:) P i,
Now we use (12.3.5) to obtain

M,(t) = exp {)\ [MX (\/%p) - 1] - %}, (12.5.3)

and then substitute the expansion

2
Mx(t)=1+p1—l,t+;%f+---, (12.5.4)
with ¢t/ V\p, in place of ¢, into (12.5.3) to obtain
1 11 p,
t) = — =Bt 12.5.
Then as N — ®, M,(t) approaches ¢"/?, the m.g.f. of the standard normal
distribution. |

A normal distribution may not be the best approximation to the aggregate claim
distribution because the normal distribution is symmetric and the distribution of
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aggregate claims is often skewed. This skewness is evident in Table 12.5.1, which
shows that the third central moment of S under each of the compound Poisson and
compound negative binomial distributions is not 0. For positive claim amount dis-
tributions, P(0) = 0, and the third central moment of S is positive in each case.

Calculation of Third Central Moment of S
Distribution of S

Compound
Step Poisson 7 Compound Negative Binomial
M(t) exp{A[Mx(t) — 1]} [ p ]
1 — gM(t)

log Ms(t) A[Mx(t) — 1] rlogp — rlog[l — gMx(h)]
a2 AME() rqgMx(t) Brg? M (t)My(t) 2rg®Mi(t)?
— log M(t X X o X X0 X
a8 M0 T—qMy® 11— gMOF | 11— aM(OF
EI(S ~ EIS)Y] X s a0

_a + APs qps "9 P1P> 9 P1

i log M(t) . p + o + 7

is not the k-th central moment.

dk
*Fork = 4, — log M(t
o ot 109 ()t:0

In completing Table 12.5.1 we use properties of the logarithm of a m.g.f., for
example,

d Mx(0)
Liog My(t)| =22 -
dt g X( ) o MX(O) 3
and
2 M5(0)M4(0) — M;(0)?
hadl log MX(t)L:O — X( ) X( ) X( ) _ 2

dt? My (0)?

In Exercise 12.23(a), the reader is asked to confirm the relation used in the last row
of Table 12.5.1.

Because of this skewness we seek a more general approximation to the distri-
bution of aggregate claims, one that accommodates skewness. For this second ap-
proximation, we begin with a gamma distribution. This choice is motivated by the
fact that the gamma distribution has a positive third central moment as do the
compound Poisson and compound negative binomial distributions with positive
claim amounts. We let G(x:a, B) denote the d.f. of the gamma distribution with
parameters o and (; that is,

G(x:a, B) = : i_,—% t21 e Bt dt, (12.5.6)

Then for any x, we define a new d.f., denoted by H(x:a, B, %), as
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H(x:a, B, x) = G(x — xg:at, B). (12.5.7)

This amounts to a translation of the distribution G(x:a, B) by x,. Figure 12.5.1 il-
lustrates this for the case x, > 0 where g(x), x = 0, and h(x), x = x,, denote, re-
spectively, the p.d.f.’s associated with G(x:a, B) and H(x:a, B, xo).

Translated Gamma Distribution

A

D 4 W

\/
®

We approximate the distribution of aggregate claims S by a translated gamma
distribution where the parameters «, 3, and x, are selected by equating the first
moment and second and third central moments of S with the corresponding char-
acteristics of the translated gamma distribution. Since central moments of the trans-
lated gamma are the same as for the basic gamma distribution, this procedure
imposes the requirements

E[S] = x, + % (12.5.8)
Var(S) = é’iz (12.5.9)
E[(S — E[S])’] = E—‘;‘ . (12.5.10)
From these we obtain
_ Var(5)

B = 255 — BSD” (12.5.11)

_ [Var(S)]?
=4 s = LIS (12.5.12)
%, = E[s] — 2 —LYrOF (12.5.13)

E[(S — E[SI)’]
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For a compound Poisson distribution this procedure leads to

a=ak2 (12.5.14)
P3
g=2F (12.5.15)
P3
N &
3

Remark:
We can show that if « — ©, 3 — =, and x, — — such that

X, + % =W (constant); (12 5 17)

a

3 = o2 (constant),
the distribution H(x:a, B, x,) converges to the N(p, o%) distribution. Therefore, the
family of normal distributions is contained, as limiting distributions, within this
family of three-parameter gamma distributions. In this sense, this approximation
is a generalization of the normal approximation.

Example 12.5.1

Consider the Poisson distribution with parameter A = 16. This is the same as the
compound Poisson distribution with A = 16 and a degenerate claim amount dis-
tribution at 1. Compare this distribution with approximations by
a. A translated gamma distribution
b. A normal distribution.

Solution:

a. Here p, = 1, k = 1, 2, 3, and from (12.5.14)—(12.5.16), we have o = 64, B = 2,
X, = —16. Note that, unlike the case in Figure 12.5.1, x, is negative.

b. For the normal approximation, we use p. = 16 and o = 4.
The results given below compare the three distributions. In the approximations,

the half-integer discontinuity correction was used to approximate F¢(x) for x = 5,
10, ..., 40.

Exact Approximations
i e 1 (16)Y o (¥ +05—16

x y=0 y! G(x+16.5:64, 2) 4

5 0.001384 0.001636 0.004332
10 0.077396 0.077739 0.084566
15 0.466745 0.466560 0.450262
20 0.868168 0.868093 0.869705
25 0.986881: 0.986604 0.991226
30 0.999433 0.999378 0.999856
35 0.999988 0.999985 0.999999
40 1.000000 1.000000 1.000000
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In the case of the compound negative binomial distribution there is an additional
argument that supports the use of a gamma approximation. The argument is out-
lined in the Appendix to this chapter.

12.6 Notes and References

Chapter 2 of Seal (1969) contains an extensive survey of the literature on collec-
tive risk models, including the pioneering work of Lundberg on the compound
Poisson distribution. Several authors, for example, Dropkin (1959) and Simon
(1960), have used the negative binomial distribution to model the number of au-
tomobile accidents by a collection of policyholders in a fixed period.

In Example 12.3.1 we derived the negative binomial distribution by assuming
that the unknown Poisson parameter has a gamma distribution. This idea goes back
at least as far as Greenwood and Yule’s work on accident proneness (1920). An
alternative derivation in terms of a contagion model is due to Polya and Eggen-
berger and may be found in Chapter 2 of Biihlmann (1970). In the special case
where 7 is an integer, the negative binomial can be obtained as the distribution of
the number of Bernoulli trials that end in failure prior to the r-th success. This
development may be found in most probability texts, but has little relevance to the
subject of this chapter.

Theorem 12.4.2 has been known for some time and can be studied in Section 2,
Chapter 2 of Feller (1968). The alternative method for computing probabilities for
a compound Poisson distribution, which is based on Theorem 12.4.2, was suggested
by Pesonen (1967) and implemented by Halmstad (1976) in the calculation of stop-
loss premiums. Theorem 12.4.2 has a converse, which was not stated in Section
12.4. Renyi (1962) shows that the mutual independence of N,, N,, ..., N,, implies
that N has a Poisson distribution. Hence the alternative method of computing will
work only for the compound Poisson distribution.

The alternative method of computation may also be adopted to build a simula-
tion model for aggregate claims. Instead of determining the individual claim
amounts, one simulates N;, N,, ..., N,, and obtains a realization of S directly from
(12.4.7). For one determination of S, the expected number of random numbers re-
quired is 1 + X under the basic method. If the alternative method is used, exactly
m random numbers are required for each determination of a value of S.

There are several more elaborate methods of approximating the distribution of
aggregate claims. The normal power and Esscher approximations are described in
Beard, Pesonen, and Pentikdinen (1984). Several of the approximation methods
have been compared by Bohman and Esscher (1963, 1964). Seal (1978a) presents the
case for the translated gamma approximation and illustrates its excellent perform-
ance. Bowers (1966) approximated the distribution of aggregate claims by a sum
of orthogonal functions, the first term of which is the gamma distribution. The
result, stated in the Appendix to this chapter, that the gamma distribution can be
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obtained as a limit from the compound negative binomial is due to Lundberg
(1940).

Sometimes the distribution of aggregate claims can be obtained from a numerical
inversion of its m.g.f.; this is developed in Chapter 3 of Seal (1978).

A monograph by Panjer and Willmot (1992) develops more completely the ideas
of this chapter with particular emphasis on recursive calculation and discrete
approximations.

Appendix

If the random variables 5, k = 0, 1, 2, . .., have compound negative bino-
mial distributions with parameters r and p(k) and claim amount d.f. P(x), and
if the parameters of the negative binomial distributions are such that

qk) _ 11
. pl) p
fork=1,2,3, ..., where g = 1 — pis a constant, then the distribution of
S¢
E[S5,]
approaches G(x:r, r) as k — =.
Proof:
Using (12.3.12), we find the m.g.f. of S,/ E[S,] to be
p(k) ]
. 12.A.1
[1 — Mt /E[S,) (12AD

We also have

t _ P1 P o, ...
My (E[Sk]> R RS ARt (12.A.2)

If (12.A.2) is substituted into (12.A.1), we obtain

p(k) }
{1 = q(k) — [q(®)p, /EIS It — [q()p/ 2E[S I — - -] (12.A.3)

Now, since

sy 102 ko

p(k) p’
we see that the m.g.f. of S, /E[S,] is
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0 R SRR I PP SR I
[1 rt Zr%(q/p)kt ] [1 rt R(k)]

where the remainder term R(k) is such that lim R(k) = 0. Therefore,

k—o0o

. S, (Y
}LIE E [exp (t E[S,J)] = (r — t) , (12.A.4)

which is the m.g.f. of a G(x:r, r) distribution. u

It follows from (12.A.4) that the m.g.f. of S, itself is approximately

(___r__>={ r }z{ p() / [q(K)p.] }
r — E[S,t r — [rq(k) / pk)lp,t () / [ap,] — t]°

which is the m.g.f. of G{x:r, [p(k) / q(k)p,]}. Thus, when k is large, which under the
hypothesis of Theorem 12.A.1 implies that the expected number of claims, rq(k) /
p(k) = rk(q/p), is large, the distribution of aggregate claims is approximately a
gamma distribution.

Theorem 12.A.1 is presented to provide an argument supporting the use of
gamma distributions to approximate the distribution of aggregate claims. Compar-
ison of the main ideas in Theorem 12.5.1(b) and Theorem 12.A.1 leads to insights.
Theorem 12.5.1(b) follows closely the pattern of the central limit theorem. If in
(12.5.2) one writes

_ S/r — (q/p)p
V@ /pp, + @ /PP Vr

the correspondence is clear, with the parameter r playing the role of 7 in the central
limit theorem.

In Theorem 12.A.1 the parameter r of the negative binomial distribution remains
fixed. The expected number of claims changes in proportion to a size parameter k,
by compensating changes in g(k) and p(k) = 1 — g(k). Under the hypothesis of
Theorem 12.A.1,

rk k*g?
Var(s) = =L p, + r 2t

and

5 p 1
= + =,
ver (E[Sk]> et P
As the size parameter k — o,
Sk 1
Var(E[ Sk]) L

as indicated by Theorem 12.A.1. Thus the gamma approximation may be consid-
ered in the negative binomial case when the expected number of claims is large
and the claim amount distribution has relatively small dispersion.
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Exercises

Section 12.1

12.1. Let S denote the number of people crossing a certain intersection by car in
a given hour. How would you model S as a random sum?

12.2. Let S denote the total amount of rain that falls at a weather station in a given
month. How would you model S as a random sum?

Section 12.2

12.3. Suppose N has a binomial distribution with parameters n and p. Express
each of the following in terms of n, p, p;, p,, and My(t):

a. E[S] b. Var(S) c. Mg(t).

12.4. For the distribution specified in Example 12.2.2, calculate
a. E[N] b. Var(N) c. E[X]
d. Var(X) e. E[S] f. Var(S).

Section 12.3

12.5. Suppose that the claim amount distribution is the same as in Example 12.2.2,
but that N has a Poisson distribution with E[N] = 1.7. Calculate
a. E[S] b. Var(S).

12.6. Suppose that S has a compound Poisson distribution with A = 2 and p(x) =
0.1x, x = 1, 2, 3, 4. Calculate probabilities that aggregate claims equal 0, 1,
2,3, and 4.

12.7. Consider the family of negative binomial distributions with parameters r and
p. Let r — o and p — 1 such that (1 — p) = \ remains constant. Show that
the limit obtained is the Poisson distribution with parameter A. [Hint: Note
that p” = [1 — (\/1)] — e as r — =, and consider the convergence of the
m.g.f.]

12.8. Suppose that S has a compound Poisson distribution with Poisson parameter
A and claim amount p.f.

p(x) = [—1og(1—c)]‘19£ x=1,23..., 0<c<l.

Consider the m.g.f. of S and show that S has a negative binomial distribution
with parameters p and r. Express p and 7 in terms of ¢ and A.

129. Let
e—3x
17!

g(x) = 318 417

and
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12.10.

12.11.

—3x

5!

h(x)=36x5e x>0

be two p.d.f.’s. Write the convolution of these two distributions, that is, ex-
hibit g+h(x). [Hint: Proceed directly from the definition of convolution in
Section 2.3, or make use of (12.3.19).]

Suppose that the number of accidents incurred by an insured driver in a
single year has a Poisson distribution with parameter A. If an accident hap-
pens, the probability is p that the damage amount will exceed a deductible
amount. On the assumption that the number of accidents is independent of
the severity of the accidents, derive the distribution of the number of acci-
dents that result in a claim payment.

The m.g.f. of the Poisson inverse Gaussian distribution is given in the so-
lution to Example 12.3.2. Replace the o parameter by A so that the mean is
now \ and the variance is A + A/B. Show that

lim My(t) = e,

B-—»oo
This confirms that the Poisson inverse Gaussian distribution approaches the
Poisson distribution as § — % and the mean remains constant.

Section 12.4

12.12.

12.13.

12.14.

12.15.

Suppose that S; has a compound Poisson distribution with Poisson param-
eter A = 2 and claim amounts that are 1, 2, or 3 with probabilities 0.2, 0.6,
and 0.2, respectively. In addition, S, has a compound Poisson distribution
with Poisson parameter A = 6 and claim amounts that are either 3 or 4 with
probability 0.5 for each. If S, and S, are independent, what is the distribution
of S, + 5,7

Suppose that Ny, N,, N; are mutually independent and that N; has a Poisson
distribution with E[N,] = %, i = 1, 2, 3. What is the distribution of S = —2N|
+ N, + 3Ny?

If N has a Poisson distribution with parameter \, express Pr(N = n + 1) in
terms of Pr(N = n).

Note that this recursive formula may be useful in calculations such as
those for successive entries in columns (2), (3), and (4) of the alternate
method calculations of Example 12.4.2.

Suppose that S has a compound Poisson distribution with parameter A and
discrete p.f. p(x), x > 0. Let 0 < a < 1.

Consider S with a distribution that is compound Poisson with Poisson
parameter A = X/« and claim amount p.f. f(x) where

394

Exercises



50) = {oqo(x) x>0

1—a x=0.

This means we are allowing for claim amounts of 0 (as could happen if there

is a deductible) and are modifying the distributions accordingly. Show that

S and S have the same distribution by

a. Comparing the m.g.f.’s of S and §

b. Comparing the definition of the distribution of S and S in terms of pos-
sible claim amounts and the Poisson parameters of the distributions of
their frequencies.

12.16. In Example 12.2.2, let N; be the random number of claims of amount 1 and
N, the random number of claims of amount 2. Compute
a. Pr(N; = 1) b. Pr(N, = 1) c. Pr(N, =1, N, = 1).
Are N, and N, independent?

12.17. Compute fs(x) for x = 0, 1, 2, . . ., 5 for the following three compound
distributions, each with claim amount distribution given by p(1) = 0.7 and
p2) = 0.3:
a. Poisson with A = 4.5
b. Negative binomial with r = 45 and p = 0.5
¢. Binomial with m = 9 and p = 0.5
d. For each of the distributions of (a), (b), and (c) calculate the mean and

variance of the number of claims.

12.18. Let S, as given in (12.4.7), have a compound negative binomial distribution
with parameters 7 and p and p.f. of claim amounts given by the discrete p.f.
exhibited in (12.4.6).

a. Show that N; has a negative binomial distribution with parameters r and

p/(p + qm).

b. Show that, in general, N; and N, are not independent.
[Hint: Use the joint m.g.f. of N;, N,, . . ., N,, as in the proof of Theorem
12.4.2.]

12.19. Show that the compound distribution of Example 12.2.2 does not satisfy the
hypotheses of Theorem 12.4.3.

Section 12.5

12.20. Show that if N has a Poisson distribution with parameter \, the distribution
of

N — A
VA

approaches a N(0, 1) distribution as A — .

Z:

12.21. Use log Mg(f) as given in Table 12.5.1 to verify (12.3.3) and (12.3.11).
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12.22.

12.23.

12.24.

12.25.

Suppose that the d.f. of S is G(x:a, B). Use the m.g.f. [see (12.3.19)] to show
that

al@ + D@ +2) (o +h—1)
Bh

E[S"] = h=1,23,....

a. Verify that
3
dr
b. Use (a) to show that if S has a G(x:a, B) distribution, then
200

E[(S - EIS]’] = e

log Mx(t)| = El(X — E[X])’]

t=0

a. For a given o, determine B and x, so that H(x:a, B, x;) has mean 0 and
variance 1.
b. What is the limit of H(x:a, Vo, —Va) as a — o ?

Suppose that S has a compound Poisson distribution with A = 12 and claim
amounts that are uniformly distributed between 0 and 1. Approximate
Pr(S < 10) using

a. The normal approximation

b. The translated gamma approximation.

Miscellaneous

12.26.

12.27.

The loss ratio for a collection of insurance policies over a single premium
period is defined as R = S/ G where S is aggregate claims and G is aggregate
premiums. Assume that G = p,E[N](1 + 6), 6 > 0.
a. Show that

E[R] = (1 + 6)!

and that

E[N] Var(X) + pi Var(N)
[p, EINIL + 0)F

b. Develop an expression for Var(R) if

(i) N has a Poisson distribution
(ii) N has a negative binomial distribution.

Var(R) =

Suppose that the distribution of S; is compound Poisson, given by A and
P,(x), and that the distribution of S, is compound negative binomial, given
by r, p with g = 1 — p, and P,(x). Show that S, and S, have the same
distribution provided that A = —r log p and

> (q/k) PEx)
Pi(x) = & :
—log p
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12.28.

12.29.

12.30.

[Hint: Show equality of the m.g.f.’s.]
Note that, in the sense of this exercise, every compound negative binomial
distribution can be considered as compound Poisson.

Let S, as given in (12.4.7), have a compound Poisson inverse Gaussian dis-

tribution with parameters « and B and p.f. of claim amounts given by the

discrete p.f. exhibited in (12.4.6).

a. Show that N, has a Poisson inverse Gaussian distribution and determine
its parameter values.

b. Show that, in general, N; and N, are not independent.

Follow the steps displayed in Table 12.5.1 to show that the third central
moment of S, when it has a compound Poisson inverse Gaussian distribu-
tion, can be expressed in the parameters of its distribution as

a 3a 3a
Eps + ?Plpz +EP1-

a. Verify that the extension of (2.2.10) for the mean and (2.2.11) for the var-
iance to the third central moment, w,(W) = E[{W — E[W]}?], is E[u;(W|V)]
+ 3 Cov(Var(W|V), E[W|V]) + uy(E[W|V]).

[Hint: Write E[W — E[W]] = E[(W — E[W|V]) + (E[W|V] — E[W])], expand

the third power, and take expectations termwise.]

b. Apply the result of (a) to S of (12.1.1) to express its third central moment
in terms of the parameters of its distribution. [Hint: Refer to (12.2.5) and
(12.2.6).]

c. Apply the formula of (b) to the compound distributions of Table 12.5.1 to
confirm the third central moments shown there.

d. Apply the formula of (b) to the compound Poisson inverse Gaussian dis-
tribution to confirm the formula of the previous exercise.
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COLLECTIVE RISK MODELS
OVER AN EXTENDED PERIOD

13.1 Introduction

The purpose of this chapter is to present mathematical models for the variations
in the amount of an insurer’s surplus over an extended period of time. By surplus
we mean the excess of the initial fund plus premiums collected over claims paid.
This is a convenient mathematical, but not accounting, definition of surplus.

Let U(t) denote the surplus at time ¢, c(t) denote premiums collected through
time ¢, and S(t) denote aggregate claims paid through time t. If u is the surplus on
hand at time 0, perhaps as a result of past operations, then U(t) is given by

Ut) = u + ct) — S(t)  t=0. (13.1.1)

Now motivated by the question of exhausting surplus at least once in a period of
time, we want to explore probability questions about U(t) for many—indeed, in-
finitely many—values of ¢t simultaneously. Since the questions involve more than
a finite number of random variables, consistent with the language of probability,
we call U(t) the surplus process and S(t) the aggregate claims process. The pre-
miums collected, c(t), will be deterministic, not a stochastic process.

In this setting the models in the previous chapter can be viewed as being con-
cerned with the distribution of the random variable, U(t), for a single value of .
The monitoring for a negative value of the surplus, U(t), can be on a period-to-
period basis or on an ongoing basis. In the latter case we would look at the con-
tinuous time surplus process

{Ugt): t = 0}.

A typical outcome of this surplus process, {U(t), t = 0}, is shown in Figure 13.1.1.
We assume a constant premium rate, ¢, ¢ > 0, and set c(t) = ct throughout this
chapter. Then the surplus increases linearly (with slope c¢) except at those times
when a claim occurs. At that time the surplus drops by the amount of the claim.
If the initial surplus u were increased or decreased by the amount , the graph of
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A Typical Outcome of the Continuous Time Surplus Process
u(t)
1\

o
P /

1 1 1 I » |

0 T T, T=T,»” T,
UT) [t oo 220 -

U(t) would be raised or lowered h units of height but would be unchanged
otherwise.

As illustrated in Figure 13.1.1, the surplus might become negative at certain
times. When this first happens, we speak of ruin having occurred. This term has
its roots in the gambler’s ruin problem of probability theory. It is not equivalent
to insolvency of an insurer. The typical application of the ideas of this chapter is
to a project or line of business of an insurer. However, a useful measure of the
financial risk in an insurance organization can be obtained by calculating the prob-
ability of ruin as a consequence of variations in the amount and timing of claims.

Let
T = min {t: ¢t = 0 and U(t) < 0} (13.1.2)
denote the time of ruin with the understanding that T = o if U(t) = 0 for all ¢. Let
Y(u) = Pr(T < ) (13.1.3)

denote the probability of ruin considered as a function of the initial surplus u. We
are also interested in U(T), the negative surplus at the time of ruin.

Because of changes in the world of applications, the useful lifetime of a model
is limited so that a realistic planning horizon might be a long—but finite—period.
More precisely, consideration would be limited to

Y(u, t) = Pr(T < t), (13.1.4)

the probability of ruin before time t. We discuss, however, only the probability of
ruin over an infinite horizon, {(u), which is more tractable mathematically. Of
course, Y(u) is an upper bound for Y(u, t).

The ideas for this chapter can be used to provide an early warning system for
the guidance of an insurance project. A model must necessarily be selected to rep-
resent the risk process. The probability of ruin, on the basis of that model, warns
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management of the project about some of the risks involved. Again, particular
models developed in this chapter make simplifying assumptions to keep the math-
ematics tractable. The effects of interest, expenses, dividends, and experience rating
are not included. Nevertheless, these models provide a means of analyzing the risk
process. In practice, they would be supplemented by additional analyses.

Before we consider the continuous time model we turn to the discrete time sur-
plus process defined by considering the values of U(t) at only integer values of ¢.
Traditionally, this sequence of random variables is denoted

{U,:n=012...1

This can be viewed as examining the amount of surplus on a periodic basis, much
as would be done by the managers of insurance enterprises who are required to
submit financial reports on the operations on a yearly, semiannual, quarterly, or
monthly basis.

13.2 A Discrete Time Model

Let U, denote the insurer’s surplus at time n, n = 0, 1, 2, . . . . We assume that
U,=u+nc-—2S5, (13.2.1)

where u is the initial surplus, the amount of premiums received each period is
constant and denoted by ¢, and S, is the aggregate claims of the first n periods.
Further we assume that

S, =W, + W, + -+ W, (13.2.2)

where W, is the sum of the claims in period i. At first we assume W,, W,, . . . are
independent, identically distributed random variables with u = E[W]] < c; later we
will relax this constraint.

Thus, we can write U, as
a=ut(c—W)+@c—Wy)+---+(c— W) (13.2.3)
Let
T = min{n : U, < 0} (13.2.4)

denote the time of ruin (again with the understanding that T = o if U, = 0 for
all n) and let

P(u) = Pr(T < =) (13.2.5)

denote the probability of ruin in this context.

There is an important connection between a quantity that we now define, the
adjustment coefficient, and the probability of ruin. We define the adjustment co-
efficient R as the positive solution of the equation

Myy_(r) = E[e™W 9] = e My(r) = 1 (13.2.6)

Chapter 13 Collective Risk Models over an Extended Period

401



or the equivalent equation
log My(r) = rc (13.2.7)

where W denotes a random variable with the distribution of the annual claims,
W

i

The graph of e”* My(r) (see Figure 13.2.1) can be traced by observing that

d
r(W—0)1 — __ r(W—c)
— E[e™ 9] = E[(W — e

and

2
% E[eW=9] = E[(W — )%™ 9]

it .
Definition of R

e " My(r)

!
|
!
|

H

R

The first of these observations shows that the slope at » = 0 is p — ¢, a negative
quantity, and the second shows that the graph is concave upward. Further, pro-
vided W has positive probability over values in excess of ¢, the first derivative, for
some large enough r, becomes positive and remains so. Thus, E[¢*" ] has a min-
imum as indicated in Figure 13.2.1, and (13.2.6) will typically have a positive root
as shown. This positive root is called the adjustment coefficient. Example 13.4.3
can be used to illustrate that R does not exist for all distributions and values of c.

Example 13.2.1

Derive an expression for R in the special case where the W,'s common distribu-
tion is N(p, o?).

Solution:
Here

2,2

log[My(n)] = pr + U; .
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Hence, the positive solution of (13.2.7) is

EZZ(C;P«)
o

where, as assumed above, p < c. v

The connection between the adjustment coefficient and the probability of ruin is
given in the following result.

Theorem 13.2.1 7 T e 7

Let LI,I =y + nc — Z W for n—17 ;. ' énd Wi, W;; '-.'b'é mutua]ly.l’-"

mdependent and 1dent1callv distributed w;th E[W] = 4~ Por u > 0,

_~.' - exp( Ru)
W E[exp( ~R Uy ]T_‘_.M %] |

(1328)

Theorem 13.2.1 is a special case of Theorem 13.2.2 which is proved in the Appendix
to this chapter.

Since Uz < 0 by definition, it follows from Theorem 13.2.1 that
() < exp(—R u). (13.2.9)

We now derive an approximation for R. In the discussion of Table 12.5.1 we saw
that for a random variable X

d
at log My(t) li—o = E[X]

and

jtZ log My(t) |,=o = Var(X).

Hence, using the Maclaurin series expansion, we have
1 2,2
log My(r) = p,r-l—io Tl

where o? = Var(W). If we use only the first two terms of this expansion in (13.2.7),
we obtain the approximation

2(c — M)

0.2

R = (13.2.10)
Comparing this with Example 13.2.1, we observe that (13.2.10) is exact in the case
where the W/'s common distribution is normal. Furthermore, if W has a compound
distribution and the relative security loading 6 is given by ¢ = (1 + 6) p, then
(12.2.5) and (12.2.6) yield
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< 20 p, E[N]

= 13.2.11
R = 5 — PDEINT + 72 VartV) (13.211)

where N is a random variable distributed as the number of claims in a period.

Example 13.2.2

Approximate R if
a. N has a Poisson distribution with parameter A
b. N has a negative binomial distribution with parameters r and p.

Solution:

a. Here E[N] = Var(N) = \, and (13.2.11) reduces to

R=2n (13.2.12)

P2
It follows from Exercise 13.6 that the right-hand side of (13.2.12) is actually an
upper bound.
b. In this case,

ElN] = 2,
p

rq
Var(N) = —,
pZ

so it follows from (13.2.11) that
5 29 p,

T pla/p) - 11
Note that for p — 1, the result in (a) is obtained. ' v

(13.2.13)

It has been assumed that the total amounts of claims in different periods are
independent random variables. In many cases, this assumption may be unrealistic.
To investigate a situation of this type, we now consider an autoregressive model
for the insurer’s claim costs that generalizes the model previously considered and
allows for correlation between the claims of successive periods.

We assume that W,, the sum of claims in period i, is of the form
W.=Y, +aW_, i=12.... (13.2.14)

Here -1 <a < 1,and Y, Y,, . . . are independent and identically distributed
random variables with E[Y;] < (1 — a) c. The initial value W, = w completes the
description of this first-order autoregressive model for the W/’s.

The insurer’s surplus U, at time 7 is defined as in (13.2.1) and T, the time of
ruin, as in (13.2.4). Note that the probability of ruin,

J(u, w) = Pr(T < =), (13.2.15)
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is now a function of two variables. This generalizes the model considered previ-
ously, which corresponds to the special case a = 0.
We now use the iterative rule in (13.2.14) to obtain

Wi,=Y,+aY,_,+---+a 1Y +dw (13.2.16)
Thus the total of the claims in the first n periods is
S, =Y, +1+a)Y,,+ - +Q+a+---+a"hY,
+@a+a®+---+aHw

1 -4 1—a" 1 —a
=Y, + Y, o+t Y, +
"1 —g "t 1-4 "7 7 4

w. (13.2.17)

This shows that Y, ultimately contributes Y, /(1 — a) to the total claims. Hence, we
assume that ¢ > E[Y;]/(1 — a), and in analogy to (13.2.6), we define the adjustment
coefficient as the positive solution of the equation

e " My,q-q (r) = 1. (13.2.18)
Thus R is a positive number with the property that

log E [exp (1—12%)] - R =0. (13.2.19)

Note that R depends on the common distribution of the Y/s and on the values of
a and c.

In the Appendix to this chapter, the following result will be derived.

Theorem 13.2.2
expl— Ri)

b, w) = “ 5 . 13.2.20

Wb ) = Elexp(~RU | T < =] )
Here we have used the notation

O, = U, - - -wW, =1, (13.2.21)

In a sense, U, is a modified surplus. It is the actual surplus U, adjusted by all
future claims that are related to W,. This interpretation of U, is developed in Ex-
ercise 13.2.

If a = 0, it follows that U; = Uz < 0. Thus, in this case, the denominator of
(13.2.20) is greater than 1, and we get a simplified upper bound for the probability
of ruin.

Corollary 13.2.1

0 =0u<1 then
(1, w) = exp(—Ra). (13.227}
Note that this generalizes (13.2.9).
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13.3 A Continuous Time Model

We now formulate the ruin model using two continuous time random processes,
the claim number process and the aggregate claim process. We usually model the
first by a Poisson process and the second by a compound Poisson process.

For a certain portfolio of insurance, let N(f) denote the number of claims and S(t)
the aggregate claims up to time t. We start the count at time 0; thus, N(0) = 0.
Furthermore, S(t) = 0 as long as N(t) = 0. As in Chapter 12, we let X; denote the
amount of the i-th claim. Then

S(t) — X1 + X2 + X3 e XN(t)‘ (13.3.1)

The process {N(t), t = 0} is called the claim number process, whereas {S(t), t = 0}
is called the aggregate claim process. These collections of random variables are
called processes, and we are interested in the distributions simultaneously at all
times t = 0. This is in contrast to Chapter 12 where we were interested in the
number of claims and aggregate claims for a single period.

Let t = 0 and & > 0. From the definitions it follows that N(t + k) — N(t) is the
number of claims and S(t + h) — S(f) is the aggregate amount of claims that occur
in the time interval between f and t + h. Let T, denote the time when the i-th claim
occurs. Thus T}, T,, . . . are random variables such that T, < T, < T; < ... to
exclude the possibility that two or more claims occur at the same time. The time
elapsed between successive claims is denoted by V, = T, and

V,=T,-T,, i>1 (13.3.2)

1 1

Typical outcomes of the claim number process and the aggregate claim process are
depicted in Figures 13.3.1 and 13.3.2. Note that N(f) and S(t) are increasing step
functions. The discontinuities are at times T; when the claims occur, and the size
of the steps at these times is 1 for N(t) and the corresponding claim amount X; for
S(t).

etk
A Typical Outcome of the Claim Number Process

N (t)
A
4 — Grm——
3+ -
2 -—
1+ — e
d 1 - 1 > t
0 T, T, T; T,
4—Vl—>-<—V2—~V3=4 Vi >
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A Typical Outcome of the Aggregate Claim Process

5(t)
A
] -
X3
G—
X
} Gt ——————
X
Yl — L 1 -t
Tl T2 T3 T4

There are several ways to define the distribution of a claim number process. We

examine two of them:

a. The global method: For all t+ = 0 and all 1 > 0 we specify the conditional dis-
tribution of N(t + h) — N(t), given the values of N(s) for s = t.

b. The discrete method: We specify the joint distribution of V, V,, V;, . . . or,
equivalently, that of T, T,, T5, .

Example 13.3.1

Consider n people age x at time 0. Let N(t) denote the number of deaths that
have occurred by time t and T, denote the time when the i-th death occurs (i = 1,
2, ..., n). We assume independence of the times-until-death. Specify the process
{N(t), t = 0} by each of the two methods above.

Solution:
a. The conditional distribution of N(t + h) — N(t), given N(t) = i, is binomial with
parameters n — i and ,4,,,,1=0,1,2,...,n — 1. Thus,
Pr[N(t + h) — N(t) = k| N(t) = i]
= (nk-i)(hqxﬂ)k(l - hqx+t)nhi_k k= 0,1,... , i

Note here that the conditional distribution depends on ¢ and only on N(s) at
s = t.
b. We specify the joint distribution of T;, T,, . . ., T, by iteration. First,

Pr(Tl > S) = (spx)n/

le(S) = n(spx)n Mx(S).
Fori=1,2,...,n—1,

Chapter 13 Collective Risk Models over an Extended Period

407



Pr(Ti-H >t I Ti = S) = (t—spx+s)n_i
and
fTiHIT,-(t ‘ S) = (1’1 - i)(t—spx+s)n_i p"x(t)'
We observe that in this example the elapsed times between successive deaths are

not mutually independent or identically distributed. v

We turn now to the Poisson process where the elapsed times between successive
claims are mutually independent and identically distributed.

The global method definition of a Poisson process is as follows:

e—)\h()\h)k
k!

k=0,1,2,3,...forallt =0and & > 0. (13.3.3)

Pr[N(t + h) — N(t) = k| N(s) for all s = t] =

The following properties come from this definition of the Poisson process:

(i) The increments are stationary; that is, the distribution of N(t + h) — N(t),
which is Poisson with parameter M, depends on the length of the interval but
not on its location, ¢.

(ii) For any set of disjoint time intervals, the increments are independent; that is,
fort, <t +h <t,<t,+h,<ty---<t,+ h, the increments N(¢t, + h,) —
N(t,), N(t, + hy) — N(t,), . .., N(t, + h,) — N(t,) are mutually independent.

(iii) The probability of simultaneous claims is zero: that is,

. Pr[N(t + h) — N(t) > 1] 1 —e™ — \he ™™

m m

li =1i
h—0 h h—0 h

The discrete method definition of the Poisson process states that elapsed times V,,
Vy, Vs, . .. are mutually independent and that each has the exponential distribution
with parameter A.

We now show the equivalence of these two definitions of the Poisson process.

To see that the process defined by the global method implies the salient feature of
the discrete method, we observe

Pr(Via >h |V, V, ..., V)= Pr[V,-+1 >h|NG@s) foralls <t = D, Vj]
=1

Pr[N(t + h) — N(t) = 0 | N(s), s < t]
=e M (13.3.4)

the survival function of each V; in the Poisson process.

To see that the process defined by the discrete method implies the salient feature
of the global method, apply the definition of the N(t)’s, T/s, and Vs, the mutual
independence and exponential distribution of the V].’s, to show that

Pr[N(t + h) — N(t) = k| N(s) fors = t] = Pr[T, <= hand T, + V,,, > h]. (13.3.5)
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Since T, = V; + V, + - -+ + V,, and the Vs are independent and identically
distributed with an exponential distribution with parameter A, T, has a gamma
distribution with parameters k and \. Then (13.3.5) is equal to

h h
fo Pr(Ty + Viyy > h | T = u) fr(u) du = fo Pr(Viy, > h — u) fr(u) du

h }\k uk—l e—xu
= “Nh—wy T 7
fo ¢ TEE
Mk fh 1 (AR
Sk e

the p.f. of the number of occurrences in a period of length / in a Poisson process.

We now define a compound Poisson process in this context. If for 5(t), defined
in (13.3.1), the random variables X;, X,, X;, . . . are independent, identically dis-
tributed random variables with common d.f. P(x), and if they are also independent
of the process {N(t), t = 0}, assumed to be a Poisson process, the process {S(t),
t = 0} is said to be a compound Poisson process.

If the aggregate claims process is a compound Poisson process given by A and
P(x), the following properties correspond to properties of the underlying claim
number process:

a. If t = 0 and k > 0, the distribution of S(t + h) — S(t) is compound Poisson with
specifications A and P(x), that is,

P:(-k(x)

Pr[S(t + h) — S(t) = x| S(s) for s = t] = >, e ™M () r
k=0 .

where P*(x) is the k-fold convolution of the d.f. P(x).

b. At any time ¢, the probability that the next claim occurs between t + h and
t + h + dh and that the claim amount is less than or equal to x is e (\dh)
P(x).

c. The process {S(t), t = 0} has independent and stationary increments; that is, the
aggregate claims of disjoint time intervals are independent random variables,
and the distribution of each of these depends on only the length of the corre-
sponding time interval and not on its location.

d. If S(t) denotes a compound Poisson process and the value of t is fixed, S(t) has
a compound Poisson distribution with Poisson parameter Af. Formulas (12.3.2)
and (12.3.3) give the mean and variance of 5(t):

E[S(H)] = Mp,, (13.3.6)
Var[S(t)] = Mp,. (13.3.7)

13.4 Ruin Probabilities and the Claim Amount Distribution

The surplus process {U(t), t = 0} can be studied by its relation, given in (13.1.1),
to the claim process S(t). For the remainder of the chapter, we assume that S(t) is
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a compound Poisson process. With this assumption we can develop upper and
lower bounds on (). In the particular case of an exponential distribution of in-
dividual claims, there is an explicit form for {s(u).

First, we assume that the rate of premium collection ¢ exceeds the expected claim
payments per unit time, which is A p;. Further, we define the relative security load-
ing 6 by the equation ¢ = (1 + 6) Ap, where 6 is positive. We can see that
0 = 0 or 8 < 0 implies Y(u) = 1; that is, ruin is certain.

Next, let (—, y) denote the largest open interval for which the m.g.f. of P(x)
exists. We assume that v is positive. In the case of the exponential distribution with
parameter B, vy is equal to B, while for any bounded claim amount distribution, y
is +o. Furthermore, we assume that My(r) tends to 4+« as r tends to <. That this
assumption does not always hold for finite vy is demonstrated with an inverse Gaus-
sian distribution in Example 13.4.3. A comparison of the figure that accompanies
Example 13.4.3 with Figure 13.4.1 shows the importance of this assumption.

M, (r)

1+(1+0)p,r

We now proceed by analogy with the definition of the adjustment coefficient in
(13.2.6). The usefulness of this adjustment coefficient appears in the proof of The-
orem 13.4.1.

Consider a period of length ¢t > 0 where the amount of premiums collected is ct
and the claim distribution is compound Poisson with expected number of claims
At. Then, by analogy with (13.2.6), we choose, for the adjustment coefficient, the
smallest positive root of

Mspy-o(r) = E[e"O70] = e7 Mg, (1)
= ¢ MM = (13.4.1)
Thus,
MMy (r)y — 1] = cr. (13.4.2)
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Substituting ¢ = (1 + 6) Ap,;, we have the equivalent form
1+ (1 + 0)pyr = My(r). (13.4.3)

The left-hand side of (13.4.3) is a linear function of r, whereas the right-hand side
is a positive increasing function which by assumption tends to + as r tends to .
Furthermore, the second derivative of the right-hand side is positive, so its graph
is concave upward. The assumption that c > \ p; (equivalent to 8 > 0) means the
slope, (1 + ) p,, of the left-hand side of (13.4.3) exceeds the slope, M(0) = p,, of
the right-hand side at » = 0. From Figure 13.4.1, we see that (13.4.3) has two so-
lutions. Aside from the trivial solution r = 0, there is a positive solution » = R,
which is defined to be the adjustment coefficient.

Example 13.4.1

Determine the adjustment coefficient if the claim amount distribution is expo-
nential with parameter § > 0.

Solution:
The adjustment coefficient is obtained from (13.4.3) which is, for this example,

L Aror B
B B—r

or, as a quadratic equation in 7,
(1 + 0)r2 — 0pr = 0.

As expected, r = 0 is a solution, and the adjustment coefficient solution, the smallest
positive root, is

Example 13.4.2

Calculate the adjustment coefficient if all claims are of size 1.

Solution:
Formula (13.4.3) gives the adjustment coefficient as the positive root of

1+ @0+ 0)y=c¢.

The results of numerical evaluation of the above equation for several values of 6
are displayed below.

0 R 0 R

0.2 0.35420 1.0 1.25643
0.4 0.63903 1.2 1.41318
0.6 0.87640 14 1.55368
0.8 1.07941 v
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In general, the adjustment coefficient is an increasing function of the relative
security loading, 6. This can be seen from Figure 13.4.1. As 6 is increased, the slope
of the straight line through the point (0, 1) is increased so that the point of inter-
section of the line and the curve moves to the right and upward.

Example 13.4.3

Assume that the claim amount distribution is inverse Gaussian with parameters
a and B. For this assumption:
a. Determine the largest open interval (—, y) for which M(t) is defined.
b. Determine limit M(t) as t — +.
c. Display the equation for the adjustment coefficient.
d. Display the graph corresponding to Figure 13.4.1 for the case when the limit in
(b) is greater than 1 + (1 + 8)(a/ B)y.
e. Display the graph corresponding to Figure 13.4.1 for the case when the limit in
(b) is less than 1 + (1 + 6)(a/B)y-

Solution:

a. My(t) = et~V A=2/Bl for t <B/2. S0y = B/2.

b. limit M(t) = e*.
t—B/2

c. 1+ (1+ 0)a/B)r=e0"V02/B for r < /2.
d. Ife*>1+ (1 + 6)(a/2), the graph is

ea[l—\/l—-Zr/B] (_(B/zl ea)

— 1+ (1+0)a/B)r

W_.__________._
2

1
[

N

— 1+ (1+0)a/B)
(B/2,¢%

[

1= V=27

v =B/2
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Observations:

1. We see in the graphs the possible failure of the definition of the adjustment
coefficient when the limit of the claim distribution’s m.g.f. is finite at the end of
the open interval of its definition.

2. For a fixed expected claim size, o/ 3, the lines of the graphs are fixed for all B.
As B increases the claim size’s variance, a /% decreases, and the point (B /2, e*)
moves to the right and up, making the existence of R more likely. As B decreases
the opposite is true.

3. An examination of the proof of Theorem 13.4.1 in the Appendix to this chapter
reveals the use of the adjustment coefficient to set —Rc + N[My(R) — 1] = 0 to
obtain the equality of Theorem 13.4.1. For the situation in part (e) when the
adjustment coefficient does not exist, this expression evaluated at vy is less than
zero and the steps of the proof can be followed with R replaced by vy and the
equalities replaced by inequalities. The resulting inequality is less useful than
the equality obtained when the adjustment coefficient exists. v

An analog to Theorem 13.2.1 is the following result, which is proved in the
Appendix to this chapter.

Theorem 13.4.1

If U(t) is the surplus process based upon a compound Poisson aggregate
claims process, 5(f), with ¢ > A p,, that is, with positive relative security load-
ing, then for u = 0,

exp(—Ru)

W) = Elexp(-RUTH | T < =}

(13.4.4)

where R is the smallest positive root of (13.4.3).

The denominator is calculated with respect to the conditional distribution of the
negative surplus, U(T), given that ruin occurs: that is, T < .

From Figure 13.4.1, we see that if § — 0, the secant approaches the tangent to
Mx(r) at r = 0, which implies R — 0. But then, from (13.4.4), $(u) = 1, or ruin is
certain. Further, U(t), t > 0, for the case where 6 < 0, will always be less than the
corresponding U(t) for § — 0, and hence since ruin is certain for 6 = 0, ruin
is also certain for 6 < 0. For these reasons, we remain with the assumption that
0 > 0.

In general, a closed form evaluation of the denominator of (13.4.4) is not possible.
Exceptions are the case u = 0 (see Exercise 13.10), and the case where the claim
amount distribution is exponential (see Example 13.4.4). However, the theorem can
be used to derive inequalities. Since U(T), given T < =, is necessarily negative, the
denominator in (13.4.4) exceeds 1. It follows that

Y(u) < e kv, (13.4.5)
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If the claim amount distribution is bounded so that P(m) = 1 for some finite m, it
follows, given T < =, that U(T) > —m since the surplus just before the claim must
have been positive.

Thus,
Y(u) > e R g Rm = pRurm) (13.4.6)
Some authors suggest the use of the approximation
Y(u) = e R (13.4.7)

which, in view of (13.4.5), overstates the probability of ruin.

We now examine a special case where Theorem 13.4.1 can be applied to obtain
an explicit expression for the ruin probability s(u).

Example 13.4.4

Calculate the probability of ruin in the case that the claim amount distribution
is exponential with parameter § > 0.

Solution:

Ruin, if it occurs, is assumed to take place at time T. Let # be the amount of
surplus just prior to T. The event that —U(T) > y can be restated as the event that
X, the size of the claim causing ruin, exceeds # + y, given that it exceeds #. The
conditional probability of this event is given by

so that the p.d.f. of —U(T), given T < o, is
d
—_ — p7Byy = —By
dy (1 —e™P) = Be P

Therefore,
E[lexp(=RU(T)) | T < ] = B L e PveRy dy

__B
B—-R
From Example 13.4.1, we know that the adjustment coefficient in this case is R =
0B/ (1 + 6). Combining this with (13.4.4) gives us
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B(u) = (iié{L_Ru

1 . —0PRu
1+0 P \1T+0

+

1 —0u

T o exp [(1 T B)Pl]. (13.4.8)
v

1

13.5 The First Surplus below the Initial Level

We continue with the continuous time model where the aggregate claim process,
S(t), is compound Poisson. Specifically, we consider the amount of the surplus at
the time it first falls below the initial level (this, of course, may never happen). As
an application, we find a simple expression for §(0), the probability of ruin, if the
initial surplus is 0.

The main theorem of this section, proved in the Appendix to this chapter, is the
following.

Theorem 13.5.1

For a compound Poisson process, the probability that the surplus will ever
fall below its initial level u, and will be between u — y and u — y — dy when
it happens for the first time, is
1o Py

di v =0
Wine

A
’ (1 — Pyl dy =

As an application of Theorem 13.5.1, we note that the probability that the surplus
will ever fall below its original level is

1 - 1
T L 1= Pyldy = 15 (135.1)

since

L [1 = Pyldy = p..

In the special case of u = 0, (13.5.1) gives the probability that the surplus will even
fall below zero, that is, its original level. Hence

1
1+6°

W(0) = (13.5.2)

It is remarkable that ¥(0) depends only upon the relative security loading 6 and
not on the specific form of the claim amount distribution.
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We note that

1 — P(y)
1+6)p

is not a p.d.f. since it does not integrate to 1. However, there is a related p.d.f. in
the proper sense. Let L; be a random variable denoting the amount by which the
surplus falls below the initial level for the first time, given that this ever happens.
The p.d.f. for L, is obtained by dividing

A
- P = y >0

1 = P(y)
1+0)p
by
1
) = 1+80
and is
1
fu(y) = " [1-Pyl y>0. (13.5.3)
1

The relationship between the m.g.f. of L, and that of the distribution of claim size
X can be obtained by integration by parts:

1 foe]
M, (r) = o fo e” [1 — P(y)] dy

1 |e¥
= {7 [1 — P(y)]

1

+ = Y
Tl P dy}

= ;—7117 [M,(r) — 1]. (13.5.4)

We illustrate further applications of Theorem 13.5.1 by means of the following
examples.

Example 13.5.1

Write an expression for the distribution of the surplus level at the first time the
surplus falls below the initial level u, given that it does fall below u, if all claims
are of size 2.

Solution:
We have

1 0=sy<?2
1—P(y)={0 yZ}Z/.

Thus the p.d.f. for L, is

0=y<2

O N|=

1
—[1 - Py)] =
Pi elsewhere.
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Therefore, L, is uniformly distributed between 0 and 2, so the surplus level after
the first such drop is uniformly distributed between u — 2 and u. v

Example 13.5.2

Write an expression for the distribution of L, if the size of the individual claims
has an exponential distribution with parameter .

Solution:
Since 1 — P(y) = e ® for y > 0, the p.d.f. of L, is

Ll-pPwyl=ge y>o.
P1

Hence, the distribution of L, is also exponential with parameter B. v

13.6 The Maximal Aggregate Loss

A new random variable, the maximal aggregate loss, is defined as

L = max {S(t) — ct}, (13.6.1)

t=0

that is, as the maximal excess of aggregate claims over premiums received. Since
S(t) — ¢t = O-for t = 0, it follows that L = 0.

Theorem 13.5.1 is used in the proof of another theorem that gives an explicit
formula for the m.g.f. of L. This can be used to provide information about {s(u). As
an application, (1) is expressed for the case where the individual claim amount
distribution is a weighted sum of exponential distributions.

To obtain the d.f. of the random variable L we consider, for u = 0, that
1 — (u) = Pr[U) = 0 for all ¢]
= Pr[u + ¢t — S(t) = 0 for all ¢]
= Pr[S(t) — ct = u for all t].
But the right-hand side is equivalent to Pr(L = u), so we have
1 — Y(u) = Pr(L = u) u=0. (13.6.2)

It follows that 1 — Y(u), the complement of the probability of ruin, can be inter-
preted as the d.f. of L. In particular, we have

1 — W0) = Pr(L = 0) = Pr(L = 0) (13.6.3)

since L = 0. In this case, the maximum loss is attained at time t = 0. Also, the
distribution of L is of mixed type. There is a point mass of 1 — {(0) at the origin
with the remaining probability distributed continuously over positive values of L.

The main result of this section is the following explicit formula for the m.g.f. of
L, which, in view of (13.6.2), can be used to obtain information about y(u).
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Theorem 13.6.1 .

. . . . __ .
MO ST A w0 i

An equivalent formula is
M) = — ! BMx(r) — 1] (13.6.4A)

+
1+60 1+601+ 0+ 0)p, r— M)

which reflects the point mass at the origin more directly, since the contribution to
the m.g.f. of the probability at L = 0 is

1= 40) = 7

by (13.5.2). Notice that the equation used to define the adjustment coefficient is
obtained by equating the denominator of (13.6.4) to 0.

Proof:

The proof of the theorem involves the consideration of the times when the ag-
gregate loss process assumes new record highs. An outcome of the aggregate loss
process is shown in Figure 13.6.1. In this outcome a new record high is established
three times. After each record high there is a probability of 1 — {s(0) that this record
will not be broken and a probability of {(0) that it will be broken. In making this
statement we are relying on the fact that a compound Poisson process has station-
ary and independent increments.

B
A Typical Outcome of the Aggregate Loss Process

~ >
< Teea
N w

[ 1 1

T T T

: | |
I

|

|

|

|

/ '
A

3

|

o
/ )

If the record is broken, the p.d.f. of the increase is that of L,, which is given in
(13.5.3). Figure 13.6.1 illustrates that we can represent L as a sum of a random
number of random variables, thus

L=L +L,+-+Ly (13.6.5)
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Here N is the number of new record highs and has a geometric distribution with

Pr(N = n) = [1 = $(O)][W(O)]"

1 n+1
=e<1+9) n=012..., (13.6.6)
and m.g.f.
My(r) = —6—— (13.6.7)
1+6—¢
The random variables N, L,, L,, . . . are mutually independent, and the common

p.d.f. of the L/s is given by (13.5.3). According to (12.2.7), the m.g.f. of L is
M,(r) = My [log M, (r)]

9
140 — M (1)

Formula (13.5.4) gives M, (r) in terms of My(r) and thus

0
146 — [1/(pi)lMx(r) — 1]

(13.6.8)

M, (r) =

_ Op,r
1+ @1+ 0)pr— M(r)’

which was to be shown. The alternative formula (13.6.4A) can be verified by col-
lecting terms over a common denominator. ]

Observe that since 1 — {(u) is the d.f. of the random variable L—see
(13.6.2)—where L has a point mass at the origin and a continuous density for
positive values of u, we have

M(r) =1 = ¥(0) + L e [y (w)] du

0 F
— + ur [ .|’ .
T ), ¢ [PVl du
Hence, (13.6.4A) states that

1 8[My(r) — 1]
1+014+1+0)p r— Mr)

J: e’ [—'(u)] du = (13.6.9)

This formula can be used to find explicit expressions for () for certain families
of claim amount distributions. One such family consists of mixtures of exponential
distributions of the form

p(x) = E A; By e Pix x>0,
=1

B,>0,A >0 A +A +-+A, =1 (13.6.10)

n
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Then
M) = 5 AP (13.6.11)
i=1 B; —r

Originally, My(r) is defined as an expectation and exists only for r < y =
min{B,, . . ., B,}. However, this function can be extended in a natural way to all
r # B,. For simplicity, we use the same symbol, My(r), for this function.

We substitute (13.6.11) into (13.6.9) and recognize that the right-hand side of the
result is a rational function of r, which, by applying the method of partial fractions,
we can write in the following form:

n
Cr

f e [— ()] du = D, . (13.6.12)
0 i=1 7’1 - r
The only function that satisfies this and () = 0 is
W) = D, C e (13.6.13)
i=1

It follows that the probability of ruin is given by this expression. We illustrate this
procedure with two examples.

Example 13.6.1

Derive an expression for (1) if the X/s have an exponential claim amount dis-
tribution; that is, n = 1 in (13.6.10).

Solution:

Since

B 1
B—r 1-p

My(r) =

the right-hand side of (13.6.9) is

< 1 ) 8[1/(1 — py 7) — 1] _( 1 0
1+6/|1+1+0)p,r—1/A-p,r) \1+6/|6—-@1+08)p,

"y

where C; =1/(1 + 6)and r; = 6/[(1 + 8) p;]. Then

=C1

Y(u) = C, e "™
This formula was established previously in Example 13.4.4, formula (13.4.8). V¥
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Example 13.6.2

Given that 8 = 2/5 and p(x) is given by

P =S Lo x>0,

calculate ys(u).

Solution:
From p(x) we have

2
My(r) = 3=+

-0 (05

We substitute these expressions into the right-hand side of (13.6.9), which, after
some simplification, becomes

6 5—r

7)\6 —7r+1r?)

The roots of the denominator are r; = 1 and r, = 6; hence this expression, rewritten
in the form of (13.6.12), is

and

C + 6 C, -
1-r 6-—71
The coefficients are determined to be
24
C, =—,
135
1
C, =—.
2 35

Thus

24 1
=—¢ M+ —e = (.
Y(u) 356 356 u=0

In Figure 13.6.2 a graph illustrates the points 7; satisfying the equation
1+ 1+ 6)p,r= M) (13.6.14)

where the distribution of X is a mixture of exponentials. The function My(r) is given
in (13.6.11) with n = 3.
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The Solution of (13.6.14) for n = 3

1+(1+9)p,r

e ————— —— ———

-7
Bs Mx(r)~

'
~

-
w

——— e - - — —— —— —

The right-hand side of (13.6.11) has discontinuities at B, B,, . . ., and at each of
these arguments the value of the function shifts from +% to ~o. The figure illus-
trates that, in general, the r;s will satisfy a condition of the form

n=R<B <rn<p,< - <r, <B,. (13.6.15)

Figure 13.4.1 illustrates that part of Figure 13.6.2 to the left of B, = 1.

Practical problems will necessitate consideration of claim distributions that are
not mixtures of exponential distributions. For some distributions it may even be
difficult to calculate the adjustment coefficient so as to be able to approximate ruin
probabilities. The following method based on the first two moments of the claim
amount distribution is easy to apply and seems to give satisfactory results for
moderate values of u.

The first moment for the distribution of L is obtained in Exercise 13.13(b). The
result is

_ _P
E[L] 26p, (13.6.16)

Further, we know from (13.5.2) that ¢(0) = 1/(1 + 6), and from (13.4.5) that
W(u) < e ®. The approximation proposed here is that

—Ku u>0

1= F) =W =1_—e

where K is chosen so that the approximated value of E[L] is equal to that given in
(13.6.16). But
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* 1
Bl = |11~ Rl du =

so that

_ 20p
1+ 6)p,

gives us the required equality. Thus our approximation is

_206pu
exp[ ——(1+9)P2] u>0.

Note that if the claim distribution is exponential with mean p,, so that p, = 2 p3,
the result is exact; see (13.4.8). This method is extended in Exercise 13.19 to give
an improved approximation.

11’(”)5119

13.7 Notes and References

The importance of the joint probability distribution of the time of ruin, T, and
the surplus level immediately after ruin, U(T), for a surplus process with aggregate
claims following a compound Poisson process is indicated in the denominator of
the expression for the probability of ruin in Theorem 13.4.1. The possibility of
expressing ruin probabilities for such a surplus process in terms of the distribution
of the claim amounts is demonstrated in Theorems 13.5.1 and 13.6.1. Several results
in this area have been published since the publication of the first edition of Actuarial
Mathematics. A recent paper by Gerber and Shiu (1998) provides a readable sum-
mary of these results. We quote their abstract:

This paper studies the joint distribution of the time of ruin, the surplus im-
mediately before ruin, and the deficit at ruin. The classical model is
generalized by discounting with respect to time of ruin. We show how to
calculate an expected discounted penalty, which is due at ruin, and may de-
pend on the deficit at ruin and the surplus immediately before ruin. The
expected discounted penalty, considered as a function of the initial surplus,
satisfies a certain renewal equation, which has a probabilistic interpretation.
Explicit answers are obtained for zero and very large initial surplus, and for
arbitrary surplus when the claim amount distribution is exponential. We gen-
eralize D. C. M. Dickson’s formula, which expresses the joint distribution of
the surplus immediately prior to and at ruin in terms of the probability of
ultimate ruin. Explicit results are obtained when dividends are paid out to the
stockholders according to a constant barrier strategy.

The reader of the proof of Theorem 13.5.1 will recognize the use of the penalty
function in their paper.

General references are the texts by

* Beard, Pentikdinen, and Pesonen (1984)
* Beekman (1974)

* Bithlmann (1970)
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» Gerber (1979)

* Panjer and Willmot (1992) and

* Seal (1969).
Ruin theory has been developed by the Scandinavian school (F. Lundberg, Cramér),
and by the Italian school (DeFinetti); this development is accurately described in
the text by Dubourdieu (1952).

We did not discuss the famous asymptotic formula for the probability of ruin,
P(u) = Ce R u— oo, (13.7.1)

where C is some constant. In view of Theorem 13.4.1, this formula is quite plausible;
it means that the denominator in (13.4.4) has a limit as u — « with the C in (13.7.1)
as the reciprocal of this limit. In the case where the claim amount distribution is a
mixture of exponential distributions, this asymptotic form is illustrated by (13.6.13).

The formula in Exercise 13.11 is called a defective renewal equation. Feller (1966)
discussed the solutions of equations of this type; in particular, he proves (13.7.1).
By the same technique, Gerber (1974) finds the limit of the conditional distribution
of —U(T), given T < o, for u — .

If we modify the model by assuming that the surplus earns interest at a constant
force 8 > 0, we have to replace c by ¢ + du in the integro-differential equation
(13.A.12) in the Appendix to this chapter. In the case of exponential claim amounts,
the resulting equation has an explicit solution in terms of the gamma function.

If the roles of premiums and claims are interchanged, with premiums repre-
senting payments by the insurer and claims representing payments to the insurer,
so that

U) = u — ct + S@)
where it is now assumed that ¢ < \ p;, then there is an explicit formula,

Y(u) = e~ R,

To prove this, one establishes a result like Theorem 13.4.1 and observes that the
surplus at the time of ruin is necessarily 0. It has been suggested that this model
could be used for a portfolio of annuities where a death frees the reserve of the
policyholder and leads to a negative claim.

Seal (1978b) discusses numerical methods for evaluating the probability of ruin
in a finite time interval. Beekman and Bowers (1972) approximate s (1, ¢) by match-
ing moments. Gerber (1974) and DeVylder (1977) give upper bounds for s (1, t) by
martingale arguments.

Panjer and Willmot (1992, Chapter 11) discuss the ideas of this chapter using
more advanced mathematical tools. Sections 11.4 and 11.5 are of particular interest
because of the development of recursive methods for calculating the approximate
probability of ultimate ruin.
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Appendix

Proof of Theorem 13.2.2
The following calculation yields a simple recursion formula for the modified
surplus:

~ a

= U - W.
ul uz 1 —a i
U +c—- W, - ——W
i-1 iT 1,
1
=U_, +c— 1—_——L; W,
=U_,+c— 1 Y; +aW_)
i1 1= g\ i-1
) R { i=1,2 (13.A.1)
i—-1 1 -z g Ly o e e Ve
From (13.A.1), (13.2.18) and the independence of the Y/’s it follows that for any #,
Elexp(-R[U, - U}l =1 i=0,1,...,n (13.A.2)

Now consider the identity
Elexp(~RU,)] = >, Elexp(-RU,) | T = i] P(T = i)
i=1

+ Elexp(—RU,) | T > n] P(T > n). (13.A.3)

From (13.A.2) for i = 0, it follows that the expression on the left-hand side of
(13.A.3) is exp(—Ra). In the summation on the right-hand side we replace U, by
U, + (U, — U,). The difference, U, — U, is independent of U,, U,, . . ., U, This can
be confirmed by using (13.A.1) and the independence of the Y’s. In particular,
(U, — U) is independent of the event T = i. It follows from (13.A.2) that

Elexp(—RU,) | T = i] = Elexp(—RU) | T = i].
Thus (13.A.3) can be written as

exp(—R1n) = 2 Elexp(—RU) | T = i] P(T = i)

+ Elexp(—RU,) | T > n] P(T > n), (13.A.4)

which is similar to (13.A.8) in the proof below of Theorem 13.4.1. Now we let
n — . Then the first term on the right-hand side of (13.A.4) converges to

i Elexp(—RU) | T = i] Pe(T = i) = Elexp(—RU;) | T < =] Pr(T < ).
i=1

Thus to complete the proof of Theorem 13.2.2 we have to show that the second
term on the right-hand side of (13.A.4) vanishes for n — «. We do this as follows.
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From (13.2.17) it follows that

ES.] = EY] 1-a (E[Y] B w)

1—a 1—a\l-—-a

Since ¢ > E[Y]/(1 — a), there is a positive number « such that E[U,] > u + an if
n is sufficiently large. Furthermore, it follows from (13.2.17) that there is a number
B such that Var(U,) < B%.. Now the remainder of the proof that the second term
on the right-hand side of (13.A.4) converges to 0 as n —  is similar to the proof
that is shown in detail for the convergence of the second term on the right-hand
side of (13.A.8) in the proof given below for Theorem 13.4.1. See Promislow (1991a)
for a complete demonstration of this step. |

Proof of Theorem 13.4.1
For t > 0 and r > 0, we consider

E[e U®] = E[e O | T < t] Pr(T < t)

+ Ele7™M® | T > ] Pr(T > t). (13.A.5)
Since U(t) = u + ¢t — S(t), the term on the left-hand side is
exp{—ru — rct + N[My(r) — 1]}. (13.A.6)

In the first term on the right-hand side, we write
ue) = W) + [Ue) — W]
= WT) + ct — T) — [S(t) — S(T)].

For a given T, the term in brackets is independent of U(T) and has a compound
Poisson distribution with Poisson parameter A (f — T). Hence the first term on the
right-hand side of (13.A.5) can be written as

Elexp(—r U(T))exp{—rc(t — T) + N(t — T)[Mx(r) — 1]} | T = t] Pr(T = t).
(13.A7)

Expressions (13.A.6) and (13.A.7) can be greatly simplified if we choose r such
that

—rc + N [My(r) — 1] = 0.

Two solutions exist (see Figure 13.4.1). The solution r = 0 gives a trivial identity
when substituted into (13.A.5). The other solution, r = R, is the adjustment coef-
ficient. If, with r = R, we substitute the simplified expressions into (13.A.5), we
obtain

e R = Ele RUD | T < t] Pr(T = t)
+ E[e RO | T > t] Pr(T > t). (13.A.8)
Now we let t — . The first term on the right-hand side converges to
E[e RUD | T < o] Ys(u).

Hence Theorem 13.4.1 follows if we can show that the second term on the right-
hand side vanishes for t — %. We shall show this as follows:
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Let a = ¢ — \p;, B* = \p,. Thus, from (13.3.6) and (13.3.7),
E[U®)] = E[u + ¢t — S{)] = u + at,
and
Var[U(t)] = Var[S(t)] = B*.

We consider u + at — B#*/3, which is positive for ¢ sufficiently large. Now we split
the second term on the right-hand side of (13.A.8) by distinguishing whether Li(#)
is less than or greater than u + at — B#*/% With this splitting, we have

E[e RO | T >t 0= Ult) =u + af — Bt?/3]
Pr[T>t,0 =< U{t) =u + af — pt?/7
+ E[e RUO | T > ¢, U(t) > u + at — Bt?/7]
Pr[T > t, U(t) > u + at — Bt?/3]
=< Pr[U(t) = u + ot — Bt*/%] + exp[—Ru + af — Bt?/9)]
=713 + exp[-R(u + at — Bt?*/3)]

by Chebychev’s inequality. But with this upper bound, the second term on the
right-hand side of (13.A.8) vanishes for t — . n

Proof of Theorem 13.5.1:

- For this proof we introduce a new concept that is of interest in itself. Let w(x),
x = 0, be a function with w(x) = 0. We define

W(; w) = E[wU(D)) | T < o] d(u), (13.A.9)

considered as a function of the initial surplus, u. We may interpret w(x) as a penalty
_if the surplus at the time of ruin is x. In this case {(u; w) is the expected value of
the penalty. Examples are

a. If w(x) = e ®, then (13.4.4) shows that §i(u; w) = e R*

b. If w(x) = 1, then (13.A.9) shows that y(u; w) = (u)

c. If

1 < —h
wh(x) = {0 *

“-h=x=0,
then
W(0; w,) = PrlU(T) < —h [ T < o] $(0).
We start the proof by showing that, for every bounded function w(x), we have
w0 w) = [ -y — P a. (13.A.10)
Using the law of total probability applied to the definition of the expected penalty
(13.A.9) by conditioning on the number claims in the initial interval (0, ), we have
¥(u; w) = Pr[N(b) = 0]{Conditional Expected Penalty given N(b) = 0}
+ Pr[N(b) = 1]{Conditional Expected Penalty given N(b) = 1}
+ Pr[N(b) > 1]{Conditional Expected Penalty given N(b) > 1}.
(13.A.11)
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From the properties of the Poisson counting process,
Pr[N(b) = 0] = ™™,
Pr[N(b) = 1] = Abe™,
Pr[N(b) > 1] = b A(b), where the limit A(b) is 0 as b goes to 0.

By the limitation of w(x) to bounded non-negative functions, 0 = w(x) = M for
some M. With this restriction, and the properties of the compound Poisson process,
we proceed as follows:

For N(b) = 0O, the conditional expected penalty is ¢(u + cb; w). Since no claims
have occurred and income has been received at the rate c, the surplus has advanced
to u + cb and the stationary independent increments place the process at a new
starting point.

For N(b) = 1, we need to condition further on the amount, x, of the single claim:

* If x = u, the surplus has remained positive, and as for the case of no claim,
the conditional expected penalty is y(u + cb — x; w).

o If u < x = u + cb, it is sufficient to observe that the conditional expected
penalty, say, A(x, b), is less than or equal to the bound on w(x), M.

« If x > u + cb, then the surplus became negative at the occurrence of the claim,
and the conditional expected penalty is w(u + & — x), where £ is the amount
of income received up to the time of claim.

Thus for N(b) = 1, the conditional expected penalty is

u u+chb 0
fo Y + cb — x:w) p(x)dx + f A(x, bp(x) dx + f , w(u + & — x)p(x) dx.

u

For N(b) > 1, it is also sufficient to observe that the conditional expected penalty,
say, D(b), is less than or equal to the bound of w(x), M.

Combining these three cases into (13.A.11), we obtain

U w) = e y(u + cb; w) + Nbe ™™ [f: Y(u + cb — x; wp(x) dx

00

+ f:m A(x, b)p(x) dx + f

u-+ci

, wu + & — x)px) dx]

+ b A(b) D(b). (13.A.12)
Now subtract §(u; w) from both sides of (13.A.12) and divide the result by cb to
get
—\b, . — . u
e My(u + Cb;;)) Yy, w) + %e—)\b I:J;) U + cb — x; ZU)p(X) dx

AGD®) _ (13 413)
c . (13.A.

u+ch 00
+ f A(x, bp(x) dx + f . w(u + & — x)px) dx] +
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As b goes to 0, the limits of the three terms of (13.A.13) are

=N (u; w) + b’ (u; w)
C 7

A “ “
p [L Y(u — x; wp(x) dx + L w(u — x)p(x) dx],

and 0.
Thus,

A A (¢
V' (u; w) = p P(u; w) — p; fo Y(u — x; w) p(x) dx

x e
-2 f w(u — x) p(x) dx. (13.A.14)
We now integrate this equation over u from 0 to z. The resulting double integrals

can be reduced to single integrals by a change in variables. For the first double
integral we replace x and u by x and y = u — x. Then

f: f: Y(u — x; w) p(x) dx du = j: f:_y U(y; w) p(x) dx dy

= jo Y(y; w) P(z — y) dy.

In the second double integral we replace x and u by x and y = x — u. Then

f: Jj w(u — x) p(x) dx du = j: Ly“ w(—y) p(x) dx dy

= fo w(—y) [P(y + z) — P(y)] dy.

Thus (13.A.14), integrated from 0 to z, gives

W @) — 00 w) = [ o - Pe -yl ay

x foel
2wy Py + 2 - Pl dy. (13A15)
For z — =, the first terms on both sides vanish leaving
A jo.e]
00 @) = > [ w1 - Pl ay

Now let w,(x) be defined as in Example (c); that is,

1 o x<-h
wy(x) = 0 -h=x=0.

Then

PAUT) <~k | T < o] 0(0) = 4@ w) = > [ 11 - Pyl ay
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Hence, when u = 0, the probability that the surplus ever falls below 0, and will be
between —h and —h — dh when it happens, is

% [1 — P(h)] dh.

If u > 0, an event with equal probability is that the surplus will ever fall below u,
and will be between u — h and u — h — dh when it happens. This proves Theorem
13.5.1. |

Exercises

Section 13.2

13.1. Suppose that W, assumes only the value 0 and +2 and that Pr(W = 0) = p,
Pr(W = 2) = g where p + g = 1. Assume thatc =1, p > 1/2 and that u is
an integer. For this case, determine
a. U(T) b. §(u) in terms of R
c. Rinterms of p, ¢ d. ¥(u) in terms of p, .

13.2. Consider the claims in periods n + 1, n + 2, ..., n + m and denote their
total by S, ,; that is,

Som = Wy + Wyp + -+ W,

The claim amount for each period is generated by the stochastic process
described in (13.2.14). Verify the following:

m-—~i m

m
a. Som = 21 Y, . 2 a + W,
i= j=0

= i=

m 1_a(m—i+1) a_am+1
=> ) Y+ | ——— ) W,.
;( 1_a > n+i (1_a> n

b. As m — o the final term on the right-hand side of the expression in (a)
converges to

al
1

¢ ES, . |Wy=w, Wy=w, ..., W,=uw,

|m@l=-a)—a+a"? 4 a— a"tt "
- 1 — ay # 1—a )

where E(Y,,,) = p.
Section 13.3

13.3. Suppose that V,, V,, . . . are independent, identically distributed random
variables with common d.f. F(x) and p.d.f. f(x), x = 0. Given N(¢) = i and
T, = s (s < t), what is the probability of the occurrence of a claim between
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times t and t + dt? (This generalization of the Poisson process is called a
renewal process.)

134. Let {N(t), t = 0} be a Poisson process with parameter N and p,(t) =
Pr[N(t) = n].
a. Show that

pit) = =\ py(t),
pat) = =N p (&) T+ Np, () n=1

b. Interpret these formulas.

Section 13.4

13.5. Calculate Iim R and lim R.

6—0 f—o0
13.6. Use
1
e”‘>1+rx+—2-(rx)2 r>0,x>0

to show that
20p,
P

R <

13.7. Suppose that 6 = 2/5 and
3 . .7
=—g W 4 — g >
pex) = 3e e x>0,

calculate
a. vy b. R.

13.8.  Suppose that the claim amount distribution is discrete with p(1) = 1/4 and
p(2) = 3/4.If R = log 2, calculate 6.

13.9. Show that the adjustment coefficient can also be obtained as the unique
solution of the equation

f e”‘[l—P(x)]dx=£ r <.

0 A

Section 13.5

13.10. Use Theorem 13.5.1 to evaluate the denominator in (13.4.4) in the case
u = 0. Is your result consistent with (13.5.2)?

Chapter 13 Collective Risk Models over an Extended Period
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13.11. a. Show by interpretation that (1), u = 0, satisfies

\ [ N
Y(u) = - fo (1 = P] ¥(u —y) dy + - f [1 = P(y)] dy.

[Hint: Use Theorem 13.5.1.]

b. The equation shown in part (a) is called a renewal equation. [See Exercise
13.3.] It is an integral equation because it is a relationship between func-
tions where the relationship involves an integral. One of the methods of
seeking a solution for an integral equation is to convert it to an integro-
differential equation. Show that

W'(u) = % {¢(u) - fo ' b = yp(ydy — [1 - P(u)]}

13.12. Substitute
2 r3

’
Mx(”):1+P17’+P2§+Psg+"'

into (13.5.4) to derive expressions for

a. E[L,] b. E[L?] c. Var(L)).
Section 13.6
13.13. a. For N as in (13.6.5), show that

E[N] = %

and

1+86

Var(N) = 02

b. Use the result of Exercise 13.12 to derive expressions for E[L] and Var(L).
[Hint: Formulas (13.6.5), (12.2.5), and (12.2.6), with p, = E[L,], Var(X) =
Var(L,), are helpful. For an alternative derivation, expand M, (r) in (13.6.4)
in powers of 7.]

13.14. Determine the m.g.f. of L if all claims are of size 2.

13.15. Under certain assumptions, the probability of ruin is
() = (0.3) e + (0.2) e + (0.1) e ™  u=0.
Calculate

a. 0 b. R.

13.16. What is the expected claim size for a distribution of the form (13.6.10)?
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13.17.

13.18.

13.19.

13.20.

13.21.

Suppose that A = 3, ¢ = 1, and

plx) = %e‘s" + 13—6e‘6" x> 0.

Calculate or derive

a. p

b. 6

c. My(r)

d. Expressions for the right-hand sides of (13.6.9) and (13.6.12)
e. An explicit formula for yi(u).

Suppose that A = 1, ¢ = 10, and

px) = %6_3"/5 x> 0.

Calculate or derive

a. py

b. 6

c. My(r)

d. Expressions for the right-hand sides of (13.6.9) and (13.6.12)
e. An explicit formula for $(u).

Beekman (1969) and Bowers’s discussion thereof suggested the following
approximation for the d.f. of L:

Pr(L = u)=&Iw) + (1 — & Gu: o, B)

where I(x) is the degenerate d.f. of the constant 0 and G(x: «, B) is the d.f.

of the gamma distribution with parameters o and 8.

a. Determine & o and B to match the point mass at the origin and the first
two moments of L; see Exercise 13.13(b).

b. What is the resulting approximation for {s(u), u = 0?

In a surplus process, (1) aggregate claims follow a compound Poisson pro-

cess, and (2) the claim amount distribution is a mixture of n exponential

distributions with p.d.f. given by (13.6.10).

a. Show that the conditional distribution of L;, given that the surplus falls
below its initial level, is a mixture of the same n exponential distributions.

b. Determine an expression for the n weights of this mixture in terms of the
weights and parameters of the claim amount distribution.

c. Determine E[L,].

For the surplus process in Example 13.6.2, determine:
a. The p.df. of L,

b. E[L]

c. Var(L,).
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Miscellaneous

13.22.

13.23.

13.24.

In the context of formula (13.2.1) let G, = U; — U, , denote the insurer’s gain
between times i — 1 and i. Suppose that G,, G,, . . . are independent, iden-
tically distributed random variables. Suppose further that u(x) = —e ™,
a > 0, is the insurer’s utility function. Show that

EluU, ) | U, = x] = u(x)

if and only if a = R, and interpret the result.

If we change the time units so that the new units are f times the old units

(for some f > 0), and let ¢, X, Us(u, t) denote parameters of the model in terms

of the new units,

a. What are these new parameters in terms of ¢, A, and ¥(u, t)?

b. For which value of fis A = 1? (Some authors refer to these units as
operational time.)

In a surplus process:

1. Aggregate claims have a compound Poisson process

2. Claim amounts are uniformly distributed over (0, 10)

3. 6 =0.05

4. u = 0.0

5. U(T) is the negative surplus at ruin

6. U(T-) is the surplus position immediately before ruin [Note: U(T-) — X =
U(T), where X is the claim amount at ruin.]

Determine E[U(T-)|T < <].

[Hint: U(T-) and |U(T)| are identically distributed in this exercise. To verify

this fact, see Gerber and Shiu (1998), formula (3.7).]

Appendix

13.25.

Suppose that all claims are of size 1.
a. State the equation for {(u) that corresponds to (13.A.14).
b. Solve the equation if 0 = u = 1.
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APPLICATIONS OF RISK THEORY

141 Introduction

The collective risk model was developed in Chapters 12 and 13. This model is
built on the assumptions that a collection of policies generates a random number
of claims in each period and that each claim can be for a random amount. To apply
the model, we need information about the distribution of the number of claims
and the distribution of individual claim amounts. The selection of these distribu-
tions was discussed in Section 12.3, and only definitional remarks are added in this
chapter for the distribution of the number of claims. Here, the distribution of in-
dividual claim amounts is illustrated in terms of four different lines of insurance:
fire, automobile, short-term disability, and hospital.

We discuss two methods of approximating the individual risk theory model for
a portfolio of insurances by a collective model. For short-term situations, this pro-
vides the means of substituting collective models for individual models.

The concept of stop-loss reinsurance for a portfolio of policies is explored in
general. The methods of Chapter 12 for calculating the distribution of aggregate
claims provide the means for the calculation of net stop-loss reinsurance premiums.
Additionally, we discuss the interpretation of one form of a group insurance div-
idend formula as a stop-loss insurance.

We give illustrations of analyses of reinsurance agreements using tools from
Chapters 12 and 13, as well as a comparison of the adjustment coefficient, which
is related to the probability of ruin, with E[L], which is related more to the depth
of ruin.

The main purpose of this chapter is to indicate various ways of applying risk
theory to insurance problems.

Chapter 14 Applications of Risk Theory
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14.2 Claim Amount Distributions

To provide an idea of the broad range of applications or risk theory models, four
specific but diverse applications are presented in this section. Here the discussion
is of the individual claim amount distribution. This can then be combined with
probabilities of individual claims occurring, to provide an individual risk model,
or it can be compounded with a distribution for number of claims from a collection
of insurances, to provide a collective risk model. The applications suggested in this
section might be used by an insurance company in managing a line of business or
block of similar policies, or by an industrial firm that uses modeling in its risk
management program.

Fire Insurance:

In this line of insurance, the claim event is a fire in an insured structure that
creates a loss. Because fires can cause heavy damage, adequate probability should
be assigned to the higher claim amounts by the d.f. P(x). In actuarial literature,
some standard distributions have been suggested. Three of these distributions are
listed in Table 14.2.1.

Typical Claim Amount Distributions

Name p(x) Mean Variance
—( Y
Lognormal (xaV2m) ! exp [%] exp (m + ¢%/2) €’ — 1) exp(@m + o?)
o
x>0, >0
o xg a X, o x2
P 0 0 0
areto xetl a—1 (o0 — 2)(ax — 1)2
x>x%>0 a>0 a>1 o> 2
Mixture of pae™+gpe™ .4 pa + q) + g +p) _ 2pq
exponentials y > o 0 < p<1, g=1-p, o B>0 a B a2 B2 of

An indication of the wide dispersion of probability in the case of the Pareto
distribution is given by the mean’s not existing unless a > 1 and the variance’s
not existing unless a > 2. Such distributions are said to have heavy tails.

To apply one of these standard distributions, the parameters of the distribution
could be estimated from a sample of claim amounts.

Automobile Physical Damage:

In this line of insurance, a claim event is an incident causing damage to an
insured automobile. The claim amount will not have the wide variability found in
fire insurance. For this reason, the gamma distribution (12.3.17) has given reason-
able fit to data and has been used on occasion for the claim amount distribution.
Again, the parameters of the distribution could be estimated from a sample of claim
amounts.
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Disability Insurance:

This insurance provides income benefits to disabled lives. Usually there is a de-
fined elimination period, seven days for example, following the occurrence of dis-
ability until benefits commence. There is also an upper limit on the payment period,
as short as 13 weeks or as long as the period until retirement age. When issued to
a group, the insurance is called group weekly indemnity insurance or group long-
term disability insurance, depending on the length of the payment period.

The benefit is a fixed amount per period, and the amount of claim is this fixed
amount times the number of periods the disability continues beyond the elimina-
tion period. Let the random variable, Y, represent this number of periods. From
claims statistics, the distribution of Y can be estimated and tabulated in a form such
as Table 14.2.2. Note the analogy between the function represented in the second
column of Table 14.2.2 and the survival function discussed for life tables in Chap-
ter 3. As used in this case, the function is referred to as a continuance function. It
yields probabilities of continuance or survival of a disability claim for the indicated
length of time. Similar to the way the survival function can be employed to provide
various probabilities of survival and death, the continuance function can be em-
ployed to provide various probabilities of continuance and termination of
disability.

In applying a collective risk model for a group disability insurance of the type
illustrated in Table 14.2.2, Pr(N = n) should be interpreted as the probability that
n disabilities, each of which continues at least seven days, occur during the insur-
ance term among the group of insureds.

If the income benefit is an amount ¢ per day, the claim amount distribution is
given by

p(x) = Pr <Y = %) x=¢2c3c...,28c 31, ..., 87c, 9lc.

Interest is not considered for this short-term insurance.

For group disability insurance a Poisson distribution is often appropriate for the
distribution of the number of disablements that occur and continue through the
elimination period. The expected number of disablements for the distribution is
often assumed to be proportional to the number of lives in the group. The following
example illustrates how a compound Poisson distribution might be used to model
the experience of a group disability contract with a medium length benefit period.
The number of claims generated by the group within a period of fixed length and
the lengths of the benefit periods of the claims that occur are assumed to be mu-
tually independent.

Example 14.2.1

Consider a disability insurance contract covering a group of 200 females all age
32. The benefit is a set of monthly payments of 2,000 each that commence three
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Length of Claim under Group Weekly
Disability Income Insurance (13-Week
Maximum Benefit, 7-Day Elimination

Period)
Length of Claim
(in Days)
y Pr(Y > y) Pr(Y = y)
0 1.00000 —
1 0.96500 0.03500
2 0.93026 0.03474
3 0.89677 0.03349
4 0.86359 0.03318
5 0.83164 0.03195
6 0.80004 0.03160
7 0.76964 0.03040
8 0.73962 0.03002
9 0.71077 0.02885
10 0.68376 0.02701
11 0.65846 0.02530
12 0.63476 0.02370
13 0.61254 0.02222
14 0.59171 0.02083
15 0.57218 0.01953
16 0.55387 0.01831
17 0.53615 0.01772
18 0.51953 0.01662
19 0.50342 0.01611
20 0.48832 0.01510
21 0.47367 0.01465
22 0.45993 0.01374
23 0.44659 0.01334
24 0.43364 0.01295
25 0.42150 0.01214
26 0.40970 0.01180
27 0.39864 0.01106
28 0.38788 0.01076
31 — 0.06361*
35 0.32427 —
38 — 0.04832
42 0.27595 —
45 — 0.03753
49 0.23842 —
52 — 0.02980
56 0.20862 —
59 — 0.02399
63 0.18463 —
66 — 0.01939
70 0.16524 —
73 — 0.01586
77 0.14938 —
80 — 0.01300
84 0.13638 —
87 — 0.01077
91 0.00000 0.12561
1.00000

*For convenience, claim terminations of a week from here
on have been considered as terminations at the end of the
third day of the week.
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months following the date of disablement and continue as long as the disability
up to a maximum of 21 payments. We assume that a compound Poisson distri-
bution is appropriate for S, the total claims for the group.

For the rate of disablement and the claim amount distribution we make use of
an excerpt of a continuance table shown below that is appropriate for a group of
1,000 females age 32 as published in the 1987 Commissioners Group Long-Term
Disability (GLTD) table. The table was constructed in a deterministic context. For
this example we make the reasonable interpretation that the data are appropriate
for a compound Poisson distribution, and the column headings have been adapted
with Y in Column (3) used as defined above. The constant of proportionality for
the rate of disablement per life is denoted by \;,.

Continuance in GLTD Table
Female, Three-Month Elimination Period
Age at Disablement 32

(1 () 3)

Months from Number of
Disablement Payments (y) 1,000 A,, Pr(Y = 1)

3 1 2.6640

4 2 2.4008

5 3 2.1343

6 4 1.9277

7 5 1.7664

8 6 1.6431

9 7 1.5442
10 8 1.4614
11 9 1.3898
12 10 1.3288
13 11 1.2767
14 12 1.2320
15 13 1.1926
16 14 1.1575
17 15 1.1261
18 16 1.0983
19 17 1.0735
20 18 1.0512
21 19 1.0308
22 20 1.0125
23 21 0.9961
24 22 0.9815

This table continues to 25 years following disablement.
Determine the mean and variance of S.

Solution:

The benefit (claim) amount is denoted by X = 2,000Y, Y =1,2,...,21, and
the p.f. of Y is denoted by p(y). Note that this formulation ignores interest over the
21-month period. The expected number of disablements that continue beyond the
elimination period for the group of 200 lives is 200 \;,. In this setup,
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E[S] = 200\,, E[X] = (2,000)(200) N, E[Y], (14.2.1)

and

Var(S) = 200\, E[X?] = (2,000%)(200) A, E[Y?]. (14.2.2)

To express the moments of S in terms of the values given in the continuance table
we proceed as follows:

E[Y] = 2 y p(y) + 21 2 p(y)

= (2

Il M‘c

) py) + 21 E p(y)

I
||M'\’
||MN

Q/)] +21 2 py)

y=22

212
[2 Py - 2 p(y)] +21 2 P

Il Il
HMN nMN

2 2 Pr(Y = x).

y=x x=1

Upon substituting this expression into (14.2.1), we have
E[S] = 200 Ny, E[X] = (2,000)(200) A, E[Y]

= 400(2.6640 + 2.4008 + - -+ + 0.99610) = 12,203.12.

For the calculation of the variance for the total claims of the group of 200 lives, we
need the second moment equivalent of the substitution m = 2., (1). It can be
verified that m*> = 2™ | (2x — 1). Thus

E(Y?) = Z yp(y) + (1) Z 126
21
{E [E (2x — 1)] py) + (21)2 E p(y)}

y=1
= {21 @x — 1) [E py) — > p(y)] + (1) 3 p(y)}
x= y=x

y=22 y=22

21 o0 21
21 2x — 1) >, ply) = 21 (2x — 1) Pr(y = x).
x= y=x x=
Upon substituting this expression into (14.2.2), we have
Var(S) = (2,000)%(200) A5, E[Y?]
21

= (800,000)1,000 A, >, (2x — 1)Pr(y = x)
x=1

— 800,000[1(2.6640) + 3(2.4008) + - - - + 41(0.9961)]
— 425.9808 X 10°. v
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Hospital Insurance:

Here we consider hospital insurance that provides a flat daily benefit during
hospitalization. A hospitalization continuance table can be used to produce a p.f.
for the length of stay in a hospital for each hospitalization. A graph of a hospital-
ization continuance function is given in Figure 14.2.1.

Continuance Function for Hospital Insurance
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In applying a collective risk model to a hospital insurance of this type issued to
a group of lives, Pr(N = n) should be interpreted as the probability that n hospi-
talizations, which meet the definition contained in the policy, occur during the
period to members of the covered group. If the benefit amount is ¢ per day, the
p.f. of the claim amount is given by

X

p(x)=Pr<Y=—c-> x=¢2,...,mc

where the random variable Y represents the length of hospitalization in days and
m is the maximum number of days for which benefits are paid.

The use of risk models in these applications permits us to estimate the required
total pure premium. In addition, this estimate may be supplemented with state-
ments about variability of losses.

14.3 Approximating the Individual Model

The individual and collective risk models are alternative constructions designed
to capture key aspects of insurance systems. Each model leads to the development
of a distribution of total claims for the modeled insurance system. In this section
we develop two methods by which the compound Poisson distribution, usually
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associated with the collective risk model, can be used to approximate the distri-
bution of total claims in the individual model.

We consider the individual model developed in Chapter 2 for application to a
group of n policies. The total claims in a policy period for the group is S = X, +
X, + -+ + X,, where X is the claim that results from policy j(j = 1,2, ..., n).
We distinguish between the occurrence of a claim and its amount, and we write

X, =1 B, (14.3.1)
Here, [;is 1 if policy j leads to a claim and 0 otherwise; B, is the amount of such a

claim, given that it occurs. On the assumption that Ij, B]-, j=12...,n, are
mutually independent, it follows that

E[S] = }‘1 q; 1 (14.3.2)
p=
and
Var(S) = 21 gl — q) p? + 21 g, 02 (14.3.3)
= =

[see (2.2.25) and (2.2.26)], where g; denotes the probability that policy j leads to a
claim, w; = E[B]], and o7 = Var(B).

We denote the d.f. of B; by P(x). If a claim occurs, the probability that it comes
from policy j is, by Bayes theorem, approximately ¢;/(q; + g, + - - - + q,). Then,
by the law of total probability, the d.f. of the amount of a given claim is
approximately

> ah (14.3.4)
St g, B

We next consider two methods of approximating the distribution of S by a com-
pound Poisson distribution.

The first method uses the compound Poisson distribution with Poisson parameter

)\ = ql + ‘72 toeeet q” (1435)
and d.f. of individual claimm amounts
Px) = D % P(x). (14.3.6)
=1

The interpretation of (14.3.5) is that the expected number of claims in the compound
Poisson model is the same as in the original individual risk model. Similarly,
(14.3.6) means that the distribution of a claim, given that it has occurred, is the
same in the two models, as can be seen from (14.3.4).

The compound Poisson distribution specified by (14.3.5) and (14.3.6) can also be
explained as follows: In the individual model, the number of claims produced by
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policy j is a Bernoulli random variable. We approximate its distribution by the
Poisson distribution with parameter g;. Correspondingly, the distribution of X; is
approximated by the compound Poisson distribution given by g, and P(x). Then
we use Theorem 12.4.1 to approximate the distribution of S by the compound Pois-
son distribution given by (14.3.5) and (14.3.6).

From (14.3.6), it follows that

po= 2 LEBI k=12.... (1437)
i=1
In particular,
=S
Pl ]:2 A\ W
and
pZ = 2 \ (p‘] 2)

j=1

Thus, the mean of the approximating compound Poisson distribution, A p;, coin-
cides with the mean of the total claims in the original individual model [see
(14.3.2)]. On the other hand, the variance of the approximating compound Poisson
distribution, \ p,, is

2 (w2 + (14.3.8)

and exceeds the variance of total claims in the individual model [see (14.3.3)]. How-
ever, if the q/s are small, the two variances are approximately the same.

Let us consider the special case where the claim amount for each policy is con-
stant, B; = bj, so that W = bj and o; = 0. Then the p.f. of individual claim amounts
according to (14.3.6) is

p(x) = 2 qf (14.3.9)

where the sum is taken over the policies for which b; = x. Furthermore, the ratio
of the variance of total claims in the individual model [see (14.3.3)] to the variance
of the approximating compound Poisson distribution [see (14.3.8)] is

> g1l — q)
i=1
> b

j=1

(14.3.10)

This ratio can be interpreted as a weighted average of the probabilities of no claims,
1-—g.
j
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Example 14.3.1

In Example 2.5.1 we considered a portfolio of 1,800 policies. Approximate the
distribution of aggregate claims by a compound Poisson distribution and discuss
the resulting approximation for the variance of aggregate claims.

Solution:
According to (14.3.5),

A = 500(0.02) + 500(0.02) + 300(0.1) + 500(0.1) = 100.
According to (14.3.9),

500(0.02) + 300(0.1) _

p(l) = 100 0.4
~500(0.02) + 500(0.1)
p(2) = 100 = 0.6.

Then p, = p(1) + 4 p(2) = 2.8, and the variance of the compound Poisson approx-
imation is Ap, = 280. As expected, this exceeds the variance of aggregate claims in
the individual model, which was found to be 256 in Example 2.5.1. v

The second method to approximate the distribution of S uses the compound
Poisson distribution with Poisson parameter

AN=XN+AN+o+ R, (14.3.11)
where Xj = —log (1 — g;) and d.f. of individual claim amounts
Px) = >, 7\1 P(x). (14.3.12)
=1

The motivation for (14.3.11) and (14.3.12) is similar to that for (14.3.5) and (14.3.6).
The key difference is that in (14.3.5) the expected numbers of claims in the two
models are matched, whereas (14.3.11) implies

e =110 - q,;

j=1

that is, the probabilities of no claims are the same in the two models.

Example 14.3.2

For the portfolio of 1,800 policies studied in Examples 2.5.1 and 14.3.1, calculate
the compound Poisson approximation to the distribution of aggregate claims by
the second method.

Solution:
A = —500 log (0.98) —500 log (0.98) —300 log (0.9)
—500 log (0.9) = 104.5
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—500 log (0.98) —300 log (0.9)

p(1) = 1045 = 0.399
.~y —500 log (0.98) —500 log (0.9)
p2) = 1045 = 0.601. v

In this section we have presented two methods for approximating the distri-
bution of aggregate claims in the individual model by a compound Poisson distri-
bution. If all the g,'s for the individual model are small (which could well be the
case in connection with life insurance policies), the two methods produce very
similar results since, in that case,

- 1
)\j:—log(l—qj)ij+5qj2+~-sqj,.

14.4 Stop-Loss Reinsurance

The concept of an insurance with a deductible is discussed in Section 1.5. A
definition is given in (1.5.1), and a property of optimality is established in Theorem
1.5.1. When such a coverage is written for a collection of insurance risks, it is called
stop-loss reinsurance, the topic of this section. In a given application, S may denote
the total claims in a given period for an insurance company, or for a block of
business of a company, or for a life or health group insurance contract.

For a stop-loss contract with deductible d, the amount paid by the reinsurer to
the ceding insurer is

o S<d
I, = {s 4 oe-u (14.4.1)

Sometimes this is written as I; = (S — d),, where the plus subscript denotes the

‘positive part of 5 — 4.

Note that I, as a function of the aggregate claims S, is also a random variable.
The amount of claims retained by the ceding insurer is

s s=d
S—Id-{ D oesa (14.4.2)

Thus, the amount retained is bounded by d, which explains the name stop-loss

contract.

We discuss methods to calculate E[I,], the expected claims paid by the reinsur-
ance when the deductible is 4. We denote the d.f. of S by F¢(x) and first assume
that S has a p.d.f. fi(x). Then,

ElL] = J:O (x = d) fo(x) dx. (14.4.3)
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Usually S cannot assume any negative values. We can extend the integral to (0, )
and subtract the integral over (0, d) to see that

d
E[L,] = E[S] — d + L (d — x) fo(x) dx. (14.4.4)
If we set
-2 1—-F
fsx) = dx [ s(0)]
in (14.4.3), and integrate by parts, we get
E[l;] = L [1 — Fs(x)] dx. (14.4.5)

Similarly, we obtain
d

HM=H$—[H—FMHM (14.4.6)

0

from (14.4.4).

Each of these four expressions for E[I,] has its own merit. If E[S] is available,
(14.4.4) and (14.4.6) are preferable where numerical integration is required, since
the range of integration is finite. This reduces the possibilities of inaccurate ap-
proximation of fg(x) for large x. Formulas (14.4.5) and (14.4.6) hold for general
distributions, including those of discrete or of mixed type. If the distribution of S
is given in analytical form, for example, by a normal or gamma distribution, (14.4.3)
might be the most tractable formula.

Example 14.4.1

If S has a gamma distribution, show that
HM=%U—G@a+LM—dﬂ—G@mml

Solution:
From (14.4.3), we obtain

E[l,] = L Xfs(x) dx — d [1 — Fy(d)]

B
a I'(a)

x*e P dx —d[1 — Gd:«a, B)].

Since al'(a) = I'(a + 1), the integrand is o/ B times the gamma p.d.f. with param-
eters a + 1 and B. Hence the given formula follows. v

Example 14.4.2

Suppose that a, b are numbers with Pr(a < S < b) = 0. Show that, for
a <d < b, E[I;] can be obtained from E[I,] and E[I,] by linear interpolation.
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Solution:
From the assumption, it follows that F¢(x) = Fg(a) for a = x < b. We use this in
(14.4.6) to see that

E[l,] = E[L] — (d — o)[1 - Fs@)];

that is, E[1,] is a linear function of d in the interval [a, b]. v

We now consider the case where the possible values of S are non-negative in-
tegers and denote by fi(x) the p.f. of S (x = 0, 1, 2, . . .). We assume that the
deductible d is an integer. According to the preceding example, the expected
stop-loss reinsurance claims for noninteger deductibles can be obtained by linear
interpolation.

The formulas

E[L] = ; (x = d) fs(®) (14.4.7)
and
d—1
E[l,] = E[S] —d + Zo @d — %) fo(x) (14.4.8)

are the counterparts of (14.4.3) and (14.4.4). The integrals in (14.4.5) and (14.4.6)
can be written as sums, since F¢(x) is piecewise constant. We obtain

E[l] = Zd [1 — Fyx)] (14.4.9)
and

d—1
E[l,] = E[S] — }z‘,o [1 — Fyx)]. (14.4.10)

Example 14.4.3

For the aggregate claims distribution in Example 12.2.2 calculate, by two meth-
ods, the expected stop-loss reinsurance claims when the deductible is 7.

Solution:
According to (14.4.7),

E[L,] = £(8) + 2 fs(9) = 0.0028.
Alternatively, according to (14.4.9),
E[I;] = [1 = F&7)] + [1 — F4(8)] = 0.0028. \ 4
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Example 14.4.4

Calculate E[I] for the compound Poisson distribution used in Example 12.4.2.

Solution:
Since the compound Poisson distribution has an infinite range, the use of (14.4.8)
and (14.4.10) is more practical here. For example, using (14.4.8) we obtain

E[I]

E[S] — 6 + 26 (6 — x) fo(x)

1.7 — 6 + 4.3547 = 0.0547. v

In general, from (14.4.9), we obtain a recursive formula
E[l,.,] = E[I,] — [1 — Fsd)] d=0,1,2,.... (14.4.11)
Thus E[I,;] can be obtained recursively with starting value E[I;] = E[S].
This recursive approach is particularly convenient if S has a compound distri-
bution that satisfies the conditions of Theorem 12.4.3. In this case, f;(x) also can be

calculated recursively [see (12.4.16)-(12.4.18)]. As an example, for the compound
Poisson distribution, we start with

fs(0) = Fg(0) = e

and
E[l,] = Ap,,
and use the recursive formulas
AN .. .
fs) =2 2 P fitx = 1,
=

Fs(x) = Fs(x — 1) +fs(x),
E[L] = E[l,_4] — [1 = Fs(x — 1)]

successively forx =1,2,3, ... .

Example 14.4.5

Assume that S has a compound Poisson distribution with A = 1.5, p(1) = 2/3,
p(2) = 1/3. Calculate values of fi(x), Fs(x), E[I,] forx =0,1,2,...,6.

Solution:
First,

£5(0) = F40) = e7** = 0.223
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and

E[l,] = \p, = 1.5% =2,

Then, since Njp(j) = 1 forj =1, 2,
1
fs(x)=3—c[fs(x—1)+fs(x—2)] x=1,2,...,6.

Note that £i(1) = £,(0).

The remaining steps and the results are displayed below.

fs@) = @/x) [fy(x—=1) Fy(x) = Fy(x—1) E[L] = EII,_,]
x + fo(x—2)] + fi(x) + Fx-1) - 1
0 0.223 0.223 2.000
1 0.223 0.446 1.223
2 0.223 0.669 0.669
3 0.149 0.818 0.338
4 0.093 0911 0.156
5 0.048 0.959 0.067
6 0.024 0.983 0.026

v

Our discussion has focused on the calculation of E[l,], the expected stop-loss
reinsurance claims. Typically, this is a lower bound for a stop-loss premium. The
actual premium will contain a loading that reflects the variability of the reinsurer’s
payment, I;. One measure of this variability is

Var(l,) = E[I7] — E[L]*

In the discrete case, it is possible to compute E[I7] recursively (see Exercise 14.8).

We now turn to a dividend formula of group insurance because it is identical in
concept to a stop-loss reinsurance. Recall that group insurance is the name used
when an insurance covering many individuals is purchased in the form of a single
contract by a sponsor such as an employer. Examples are given in the short-term
disability illustration in Section 14.2 and Example 14.2.1. In this section we discuss
one type of dividend formula that can be used in relation to group insurance.

We assume that for a premium of G the insurer will provide full coverage for
total claims S in a given period. With the policyholder’s knowledge, the premium
contains a substantial loading G — E[S] > 0. Consequently, the policyholder antic-
ipates a dividend D at the end of the period, which will be a function of S.
Specifically, we assume that the dividend is of the form

. {kG -5 S<kG

0 e=ic (14.4.12)

where 0 < k < 1. Thus the policyholder pays G and in return receives S and D.
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We now consider the expected value of D. For notational convenience, we as-
sume that the distribution of S is continuous and denote the p.d.f. of S by f(x); the
discrete case is very similar, as shown in Example 14.4.6. From (14.4.12), we have

kG
E[D] = L (kG — x) fo(x) dx. (14.4.13)

Presumably, the insurer will set k small enough so that E[S] + E[D] < G.

Example 14.4.6

For a premium of five the insurer covers total claims S, having the compound
Poisson distribution considered in Example 14.4.5. The insurer agrees to pay a
dividend equal to the excess of 80% of the premium over the claims. Calculate
G — E[S] — E[D] (this is the expected value of the amount available to cover
expenses, security loading, and so on).

Solution:
The dividend is of the form (14.4.12) with k = 0.8. Thus

E[D] = 4 f,(0) + 3 fs(1) + 2 f5(2) + f5(3) = 2.156.
Then,
G — E[S] — E[D] =5 — 2 — 2.156 = (0.844. v

We can rewrite the right-hand side of (14.4.13) as

E[D] = f: (kG — x) fo(x) dx + fk 0; (x — kG) fs(x) dx.

Thus
E[D] = kG — E[S] + E[[] (14.4.14)

where I, is the payment under a stop-loss contract with deductible kG. If the
expected stop-loss claims E[I,] have already been calculated for various deductibles,
this is a convenient formula to obtain E[D].

Example 14.4.7

Use (14.4.14) to obtain E[D] in Example 14.4.6.

Solution:
Since E[l,] = 0.156,

E[D] = 4 — 2 + 0.156 = 2.156. v

There are more facets to the connection between a dividend formula of the type
(14.4.12) and a stop-loss contract. We start with the identity

S+ D =kG + L. (14.4.15)
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This can be verified by distinguishing the cases: S = kG where both sides equal
kG, and S > kG where both sides equal S. Subtracting G from both sides, we obtain

S+D-G=1I - (- kG, (14.4.16)

We have the following interpretation: The balance of the claim payments and div-
idends received over the premium paid is the same as the corresponding balance
for a stop-loss contract with deductible kG and stop-loss premium (1 — k)G.

This interpretation suggests that the insurer can regard the premium as split into
two components,
G=kG+ (1 - kG (14.4.17)
Claims are first paid from kG, and any remaining balance kG — S (for S < kG) is
paid as a dividend in accordance with (14.4.12). The second component, (1 — k)G,
is used to provide a stop-loss reinsurance with deductible kG.
Formula (14.4.15) rearranged as
D = kG - S + IkG

yields (14.4.14) again when expectations are taken on each side.

14.5 Analysis of Reinsurance Using Ruin Theory

Questions about type and amount of reinsurance to purchase can be answered
in various ways. One approach is provided by the insurer adopting a utility func-
tion. From all available reinsurance arrangements, the insurer selects the one yield-
ing the highest expected utility. This ideal approach, which is very simple in con-
cept, is not commonly used in practice.

In preparation for a second approach, note that in Chapter 13 we considered the
insurer’s premium rate ¢ to have a relative security loading 6 such that ¢ =
(1 + 6) Ap, [see (13.4.3)]. Here 6 did not include any loading for expenses, and all
of ¢ was available for the risk process. For our further discussion of reinsurance, it
is useful to define a reinsurance loading £ by the formula

(reinsurance premium rate) = (1 + &)(expected rate of reinsurance payment).
(14.5.1)

The reinsurance premium rate, as determined by the reinsurer, will provide for
reinsurance payments, expenses, security, and profit. The insurer can express the
reinsurance premium rate in the format of the right-hand side of (14.5.1) to deter-
mine §. In particular, for expected stop-loss claims E[I,], given by (14.4.3), the load-
ing £ is 0.

The second approach recognizes that the purchase of reinsurance is necessar-
ily a compromise between expected gain and security. Because of the loading
contained in the reinsurance premium, the purchase of reinsurance will reduce the
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insurer’s expected gain; on the other hand, a reasonable reinsurance arrangement
will increase security in some sense. For this approach, a required standard of
security is first defined, and then only reinsurance arrangements satisfying this
standard are considered. From this set of admissible arrangements, the insurer
selects the one that allows for the highest expected gain.

We consider two tools from ruin theory for evaluating reinsurance agreements.
The first is the adjustment coefficient because it can be used to obtain information
about the probability of ruin. As a second tool we examine the use of E[L], the
expected value of the maximal aggregate loss. At this point the name adjustment
coefficient reveals its meaning: If a certain reinsurance arrangement produces a
value of R (or R) that is not large enough, the arrangement needs to be adjusted.

Example 14.5.1

An insurer has a portfolio producing annual aggregate claims that are inde-
pendent and identically distributed; their common distribution is compound Pois-
son with A = 1.5, p(1) = 2/3, p(2) = 1/3 (see Example 14.4.5). The annual pre-
miums received are ¢ = 2.5.

a. Calculate the adjustment coefficient that results from this portfolio.
b. Stop-loss coverage can be obtained for a reinsurance loading charge of 100%.

Calculate the adjustment coefficient if a stop-loss contract is purchased with a

deductible of

()3 (i) 4 (i) 5.

Also, compare these alternatives from the point of view of expected gain.

Solution:

a. In this case, R = R, and we can obtain R from (13.2.6) or (13.4.2). The latter
condition can be written

1.5 + 2.5r = " + (0.5) .

We obtain R = R = 0.28.

b. We consider case (i), d = 3, in detail. In Example 14.4.5 we computed E[I;] =
0.338. The actual stop-loss premium is twice this amount, or 0.676. Thus the
insurer’s retained premium in year i is 2.5 — 0.676 = 1.824, and retained claims
are

rr o Wi Wi=0’1’2/3
W‘{s W, >3

1

where W; denotes the aggregate claims of year i. According to (13.2.6), R is the
positive solution of the equation

2
p—1-824r {z fw(x) X + [1 _ FW(Z)] esr} =1
x=0

(see Example 14.4.5). We calculate R = 0.25. The expected gain per year is
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(the expected gain in the — (the expected return of the reinsurer, = 0.162.
absence of reinsurance, which, because the reinsurer
¢ — E[W] =25 —2=0.5) charges at rate 2 E[L,], is E[;] = 0.338)

The calculations for cases (ii) and (iii) are similar. The results are displayed
below where d = = represents the case of no reinsurance.

Stop-Loss Adjustment_
Deductible, d Coefficient, R Expected Gain
3 0.25 0.162
4 0.35 0.344
5 0.34 0.433
o 0.28 0.500

With respect to security (as measured by the adjustment coefficient), a deductible
of 4 is better than one of 5, which in turn is better than no reinsurance. With
respect to expected gain, this order is reversed. Further, it can be observed that
selecting a deductible of 3 would be an irrational decision. It is worse than no
reinsurance with respect to both security and expected gain. v

We next consider reinsurance arrangements where the reinsurer’s payments de-
pend on the individual claim amounts. In general, such a coverage is defined in
terms of a function h(x) with 0 = h(x) = x for all x. The interpretation is that h(x)
is the amount payable (by the reinsurer to the insurer) if a claim is of size x. A
special case is proportional reinsurance where

h(x) =ax O0=<a=1, (14.5.2)

that is, where the reinsurer reimburses a constant percentage of the claim. A second
case is excess-of-loss reinsurance where

_Jo X=pB
h(x) = {x g x>p (14.5.3)
with B = 0 playing the role of a deductible. An excess-of-loss coverage is reminis-
cent of a stop-loss coverage [see (14.4.1)]. However, the excess-of-loss is applied to
individual claims, while the stop-loss is applied to aggregate claims.

We assume the continuous time compound Poisson model of Chapter 13 and its
notation. Correspondingly, we assume the reinsurance premiums are payable
continuously at a rate ¢,. Then the ceding insurer’s adjustment coefficient, R,, is the
nontrivial solution of the equation

MM, () — 1] = —cp)r (14.5.4)

This follows from (13.3.1) since the ceding insurer now receives income at a net
rate of ¢ — ¢, and pays x — h(x) for a claim of size x.
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Example 14.5.2

Consider a surplus process with (1) the aggregate claim process, 5(t), being com-
pound Poisson where the claims have an exponential distribution with mean = 1,
(2) the relative security loading is 25%, and (3) proportional reinsurance is available
at a price 140% of the expected reinsured claims. Determine the proportion, a, of
each claim reinsured that maximizes the adjustment coefficient, R, for the process
with this reinsurance.

Solution:
By (14.5.4) R is the smallest positive root of

N+ (c — c)r = \ Elexplr[X — h(X)])1.

In this situation with p; = 1 and h(x) = ax, we have ¢ = 1.25\ and ¢, = 1.4 aA\.
Further, for X with an exponential distribution,

1
E[exp{r[X — h(X)I}] = T—d-ap
This leads to the equation for R as
1
+ (125 - lda)r = ————
1+ (1.25 — 14o)r ==y
and the solution for the adjustment coefficient is
R = (0.25 — 0.4a)

(1 - a)(1.25 — 14a)°
The value of a that maximizes the value of the adjustment coefficient is

5 —[3(35)"2/7]
«= 8

= 0.308067,

and this results in a value of the adjustment coefficient of

R = 0.223787. v

This answer depends upon the relationship between the two loading rates in the
example as explored in Exercise 14.16.

Example 14.5.3

Consider the same situation as described in Example 14.5.2. This time excess-
of-loss reinsurance is available at a price of 140% of expected claims. Find the
deductible amount, 8, which maximizes the adjustment coefficient, R, for the pro-
cess with this reinsurance.

Solution:
With excess-of-loss reinsurance, the claim size distribution is the exponential dis-
tribution truncated at B. Again we have
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¢ = 1.25\ but now h(x) = x — B for x > B and zero elsewhere, so

1.4\ j (x = B)e*dx =14Ne "
B

c, =
Further,
B =)
Elexp{r[X — k(X)]}] = j e* e dx + f e® e dx

0 B

1 — re Bd

=)

Thus, the nonlinear equation for R as a function of B is
1 —re P

1+ (125 - 14e Py — = 0.

1 -7
The following table shows the values of R corresponding to several different values
of B.

E[h(X)] B R
0.00 infinite 0.2000
0.05 2.9957 0.2393
0.10 2.3026 0.2649
0.15 1.8971 0.2871
0.20 1.6094 0.3070
0.25 1.3863 0.3244
0.30 1.2040 0.3384
0.35 1.0498 0.3474
0.40 0.9163 0.3486
0.45 0.7985 0.3371
0.50 0.6931 0.3047
0.55 0.5978 0.2366
0.60 0.5108 0.1051

The value of E[i(X)] that leads to the largest value of R requires additional work
but can be determined to be 0.38167 corresponding to a value of the deductible, B,
of 0.9632. This results in a value of R of 0.3493 which is considerably larger than
that for the most favorable value available under proportional reinsurance exam-
ined in Example 14.5.2. v

Example 14.5.4

Compare the values of the adjustment coefficient, R, for the situations described
in Examples 14.5.2 and 14.5.3 for pairs of a and B such that the reinsurer’s expected
payments, E[l(X)], are the same, that is, if a = ¢7P.
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Solution:

Proportional Excess-of-Loss

E[h(X)] o R 8 R
0.00 0.00 0.2000 infinite 0.2000
0.05 0.05 0.2052 2.9957 0.2393
0.10 0.10 0.2102 2.3026 0.2649
0.15 0.15 0.2149 1.8971 0.2871
0.20 0.20 0.2191 1.6094 0.3070
0.25 0.25 0.2222 1.3863 0.3244
0.30 0.30 0.2238 1.2040 0.3384
0.35 0.35 0.2227 1.0498 0.3474
0.40 0.40 0.2174 0.9163 0.3486
0.45 0.45 0.2053 0.7985 0.3371
0.50 0.50 0.1818 0.6931 0.3047
0.55 0.55 0.1389 0.5978 0.2366
0.60 0.60 0.0610 0.5108 0.1051

For a given reinsurance loading, the excess-of-loss coverage consistently leads to a
higher adjustment coefficient than that provided by the corresponding proportional
coverage. We see below that this is not a coincidence. v

Somewhat similar to Theorem 1.5.1 is another theorem giving an optimality fea-
ture of excess-of-loss reinsurance. The proof of Theorem 14.5.1 is given in the Ap-
pendix to this chapter.

Theorem 14.5.1

Assume the compound Poisson model of Chapter 13. Let an arbitrary re-

insurance be defined by h(x), 0 = h(x) = x, and ¢, its premium rate. Similarly,

~ let an excess-of-loss reinsurance with deductible B be defined by h,(x) and ¢,

(simplified notation for 0y} Furthermore, let R, and Ry denote the resultmg

ad}ustment coefﬁaents re:,pectlvelv 1f E{h{X )] = E{hB(X)] and C,, = ¢y, then
Bz Ry o . . . .

Since ¢, = (1 + &)X\ E[h(X)] and ¢z = (1 + &) N E[l5(X)] where §, and &; are the
loadings for the respective reinsurance coverages, the conditions of the theorem
imply &, = &;. This limits the application of the theorem, as it may not be possible
to secure excess-of-loss reinsurance with the same loading as for other reinsurances.

To illustrate this point, reconsider the situations of Examples 14.5.2 and 14.5.3.
Assume that excess-of-loss reinsurance can be obtained only with a reinsurance
loading of 75%, whereas the proportional reinsurance remains available with re-
insurance loading of 40%. Proportional reinsurance with a = 0.25, §, = 0.40 has a
premium rate of 1.4 a = 0.35, and from Example 14.5.4 we see that R = 0.2222.
The excess-of-loss reinsurance with the same expected cost has a deductible of
B = 1.3863 and the premium rate would be 1.75 e™® = 0.4375. Here, however, going
through the process of Example 14.5.3 we obtain an R value of 0.1459. Thus the
reinsurance premium rate would be higher than for proportional reinsurance, but
the resulting adjustment coefficient would be lower and imply less protection
against ruin.
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We now shift attention to a second criterion for analyzing reinsurance arrange-
ments. The criterion is to minimize the expected value of the maximal aggregate
loss random variable, L. By its definition, Pr(L > u) = {(u). Since L is a non-negative
random variable,

E[L] = f: Pr(L > u) du = J:o W) du, (14.5.5)

and minimizing E[L] is related to the problem of reducing the probability of ruin.
The two criteria are quite closely related since, by (13.4.5),

P(u) < e kv

so that
” 1
E[L] = f Y(u) du < —.
0 R
Thus maximizing R is closely related to minimizing E[L].

In the next two examples, we again determine a reinsurance arrangement of the
proportional type and then of the excess-of-loss type, both of which minimize E[L].

Example 14.5.5

Consider a surplus process where (1) the aggregate claim process, S(t), is com-
pound Poisson with claims having an exponential distribution with mean = 1,
(2) the relative security loading is 25%, and (3) proportional reinsurance is available
at a price 140% of the expected reinsured claims. Determine the proportion, «, of
each claim reinsured that minimizes E[L], the expected value of the maximal ag-
gregate loss random variable.

Solution:

By (13.6.16) E[L] = p,/ (2p,6). All numbers are in terms of premiums and claims
retained by the original insurer, so p, = E[(1 — o)’X?] = (1 — «)* E[X?] =
2(1 — a)% The expression 6p, is the net amount of loading collected and retained
by the original insurer and is the difference 1.25 — 1.4 o — (1 — a) = 025 — 04 a.
Thus E[L] = (1 — «)*/(0.25 — 0.4 &), and this is minimized at o = 0.25. At this
value of «, E[L] = 3.75. v

Example 14.5.6

Consider the same situation as described in Example 14.5.5. Find the deductible
amount, 3, which minimizes E[L] if excess-of-loss reinsurance is available at a price
of
a. 140% of the expected claims reinsured, and
b. 175% of the expected claims reinsured.
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Example 14.5.7

Solution:

With excess-of-loss reinsurance, the claim size distribution is the exponential dis-

tribution truncated at . Here,

B =]
p1=fxe‘xdx+f Be*dx=1—¢"
B

0

and

B (=]
p, = f x% ¥ dx + L B2e¥dx =21 — (B + DeP].

0

a. The net amount of loading collected and retained by the original insurer is the

difference
125 — 14e® — (1 — e®) = 0.25 — 0.4 ",

Thus E[L] = [1 — (B + 1)e®]/(0.25 — 0.4¢™PF). The value of B that minimizes
this expression satisfies the equation

04 — 0258 = 04",

and the B that satisfies this is 1.02717. At this value of B, E[L] = 2.56793. This
value of E[L] is smaller than the one found in Example 14.5.5, suggesting that
excess-of-loss reinsurance is also to be preferred over proportional reinsurance
by this criterion.

. By a similar process the value of B that minimizes E[L] in part (b) satisfies the

equation
075 — 025 B = 0.75 ¢7F,

and the B that satisfies this is 2.82143. At this value of B, E[L] = 3.76192. This
value of E[L] is slightly larger than the one found in Example 14.5.5 for pro-
portional reinsurance. This suggests that excess-of-loss reinsurance, with higher
loading, is not preferred over proportional reinsurance by the E[L] criterion. ¥

Compare the results of Examples 14.5.5 and 14.5.6 for pairs of o and B such that

the reinsurer’s expected payments, E[i(X)], are the same, that is, if a = ¢7P.
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Solution:

Proportional Excess-of-Loss Excess-of-Loss
40% Loading 40% Loading 75% Loading
Elh(X)] o E[L] B E[L] B E[L]
0.00 0.00 4.000 infinite 4.000 infinite 4.000
0.05 0.05 3.924 2.9957 3.479 2.9957 3.766
0.10 0.10 3.857 2.3026 3.189 2.3026 3.827
0.15 0.15 3.803 1.8971 2.976 1.8971 4112
0.20 0.20 3.765 1.6094 2.812 1.6094 4.781
0.25 0.25 3.750 1.3863 2.690 1.3863 6.455
0.30 0.30 3.769 1.2040 2.606 1.2040 13.552
0.35 0.35 3.841 1.0498 2.569
0.40 0.40 4.000 0.9163 2.594
0.45 0.45 4.321 0.7985 2.724
0.50 0.50 5.000 0.6931 3.069
0.55 0.55 6.750 0.5978 4.040
0.60 0.60 16.000 0.5108 9.350
v

Example 14.5.7 suggests that for the same loading levels, excess-of-loss reinsur-
ance is to be preferred over proportional reinsurance. Exercise 14.24 illustrates the
development of a result that formalizes this observation. At higher loading levels
for excess-of-loss reinsurance the picture is mixed. For low amounts of reinsurance
purchased, that is, low values of E[i(X)], a superiority of excess-of-loss can still be
observed. With higher amounts purchased, the proportional reinsurance with its
smaller loading will be preferred.

14.6 Notes and References

A monograph by Hogg and Klugman (1984) demonstrates the use of claim sta-
tistics for selecting a claim amount distribution and estimating the parameters.
Other references for this can be found in Seal (1969). The claim amount distribution
for group weekly indemnity insurance was taken from papers by Miller (1951) and
Bartlett (1965). The hospitalization continuance curve was derived from data in a
paper by Gingery (1952).

The two methods for approximating the individual model by a collective model
were suggested by Mereu (1972) and Wooddy (1973).

Calculating stop-loss premiums has been the subject of many papers. Bohman
and Esscher (1963-64) reported on an extensive study of alternative methods of
approximating the distribution of total claims and expected stop-loss claims. Bart-
lett (1965) discussed the use of the gamma distribution for the calculation of ex-
pected stop-loss claims. Bowers (1969) presented an upper bound, in terms of the
mean and variance of aggregate claims, for expected stop-loss claims. This result
has been generalized by Taylor (1977) and by Goovaerts and DeVylder (1980). In
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recent years several papers have developed methods for use with discrete claim
distributions. These include Halmstad (1972), Mereu (1972), Gerber and Jones
(1977), and Panjer (1980).

A link between the applications of risk theory and financial economics is estab-
lished in Exercise 14.23. The result was obtained by Black and Scholes (1973), start-
ing with assumptions about the operations of an efficient securities market. Their
work is widely regarded as starting a new approach to many issues in financial
€Cconomics.

The effect of reinsurance on the probability of ruin is discussed by Gerber (1980).

Appendix

Proof of Theorem 14.5.1:
We know that R, is the positive root of

A+ (c = c)r = MMy (r)
and Rg is the positive root of

N+ (¢ = cp)r = AMx_p,x)(7)-
Since ¢, = ¢z, we can see from Figure 14.A.1 that

My 1) = My_pyxp(r) 7 >0 (14.A.1)

implies R, = R,.

Proof of Theorem 14.5.1

A My_yx)(7)
A Mx—hﬁ(X) (r)
At+(c=cp)r = A+(c—cp)r
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To establish (14.A.1), we first use the convexity of the exponential function to
show that

exp{r[x — h(x)]} = expir[x — hg(x)]}
+ 7 explrlx — hg(0)]} [hg(x) — h(x)].
Since x — hy(x) = B and x — hy(x) = B whenever hy(x) — h(x) > 0, it follows that
exp{rlx — h(x)]} = expfrlx — hg(x)]} + 7 exp(r B)[hg(x) — A(x)].
Then
Elexp{r[X — h(X)]}] = Elexp{r[X — ha(X)]}]
+ 1 exp(r B) Elhg(X) — h(X)]

By the hypothesis of the theorem the last expectation is 0. This yields (14.A.1), from
which the theorem follows. |

Exercises

Section 14.1

14.1. A term insurance provides the amount b if a claim occurs. The probability
of a claim occurring is g.
a. Consider the following loss random variable:

- {b — bg with probability g
0 — bg with probability p =1 — g.

Verify that E[L] = 0.

b. Calculate Var(L).

c. The security-loaded premium is taken as bg + sV Var(L). If 100 identical
policies of this type are sold and the loss random variables, as defined in
part (a), for these policies are mutually independent, calculate the loading
factor s such that the probability that the sum of these loss random var-
iables exceeds the total security loading is less than 0.01.

Section 14.2

14.2. Verify the mean and variance entries in Table 14.2.1.

14.3. a. Calculate the mean of the distribution described in Table 14.2.2.
b. By how much would the expected benefit per case of disability be reduced
in the short-term disability insurance illustration if the 13-week maximum
were replaced by a 10-week maximum?

14.4. Given that a disability has occurred, evaluate, on the basis of Table 14.2.2,
a. Pr3=Y =6)
b. Pr(10 = Y = 13)
c. Pr20 =Y = 23).
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Section 14.3

14.5.

14.6.

14.7.

Consider a portfolio of 100 policies, each of which is for a 1-year term life
insurance.

Amount Insured

One-Year
Mortality Rate 1 4
0.01 10 20
0.02 30 40

The matrix entries give the number of policies in the portfolio for the indi-

cated combination of amount insured and mortality rate.

a. If S represents the aggregate claims, calculate E[S] and Var(S).

b. What compound Poisson distribution would be used for approximating
the individual model by the first method? What would be the resulting
approximation for Var(S)?

Suppose that By = b; > 0forj=1,2,...,n

a. Write expressions for the mean and variance of the compound Poisson
distribution chosen according to the second method.

b. Show that the values in (a) are higher than the corresponding values
obtained by the first method. [Hint: First show that Xj >q,j =12

., nl]

c. Compute the mean and variance of the compound Poisson distribution

in Example 14.3.1 by the second method.

Calculate the probability that two claims that occur in the individual model
are from policies 7 and j (i # j).

Section 14.4

14.8.

14.9.

14.10.

14.11.

14.12.

14.13.

Suppose that the possible claims are integers. Show that

E[Iﬁ] = E[Ig—ﬂ —2E[l; 4] +1—Fd—1).
Calculate E[I,] if S has the normal distribution with parameters p and o.
Suppose that the possible claims are integers. Express the following in terms
of Fy(x) and fy(x):
a. AE[L] b. A%E[L].
It is known that E[[,] =1 —d — (1 — d%® /3 for 0 = d = 1 and is equal to
0 for d > 1. Derive the p.d.f. of the underlying distribution of aggregate

claims.

If S has a compound Poisson distribution given by A = 3, p(1) = 5/6,
p(2) = 1/6, calculate fy(x), Fs(x), E[I,] forx =0, 1, 2.

A dividend of the form (14.4.12) is to be used in Examples 14.4.6 and 14.4.7.
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a. Calculate G — E[S] — E[D] if k = 0.9.
b. Determine k such that G — E[S] — E[D] = 0.

14.14. A reinsurer will pay 80% of the excess of S over a deductible d, subject to a
maximum payment of m. Express the expected claims under this coverage
in terms of expected stop-loss claims.

14.15. In Example 14.4.5 determine d such that E[I;] = 0.2.
Section 14.5

14.16. a. Repeat Example 14.52 with A = 1,c =1+ 6, and ¢, = (1 + §a.
b. Develop a relationship between 6 and £ so that the maximum of R occurs
ata = 0.

14.17. a. Repeat Example 14.5.5 withA =1, c =1+ 6,and ¢, = (1 + §a.
b. Develop a relationship between 6 and & so that the minimum of E[L]
occurs at a = 0.

14.18. Reconsider the situation of Example 14.5.3, now with A = 1, insurer’s relative
security loading 60, and excess-of-loss reinsurance available at a price of
1 + & times expected claims covered by the reinsurance.
a. Determine an expression for the ceding insurer’s relative security loading
after purchase of the reinsurance described.
b. Determine the equation from which the ceding insurer’s adjustment co-
efficient can be obtained.

14.19. The annual claims, W, i = 1, 2, . . . for an insurance company are mutually
independent and identically distributed, N(10, 4). The company collects a
relative security loading of 25%. A reinsurer is willing to accept the risk on
any part, o, of the portfolio on a proportional basis for a reinsurance pre-
mium equal to 140% of the expected value of the claims reinsured.

a. Express the adjustment coefficient, R, for the portfolio with proportional
reinsurance as a function of a.

b. Determine the value of a that maximizes the security of the insurance
company by giving the largest value of R.

Miscellaneous

14.20. A reinsurer with wealth w and utility function u(w) sets the stop-loss pre-
mium H, corresponding to a deductible d so that u(w) = E[u(w + H, — I,)]
[see (1.3.6)]. Calculate H; if u(w) = —ae™** (o > 0) and if S has the normal
distribution with parameters w and o.

14.21. It is known that

E[L] = (E — d)[l ~ c1><— E + \/Eﬁﬂ

g 200 __a_.__
+<B+d>e <I>< Vi V@) for d > 0.
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14.22.

14.23.

14.24.

Derive the p.d.f. of the underlying distribution of aggregate claims. Identify
the distribution.

Let N have a Poisson distribution with parameter \, a positive integer.

a.

b.

}\}\+1 e—>\

A
Use the result of Exercise 12.20 in which an approximation to the distri-
bution of (N — \)/ \/X, when X\ is large, is derived to confirm that

Show that E[I,] =

A
E[I)\] = ﬁ

. Combine the results of parts (a) and (b) to derive the approximation

A= A\M/ 2o 2,

(Historical Comment: This is known as Stirling’s approximation for A!,
when \ is large. “In 1730 James Stirling, with help from De Moivre, de-
rived this exponential approximation for factorials. De Moivre then
showed in a paper of 1733 that the exponential error function gave a very
good approximation of the distribution of possible outcomes for problems
like the result of 1000 coin tosses’ [The Rise of Statistical Thinking, T. M.
Porter, Princeton University Press, 1986, p. 93]. In this exercise we have
reversed the route followed by De Moivre and Stirling. We used the Cen-
tral Limit Theorem to derive Stirling’s approximation.)

. If S has a lognormal distribution with parameters tm and ta?, t > 0, derive

an expression for

E[e ®1;], where 8 > 0.

. Determine the value of m such that the expectation of the discounted

value of S is 1.

. Rewrite your result of a. with this value of m.

[Remark: Your answer is the Black Scholes formula for a European call
option, with exercise price d, on a stock with price 1 at t = 0 and price S
at time £.]

For the compound Poisson process model of Chapter 13 with security load-
ing 6, consider the excess-of-loss reinsurance contract hy(x) with loading &
and the set of reinsurance contracts, h(x), with E[h(x)] = E[hy(x)] and load-
ing & Assume that 0E[X] > & E[h(x)].

a.

b.

Verify that E[L:h] = p,,,/26p,;, where the h subscripts indicate the mo-
ments of the process of retained claims under reinsurance contract h.
Verify that under the hypothesis, the minimization of E[L:/1] over the set
of possible reinsurance contracts with the specified premium and loading
is equivalent to minimizing p,.,.

Using the method of Exercise 1.21, confirm that E[L:h;] = E[L:h], thereby
establishing another optimal property of excess-of-loss reinsurance.
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INSURANCE MODELS
INCLUDING EXPENSES

151 Introduction

The equivalence principle was introduced in Chapter 6 as a means for determin-
ing insurance premiums. In that chapter, the principle imposed the condition that
the actuarial present values of benefits and benefit premiums be equal at the time
the insurance is issued. In Chapters 7 and 8 this principle was applied to time
periods beyond the initial date of contract. Benefit reserves were expressed as the
actuarial present value of the difference between future benefit payments and fu-
ture benefit premium income.

The foregoing chapters were devoted, in large part, to building a comprehensive
model for insurance systems based on the equivalence principle. However, this
model did not incorporate several aspects of insurance practice and economic re-
ality. For example, an insurer has cash outflows other than claim payments.
Expenditures of this general type include those for taxes and licenses as well as
those for selling and servicing insurance policies. These expenses must be met from
premium and investment income. In this chapter we incorporate expenses into the
model for premiums and reserves.

The equivalence principle is extended to incorporate expense payments along
with benefits as expenditures, and provisions for expenses are included in premi-
ums and reserves. In this extension, it is assumed that the expenses incurred in
connection with each policy are known with certainty. This extension is shown to
provide a reasonable foundation for financial reporting for insurance enterprises.

Withdrawal benefits are common in life insurance, and they are required, and
their amounts regulated, in many jurisdictions. In Section 15.3 a multiple decrement
example is used to illustrate a comprehensive model involving death and with-
drawal benefits and expenses. This model is used with the equivalence principle
to derive premiums, reserves, and financial reports.

Chapter 15 Insurance Models Including Expenses
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In the history of insurance practice and regulation, it has been convenient to
approximate double decrement models incorporating expenses by using single-
decrement-death-benefit-only models with suitably modified sets of benefit pre-
miums. Some of these regulatory issues are discussed in Sections 16.2, 16.6, and
16.7.

15.2 Expense Augmented Models

The main ideas needed to incorporate expenses are first examined in an extended
illustration. Tables 15.2.1A and 15.2.1B specify the salient features, selected for con-
venience and ease of calculation rather than for realism.

Specifications of Illustration: Description

1. Plan of insurance 3-year annual premium endowment insurance, issued to
(x) with level benefits and premiums
2. Payment basis Fully discrete
3. Mortality q. = 01, .., = 01111, g9,,, = 0.5
4. Interest Annual effective rate of i = 0.15
5. Amount of insurance 1,000
6. Expenses
a. Timing Paid at the beginning of each policy year
b. Amount (as given in Table 15.2.1B)

Ll

Speciﬁcations of Illustration: Amount of Expenses
First Year Renewal Years
Percentage Percentage
Type of Expense of Premium Constant of Premium Constant

Sales commission 10% — 2% —
General expense 4 3 — 1
Taxes, licenses, and fees 2 — 2 —
Policy maintenance 2 1 2 1
Issue and classification 2 4 — —

Total 20% 8 6% 2

15.2.1

Premiums and Reserves

Descriptive specifications 1 through 5 from Table 15.2.1A can be used with the
equivalence principle to determine the level annual benefit premium for this in-
surance, 1,000 P, 5 = 288.41. Table 15.2.2 provides the details of the calculation of
the corresponding benefit reserves.
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- i
Benefit Reserve Calculations

1) (2) 3) 4
Curtate Conditional
Future Probability
Lifetime Loss Variable of Outcome 2) X (3)
At Issue (,L)
K{x) =0 581.16 0.1 58.12
K(x) =1 216.94 0.1 21.69
K(x) =2 — 99.76 0.8 —-79.81

1,000 \V,3 = E[,L] = 0.00
o(,L) = 215.51

One Year after Issue (,L)
Kx) =1 581.16 0.1111 64.57
K(x) = 2 216.94 0.8889 192.84

1,000 ,V,5 = E[,L] = 257.41
o(,L) = 114.46

Two Years after Issue (,L)

K(x) = 2 581.16 1.0 581.16
1,000 ,V,5 = E[,L] = 581.16
oGl) = 0

As a final confirmation we can verify that ;V,3 = 1.0:

1,000,V,5 + P.z)(1 + i) = 1,000
(581.16 + 288.41)(1.15) = 1,000

The expenses, as provided by Table 15.2.1B, are incorporated by modifying the
loss variables. The present value of benefits is increased by the present value of
expenses. This new total is then offset by the present value of level expense-loaded
premiums, denoted by G. Table 15.2.3 is constructed using information from Table
15.2.1B.

Expense Augmented Loss Variable (,L,)

Curtate P Val

Future resent Values Probability
Lifetime Benefits + Expenses — Premiums of Outcome
K(x)=0 1,000v + (0.20G + 8) — Giip 0.1
K(x) =1 1,0000* + (0.20G + 8) + (0.06G + 2)ag — Giiz 0.1
K(x) =2 1,0000° + (0.20G + 8) + (0.06G + 2)a3 — Giiz 0.8
Expected  688.58387 + (0.20G + 8) + (0.06G + 2)(1.3875236)

Values

— (G(2.3875236)

Implicit in the expense augmented loss variable (,L,) displayed in Table 15.2.3 is
the decision to fund benefits and expenses with a level annual premium G. Other
patterns for premiums are possible. In this case, the expense-loaded premium is

Chapter 15 Insurance Models Including Expenses
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determined by the equivalence principle; that is, the expected value of the expense
augmented loss variable is 0. From Table 15.2.3,

688.58387 + (0.20G + 8) + (0.06G + 2)(1.3875236) — G(2.3875236) = 0.0.
This yields
G = 332.35,
which may be written

G

1,000P, 3 + level expense premium (¢)

288.41 + 43.94 = 332.35.

Table 15.2.4 exhibits the calculations of the expected values and standard devi-
ations of the expense augmented loss variables at policy issue and at 1 and 2 years
after issue. The total reserve is allocated into benefit and expense components. In
each year, expected income from level benefit premium payments does not match
expected benefit payments. This mismatching creates a non-negative benefit re-
serve. Likewise in each year, expected income from level expense loadings does
not match expected payments for expenses. This mismatching creates a nonpositive

expense reserve.

§

Expected Values of Expense Augmented Loss Variables

(Present — (1,000 % (Present .es
Curtate Value of P53 X Value of —e i Conditional
Future . R + & Probability
Lifetime Benefits)  dizy) Expenses) of Outcome
At Issue (,L,)
K(x) =0  (869.57 — 288.41) + (7447 — 43.94) 0.1
K(x) =1  (756.14 — 539.20) + (93.55 — 82.15) 0.1
K(x)=2  (657.52 — 757.28) +  (110.14 - 115.37) 0.8
Expected Values: Benefit reserve + Expense reserve = Total reserve
0 + 0 = 0
o(,l,) = 226.82
One Year after Issue (L)
K(x) =1 (869.57 — 288.41) + (2194 — 43.94) 0.1111
K(x)=2  (756.14 — 539.20) + (41.02 — 82.15) 0.8889
Expected Values: Benefit reserve + Expense reserve = Total reserve
257.41 - 39.00 = 21841
o(,L) = 12047
Two Years after Issue (,L,)
K(x) =2  (869.57 — 288.41) + (21.94 — 43.94) 1.0
Expected Values: Benefit reserve + Expense reserve = Total reserve
581.16 - 22.00 = 559.16
o(L) = 0

As a confirmation, the terminal total reserve (at the end of 3 years) is:

(total reserve at end of year 2 + loaded premium — expenses )(1 + i)
=( 559.16 + 332.35 — 21.94 )(1.15) = 1,000
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The following observations identify some of the key ideas in the illustration.

Observations:

1. Loss variables, as originally introduced, measure the present value of benefits
less the present value of benefit premiums at the various times when benefits
might be paid. These variables can be augmented to incorporate expenses and
expense-loaded premiums.

2. The equivalence principle can be used to determine expense-loaded premiums
and the associated total reserves (benefit reserves plus expense reserves).

3. The expense reserve is often negative in early policy years. This is a consequence
of matching a decreasing stream of expense payments with a level stream of
expense loadings.

4. Analysis and projection of expenses precede the determination of expense-
loaded premiums.

5. The standard deviation of the expense augmented loss variable can be used to
determine a contingency fund. This fund guards against inadequate balancing
of premium and investment income with benefit and expense payments. Such a
situation is possible due to the random nature of the time benefits are paid.
Methods for this were illustrated in Chapter 8.

15.2.2 Accounting

In manufacturing enterprises, a product is usually built before it is sold. In most
businesses that provide services, the service is performed before payment is re-
ceived. An insurance operation is unusual in that premium income is received
before the service of risk assumption is performed. It is this fact that motivates
concerns by regulators and consumers about insurer solvency, and it also creates
financial reporting issues.

Accounting is directed, in part, to matching the cost of providing a product or
service with the revenue derived from selling it. The objective is to measure the
economic gain or loss from engaging in these activities. Accounting in life insurance
and annuity operations differs from that in many enterprises because income is
received before costs are known. The reserve systems illustrated earlier, level ben-
efit premium and expense-loaded premium, can be used to achieve an improved
match between premium income and associated expenditures.

The illustration is continued in Tables 15.2.5 and 15.2.6, in which the following
assumptions are made:
* The annual contract premium for each policy is 342.35, the expense-loaded
premium plus an arbitrary amount of 10. The remainder, after paying the per-
cent of premium expenses on the additional 10, is for profit and contingencies.
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Income Ste{tements (10 Initial Insureds)

(@

Reporting Benefit
Reserves as

(b)
Reporting Benefit
Plus Expense
Reserves as

Income Statements Liabilities Liabilities
During First Year
Income
Premium (10) 3423.50 3423.50
Investment (15%) _548.82 _548.82
3972.32 3972.32
Charges to Income
Expenses
Percentage (20%) 684.70 684.70
Constant (8) 80.00 80.00
Claims (1) 1 000.00 1000.00
Increase in reserves 2 316.69 1965.69
_4081.39 _3730.39
Net Income —109.07 241.93
During Second Year
Income
Premium (9) 3081.15 3081.15
Investment (15%) 912.88 912.88
3994.03 3994.03
Charges to Income
Expenses
Percentage (6%) 184.87 184.87
Constant (2) 18.00 18.00
Claims (1) 1 000.00 1 000.00
Increase in reserves 2 332.59 2 507.59
_3538546 _3710.46
Net Income 458.57 283.57
During Third Year
Income
Premium (8) 2 738.80 2738.80
Investment (15%) 1283.59 1283.59
4022.39 4022.39
Charges to Income
Expenses
Percentage (6%) 164.33 164.33
Constant (2) 16.00 16.00
Claims and maturities (8) 8 000.00 8 000.00
Increase in reserves —4649.28 —4473.28
3 531.05 3707.05
Net income 491.34 315.34
Notes:

1. Investment income = (assets at end of prior year + premium income — expenses) (0.15).

2. Total net income = —109.07 + 458.57 + 491.34
= 241.93 + 283.57 + 315.34

= 840.84.

Col. (a)
Col. (b)

3. Alternative calculation (review specifications in Table 15.2.1B):
total net income = (interest income on initial funds) + (accumulated value of net profit loadings)
= 1,000[(1.15)® — 1] + 10[(10)(0.8)(1.15)® + 9(0.94)(1.15)% + (8)(0.94)(1.15)]

= 840.91.

The difference in results of these two calculations is attributed to rounding errors.
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il o
Balance Sheets (10 Initial Insureds)

(a) (b)
Reporting Benefit
Reporting Benefit Plus Expense
Reserves as Reserves as
Balance Sheets Liabilities Liabilities
At End of First Year
Assets 3207.62 3207.62
Liabilities (Reserves) 2 316.69 1 965.69
Surplus _890.93 1241.93
3207.62 3207.62
At End of Second Year
Assets 5998.78 5998.78
Liabilities (Reserves) 4 649.28 4473.28
Surplus 1349.50 1525.50
5998.78 5998.78
At End of Third Year
Assets 1 840.84 1 840.84
Liabilities (Reserves) 0 0
Surplus 1840.84 1 840.84
1 840.84 1 840.84

Notes:
1. Increase in surplus = total gains (see note 2 to Table 15.2.5). 1,840.84 — 1,000 = 840.84.
2. Surplus = (surplus at end of previous year + net income).
3. Assets = [assets at end of previous year + (net income + increase in reserves)]
= [assets at end of previous year + (premiums + investment income — claims — expenses)].

The accounting statements are derived using a deterministic survival group,
initially consisting of 10 insureds. Each accounting entry can be divided by 10
to produce entries that can be interpreted as expected amounts for each initial
insured.

* Expenses are paid and investment income is earned exactly as specified in
Tables 15.2.1A and B.

* The hypothetical insurance operations start with an initial fund of 1,000.

* In the accounting statements in column (a), benefit reserves alone are reported
as liabilities. In the accounting entries in column (b), benefit reserves plus ex-
pense reserves are reported as liabilities.

The set of accounting statements that use benefit reserves as liabilities is internally
inconsistent in a sense. This is true because future expenses and provisions for
these expenses in future premiums are not incorporated into liabilities.

The following observations indicate some additional key points in the accounting

illustration.

Observations:

6. The amounts recognized as net income in the accounting statements are less
variable when benefit plus expense reserves are reported as liabilities than in
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the situation where benefit reserves alone are reported. Also, net income can be
related to interest on surplus and the net profit loadings accumulated with
interest.

7. Total gain over the 3-year period is not affected by the method selected for
reporting liabilities.

8. In actual practice, expected results are not realized with the degree of certainty
assumed in the illustration.

The practice and therefore the vocabulary of life insurance accounting are com-
plicated by the fact that several groups of stakeholders, each with its own respon-
sibilities and interests, rely on these statements. The ideas illustrated in column (a)
of Tables 15.2.5 and 15.2.6 are related to those historically used in the United States
for regulatory purposes. The ideas illustrated in column (b) are related to those
used in financial statements intended for use by the capital markets.

15.3 Withdrawal Benefits

In Section 11.4 the idea of withdrawal benefits to be paid to terminating
policyholders was introduced. The primary purpose of that section was the estab-
lishment of conditions under which premiums and reserves incorporating death
and withdrawal benefits would be identical to those determined within a mortality-
only model. This required that death and withdrawal be independent, and in Sec-
tion 11.7 it was indicated that there are barriers to extending the result to the
discrete model.

15.3.1

Premiums and Reserves

In this section the extended illustration constructed in Section 15.2 is expanded
to a double decrement model with withdrawal benefits. The amounts of the with-
drawal benefits are denoted by b®,, and they are determined in Example 15.3.1.
This example is based on the principle incorporated into the law regulating mini-
mum withdrawal benefits in the United States. It involves using a mortality-only
benefit model, with an arbitrary provision for expenses. The principle is based on
an extension of ideas introduced in Section 11.4; namely, that if withdrawal benefits
in the double decrement model are approximately equal to the expense augmented
reserves, benefit plus expense reserves, determined using an associated mortality-
only model, then the effect on premiums and reserves of adding a withdrawal
benefit will be small.

Example 15.3.1

The benefit premium determined by the equivalence principle and the assump-
tions listed in Table 15.2.1A is 1,000 P, 5 = 288.41. An arbitrary expense loading of
40/d,53 = 40/2.3875 = 16.75 is added to the benefit premium to produce an
expense-loaded premium of 305.16. Within regulations this is called an adjusted
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premium and is denoted in this example by 1,000 PZ5. Determine withdrawal ben-
efits with the assumptions listed in Table 15.2.1 using the following prospective
reserve-type formula:

bgczw‘)»t = 11000(Ax+t:'3'——t| - P?:E] dx+t:37t})-

Solution:
b2, = 1,000 A,,,5 — 305.16 i,

768.75 — 305.16(1.7729) = 227.73,
bglez = 1,000 Ax+2:ﬂ - 305-16 ﬁX‘FZITI
= 869.57 — 305.16 = 564.41. v

The assumptions used to expand the illustration are shown in Table 15.3.1. Tables
15.3.2 and 15.3.3 are closely related to each other. In Table 15.3.2 the annual ex-
pense-loaded premium using the equivalence principle is determined. Table 15.3.3
corresponds to Table 15.2.4 and exhibits the calculation of benefit and expense
reserves in the double decrement model. The observations following Table 15.2.4
remain valid.

5

%peciﬁcations of Illustration
Including Withdrawal Benefits

Withdrawal Benefits
b@, = 227.73 b2, = 564.41

Multiple Decrement Probabilities
g = 0.1 g, = 0.1111

g2 =01 4@, =0.1111

Deaths and withdrawals are assumed to be independent as described in Section
11.4. Withdrawals are assumed to occur only at the end of each year of age; that
is, p.® is a step function as shown in Figure 10.2A, the graph of ,p.®. In this
example, the value of ¢ = g, and q%); = q,,,.

Table 15.3.2 contains the data necessary to determine the (double decrement
model) annual benefit premium, P%3, annual expense loading, e, and the annual
expense-loaded premium, G, by the equivalence principle. We have

621.0011 — P25 (2.1661) = 0,
P23 = 286.69,
621.0011 + (0.2G + 8) + (0.06G + 2)(1.1661) — G(2.1661) = 0,
G = 332.96,
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0.2G + 8) + (0.06G + 2)(1.1661) — e(2.1661) = 0
e = 46.27.
As a confirmation, we have
G =Pz te,
332.96 = 286.69 + 46.27.

15.3.2 Accounting

As indicated in Section 15.1, the equivalence principle provides a conceptual
framework for financial reporting of an insurance enterprise. In this section the
financial reporting illustration of Section 15.2.2 will be extended to the double dec-
rement model.

* The annual contract premium will be the annual level expense-loaded premium

plus an arbitrary amount of 10 for profits and contingencies (less the percent
of premium expenses on the 10).

* The accounting statements are derived using expected values for death and
withdrawal benefit payments and for number of survivals. There are 10 initial
insureds.

* Expenses are paid and investment income is earned as specified in Tables
15.2.1A and B.

* The hypothetical insurance operation starts with an initial fund of 1,000.

¢ In the accounting statements in column (a), benefit reserves, mortality-only
model, are reported as liabilities, and in column (b) benefit and expenses re-
serves are reported as liabilities.

The financial statements in column (a) can be viewed as internally inconsistent
because of the failure to incorporate future expenses and withdrawal benefits and
provisions for these expenditures in future premiums into liabilities. Column (a) is
displayed because of its historic role in regulation.

A comparison of Tables 15.2.5 and 15.2.6 with Tables 15.3.4 and 15.3.5 confirms
the increased realism of financial statements using a double decrement model that
incorporates expenses. The leveling effect on reported net income of the more com-
prehensive reserve system is also apparent. If the withdrawal benefits had not been
selected to reduce their impact on premiums and reserves in the change from the
single decrement model to the double decrement model, the difference in financial
results between the two models would have been more pronounced.

15.4 Types of Expenses

The accounting system of an insurance enterprise is designed to record, classify,
and summarize financial transactions. The same system, though, will furnish data
on activity levels: the number and amount of sales, the number of claims paid, the
number of premiums billed, and so on. After collecting this information, analysis
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Income Statements (10 Initial Insureds)

(@) (b)

Reporting Reporting
Single Decrement Double Decrement
Benefit Reserves Benefit and Expense
as Liabilities Reserves as Liabilities
During First Year
Income
Premiums (10) 3429.60 3 429.60
Investment (15%) 549.55 549.55
3979.15 3979.15
Charges to income
Expenses
Percentage (20%) 685.92 685.92
Constant (8) 80.00 80.00
Death benefits (1) 1 000.00 1 000.00
Withdrawal benefits (1) 227.73 227.73
Increase in reserve 2 059.28 1743.52
4 052.93 373717
Net income —73.78 241.98
During Second Year
Income
Premium (8) 2 743.68 2743.68
Investment (15%) 832.28 832.28
3 575.96 3 575.96
Charges to income
Expenses
Percentage (6%) 164.62 164.62
Constant (2) 16.00 16.00
Death benefits (0.8889) 888.90 888.90
Withdrawal benefits (0.8889) 501.70 501.70
Increase in reserves 1 556.83 1732.15
3128.05 3303.37
Net income 44791 272.59
During Third Year
Income
Premium (6.2222) 2133.97 2133.97
Investment (15%) 1047.56 1047.56
3181.53 3181.53
Charges to income
Expenses
Percentage (6%) 128.04 128.04
Constant (2) 12.44 12.44
Benefits (6.2222) 622222 622222
Increase in reserves —3616.11 —3475.67
2 746.59 2 887.03
Net income 434.94 294.50
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Balance Sheets (10 Initial Insureds)

(a) (b)
At end of first year
Assets 2985.50 2985.50
Liabilities (Reserves) 2 059.29 1743.52
Surplus 926.22 1241.68
2 985.50 2 985.20
At end of second year
Assets 4990.24 4990.24
Liabilities (Reserves) 3616.11 3475.67
Surplus 1374.13 1514.57
4990.24 4 990.24
At end of third year
Assets 1 809.07 1 809.07
Liabilities (Reserves) 0 0
Surplus 1 809.07 1.809.07

Notes on Tables 15.3.4 and 15.3.5
1. Total net income = —73.78 + 447.91 + 434.94

= 809.07 Col. (a)
= 241.98 + 272.59 + 294.50
= 809.07 Col. (b)

2. Alternative calculation of total income
(Interest income on initial funds) + (Accumulated value of profit loadings) =
1,000[(1.15)® — 1] + 10[10(0.8)(1.15)° + 8(0.94)(1.15)? + (6.2222)(0.94)(1.15)] = 809.26
The difference in the results of these two calculations is attributed to accumulated rounding errors that started
with the use of a contract premium rounded to two decimal places.

can be performed with the goal of relating major expense items to the activities
they support. These allocations will guide the determination of expense loading on
premiums for insurance policies sold in the future. If the equivalence principle is
applied, the actuarial present value of expense loadings will equal the actuarial
present value of expenses charged to the policy.

Classification and allocation of the expenses of an insurance organization are
perplexing tasks. An example is given in Table 15.4.1. Here a tentative classification
system is adopted and the results traced.

In the determination of expense-loaded premiums, attention is concentrated on
the insurance expenses. However, investment expenses are typically viewed as an
offset to investment income and reflected in premiums through a reduction in the
assumed interest rate.

In some instances practice indicates a natural relationship between expense items
and activity levels. For example, it is common to compensate sales agents by a
commission structure of percentages applied to first-year and renewal premiums.
In Section 15.2 the commission paid was 10% of the premium in the first year and
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dhniseaistari
Classification Scheme for the Expenses of an Insurance Organization

Expense
Classification Components
Investment (a) Analysis
(b) Costs of buying, selling, and servicing
Insurance
1. Acquisition (a) Selling expense, including agents’” commissions and advertising
(b) Risk classification, including health examinations
(c) Preparing new policies and records
2. Maintenance (a) Premium collection and accounting
(b) Beneficiary change and settlement option preparation
(c) Policyholder correspondence
3. General (a) Research
(b) Actuarial and general legal services
(c) General accounting and administration
(d) Taxes, licenses, and fees
4. Settlement (a) Claim investigation and legal defense

(b) Costs of disbursing benefit payments

2% in the second and third years. Taxes on insurance organizations, especially those
levied by the states, are often a percentage of the premium collected within the
taxing jurisdiction. In Section 15.2, 2% of premiums were allocated to taxes, licenses,
and fees.

The allocation of other items of expense is less clear-cut, and a combination of
statistical analysis and judgment is often used. It is common practice to allocate
acquisition expenses to the first policy year in premium-loading formulas because
marketing and risk classification expenses are incurred for the purpose of gener-
ating and selling new insurance business. Some of these acquisition expenses vary
with the size of the premium, commissions, for instance. Some vary with the
amount of insurance, such as risk classification expense. Some expenses, like the
creation of records, are incurred for each policy issued, independent of the size of
the policy or premium.

The classification and allocation of expenses is an important management tool
for controlling the operation of an insurance system. However, in the determination
of premiums, the view of expenses is prospective rather than retrospective. The
goal is to match future expenses with future premium loadings. Therefore, expense
trends with expectations for inflation or deflation and future economies attributable
to automation are built into expense loadings.

The provision within expense-loaded premiums for expenses classified in Table
15.4.1 as Insurance, General (a), (b), and (c) and for the expenses incurred in cre-
ating an insurance distribution system remain controversial. These expenses do not
relate directly to activity associated with an individual policy. Some of these issues
are discussed in Section 16.4.
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Table 15.4.2 provides an illustration of the classification system in Table 15.4.1
for insurance expenses and associated loading factors.

Illustration of the Allocation of Future Insurance Expenses

First Year Renewal Years
Per Percent Per Percent on Premium
Per 1,000 of Per 1,000 by Policy Year
Classification Policy Insurance Premium Policy Insurance 2-9 10-15 16 over
1. Acquisition
a. Sales expenses
Commission — — 60% — — 7.0% 5.0% 3%
Sales offices — — 25 — — 25 15 1
Other sales related 12.50 4.00 — — — — — —
b. Classification 18.00 0.50 — — — — — —
c. Issue and records  4.00 — — — — —_— o _—
2. Maintenance 2.00 0.25 — 2.00 0.25 — — —
3. General
a,b,c 4.00 0.25 —_ 4.00 0.25 —_ — —
d. Taxes — — 2 — — 20 20 2
Total (1, 2, 3) 40.50 5.00 87% 6.00 050 11.5% 85% 6%
4, Settlement 18.00 per policy plus 0.10 per 1,000 insurance

Example 15.4.1

Using the equivalence principle, develop a formula for the expense-loaded an-
nual premium on a whole life policy, semicontinuous basis, issued to (x) for an
amount 1,000b. The expenses are those listed in Table 15.4.2. Use a single decrement
model, or assume that withdrawal benefits will be determined so as to have no
effect on premiums determined using the single decrement, mortality-only, model.
A 15-year select life will be used under the assumption that expenditures for risk
classification will result in select mortality.

Solution:
Let G(b) denote the expense-loaded premium for a policy with a death benefit
of b thousand. Then, using the equivalence principle,

(actuarial present value of = (actuarial present value of
expense-loaded premium)  claim and claim settlement
expense plus other expenses);

G(b)i, = 1,000b Ay, + [40.50 + 5.00b + 0.87G(b)]
+ (6.00ay; + 0.50bay,)
+ [(0.1158,5 + 0.0854giy + 0.06,5/d,;) G(b)]
+ (18.00 + 0.10b)A,, ;
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G(b)(a[x] - 0.87 - 0115a[x]§] - 0.0859‘601[},] - 0.0615|ll[x])
= (1,000.1 A + 5.00 + 0.50a,)b + 40.50 + 6.00a;, + 18.004, .

The level expense-loaded annual premium rate for death benefit 1,000 is

(1,000.1 A,y + 5.00 + 0.50a,)b + 40.50 + 6.00a,, + 18.004,,
0.94a[x] - 0.755 - 0.03(1[x]§| - 01)25&[)6]131 ’

G() =
The level expense-loaded annual premium for each death benefit amount of b,
measured in units of 1,000, is

G(b) _ 1,000.1 A + 5.00 + 0.50a,; + (40.50 + 6.00a,, + 18.00 A,) /b
b 0.94i,; — 0.755 — 0.03f15 — 0.0250,73 .

In practice, premiums are usually stated as a rate per unit of insurance. For life
insurance, these rates have typically been per 1,000 of initial death benefit. For
immediate life annuities, the rates have typically been stated per unit of monthly
income.

In Example 15.4.1, because of expenses that do not vary directly with b, the
expense-loaded premium rate G(b) depends on b. Provision for these per policy
expenses can be made by special methods. One method is to replace b with an
expected policy amount. A second method would be to separate the per policy
expenses from those expense elements that vary directly with policy size and to
balance these per policy expenses with a separate policy fee, independent of policy
size. In Example 15.4.1 the annual policy fee would be

4050 + 6.00a;,, + 18.004,,

Often the policy fees are averaged over issue age so the policy fee is constant with
respect to issue age.

15.5 Algebraic Foundations of Accounting:
Single Decrement Model

In this section many of the ideas illustrated in Section 15.2.2 will be made more
precise. Frequent reference to Tables 15.2.5 and 15.2.6 can help the reader follow
the arguments.

One of the objectives of financial accounting is the determination, at periodic
intervals, of the elements of the balance sheet equation

A(h) = L(h) + U (15.5.1)

In (15.5.1), A(h) denotes the amount of assets, L(h) the amount of liabilities, and
U(k) the amount of owner’s equity (surplus in the terminology of insurance ac-
counting) at the end of accounting period h. Changes in surplus can be represented

by
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AlU(h) = AA(h) — AL(h) = net income in period i + 1. (15.5.2)

We illustrate this basic model using an algebraic development under idealized con-
ditions as stated in Table 15.5.1.

b
Specifications of Accounting Illustration

Level Benefit, Level Premium Insurance

1. Plan of insurance Whole life, unit amount

2. Payment basis Fully discrete

3. Age and time of issue Issued to (x) at the beginning of the first accounting period
4. Expenses No expenses or expense loadings

5. Experience Investment experience conforms to that assumed

Accounting entries will be in terms of expected values at
policy issue for each initial insured

The mathematics of the illustration build on the reserve recursion formula (8.3.10)
with b, = 1, m,_, = P,, and ,V = ,V,. Multiplying by ,_,p, (1 + i) we have

h—lpx (h—le + Px)(]- + l) - h—lpx qx+h—l = hpx th h = 1/ 2/ v (1553)

Under the restrictive assumptions that have been made, (15.5.3) can be inter-
preted as the expected progress of insurance assets and liabilities for each member
of an initial group of insureds. The left-hand side can be interpreted as the expected
cash flows affecting assets. The right-hand side is the measure of the expected
liabilities for each member of an initial group of insureds.

We illustrate by examining the first accounting period. During this period the
expected assets per initial insured change as follows:

Increase Premium income = P,
Interest income = P, i
Decrease Death claims =4,

If there are no initial funds,
A1) = AQ) + [AQQ) — AQQ)] = 0 + [P + 1) — g,
and using (15.5.3) with k = 1, we have
A1) =p, V, = LQ).

X

In this illustration, A(1) — L(1) = U(1) = 0.

Formula (15.5.3) can also be used to study the progress of accounting statements
in a recursive fashion for all policy years. Suppose that at the end of accounting
period h
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A(h) = L(h)

and that we start the process during accounting period  + 1:

premium income WP Pe
AA(h) = { + interest income ¢ = { + ,p, (,V, + P,)i
— death claims — WPx Gusn-

Then,
A(h + 1) = A(h) + AA(h)
= wPx Vi ¥ b [Pe + (Vi + Pl = 4 Gk
= P [P+, VA + D] = 4 G
= 1Py n1Ve = Lk + 1). (15.5.4)
In this illustration, with no initial funds, profit, or contingency loadings, tracing

expected results yields A(h) — L(h) = U(h) =0,h =0,1,2,3,....

We now modify the assumptions of Table 15.5.1 by assuming that the benefit
premium is loaded by the positive constant c and that the expenses for each sur-
viving policy, paid at the beginning of accounting period #, are ¢,_,. The loading
constant may contain a component for profit; that is, the actuarial present value of
the loadings ¢ may be greater than the actuarial present value of the set of ¢,_,,
h=1,2,....

The augmented version of (15.5.3), incorporating loaded premiums and expenses,
is
ne1Pa AV T b = DI+ (P + ) — g} L+ 10) = 4Py Gerna
=0 LWV tu®]  hR=1,23,.... (15.5.5)

The elements introduced into the augmented version of (15.5.3) are underlined. In
(15.5.5), u(h) denotes the anticipated surplus for each surviving insured at the end
of accounting period h.

Subtracting the unloaded version, (15.5.3), from (15.5.5) yields
paPe lu(h — 1) + (¢ — e,_)] (1 + 1) = ,p, u(h) h=1,2,3,.... (155.6)
Multiplying difference equation (15.5.6) by v" and rearranging terms yields
o' [u(h = 1) + (€ = g)] = V" yp, ulh),
A" _p, uh — D] = 0" _p (€ — emy). (15.5.7)

Imposing the initial condition #(0) = 0, we obtain from (15.5.7)
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h h
21 Afp’™ e u(j — DI = 21 v/ j—=1Px (- e1),
7= j=
h .
v WP+ u(h) = 21 v/ —1Px (C - ej—l)/
i=

h
o) = 2 (14 97 p, (€~ ). (1558)
P

That is, the expected surplus at the end of h accounting periods for each initial
insured is the accumulated value of the expected contributions to surplus in each
earlier accounting period. This result should be compared with Table 15.2.5, foot-
note 3.

If benefit reserves are reported as the measure of liabilities, the expected entries
for each initial insured in the accounting statements of our idealized insurance
system at the end of the accounting period / are as follows.

Balance Sheet (at end of accounting period h)
A(h) = L(h) + U(h)
= Py nVs + oy u(h)

3
= s Vs T 21: @+ p, (€ — eoy)

Income Statement (h-th accounting period)

Income
Premium income n-1Px Py + €)
Investment income w1l oV +u(h — 1) + P +c —e,_q]i
Total potPx APy + O + i) + [V, + u(h — 1) — ¢,_,]i)
Charges to Income
Death claims h=1Px Gr+h-1
Expenses n—1Px €n—1
Changes in reserve liability — ,p, ,V, — 4_1Px n-1Vs
Total WP Ve = n-1Px -1V = €n-1) T uoaPx Geen
Net income (change in surplus) , ,p, [u(h — 1)i + (c — e,_)(1 + 0)] (15.5.9)

In completing the accounting statements we have made use of (15.5.8) and
(15.5.3). The left-hand columns of Tables 15.2.5 and 15.2.6 provide numerical illus-
trations of this display. The tables are in terms of a deterministic survivorship
group rather than expected entries for each initial insured. Thus the expected sur-
plus at the end of h accounting periods for each initial insured is

e wh) = qp uth = 1) +4p, [u(h — 1)i + (¢ — ¢,,)(1 + 9] (15.5.10)

Formula (15.5.10) is identical to (15.5.6); however, it was derived from an account-
ing viewpoint. Multiplying by v" and rearranging yields
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A" peuth — D] = 0" _ip, (€ ~ ey,

which is (15.5.7) rederived with accounting interpretations.

Earlier in this chapter the point was made that, in practice, expenses tend to
decrease as duration increases. Thus the expected surplus,

h
WPy u(h) = 21 1+ iyt j—1Px (c - €i_1),
iz

will typically be negative for small values of i and positive for larger values. This
observation is made with respect to an accounting model in which benefit reserves
are reported as the measure of liabilities, loadings are level, and expenses decrease
with time following policy issue.

To avoid the situation in which assets are less than liabilities, in the early du-
rations, several actions are possible:
* The insurance organization may obtain additional capital for the initial surplus,
u(0), to keep

h
w1 + iy + 3 (L + )7 _p, (e — ¢y)
j=1

positive forh = 0,1,2,3, ....

* Loadings may depend on duration so thatc, ; —¢,., =0, h=1,2,3,....

* The liabilities of the insurance organization could be based on a reserve prin-
ciple that would reduce reported liabilities in early policy years. The reserve
principle of reporting benefit plus expense reserves used in column (b) of Ta-
bles 15.2.5 and 15.2.6 is an example of such an action. (This last alternative is
the subject of Sections 16.6 and 16.7.)

15.6 Asset Shares

To provide an algebraic foundation for accounting within a double decrement
model, using the equivalence principle, it is necessary to develop a set of recursion
relations. These recursion relations have many applications, and some of these ap-
plications are developed in Sections 16.4.2 and 16.5. The basic variable in these
recursion equations has been given different names, depending on the application.
In this section we call it asset share, a term laden with a long history. In other
sections, depending on the application, different operational meanings are attached.

15.6.1 Recursion Relations

A life insurance policy is a long-term contract involving income to the insurer
from premiums and investments and outgo as a result of death and withdrawal
benefit payments and expenses. Contract premiums actually charged for a unit of
insurance are influenced by competition, and withdrawal values are influenced by

Chapter 15 Insurance Models Including Expenses

485



law and competition. There is a need for a calculation of the balance, in the sense
of actuarial present values, between the various elements of the price-benefit struc-
ture. The asset share calculation, outlined in this section, is designed to fill this
need. It is not a historic summary of past results, but a prospective calculation of
some complexity attempting to capture most elements that influence the expected
financial progress of a group of policies.

We will start with an extension of (15.5.5) for a unit of insurance,
P GAS) = 4P {li1AS + G = ¢, q) — €,4](1 + 1)
g%, — 9%, ,CV) h=1,2,3,.... (15.6.1)
Multiplying (15.6.1) by 1/,_,p% yields

PS(TJ)rh—l (AS) = [,-,AS + G(1 — ¢,-y) — e,1] (1 + 1)
— g0 — 43, ,CV h=123.... (15.6.2)

In (15.6.1) and (15.6.2),

#AS denotes the expected asset share h years following policy issue, immedi-
ately before the start of policy year h + 1

G  denotes the level contract premium
c,  denotes the fraction of the contract premium paid at time / for expenses
e,  denotes the amount of per policy expenses paid at time &

g, denotes the probability of decrement by death, before the attainment of
age x + h + 1, for an insured now age x + h

g?, denotes the probability of decrement by withdrawal, before the attain-
ment of age x + h + 1, for an insured now age x + h

«CV denotes the amount of the withdrawal benefit paid at time k. This is also
called a cash value.

Formula (15.6.1) is based on the assumptions of a fully discrete payment basis, unit
death claims paid at the end of the year of death, and ,CV paid at the end of the
year of withdrawal.

Formula (15.6.1) is a generalization of the recursion relationship connecting suc-
cessive terminal reserves. It will be rewritten in several ways that are reminiscent
of similar manipulations with reserve equations. Multiplying (15.6.2) by v"I{), ,
and rearranging the terms yields

AU, v ,AS) =[G —¢my) — eh—l]lgcz)rh—l vh!
- (d(xl-!)-h—l + dgczlh—l hCV) vh h = 1, 2, 3, I (15.6.3)

The sum of the left-hand side over h = 1, 2, . . ., n telescopes to
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10, " ,AS — I AS = 2 {[G(A = cm1) — ]y U1
h=1

- (dg,l_?_h_l +h 1 hCV) U }. (15.6.4)
If (AS = 0, we have ,AS equal to

{GQA = ¢1) = @)l + 1) = (@R +d2, ,CVIA + )"
2
= 1™ :

x+n

(15.6.5)

For a whole life insurance, we set n = w — x in (15.6.4). Then, recognizing that
ultimately the expected asset share is zero, we rearrange (15.6.5) to obtain

w—X

Gip = AD + Z (Geypoy + €y U710 + Z O 42 V" CV. (15.6.6)
h=1

Formula (15.6.6) can be interpreted as a general formula for an expense-loaded
premium using the equivalence principle. Appropriate modifications can alter the
formula from a whole life to an endowment or term policy.

Making the substitution
P =1 = g = 42

allows us to rewrite (15.6.2) as
WAS = [ AS + G(1 — ¢,q) — ¢,4] (1 + i)
- qgrlﬂ)—h-l (I —,AS) — (Z)h 1 GEV = ,AS). (15.6.7)

This form emphasizes the importance of the difference, ,CV — ,AS, on the pro-
gression of asset shares.

Asset share calculations can be viewed as tracing the expected progress of the
assets, per surviving policy, of a block of similar policies. The calculations for fixed
contract premiums, expense commitments, and cash values can be made to check
the balance between the various components of the price-benefit structure. The
objective of the calculations might be to determine if ;AS = ,V, for all but the very
early policy years.

15.6.2 Accounting

Let ,AS = ,V + u(h), where ,V is the reserve liability and u(h) the anticipated
surplus for each surviving insured at the end of accounting period h. The values
for u(h) may be negative, especially during early policy years. Assume that reserve
liabilities are generated by the recursion relation

W pg?—h—l =G,V +P) QA+
— g0, —q®, ., CV h=1223.... (15.6.8)
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Formula (15.6.8) is a recursion relation that determines benefit reserves within the
double decrement model. These correspond to the benefit reserves calculated in
Table 15.3.3.

Multiply (15.6.2) and (15.6.8) by ,_,p{” and subtract to obtain
u(h) yp = [uh = 1) + G(1 = ¢,-1) = €1 = Pl + i) _4p{

h=1,2.... (15.6.9)
Let G = P + c and Gc¢,_, + ¢,_., = E,_; (total expenses), and (15.6.9) becomes
uth) @ = [uh — 1) +c — E,_ ] @ + i) ,_pP (15.6.10)

which is a double decrement version of (15.5.10). Multiplying recursion relation
(15.6.10) by v" and rearranging terms yields

Av"t h—1P§cT) uth — 1) = o"! h—1P§cT) (c = Ejq)-

Following exactly the same steps as in Section 15.5 to obtain (15.5.8), we obtain
h
P9 ) = 3 1+ P9 (e B, (15.6.11)
=

The remaining developments in Section (15.5) follow in identical fashion with the
substitution of corresponding multiple decrement for single decrement probabilities
and the addition of expected withdrawal benefits ,_,p” ¢@,_, ,_,CV. The illustra-
tion in Tables 15.3.4 and 15.3.5, column (b), provides a worked example of these
ideas.

Consider again the illustration that was started in Table 15.2.1 and expanded to
include withdrawal benefits in Table 15.3.1. Assume, as in Tables 15.3.4 and 15.3.5,
that G = 342.96. Calculate a set of asset shares.

Solution:
We use (15.6.2) to guide our calculation.
Period
b Ali1AS + G(L = ¢q) = €01 + ) — 1,000 48,1 — wCV g2 1}/ Py =
AS
h

1 {[0 + 342.96 (1 — 0.20) — 8.0](1.15) — 1,000(0.1) — 227.73(0.1)} /0.8 = 229.44

2 {[229.44 + 342.96(1 — 0.06) — 2.0](1.15) — 1,000(0.1111) — 564.41(0.1111)} /
0.7778 = 589.46

3 {[589.46 + 342.96(1 — 0.06) — 2.0](1.15) — 1,000} /1.0 = 46.32

The motivation for calling ,AS an asset share can be appreciated by a comparison
of the solution to this example and the final assets reported at the end of the third
year in Table 15.3.5:
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(Asset Share) (Expected number of insureds = Total Expected Assets
receiving death, maturity, or
withdrawal benefits at the
end of policy year three)

(46.32)[(10)(0.6222)] = 288.22,

(Expected assets at the end — (Assets assumulated
of the third policy year) from the initial fund)

1,809.07 — 1,000 (1.15)*> = 288.20.

The difference is due to rounding in each computation. v

15.7 Expenses, Reserves, and General Insurances

A number of new ideas, using two simple illustrations, are developed in Sections
15.2 and 15.3. In Section 8.2 reserves for a general life insurance, single decrement
model, ignoring expenses, were displayed. The development started with the fol-
lowing loss variable for T(x) > t:

T(x)
L = by v — .[ w, v du.
Our goal is to extend this model to incorporate features of recent sections. First we
will add a benefit associated with withdrawal,

T(x)
by v — j w2 v" ' du,  decrement by death
t
[L* = T()
bR v — jt w2 v* ! du,  decrement by withdrawal.
The superscript 2 has been added to the loss variable and premium rate symbols

to denote that a withdrawal benefit has been added to the initial model.

Second, we add expenses at rate E, at time f, measured from issue. This corre-
sponds to what was done in (15.6.10). The subscript e is joined to the loss variable
symbol and the premium rate symbol to denote that expenses have been added to
the model. It is assumed that ,m2 has been determined by the equivalence principle:

T(x)
by v — f (w2 — EJv*tdu,  decrement by death
12 = t
t

e

(%)
bR, Tt — f (w2 — E)v*tdu,  decrement by withdrawal.
t

Then, changing the integration variable to s = u — t, we can write the conditional
expectation of L2, given T(x) > t,
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e3]

y—t
E[tLﬂ = J [b(yl) vVt — JO (eﬂ%-l—s — E v’ ds] }/"i‘pg’T‘?-t Millt y—tdy

t

e} y—t
- [bf) R T = ds] s P B — B dy. (157

Now change the outer integration variable to u = y — t and collect terms as

oo 2 u
E[JJ%] = 2 b(tl+)u M;Qr(u)vu - (e"TtZ+s — E, Jv° ds }L?}Lt(”) u E(T‘?'t du.
0 0

j=1

Using integration by parts on the second term yields
% 2 '
E[,L;] = f ¥ I:Z b, wil () — eﬂ'thru + Et+u] upﬁflt du
0 j=1

= f: v flu:t)] du. (15.7.2)

Formula (15.7.2) is of interest because the function
2
f(u:t) = [Et+u + El b@Lu “‘J@Lt(u) - ethngu] U gc‘rlt (1573)
=

can be interpreted as the expected cash flow at time ¢t + u arising from the insurance
policy, given survival to time .

Because positive values of f(u:t) are associated with expected cash outflows from
the insurance enterprise, some actuaries prefer to consider the function g(u:t) =
—f(u:t) in which expected cash inflow would have positive values. Formula (15.7.3)
also provides yet another interpretation of reserves. Reserves become the present
values of future expected net cash outflows. Formula (8.6.1) provides the same
interpretation in a less comprehensive model.

In Sections 15.2.2 and 15.3.2 it is illustrated that reserves can differ in their degree
of comprehensiveness in accordance with the purpose of the valuation. In this
section a very general insurance was introduced. For regulatory purposes reserves
might be based on formula (8.2.4) under the assumption that to ignore expenses
would be conservative in the sense that typically reserves are decreased by includ-
ing expenses. The withdrawal benefit might also be omitted under the assumption
that a properly determined withdrawal benefit will have only a small effect on
reserves. For financial accounting to be used by the capital markets, (15.7.2) would
usually be the basis of reserves.

In the financial management of life insurance companies, the rate of change in
reserve liabilities with respect to changes in the valuation interest rate is of consid-
erable concern. Using (15.7.2) and viewing the premium rate set at time 0 to be
independent of future valuation interest rates, and assuming that the valuation
interest rate is independent of the probabilities of death and withdrawal, we have
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% E[,L2] = —f: uv flu:t)du. (15.7.4)

Example 15.7.1

Exhibit the expected cash flow function f(u:t) for a fully continuous whole life
policy, ignoring expenses, and display dE[,L}]/d5 in actuarial present-value func-
tions. Remember that the premium was set at time 0 and is not a function of the
current valuation interest rate.

Solution:
Modifying formulas (15.7.3) and (15.7.4) we have

fwt) = [ u) — P(Ax)]upxﬂ

and
d . o -
75 Eldel = = | w0 [ () = PAJLpy, du
= _(IA)x-Hf + P(Ax)(fa)ert 4
where (IA),., and (Ia),,, are calculated at the valuation interest rate. v

Typically, g(0:0) < 0 and there exists a u, such that g(u:0) > 0 for u > u,. The
time u, that expected cash flows cross from negative to positive may be useful in
financial planning.

Example 15.7.2

Display the equation that would be used to determine the number u, for the
policy described in Example 15.7.1.

Solution:

fa:0) = [pu) = PAYLp, = 0
or

() = P(A). v

15.8 Notes and References

In this chapter we have used the clumsy term “expense-loaded premiums” for
what some would call gross premiums. The use of the longer term is intended as
a warning that the subject of premiums contains many topics other than the benefit
premiums discussed in previous chapters and the expense loadings introduced
here. These topics include competitive considerations, profit loadings in nonparti-
cipating insurance, expected dividends in participating insurance, risk factors, and
the impact of withdrawal benefits. Guertin (1965) discusses many of these topics.
Chalke (1991) has criticized the traditional cost-plus determination of premiums.
The criticisms are built on a foundation of classical microeconomics.
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Fassel (1956) discusses the issues involved in estimating and allocating per policy
expenses. Until the time of Fassel’s paper, most per policy expenses were included
in the loading for expenses that vary with the amount of insurance (assuming an
average size policy). In fact, the use of either policy fees or the band system was
viewed for many years as an inequitable allocation of expense charges.

Brenner et al. (1988) is a treatise on life insurance accounting. Horn (1971) studies
the impact of various reserve systems on the time incidence of reported net income.
Asset share calculations have a long history. Huffman (1978) discusses refinements
in asset share calculations.

Exercises

Section 15.2

15.1.

15.2.

a. A gambling enterprise collects 0.55 from each of 1,000 customers on July
1 of year Z. It immediately invests the funds in a savings account earning
3% interest each 6 months. On July 1 of year Z + 1, 1,000 coins will be
tossed, each assigned to a specific customer. If the customer’s coin comes
up heads, the customer receives a prize of 1. If the coin comes up tails,
the prize is 0. Supply the figures for the balance sheet and income state-
ment for the gambling enterprise on December 31 of year Z. Use actuarial
present values for liabilities.

Balance Sheet

Assets Liabilities
Savings account Reserves
Surplus

Income Statement
Premium income

Interest income

Increase in revenues

b. The random variable Y is the amount of the payments made on July 1 of
year Z + 1 and has a binomial distribution. Using a normal approxima-
tion, evaluate

Pr{Y(1.03)! — A > 0]

where A represents the assets as of December 31 of year Z.

c. If the enterprise had only one customer, the scale of the operation would
be 0.001 of that in part (a). Show that the probability displayed in (b) is
equal to 1/2 for the reduced enterprise.

An expense augmented loss variable for use with a whole life policy, fully
continuous model, is given by
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15.3.

where

and
X =cy+ (g — e ap

In these expressions, L is interpreted as the loss variable associated with the
benefit portion of the policy and X with the expenses. The symbol ¢, denotes
nonrandom initial expenses, g the rate of continuous maintenance expense,
and e the expense loading in the premium. The equivalence principle has
been adopted and E[L] = E[X] = 0. Show that

a. X = ¢,L

b. Var(L,) = (1 + ¢,)? Var(L)

c. Cov(L, X) = c[?A, — (A)°]/ (3a,)~

A merchant has accounts receivable at the end of each annual accounting
period. Experience has indicated that there is a probability of 0.25 that no
payment will be received and 0.75 that full payment will be received at
time T. The p.d.f. of T is given by f(t) = 4 — 8t, 0 < t < 0.5, where ¢ is
measured in years. At the end of a year, the merchant has 100 accounts
receivable, each of amount 100. The random variable R; is the present value
at the end of the year of account i.

a. Verify that

R.

1

Il

0 with probability 0.25,
= 100 v” with probability 0.75.

b. IfR,j=1,2,3,...,100 are independent random variables, calculate
100 100

(i) E[>. R], (ii) Var(>, R,), when 8 = 0.06.
1 1

¢. Repeat (b) if 3 is 0.

d. The merchant elects to report an actuarial present value as the value of
the accounts receivable. The results of part (a) are used. What is the re-
ported value of accounts receivable?

e. As an alternative, the merchant might use the results of part (c) as the
reported value of accounts receivable. What amount would be reported?

f. Another method for reporting accounts receivable would be to use the
results of (c), 8 = 0.00, and to report

[80] 1ol E)

For what value of k is the amount reported in part (f) the same as in
part (d)?
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Section 15.3

15.4. a. In the illustration in Table 15.3.1 assume that b%), = 257.41 and b®, =
581.16, the benefit reserves for the single decrement model, and determine
P%5 using the equivalence principle.
b. Assume that b?, = 218.41 and b®, = 559.16, the total reserves for the
single decrement model, and determine G, the expense-loaded premium,
using the equivalence principle.

Section 15.4

15.5. The expense-loaded annual premium for a 1,000 endowment-at-age-65 life
insurance with level annual premiums issued at age 40 is calculated using
the following assumptions:

* Selling commission is 40% of the expense-loaded premium in the first year

* Renewal commissions are 5% of the expense-loaded premium for policy
years 2 through 10

* Premium tax is 2% of the expense-loaded premium each year

+ Maintenance expense is 12.50 per 1,000 of insurance in the first year and
4.00 per 1,000 of insurance thereafter

* The benefit premium is to provide for the immediate payment of death
claims with no premium adjustment on death

* A 15-year select-and-ultimate mortality table is to be used.

Write an expression for the expense-loaded premium.

15.6. The expense-loaded premium for a single premium n-year endowment in-
surance is determined using the following assumptions:
* Taxes are 2-1/2% of the expense-loaded premium
» Commission is 4% of the expense-loaded premium
* Other expenses are 5 in the first year and 2.50 in each renewal year per

1,000 of insurance.

Claims are paid at the moment of death and expenses are incurred at the
start of each policy year. Develop a formula for the expense-loaded premium
issued to (x) for an insurance of 1,000.

15.7. For a fully discrete whole life policy of amount 1, the level expense-loaded
premium is based on the following schedule of expenses:
* An injtial expense of ¢,
« Each policy year, including the first, an expense of e; + ¢, P,
* The cost of claims settlement, paid along with the claim, of e; per unit of
insurance.
If G =a P, + ¢, determine a and c.

15.8. There are two random variables in this exercise. The random variable T(x)
is interpreted as time-until-death of a life age x at issue. The random variable
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B is interpreted as the death benefit chosen by a randomly selected applicant
for a whole life policy that uses a continuous model. The expense augmented
loss variable associated with this policy is

L(T(x), B), = 0 T<0
= BvT + OLBa_T] + Gdﬂ
+ (B + )i — (Bw + g 0<T.

In this loss variable:
aB = rate of expense payments that are proportional to the death benefit,
paid continuously during the lifetime of (x)
6 = rate of expense payments that are independent of benefit and pre-
mium amounts, paid continuously during the lifetime of (x)
p(Bm + f) = rate of expense payments that are proportional to premium pay-
ments, paid continuously during the lifetime of (x)
m = portion of continuously paid premium proportional to the death
benefit
f = rate of policy fee paid continuously during the lifetime of (x).

Assume that T(x) and B are independent.
a. Use a conditional equivalence principle, that is,

E[L(T(x), B)|B = b] = 0,

and exhibit a formula for the premium rate per unit of insurance; that is,
derive a formula for w + f/b.
b. Use the unconditional equivalence principle

E[L(T(x), B).] =0

and exhibit a formula for the constant premium rate per unit of insurance.

15.9. The p.d.f. of the amount of insurance issued on an individual policy for a
particular plan of insurance is given by

fiy=kb®  b>10

where b is measured in thousands. Calculate

a. The normalizing constant k

b. The expected policy amount

¢. The median of the distribution of amounts of insurance.

15.10. A type of whole life policy, issued on a semicontinuous basis, has the fol-
lowing expense allocations.

Percentage of
Expense-Loaded Per 1,000

Premium Insurance Per Policy
First-year 30% 3.00 10.00
Renewal 5% 0.50 2.50

Chapter 15 Insurance Models Including Expenses
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a. Write formulas for the expense-loaded first-year and renewal premiums
assuming that per policy expenses are matched separately by first-year
and renewal policy fees.

b. Write the formula for the policy fee to be paid in each year if per policy
expenses are not matched separately by first-year and renewal policy fees.

Section 15.5

15.11. The continuous analogue of (15.5.5) is the differential equation

d o _ oo
5 P VA + 0] = p [PA) + 3, V(A)

+ ¢ — e(t) + du(t) — p(h]
Using this equation, and (8.6.4) rearranged, to express

d

-EE [tpx tV(Ax)]/

show that
t
tpx L_l(t) = JO e5(t—y) ypx [5 - é(y)] d]/

Section 15.6

15.12. If, in relation to (15.6.7), ;,AS, is the asset share at the end of 10 years based
on G, and ,,AS, is the corresponding quantity based on G,, write a formula

for ,,AS, — 10AS;.
15.13. The continuous analogue of the difference equation (recursion relationship)
in (15.6.3) is
4 po vt A5 = 16 - o) - Alp? v
= 0 W) + p() CV] v

In this differential equation bars have been added to payment rate symbols

to denote continuous payments.

a. Solve this differential equation and use the initial condition (AS = 0 to
obtain the continuous version of (15.6.5):

AS = { fot [G(1 — &) — els)] p& v° ds

3
- fo PO [06) + () CV] v* ds} / " p)-

b. If the policy is a continuous model whole life policy, AS = AS =0,
show that

GaP = AD + L [Ge(s) + e(s) + n@(s) CV] p v° ds.
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Section 15.7

15.14. a. Start with (8.2.7) and derive the single decrement, without provision for
expenses, version of (15.7.2):

t‘_/ = J'O v {bt+u |.Lx(t + u) - Trt+u] upx+t} du

= j v* flut) du = ft A + ) g(u: 0) du
0 ' 0 & -
In solving this exercise the assumption should be made that an aggregate
mortality table is used as it was in Sections 7.2 and 7.3.

b. At time t the future force of interest changes from 8 to 3'. No change in
the distribution of time to death is expected because of this change in
interest rates, and the insurance contract prohibits a change in m,,,. The
symbol ,V’ denotes a reserve valued at rate 3'. Exhibit a formula for

V=V
[If the change from 3 to &’ is related to observed changes in capital market

interest rates, the difference ,V' — ,V might be used to estimate the change
in the market value of the reserve liability.]
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BUSINESS AND REGULATORY

CONSIDERATIONS

161 Introduction

In Chapter 15 a major step is taken toward bringing the models for life insurance
developed in earlier chapters into accordance with business reality. Operating ex-
penses and withdrawal benefits are introduced, and the implications of these new
elements for premiums, reserves, and financial reports are illustrated.

Several topics are presented in this chapter that extend the theme of Chapter 15.
Two basic ideas provide a thread that connects them.

The first idea is the development of single decrement models that approximate
the results of more comprehensive multiple decrement models with expenses to a
sufficient degree of accuracy for a particular purpose. For example, in many juris-
dictions such approximate models are used in defining regulations. The motivation
for these approximations comes from the perceived conceptual and computational
complexity of multiple decrement models that incorporate expenses. With current
computing capabilities, this motivation is reduced.

The second of these basic ideas comes from economics. Those who supply the
capital to start and stabilize insurance enterprises expect to be rewarded for their
investment. Contract premiums need to have an expected profit component that is
related to the risk assumed by the investors. If the insurance organization devel-
oped from a mutual or cooperative endeavor, the corresponding issue is how to
return favorable financial experience in an equitable fashion to the members. To
address these issues, ideas must be drawn from economics.

16.2 Cash Values

Sections 11.4 and 15.3 are devoted to benefits paid on withdrawal and the pre-
mium and financial reporting consequences of these benefits. Withdrawal benefits
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are also called nonforfeiture benefits, because they cannot be lost as a result of the
premature cessation of premium payments.

The determination of premiums and reserves has as a prerequisite the adoption
of a principle. Likewise, in the determination of nonforfeiture benefits, a guiding
principle is required. In this section we adopt a simple operational principle that
is close to the one adopted in United States insurance regulation. The principle is
that the withdrawing insured receives a value such that the benefit, premium, and
reserve structure based on the single decrement model remains appropriate in the
multiple decrement context. Adoption of this principle also permits the use of a
less complex model for regulatory purposes.

This principle is motivated by a particular concept of equity involving the treat-
ment of the two classes of policyholders, those who terminate before the basic
insurance contract is fulfilled and those who continue. Clearly several concepts
of what constitutes equity are possible, ranging from the view that terminating
policyholders have not fulfilled the contract and are therefore not entitled to non-
forfeiture benefits, to the view that a terminating policyholder should be returned
to his original position by the return of the accumulated value of all premiums,
perhaps less an insurance charge. The concept of equity, illustrated in this section,
is an intermediate one; that is, withdrawing life insurance policyholders are entitled
to nonforfeiture benefits, but these benefits should not force a change in the
price-benefit structure for continuing policyholders.

The development in Section 11.4 does not include consideration of expenses and
corresponding premium loadings. Therefore, if the general principle stated in that
section is adopted for determining the value, at the time of premium default, of
nonforfeiture benefits, some allowance needs to be made for these missing factors.
An approximate method for adjusting benefit reserves for initial expenses not yet
recovered from premium loadings, and for the risk of withdrawal at a financially
inopportune time for the insurer, is to define

CV =V - SC. (16.2.1)

In (16.2.1), ,CV is the cash value of nonforfeiture benefits, ;V is the terminal reserve,
and ,SC is the surrender charge, all at time k = 1, 2, 3, ... following policy issue.
Because of the difficulty of collecting additional funds from a withdrawing policy-
holder, ,CV = 0.

The cash values defined in (16.2.1) are the basis of what are called withdrawal
benefits in Sections 11.4 and 15.3. In the earlier sections, these were denoted by
B?,. These nonforfeiture benefits need not be paid in cash but are the basis for
actuarially equivalent insurance benefits as described in Section 16.3.

A continuing theme in the regulation of the cash value of nonforfeiture benefits
has been the need for direct recognition of the amount and incidence of expenses.
One idea, in accord with this theme, is to define a minimum cash value for a unit
insurance as
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CV = A(k) — P* (k)
=V — (P = P) (k). (16.2.2)

Here A(k) and d(k) are, respectively, actuarial present-value insurance and annuity
symbols appropriate for time k, k = 1, 2, 3, ... following policy issue, ,V denotes
a terminal reserve at the same time, P is an annual benefit premium, and P* is
called an adjusted premium. The symbols A(0) and 4(0) will be abbreviated to A
and 4, respectively. The regulatory problem becomes that of defining adjusted
premiums.

The 1975 report of the Society of Actuaries committee studying nonforfeiture
benefits and related matters contained consideration of two types of expenses in
defining adjusted premiums. First is a level amount per unit of insurance, denoted
by E, incurred each year throughout the premium paying period. Second is an
additional expense for the first year of amount E;. The contract premium rate G is
assumed to be composed of an adjusted premium and the level annual expense
component E. The first-year expense component E; is assumed to be provided by
the adjusted premium. That is, '

G=P +E, (16.2.3A)
Gi=({P" +Eyi=A+E,+ Ea. (16.2.3B)
From (16.2.3B) we obtain
+
P = A . EO. (16.2.4)

Formula (16.2.4) can be rewritten, by substituting 4 = a + 1, as

P*—E,+ P'a = A. (16.2.5)

Example 16.2.1

The 1980 National Association of Insurance Commissioners (NAIC) Standard
Nonforfeiture Law adopted (16.2.2) and (16.2.4) to define minimum cash values.
The law specified that for policies with level benefits and contract premiums E, =
1.25 min (P, 0.04) + 0.01, where P denotes the benefit premium rate per unit of
death benefit for the policy. Exhibit the provision for first-year expenses E, and the
corresponding adjusted premium if (a) P < 0.04 and (b) P = 0.04.

Solution:
E, P
a. P <0.04 1.25P + 0.01 A + 1.25P + 0.01
a
b. P = 0.04 0.06 A + 0.06
—
Example 15.3.1 can be interpreted as using (16.2.2) and (16.2.4) to determine cash
values with E, = 0.04. v

Chapter 16 Business and Regulatory Considerations 501



In this section we have discussed the framework for defining minimum cash
values used in many jurisdictions. The method is another example of a single dec-
rement model, with somewhat arbitrary assumptions about the amount and time
incidence of expenses, being used as an approximation to a more comprehensive
double decrement model. [a the history of nonforfeiture value regulation, changes
in the general framework have been infrequent.

For a jurisdiction to complete the definition of minimum cash values, the interest
rate and the life table to be used must be specified. Legislative changes to update
the interest and mortality bases of minimum cash values have occurred more fre-
quently than have changes to the general framework. The 1980 NAIC law provides
for revisions of the maximum interest rate according to a formula based, in part,
on an index of average interest rates prevailing during a period of time before
policy issue.

Some of the modifications required when contract premiums or benefits are not
level are discussed in Section 16.9. These modifications are covered with the closely
related modifications required to adapt regulatory reserve liability standards to
nonlevel contract premiums or benefits.

Because the original contract was one of insurance, there is a view that at least
one of the nonforfeiture benefits should also be insurance. In this view, the cash
value is a device to define the new insurance benefit. These insurance options are
discussed in Section 16.3. Also, cash values form the basis of another important
policy provision, the policy loan clause. This provision provides that the insurer
will grant, on the security of the policy’s cash value, a loan not greater than the
cash value. At one time the interest rate on such loans was stated in the policy. In
response to volatile interest rates, however, there has been a move to link policy
loan interest rates to some market interest rate appropriate at the time the loan is
made. Upon settlement of the policy on death, maturity, or surrender for cash, the
outstanding indebtedness is subtracted from the proceeds.

16.3

Insurance Options

Cash values are available as a lump sum or as an insurance benefit of equal
actuarial present value. Three common insurance benefits are discussed here.

16.3.1

Paid-up Insurance

The equivalence principle is used to determine the reduced amount of paid-up
insurance according to the benefit provision in the policy. If premium default oc-
curs at time k, as measured from policy issue, the general equation for the amount
of paid-up insurance available, denoted by b, is
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LV = bA(k),

_ LV

Alk)
where ,CV is the cash value available and A(k) is the actuarial present value for a
unit of future benefits under the policy at time k. In practice, various elaborations

on the symbol A(k) indicate, if appropriate, that continuous payment of claims and
various term and endowment benefits are required.

b, (16.3.1)

For a unit of insurance and in the special case when ;CV = |V, where V is a
benefit reserve, (16.3.1) may be rewritten to provide additional insight. Some of
these ideas were developed in connection with (7.3.2) and (7.4.6). In this special
case, the symbol \W = b, = ,V/A(k) is used to denote the amount of paid-up
insurance. In Table 16.3.1 some of the relationships between ;W and other actuarial
quantities are listed. Additional relationships of this type are called for in Exercises
16.7 and 16.8.

There is a general reasoning argument that leads to the results in Table 16.3.1.
At age x + k the benefit premium for a whole life insurance of 1 is P, ,,. Thus an
annual premium of P,, payable commencing at age x + k, would be sufficient to
provide insurance of only P,/P,,,. Since P, is the benefit premium actually paid
for a unit of insurance, the difference at time k, 1 — P, /P, ., must be provided by
the reserve. This reasoning can be applied to the other insurances.

Amounts of Reduced Paid-up Insurance

Special Case b, = W = ,V/A(k)

Fully Continuous Basis Fully Discrete

Whole Life
N A _p(A)EHc A — Py
W(4,) = b ——x = W, = Sxrk Cx Benk
k ( Ax+k , Ax+k
A
oA -
P(Ax+k) Px+k
n-Payment Life (k < n)
o A — WPA) iy Ak = oPrily e
ZW(Ax) — Ltk i _( x) Ayt kn—k| wa — lx+k wtx By vikn—F|
Ax+k Ax+k
P L _n
n—kP(Ax+k) n*lcpx-rk

n-Year Endowment (k < n)

o A = DA T
kw( Ax:ﬂ) — +len—k| _ ,—[) +kn—k]

kW 4 — Ax+k:m - Px:ﬂ ﬁx+k:;l——k'
x:1

Ax+k:—n_—ﬂ Ax+k:m
=1 - _P_(A"’”) =1 - __P’i_
PA, =) P, im
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16.3.2

Extended Term

The equivalence principle is used to determine the length of a paid-up term
insurance for the full amount of the policy. The equation to be solved for s, in
connection with an insurance with unit amount, is

CV = Adzo. (16.3.2)

In the case of an endowment insurance, it may be that s > n — k, the remaining
time to maturity. In that case the amount of cash value not used to purchase paid-
up term insurance is used to buy a pure endowment of amount

LV - Al
Ax+k:ﬁ

(16.3.3)

If a policy of amount b is subject to an outstanding policy loan of amount L at
the time of premium default, life insurance policies usually provide that the ex-
tended-term insurance will be for amount b — L. Without this provision a policy-
holder with a policy loan of amount L and current death benefit of b — L could,
by the act of premium default, increase the amount of insurance to b. In the case
of a policy loan of amount L, (16.3.2) is modified to

b,CV —L=(b— L) Adp.

If the terminating insured can elect either a reduced paid-up or an extended-
term insurance equivalent, the insurer has granted an option to the terminating
insured. Those in good health tend to elect reduced paid-up insurance, and those
in impaired health extended term. To compensate for the cost of this option, some
insurers use a life table with higher mortality in determining A;iz; in (16.3.2) than
is used in determining A(k) in (16.3.1).

The basic idea is that the transition of a policyholder from one status defined in
the policy to another is information that should be used in determining the con-
ditional distribution of time until death following the transition. This idea also
appears in the discussion of accelerated benefits in Section 17.7 and of last-survivor
insurance in Section 18.9.

| Example 16.3.1

A semicontinuous whole life insurance with a 100,000 death benefit is issued to
(40). On the basis of the Illustrative Life Table with uniform distribution of deaths
over each year of age and i = 0.06, determine the following as of duration 10:

a. The minimum nonforfeiture value according to the 1980 NAIC law.

b. If the policy cash value is 8,700, the length of the extended term insurance
period.

c. Repeat part (b) with a policy loan of 5,000 outstanding.
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Solution:

[The following calculations are done on the Illustrative Life Table spreadsheet

constructed for the computing exercises.] Use of the Illustrative Life Table for both
the original pricing and the determination of the length of the period extended
term insurance available at termination may not be realistic, as the future lifetime
of an insured electing the extended term option may be governed by higher mor-
tality rates than the future lifetime of a newly insured life.

a.

P(Ay) = A/ iy = (i/8)Ay/ dy = 0.0112 11537
E, = 1.25 Min[P(A,), 0.04] + 0.01 = 0.0240 14421
P* = P(Ay) + E,/ iy = 0.0128 32315

Min Cash Value @ 10 = 8,620.2247

Benefit Reserve @ 10 = 10,770.4823.

. From (16.3.2) we seek an s such that

8,700 = 100,000A1,
or
0.08700 = Aly3.

To accommodate the assumption of a uniform distribution of deaths within each
year of age, we start by searching for the integer | s| such that

A}’()?L@ < 0.08700 < A%O:LSJTl"
From the Ilustrative Life Table we have

Al = 0.083094960
and Al = 0.090194845.

[Hint: See (b), page 119.]

Thus,

s—13

0.087 = AL,z = 0.083094960 + v™* 15ps, j ez V' dt and

0
0.003905040(1.06)*3 _ 1 — v 13
13P50 Je3 log(1.06) ’

5718 = 0.968948162 and

s = 13 + 0.541355012.

This would probably be rounded up to 13 years and 198 days.
We now seek an s such that

(8,700 — 5,000) = (100,000 — 5,000)A,3
or
0.038947368 = Al3.

Proceeding as in part (b), s = 6.444084519, which rounds up to 6 years and 163
days. v
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16.3.3

Automatic Premium Loan

Another policy provision, one that is not classified as a nonforfeiture benefit by
all actuaries, is the automatic premium loan. This provision keeps the policy in full
force, if premium default occurs, for as long as the cash value is greater than the
balance of the policy loan, which will be increasing because of interest and unpaid
premiums added to the balance. The option to restore the policy to full force with-
out a loan is available unilaterally to the insured under this option. Because the
restoration to full force under the other nonforfeiture options typically requires the
payment of accumulated due contract premiums and, often, evidence of insurabil-
ity, there is lack of agreement on the classification of this benefit.

For default at time k, on a policy with a continuous payment basis for unit
amount, the maximum length of the premium loan period would be determined
by solving

G5y = 1, CV (16.3.4)

for t. In (16.3.4),
* G is the contract premium per unit of insurance
* .+,CV is the cash value per unit of insurance and
+ i is the policy loan interest rate.
In practice, t is sometimes taken as an integer such that

GS.Tli = 1V
and
Ggﬁ‘lli > k+t+1CV'

The remaining cash value, , ,CV — G8y, is used to buy extended-term insurance.

Example 16.3.2

A fully continuous whole life insurance for unit amount issued to (x) is changed
to a nonforfeiture benefit at the end of k years.

a. If CV = ,V(A,), express the ratio of the variance of the future loss associated
with the changed insurance, immediately after the change, to the variance of the
future loss at duration k on the original insurance if the nonforfeiture benefit is

(i) Paid-up insurance
(ii) Extended-term insurance.

b. If x = 35 and k = 10, calculate the ratios in parts [a-(i)] and [a-(ii)] on the basis
of the Illustrative Life Table with interest at 6%. (See Exercise 6.10 and Exercise
7.23.)
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Solution:

(i) By (7.2.5), the variance before the change is

PA) " s _ iz _ A — (A
I:l + S ] [Ax+k (Ax+k)2] - (1 _ Ax)z .

For the paid-up insurance the loss variable is
(A v = V(A)),
which has variance
[kW(Ax)]z [2Ax+k - (Ax+k)2]'
The ratio of this to the variance before the change is
WA 1 - A,
which is less than 1.

(ii) In the case of extended-term insurance, we have from (16.3.2) and (4.2.5) that
the variance after the change is

Ads — (Adza)™
The ratio of the variances is
PALzs — Ad)1 (1 — AY)?
Apie — (A '
b. (i) 1 W(As) = 1,V(As) /A5 = 0.08604/0.20718 = 0.41529
Ay = 0.13254

[0.41529 (1 — 0.13254)]* = 0.13.
The variance of the loss on the paid-up insurance is 13% of the variance of
the loss at duration ten on the original insurance.

(i) ;oV(As5) = 0.08604 Alsz

yields a value of s between 19 and 20. With s = 19,

A~ Asm)? . 5 v _ 004308
22 i\ (1 — Az’ =
Ays — (Ays) 0.02922

(0.86746)> = 1.11.

Since s is between 19 and 20, the variance has increased to approximately
111% of what it was before the cessation of premium payments. \ 4

16.4 Premiums and Economic Considerations

Sections 15.2.1 and 15.3.1 develop ideas about introducing expected expenses into
premium formulas by applying the equivalence principle. The resulting premiums
are described as expense-loaded premiums, but they also could be called expected-
cost premiums. In Sections 15.2.2 and 15.3.2 a provision for contingencies and prof-
its is introduced by adding a flat extra amount to the expense-loaded premium.
The formulation of profit objectives and the inclusion of these objectives into the
premium determination process are not discussed.
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In this section four premium determination methods, which can be stated in
terms of the models that incorporate expenses, are reviewed. The four methods are
studied in an order related to increasing economic sophistication of the profit
objective.

16.4.1

Natural Premiums

In determining the contract premium, a method called the natural premium and
reserve method can be used to fix premiums and cash values in one coordinated
process. The method starts with the calculation of a set of expense-loaded premi-
ums and reserves using the single decrement model as is done in Table 15.2.4. The
withdrawal benefits are then set equal to the total reserves, benefit plus expense
reserves, and a profit component is added to the expense-loaded premium to pro-
duce a contract premium. The method relies on the fact that withdrawal benefits
determined in this fashion will have a small impact on premiums and reserves
determined within a double decrement model recognizing expenses. Of course, the
resulting withdrawal benefits must be checked to confirm that they satisfy regu-
latory minimum values. The terms natural premiums and natural reserves have
been used with a different meaning in some actuarial applications. Section 15.3
provides insights into this method.

16.4.2

Fund Objective

Formula (15.6.6) is described there as a general formula for an expense-loaded
premium determined by the equivalence principle. The developments of Section
15.6.1 can be extended to provide a method for introducing an expected profit
objective component to produce a contract premium.

In this extension, management sets an asset share goal, K > ,,V, for instance. If
expected expense and cash value obligations are known, (15.6.5) can be used to
determine G, the contract premium, using the following development. Let a trial
value of the contract premium, denoted by H, be selected arbitrarily, and let ,,AS
be the result of using (15.6.5) with this H and n = 20:

20 )
20AS = {2 [H(I — c,—1) — e,-4] chTJ)rh—l 1+ px"

h=1
= @dW)y +d2,,,CV) (1 + z')”"'} / 17 5. (16.4.1)

The fund goal is K, which should be the result of applying (16.4.1) with G replacing
H. Then by subtraction,

20 N
(G- H) (1 = ¢, DI, _,(1 + )"
K — ,AS = E lh(T)l i1 ]

h=1 x+20

and the desired contract premium is given by
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(K = 5AS) pop? v

20 .
2 1 =c-y) h—lP?) U
h=1

G=H+ (16.4.2)

The effect of the second term in (16.4.2) is to produce a correction to the initial
premium H that will cause the fund goal K to be reached in an actuarial present-
value sense. The denominator of the second term can be interpreted as the actuarial
present value of the increase in profit of a unit increase in the contract premiums.

16.4.3 Rate of Return Objective

Profit objectives in business are often stated in terms of a rate of return on the
investment in the business. One view is that the principal investment made in
creating an insurance enterprise is in developing a distribution system. An expected
rate of return on the investment in the distribution system, in this view, can be
expressed as a fraction of the actuarial present values of the sales commissions
generated by the distribution system. In addition, this view also recognizes that
because of the time incidence of expenses, the insurance enterprise must finance
the acquisition expenses when a policy is issued, with the expectation that the
policy will yield a future stream of returns.

To incorporate these ideas into a pricing method we start with the asset share
model developed in Section 15.6. One necessary change is to separate the percent-
age expense term, ¢, = g;, + t;,, where g; is the commission rate paid and t, combines
other percentage expenses such as premium taxes.

In Table 15.3.4 the financial operations of a very small life insurance enterprise
are traced assuming no deviations from expected results. The recursion relationship
used to generate Tables 15.3.4 and 15.3.5 is closely related to asset share formula
(15.6.7). We rewrite (15.6.7) assuming that after each year the difference ,AS" — ,V
is recognized as book profit or loss, to be denoted by ,BP, and the initial asset share
for policy year h + 1 will be set as ,V. The symbol ,V denotes a reserve liability
fixed in advance. The prime has been added to the asset share symbol as a reminder
that ,BP is extracted from the expected fund progress as a profit.

Because ,BP is measured at the end of the policy year for each insured who
entered the year, we have

WBP =, AS" =\ V = {[,.,V + H1 = g1 — ty1) = €41 (1 +0)
= 41 (1= V) = 424 (CV =, V) = V.
The book profits (,BP) are computed using an arbitrary initial premium H, which

could be taken as the benefit premium; ,BP can be negative. This is likely especially
in early policy years.

The actuarial present values of book profits at the time of issue are given by
vl o p W BP = v; ,E¥ ,BP h=1,2,3,...
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where v; is valued at rate of interest j, the rate of return desired on the investment
in new business. The asterisk has been added to the pure endowment symbol as a
reminder that it is valued using a double decrement model and interest rate j.

For the initial choice of premium H, the actuarial present value at issue of book
profits to the investor in the insurance enterprise is

Z = >, v;,,E* ,BP.
1

The actuarial present value at issue of future sales commissions based on the initial
choice of premiums is

X=H th gh—l h—lE:/

and the actuarial present value at issue of increased book profits to the investor
for each unit increase in premium H is

Y = th O ) (S i)U;' n1E%.

The quantity Y is closely related to the denominator in (16.4.2). The difference is
that Y measures the impact of a unit change in premium over the entire policy
period, while in (16.4.2), the impact is measured only for 20 years, at the end of
which time a fund objective is to be met.

We let G, as before, denote the contract premium that meets the economic goal
and assume that G > H. Two modified values are introduced. Let

Z'=7+ (G - HY (16.4.3)

denote a modified value of the actuarial present value of book profits to the investor
and

G
==X 16.4.4
X = (16.4.4)

denote a modified value of the actuarial present value of future sales commissions.

The economic goal can be described as
Z' = bX' (16.4.5)

where b is the required profit rate on the investment in the distribution system.
Then, from (16.4.3)

(G-HY=2 -2
and using (16.4.4) and (16.4.5), we have
Z+(G—-HY=bX"=b % X. (16.4.6)

Formula (16.4.6) has an economic interpretation. The right-hand side of the equa-
tion states the economic goal. The left-hand side has two terms. The first term (Z)
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is the actuarial present value of book profits with the initial choice of contract
premium H. The second term, (G — H)Y, is the increase in the actuarial present
value of book profits from increasing the contract premium by G — H.

Solving (16.4.6) for G yields
C— H?Y — HZ
HY — bX '’
which will meet the rate of return requirement j on investment in new business

and the profit rate on commissions b, which is related to the investment in the
distribution system.

16.4.4 Risk-Based Objectives

Another justification of profit loadings is that the investor should be compensated
directly for accepting risks. As in Section 15.3, let (L, denote the expense augmented
loss variable at issue associated with an insurance policy in a double decrement
model. Then Var(,L,) and V Var(,L,) would be possible measures of the risk asso-
ciated with the policy. Let the expense-loaded premium determined by the equiv-
alence principle be denoted by P’. The contract premium, with a risk-adjusted profit
loading, might be

P+ cVar(l) ¢>0 (16.4.7)
or
P+ kVVar(L) k>0. (16.4.8)

The premium in (16.4.7) involves the variance premium principle, and (16.4.8) in-
volves the standard deviation premium principle.

Var(,L,) measures the risk resulting from the uncertainty of the time and the
cause of decrement. Because of the importance of investment rate risk in long-term
insurances, some actuaries would either limit the application of the variance or
standard deviation premium principles to short-term policies or incorporate ran-
dom interest into the loss variables.

If ¢ and k are both constant, then the standard deviation premium principle has
the appeal that both the expense-loaded premium and the contract premium are
in the same monetary units. If, however, c is a function of the risk in terms of
(monetary unit) !, then the expense-loaded premium and the contract premium are
both in the same monetary units under the variance premium principle.

An appealing property of the variance premium principle can be demonstrated
by considering two independent expense-augmented loss variables, denoted by
oL(1) and (L.(2). Then,

¢ Var[,L,(1) + (L,(2)] = ¢ Var[,L(1)] + ¢ Var[,L.(2)]. (16.4.9)
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On the other hand,
k VVar[,L(1)] + Var[,L,(2)] < k V' Var[,L,(1)] + k VVar[,L,(2)].

The relationship in (16.4.9) is called the additive property of the variance premium
principle. The additive property means that the premium for a sum of independent
risks is the sum of their individual premiums. The profit and contingencies loading
for a collection of independent policies is the sum of the loadings for the individual
policies. Exercise 16.11 shows that a simple proportional profit and contingencies
loading also has the additive property.

Example 16.4.1

Use the results in Table 15.3.2 to determine contract premiums by (a) the variance
principle with ¢ = 0.05 and (b) the standard deviation principle with k = 1.0.

Solution:

a. 332.96 + 0.05(224.25) = 344.17
b. 332.96 + 1.0 V/224.25 = 347.93. v

16.5 Experience Adjustments

The set of asset shares as computed using (15.6.7), before a block of policies is
issued, will almost certainly not equal the assets per surviving insured developed
by experience. Nevertheless, the formulas of Section 15.6 can be used to gain in-
sights into sources of financial gain or loss, measured with respect to expected
results. Suppose that we trace the progress of (AS to ,;AS where the hat (circum-

flex) indicates that the (k + 1)-st asset share is derived from the expected k-th
asset share using experience cost factors. A cost factor based on experience will
have a hat added. In particular, friq is the experience interest rate earned over
the (k + 1)-st pohcy year. The experience asset share will be given by

k+1AS = [{AS + G — &) — &J(1 + £,) — g (1 - k+1AS)
A
— 42y (1CV = (1AS). (16.5.1)
Subtracting (15.6.7), which traced the expected progress of the asset share, from
(16.5.1) yields
N 2 .
a. ;11 AS = 11 AS = (AS + G)(i — )

b. + [(G e + e)d + i) — (G & + e) + i,9)]
C. + [0 A = (1AS) — 48, (1 — ,A9)]
d. + [9% (1CV — k+1AS) 42 (1CV — 1 AS)].

(16.5.2)
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In (16.5.2) the total deviation between the experience asset share and the ex-
pected asset share has been allocated into four components. Component (a) is
associated with the deviation between the experience and the assumed interest
rates. Component (b) is the difference between experience expenses and ex-
pected expenses, with an interest adjustment. Component (c) is the difference
between assumed and experience mortality costs, and component (d) is the
difference between assumed and experience withdrawal costs.

Participating life insurance is based on the principle that premiums are set at
a level such that the probability is very low that premiums and associated in-
vestment income will be insufficient to fulfill the benefit and expense commit-
ments implicit in the issuance of a block of policies. Under this principle, which
can be viewed as an alternative to the equivalence principle, the expected value
of a loss variable should be negative to generate financial margins to provide
for deviations in experience unfavorable to the insurance system. As the uncer-
tainty about experience is removed by the passage of time, the margins for
adverse deviations built into the original price-benefit structure can be released
and returned to the policyholders who, through higher premiums, carried the
risks. These returns of funds not needed to match future risks are called divi-
dends. A simplified version of (16.5.2) is used frequently in the analysis that
leads to the determination of dividends.

For the simplified version, we start with a modification of (15.6.7). In this
development ,F will take the place of ;AS. The new symbol denotes a fund
share that is no longer a consequence of the expected operation of the insurance
system. Instead, the values of ,F are amounts set in advance such that, with
future premium and investment income, the block of policies under consider-
ation has a high probability of meeting its benefit and expense obligations. Thus,

eiF = LF + G —¢) — el + 1) — g (1 = iF)
= 4% G1CV = 1 iF). (16.5.3)

In (16.5.3), ¢, €, g%, and g3, are typically set at levels somewhat higher than
expected, and i is set at a level somewhat lower than expected in order to
provide margins to cover adverse deviations. These margins result in a small
probability of a need for outside funds.

Formula (16.5.4) describes the fund share progress for a unit of insurance
where experience cost factors are denoted with hats; that is,

keiE D = [ F + G(1 — &) — ] + fk+1)
- qgcllk (1 - k+1F - k+1D)
- ‘7§2+)k (r1CV = j1F = D). (16.5.4)

In (16.5.4) the dividend is denoted by ,,,D; it is the difference between the
predetermined goal of ; ;F and the fund share generated by experience. Sub-
tracting (16.5.3) from (16.5.4) yields
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a. D = (F + G)({k+1 — i)

b. + [(Ge + €)1 + i) — (G, + 2)(1 + 1,,9)]

c. + (1= 1 HE0 — a0

d. + (2nCV = D@2 — 42))

e. + 5D @ + 420 (16.5.5)

The components of (16.5.5) may be identified with experience factors that de-
termine their size. Thus, (a) is associated with interest, (b) with expenses,
(c) with mortality, (d) with voluntary terminations, and (e) with the payment
of dividends only to survivors. If ,,,CV = ,,,F and dividends are paid to in-
sureds who die and to insureds who withdraw, and if G ¢, + ¢, is denoted by
E, whereas G ¢, + 2 is denoted by E,, then (16.5.5) can be written in a three-
term form,

D = (F + G)({kﬂ — 1)
+ [Ek(l + i) - Ek(l + fk+1)]
+ (1 = )@ — 420 (16.5.6)

Example 16.5.1

In Example 15.6.1 a set of asset shares was computed for the 3-year annual level
premium endowment insurance. Recall that the example was designed for conven-
ience and ease of calculation rather than realism. Make the following assumptions
about experience:

OF = OAS =0

F = ,AS = 229.44

,F = ,AS = 589.47

Zl = 0'15/ fz = 016

4 = 0.085, 4@ = 0.200

g%, = 0.090, §® = 0.100
¢ =&, fork=0,1,and 2
e, = 10,2, = 1.

Calculate ,D and ,D using (16.5.5), assuming that dividends are paid to those who
die or withdraw.
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Solution:

ID ZD
(a) Interest (0 + 342.96)(0) (299.44 + 342.96)(0.01)
(F + G)(i — i)
+ + +
(b) Expenses
(Ge t el +i) — [342.96(0.20) + 8](1.15) [342.96(0.06) + 2](1.15)
(G ey + 2)(1 + 1,,,) — [342.96(0.20) + 10](1.15) — [342.96(0.06) + 1](1.16)
+ + +
(c) Mortality
[1,000 — ,,.F] [1,000 — 229.44](0.015) [1,000 — 589.47](0.0211)
(@2 — 32
+ + +
(d) Withdrawal
[ CV — i F] [227.73 — 229.44](—0.1) [564.41 — 589.47]
@® — %) X (0.0111)
(a) 0.0000 5.7240
(b) —2.3000 0.9342
(c) 11.5584 8.6623
(d) 0.1708 -0.2781
Total 9.4292 15.0424

16.6 Modified Reserve Methods

Two salient ideas about financial reporting for life insurance enterprises are in-
dicated in the extended illustrations developed in Sections 15.2.2 and 15.3.2. The
first of these ideas is that cash flows, and thus economic gains, are not affected by
the method selected for reporting liabilities. The second is that using reserves de-
rived from a multiple decrement model and incorporating expenses results in a
more level stream of reported annual net income than when single decrement ben-
efit reserves are used.

In Section 16.1 it was pointed out that single decrement approximations to more
comprehensive multiple decrement models incorporating expenses are frequently
used, especially for regulatory purposes. In this section the use of such an approx-
imation for financial reporting will be developed.

A general fully discrete insurance on (x) is introduced by way of (8.2.1). Later in
Chapter 8 it was shown that for a fixed schedule of death benefits, it is not nec-
essary to determine a sequence of constant benefit premiums to define the corre-
sponding benefit reserves by the equivalence principle. Nevertheless, regulatory or
economic restrictions, such as \V = 0, may make some sequences of nonconstant
benefit premiums infeasible. Other examples of such restrictions might be the
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requirement that the benefit premium used for reserve purposes be less than or
equal to the contract premium and, except for the first policy year, the benefit
premium be a fixed proportion of the contract premium.

For insurance policies that provide for constant benefits and constant benefit
premiums, a system of notation and nomenclature has been developed to define
modified reserve systems with nonconstant benefit premiums that provide a more
realistic matching of premium reserves and related expenses. These modified re-
serve systems are constructed using a single decrement model under the assump-
tion that nonforfeiture values have been determined so as to minimize the gains
and losses due to withdrawals.

A modified reserve method is one that does not use the actuarial present value
of a set of level benefit premiums as a deduction from the actuarial present value
of future benefits in defining reserves. Instead, a sequence of step premiums is
defined. Usually no more than three different levels are involved, although the
theory would permit more steps in the path. The three premium levels are denoted
by «, the first-year benefit premium; B, the benefit premium for the next j — 1
years; and P, the level benefit premium assumed payable beyond the first j policy
years. This set of premiums is constrained to have the same actuarial present value
as the set of level benefit premiums so that

a + B(axﬂ - 1) + P(axm - axﬂ) = de:h/
o+ Bax:j—_l\ = Paxﬂ (1661)
where 1 is the length of the premium paying period.

In the notation of Section 15.5 for level benefit premium reserves, amount c is
expected to be available in the first policy year. This comes from a loaded premium
of P + ¢ to offset first-year expenses. If a < P, then P + ¢ — o > ¢ will be expected
to be available, within the modified reserve accounting method, to match first-year
expenses. If a < P, a consequence is that B > P. This can be seen by rewriting
(16.6.1) as

a + Bag = Pla= + 1),

p—p+l 2 (16.6.2)
ax:Fﬂ
A second useful expression can be obtained from (16.6.1) as follows:
B(dxﬂ - 1) = de]-] - OLI
p=p+2 2 (16.6.3)

ax:ﬂ
Thus a modified reserve method for policies with constant benefits and premiums
can be defined by specifying the length of the modification period j and either the
first-year premium o, the renewal premium B, or the difference § — a. Figure 16.6.1
provides a schematic diagram summarizing the relationship among the premiums
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making up a modified reserve method. The actuarial present value at issue of the
premium components depicted by the shaded areas A and B are equal as can be
seen from (16.6.1) rearranged as P — o = (B — P)a, =

» time

In (16.6.1) and (16.6.2) we use the symbols o and B to denote, respectively, the
first-year and renewal benefit premiums for a j-year modified reserve method and
P to denote the general symbol for the level benefit premium. In a similar fashion
we use the symbol VM to denote a terminal reserve computed by a modified
method.

The following formula is used to calculate terminal reserves in the fully discrete
case of an h-payment, n-year endowment insurance under a modified reserve
method with a j-year modification period. During the modification period, k < j,

Zvi\?’fd = Ax+k:77:ﬂ - de+k:ka| - hPx:ﬂ j—kl'dx+k:;t-—7|
= Ax+k:ﬂ\ - hPx:ﬂ ax+k:ETk] - (B - hPx:ﬁI) derk:jf_k\

= va:ﬁ] - (B - hPx:ﬂ) lix+k:j——_F|‘

The results of Chapter 8 for a general fully discrete insurance apply to a modified
reserve system as described in this section. In (8.2.1), the correspondence is by, .,
=1, my=ao,m,=PB,h=1,2,.... This means that Theorem 8.5.1 holds for modified
benefit reserves and can be used in risk management decisions.

After duration j, reserves under the modified reserve method are equal to those
under the level benefit premium method.

Example 16.6.1

Whole life insurances, on a fully continuous basis, are to have reserves deter-
mined by a modified reserve method. Under this method, the first-year and renewal
benefit premium rates are &, and B,, &, < P(A,); the modification period is the
entire policy period. Define the future loss variable and write equations that may
be used to evaluate reserves.
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Solution:

vT(x)—t_axaT(x_)_ﬂ_ OST(X)—t<1_t0St<1
LM = 0T = q d — By fgmereaen TR T =1~
vTO~ — B, Zr t=1

By analogy with (7.2.3), the reserve is

tV(Ax)MOd _ {f}xﬂﬁ B ?‘x —x+t:ﬁ| - Bx 1—t|ax+f 0=t<1
Ay = By By t=1
In addition,
tV(Ax) - tV(Ax)Mod = [Bx - p(Ax)] [z t=1.
Since we require that
&x dx:ﬂ + Bx l|dx = p(Ax)(dx:Tl + 1|dx)/ (1664)
we have, similar to (16.6.2),

[p(Ax) - &x] a_x:ﬂ

B, = P(A) + 7.
and
B, > P(A).
Therefore,
VA ~ VAP =0  t=1 v

Example 16.6.2

Using the information given in Example 16.6.1, derive a retrospective formula
for V(A )M,

Solution:
Consider the case where 0 = t < 1 and recall that

Ax = ax a_x:ﬂ + Bx 1}5_1;\‘

= ax (dx:ﬂ + a—xi—t:l_“ﬂ tEx) + Bx (172]a_x+t tEx)‘
Then, using notation from Section 7.3, we have

(A \Mod — A A A _ N 7
V(A = Aoy — O Bymn — By 1— x4t

— Ax-\‘-t - i{l____;ﬂx_ﬂ 0 =t<1
t=x
= 0, s—x:ﬂ - tlzx‘
In addition,
fV(AY) - tV(Ax)MOd = [p(Ax) - &x] s-x:ﬂ O =t< 1

In the case t = 1, we recall that

Ax = &x a_x:ﬂ + Bx (1]dx:?:T| + ﬁx-!—t tEx)'
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Then
tV(Ax)MOd = Aert - Bx a_x+t

= A _ Ax —a, a_x:ﬂ — Bx 1[‘jx:ttﬂ
T Alxtt

iEx
a a:l n = i
= XEX + BX Sx+1:t——1 - fk
t~x

X* v

16.7 Full Preliminary Term

In order to develop a reserve method that increases the effective expense loading,
G — a, in the first policy year to better match the large first-year expenses, a is
usually constrained to be less than P. However, in accordance with certain regu-
latory principles, there is a practical lower bound on the value of .

This lower bound is derived from the recognition that negative reserve liabilities
are effectively accounting assets. Since the collection of future contract premiums
is uncertain, some regulatory agencies have not permitted such negative reserves
to be included in the balance sheet in statutory assessment of insurance company
solvency. Thus a practical objective of the reserve method is to avoid a negative
reserve at the end of the first policy year. This means that, for a level unit benefit
policy, the smallest feasible value of a will be ALy on the fully discrete basis. This
requirement was applied in Example 8.2.1. The result may be seen as follows:

V=0,
aS.q — k. =0, (16.7.1)
o= A}C:ﬂ.

If « is set at the minimum level and the modification period, j, is the entire premium
paying period, the resulting method is called the full preliminary term (FPT)
method. Under the FPT method, the reserve at the end of the first policy year is 0.

For this fully discrete basis, the renewal valuation premium B may be obtained
from (16.6.1) by substituting for a general h-payment level premium insurance with
actuarial present value denoted by A; that is, let A(1) denote the actuarial present
value for an insurance issued at age x + 1 for the benefits remaining thereafter.
Then

Alﬂ + B 1|dx:m = Paxﬁl
= A
= Alg + ,E, AQ1) (16.7.2)

or

o - iEAQ) __AQ)
1lax:m ax+1:H
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In words, B is the annual benefit premium for a similar insurance issued at an age
1 year older, with premiums paid for 1 less year in the case of a limited premium
paying period, and maturing at the same age as the original insurance.

For a fully continuous basis, the smallest feasible value for the first-year premium
rate, &, is Aly /.7, again based on avoiding a negative terminal reserve at time 1.
That is,

1V(Ax) = 0/

|
R?T‘I
v
o

, (16.7.3)

v
Ii,}i‘l

[

=
=)

X:

The development for the renewal premium rate, B, corresponds closely with the
development of (16.7.2) above:

Aaltﬂ + Bl|a_x:ﬁl—l| = P(A) a—xﬂ

A
Aly + E, A1) (16.7.4)

or

1|dx:m ax+1zm
The effect of the FPT method on accounting statements can be demonstrated by
modifying (15.5.5). We note that expense-loaded premiums under FPT are given

by

__EAQ)_ A
5 EAQ) _ AQ)

Po+c=Ag+tc=8+0

where ¢, is the loading in the first year and c, is the loading in renewal years. The
analogue of (15.5.5) where, as before, u(k) denotes the anticipated surplus for each
expected surviving insured at end of accounting period k is, for u(0) = 0,

[(A:lc:ﬂ + co) — el(l + i) — g, = p, u(l)

(¢, — e)1 +i)=p,ul) k=0, (16.7.5A)
kpx{[kvng + M(k)] + (Bx + Cl) - ek} (1 + Z) - kpx qx+k
= ol VT +uk + )] k=1,2,.... (16.7.5B)

Therefore, if
o — e = (P, +c— Alg —¢) >0,

the first-year surplus in our idealized accounting illustration will be positive. In
realistic situations,

=P, +c—Ag>c

X
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and p, u(1) will be greater than when liabilities are measured by level benefit pre-
mium reserves.

The recursion formulas, analogous to (8.3.10), are

Az + 1) — g, = 0 (16.7.6A)
and
DlVET + BIA + D) = P Gk = kerPrx Vi (16.7.6B)
Subtracting (16.7.6B) from (16.7.5B) we obtain
Py lu) + ¢, —elJ1 +i) =, ,p,uk+1) k=1,23,.... (1677)

Multiply (16.7.5A) and (16.7.7) by v**!, let ¢; = ¢, when k = 0 and ¢; = ¢; when
k=1,2,...,and we get

, Alv* i, u(k)] = v* p, (c; — €. (16.7.8)
With u(0) = 0, difference equation (16.7.8) yields
k—1 k—1
2, Al jp u(pl = 2 v p. (6 — ¢, (16.7.9)
7= =
k—1 ‘
Wb u(k) = on 1+ )7 p, (¢ — e (16.7.10)

As in (15.5.8), the expected surplus for each initial insured in our idealized model
is the accumulated value of the excess of loadings over expenses in each earlier
year. The following comparisons of the annual expected contributions to surplus
for each surviving insured in the cases of FPT reserves and of level benefit premium
(LBP) reserves may be developed using (15.5.7) and (16.7.8).

FPT LBP
Cq — 6’0 > c — 80
c? — & < c— e k=1,2,... (16.7.11)

The inequalities displayed in (16.7.11) for the expected contributions to surplus are
valid when o« < P and B > P.

16.8 Modified P‘reliminary Term

If we adopt the principle that negative reserve liabilities are inappropriate on the
balance sheet of an insurance enterprise, the FPT reserve method provides a min-
imum first-year terminal reserve and minimum first-year premium. According to
(16.7.11), the annual surplus contributions in the first year under FPT and LBP are

FPT  LBP
P+c—Aly—e=c,—e>c—eg.
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A difficulty arises in that the magnitude of P — ALy depends on the plan of insur-
ance. Since P, is normally much greater than P}, the expense margin to be used
to offset first-year expenses will also be much greater for an n-year endowment
insurance than for an n-year term insurance. One school of thought holds that if
P — A}z provides an acceptable expense margin for low-premium policies, it pro-
vides an excessive margin for high-premium policies. Under this line of reasoning,
low-premium policies may be valued satisfactorily under the FPT method, but
high-premium policies should use a modified reserve method that will produce a
positive first-year terminal reserve.

A modified preliminary term reserve standard requires: (1) A decision rule by
which policies are separated into low- and high-premium classes. (2) That for low-
premium policies the FPT method, which specifies « = Aly, is permitted. (3) A
definition of a valuation method for high-premium policies by specifying f,
B — «, or an a > A}y and the length of the modification period.

An objective of government regulation is to reduce the threat to insureds that an
insurance company cannot meet its obligations. In accordance with this objective,
in some jurisdictions, an actuary is designated to have the responsibility to deter-
mine that reserves make adequate provision for future obligations for an insurance
enterprise.

In other jurisdictions laws and regulations limit the choice of the methods and
assumptions that may be used to estimate reserve liabilities for regulatory pur-
poses. In some cases these laws and regulations define a modified reserve standard.
Only one such standard remains of direct interest to actuaries practicing in the
United States. The Standard Valuation Law defines the Commissioners Reserve
Valuation Standard for life insurance. The elements of this standard are that

* High-premium policies are defined as those for which B**" > P . ,, the FPT

renewal benefit premium for a 20-payment life

* The FPT method is a minimum for low-premium policies

* A specific Commissioners Reserve Valuation Method (CRVM) be used for high-

premium policies. Here the premium payment period is the modification pe-
riod and

BCRVM OLCRVM —

191 — A;:Tl-
An application of (16.6.3) yields
BCRVM — P + 19px+1 — Aizl (16.8.1)
%
where h is the length of the premium paying period.
The decision flowchart implicit in a modified preliminary term standard, illus-

trated by the Commissioners Reserve Valuation Standard, is displayed in Figure
16.8.1.
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Modified Preliminary Term Decision Flowchart

FPT FPT
B = 19Px+]/ @ / B > 19Px+1

CRVM _
FPT B

High
Benefit
Premium

oCRVM =

19Px +1 A}r:ﬂ/
j=h

16.9 Nonlevel Premiums or Benefits

Section 16.2 covers the development of a single decrement model with arbitrary
assumptions about the level of expenses and their time incidence for defining min-
imum cash values. In Section 16.8 a related development is done for the purposes
of defining minimum reserves for financial reporting to regulators. In both of these
sections the developments were limited to level premiums and benefits. The stat-
utes supporting minimum reserve and minimum cash value regulation have typ-
ically contained specific provisions for level premium and benefit policies. Because
of the limitless variation that can exist in schedules of premiums and benefits that
are not level, the interpretations needed to apply the principles of the statutes have
been left to regulators and professional judgment. The job is to take statutory and
contractual language and to produce a mathematical model that is consistent with
the intent of the language. This type of endeavor is typical of many actuarial
assignments.

The main tool in adapting regulations designed for level death benefit and level
contract premium policies to policies with nonlevel premiums or benefits is that of
averaging. A sequence of nonlevel premiums or benefits will be replaced by a level
sequence made up of weighted average premiums or benefits, respectively. The
methods of adapting regulations for nonconstant premiums or benefits will differ
by the weights used in the averaging.

16.9.1 Valuation

In Section 8.2 a general insurance, using a fully discrete basis, is discussed. This
general insurance will be used to illustrate the problem. Recall that, under the
insurance, a death benefit b,,, is paid at the end of policy year j + 1 if death has
occurred in that year. Annual premiums are payable, contingent on survival, at the
beginning of each policy year during the premium period. The contract premium
G, is paid at time j, the beginning of policy year j + 1.

We describe here the interpretation by Menge (1946) for applying the Commis-
sioners Reserve Valuation Standard to this general insurance. Formulas are given
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for a term insurance with a description of the modifications for an endowment
insurance. These rules are directly applicable to insurance policies with schedules
of benefits and premiums. Policies providing for benefits or premiums that are tied
to investment performance, or that can be changed at the election of the owner of
the policy, require special consideration.

The first task is to determine the criterion for using FPT. As a first step, we
calculate an equivalent level renewal amount (ELRA). For this insurance we have

t
N

n
i+1
bin U7 Prit Grrrsj

_ j=0
ELRA = yr— . (16.9.1)

The ELRA for an endowment insurance is calculated on the basis of the death
benefits only and is thus also given by (16.9.1). ELRA can be interpreted as a
weighted average benefit amount with weight

it Pr+1 Gxv1+j
5c1+_1:n~—-—i|
In addition, the average ratio of renewal benefit premiums to renewal contract
premiums is denoted by r; and is determined by

n—2
Z by v/t P+t Ger1+
re =2 . (16.9.2)

2
Z GV pan
j=0

The Menge interpretation depends on the assumption that the valuation premium
is a constant fraction of the contract premium.

For endowment insurances, pure endowment benefits are included in the nu-
merator for 1.

Under the Menge interpretation, FPT is allowed if
re Gy = ELRA 4P, ;. (16.9.3)

If this condition is satisfied, FPT is interpreted as involving benefit premiums
my, = vbyq, and m; = 1r;G, j = 1,2,...,h — 1, where h is the length of the premium
paying period. The modified reserve, for k = 1, is given by

n—k—1 h—k-1

kVMOd = EO bk+j+l UZA Prtk Qxrk+j — TE E() Gk+i v/ P+ (16.9.4)
/= =

For endowment insurances, pure endowment benefits are added to the first term
of (16.9.4).

In cases where (16.9.3) is not satisfied, the excess first-year expense allowance,
comparable to B — «, is given by

ELRA P, sy — by Aylczﬂ'
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A modified average ratio of benefit premiums to contract premiums, denoted by
tc, is determined as

3
{
-

b;+1 v/t Px Gesj T (ELRA 4P,y — by A}c:-ﬂ)

- — . (16.9.5)
Z G, v p,
j=0

I~
Il

Tc

The modified reserve in this high-premium case is given by

k-1 h—k=1

(VM = 20 besjor V1 Prsk Guvin; — Te 2) Girj U Prsi- (16.9.6)
= =

For endowment insurances, the numerator of 7. in (16.9.5) and the right-hand side
of (16.9.6) are adjusted to include pure endowment benefits.

Example 16.9.1

Calculate the annual benefit premiums under the Commissioners Reserve Valu-
ation Standard for a special 30-year endowment policy issued at age 35. The benefit
is 150,000 for the first 20 years and 100,000 thereafter with a maturity benefit of
100,000. The contract premium is a level 2,500 for 10 years and thereafter is 1,250.
Use the Illustrative Life Table with i = 0.06.

Solution:
The ELRA is based on the death benefit and is calculated as

2A559 + Ag
ELRA = 50,000 ( %29 %E‘)

36:29]

= 130,153.30.

The 7, factor is given by

r. = 50/000 2A36:2_9t + A316:E|
E 1,250 ﬁ%g\ + ﬁ36:§|

= 0.91014604
and
19P3 = 0.0116543.
For FPT to apply, (16.9.3) must be satisfied. However, since
re Gy = (0.91014604)(2,500) = 2,275.37 > 1,516.85 = ELRA 14P5,

FPT is not allowed. The excess first-year expense allowance, corresponding to
B — a, is given by

ELRA ,,P,., — b, Aly = 1,516.8456 — 284.9395 = 1,231.9061
T

Chapter 16 Business and Regulatory Considerations 525



and

L 50,0004 + Alsss) + 1,231.9061
¢ 1/250(a36@| + d36:§|)

= 0.88223578.
Thus the renewal benefit premiums are
7c(2,500) = 2,205.59, years 2,3, ..., 10
rc(1,250) = 1,102.79, years 11,12, ..., 30,
and the first-year benefit premium

= r¢(2,500) — 1,231.9061

Il

973.68. v

An alternative interpretation of the Commissioners Reserve Valuation Standard
as it applies to policies with nonlevel death benefits is contained in Actuarial Guide-
line XVII developed by the National Association of Insurance Commissioners.
These guidelines do not have the force of law in most states but are designed to
serve as guides in applying statutes to specific circumstances.

The guideline first requires the calculation of the average of the death benefits
at the ends of policy years 2 through 10. Let M denote the average value; that is,

8

2 by
M=
9
If

n—2

i+1
2} bj+2 U st Gurnsj
=

> M 19Px+1/

Ay 11759
then r. is determined by (16.9.5) with M replacing ELRA. If the alternative
inequality holds, then r; is determined by (16.9.2). Reserve formulas (16.9.4) and
(16.9.6) remain valid. The purpose of the guideline is to replace ELRA with the
simpler M.

16.9.2

Cash Values

The issues that arise with nonforfeiture benefits for such policies are similar, but
there are differences. The 1980 NAIC law refers to an average amount of insurance
(AAI) and indicates that this amount is based on benefit amounts at the ends of
the first 10 policy years. Thus, in the notation of the general insurance of Section
8.2,
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9
2} bj+1
AAl = &
10

when n = 10. A level benefit premium is

n—1

i+1
2«) biva U Py v
P

p= (16.9.7)

dxm
An additional term is included in the numerator of (16.9.7) if pure endowment

benefits are included. The formula for the first-year expense allowance depends on
P and AAI and is defined as follows:

B {1.251? + 0.01AAI P < 0.04AAI
=

16.9.
0.06AAI P = 0.04AAL (169.8)

The adjusted premium for any policy year is a multiple, r, of the corresponding
contract premium for that policy year where

n—1
E, + Z b v p, Grsj
ry = 0 , (16.9.9)

h—1
E G;' v p,
i=0

The minimum cash value is given as

n—k—1 h—k-1

LV = 24) berjor V' Pk feinsy = T 2) Gisj U Pre (16.9.10)
= =

Again, both (16.9.9) and (16.9.10) must be modified if pure endowment benefits are
provided.

Example 16.9.2

Calculate the minimum cash values at durations 1, 2, 10, and 20 for the special
30-year endowment policy described in Example 16.9.1. Use (16.9.8), (16.9.9), and
(16.9.10) with the Illustrative Life Table and 6% interest.

Solution:

The death benefit is 150,000 for the first 20 years and 100,000 thereafter. However,
since the AAI is based on the first 10 policy years, AAI = 150,000. The level benefit
premium for this policy is, at issue age 35,

p— 50,000(2A3559 + Assz)
Ziss:ﬁl

= 1622.9358.

Since

P =1,622.94 = 6,000 = 0.04AAI,
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then, according to (16.9.8),

i

E, = 1.25P + 0.01AAI

Il

3,528.6698.

The contract premiums are 2,500 annually for 10 years and 1,250 annually for the
remaining 20 years. The adjusted premium multiple, ry, is

_ El + 50,000(2A35%| + A315m)
1/250(a35:m + aSS:E\)

= 0.9667466.

'n

Formula (16.9.10) was used to obtain the following cash values for this contract.

1 0.00
2 669.73
10 22519.81
20 48 776.92

Formula (16.9.10) gives —1,483.53 for ;CV; however, negative values of CV cannot
be collected from withdrawing policyholders, so it is arbitrarily set equal to zero.

\4

16.10

Notes and References

Cummins (1973) outlines the history of nonforfeiture values in the United States
with emphasis on the pioneering work of Elizur Wright. Developments in other
nations followed different paths. The 1941 NAIC report on nonforfeiture benefits
provides an historical summary of United States regulation, a brief review of prac-
tices in other countries, discussion of the philosophic considerations regarding eg-
uity for withdrawing policyholders, and a development of the adjusted premium
approach for defining minimum cash values. The 1975 Society of Actuaries com-
mittee report on nonforfeiture requirements is especially interesting for its discus-
sions of problems in connection with policies that provide for variation in benefits
after issue. Richardson (1977) supplemented this later report with an expense in-
vestigation for the purpose of defining the loading factors in adjusted premiums.

Shepherd (1940) developed the ideas on natural reserves and premiums. In two
papers, one covering asset shares and nonforfeiture values (1939) and one covering
gross premiums (1929), Hoskins developed many of the ideas in Section 16.4.2. The
premium determination method that depends on a rate of return objective is a
simplified version of work by Anderson (1959). Anderson also provides extensive
background material on margins for contingencies and profits.
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Dividends are discussed in detail by Jackson (1959) and by Maclean and Marshall
(1937) in a monograph that also traces the history of surplus distribution. Cody
(1981) expands earlier models to a more comprehensive model.

Full preliminary term reserves are also called Zillmerized reserves for the Eur-
opean actuary who developed the method. The Commissioners method and related
recommendations were developed by two National Association of Insurance Com-
missioners (NAIC) committees with almost identical membership: the Committee
to Study the Need for a New Mortality Table and Related Topics (1939) and the
Committee to Study Nonforfeiture Benefits and Related Matters (1941). In recog-
nition of their common chairman, these committees were popularly known as the
Guertin Committees. Menge (1946) wrote a comprehensive paper on technical as-
pects of the Commissioners method. Tullis and Polkinghorn (1992) have written a
monograph on the many issues that arise in valuing life insurance liabilities.

Exercises

Section 16.3

16.1. A company is planning to adopt a new life table. Indicate how you would
determine the ages at policy issue, and times since issue, for which the re-
duced paid-up life insurance nonforfeiture benefits under whole life policies
will be increased and for which they will be decreased. Use only a table of
the annual benefit premiums for whole life policies computed on the bases
of both the old and the new mortality tables. Assume that the cash values
are calculated by applying the same percentage of the benefit reserve under
the new table as was used under the old table.

16.2. An n-year, n-payment endowment insurance on a fully discrete payment
basis, with unit amount of insurance, is issued to (x). In the event of default
of premium payments, the insured has the option of
* Reduced paid-up whole life insurance or
* An extended term insurance, to the end of the endowment period, with a

reduced pure endowment paid at age x + n.

* The cash value at time t is ,V, 7 and is sufficient to purchase paid-up whole
life insurance of amount b or to purchase extended-term insurance of one
together with a pure endowment at age x + n of amount f. If A, ,7— =
2A, ., express f in terms of b, A=, and , _E, .

16.3. A 20-year endowment insurance of unit amount on a fully continuous pay-
ment basis issued to (30) is lapsed at the end of 10 years when there is an
indebtedness of amount L outstanding against the cash value ,CV. Express,
in terms of actuarial present values,

a. The amount of pure endowment, E, at the regular maturity date if ex-
tended term insurance for the amount of the policy less indebtedness,
1 — L, can be continued to the maturity date;

Chapter 16 Business and Regulatory Considerations

529



16.4.

16.5.

16.6.

16.7.

16.8.

16.9.

b. The amount of the reserve on the extended-term insurance and the pure
endowment 5 years after the date of lapse.

It has been suggested that the amount of reduced paid-up insurance should
be in proportion to the number of annual premiums paid to the total number
of premiums payable under the terms of the policy. Compare the amount
of paid-up insurance under this suggested rule with {{W,, and ,(W,,55 using
the Illustrative Life Table and 6% interest.

Show that

Z TW(A _ P(Ax—ﬁl) — l""),(t)[l — tW(Axﬂ)]
dt [tW(Axﬁl)] - Ax+t:nj]

and interpret the equation. [Hint: Use (8.6.2) to write the derivatives of
V(A and Ay 3]

d

In the early years of life insurance, one company defined its cash values as
LV =h (G, — G,) ik) k=12, ...

where the symbol G denotes a contract premium at the indicated age, and
d(k) denotes a life annuity due commencing at age x + k, continuing on
survival to the end of the premium paying period. In practice  was set at
2 /3. If, by the 1980 NAIC law, the contract premiums for a whole life policy
are taken as adjusted premiums, and if it is given that P, and P,,, are each
less than 0.04 and i = 0.9, show that

CV = (0.909 + 1.125P,) .V, + 1.125(P,,, — P.).

Let W = ,CV/A(k) where ,CV = A(k) — P*ii(k), as in (16.2.2), and P is an
adjusted premium. Construct a table for the three policies shown in Table
16.3.1 under a fully discrete model, relating ,W to adjusted and level benefit
premiums.

If WMod = y/Mod / A(k), where VM is the reserve at the end of the k-th policy
year under the Commissioners Standard, as discussed in Section 16.8, con-
struct a table for the three policies shown in Table 16.3.1, under a fully
discrete model, relating VMt renewal and level benefit premiums.
Assume the premium payment period in the limited payment plans is less
than 20 years.

If (1, CV = V(A

a. Show that (16.3.4) for the length of the automatic premium loan period
can be written as H(t) = 0 where H(t) = a, G 55, + G,y — Gy

b. Confirm that H(0) < 0 for survival functions where the force of mortality
is increasing and, that as t — %, H(t) becomes positive and unbounded;

c. Calculate H'(¥).
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Section 16.4

16.10.

16.11.

16.12.

16.13.

If, in relation to (16.4.1), ,,AS, is the asset share at the end of 10 years based
on G, and ,,AS, is the corresponding quantity based on G,, write a formula

for 14AS, — 1pAS;.

Denote the expense-loaded premium determined by the equivalence prin-
ciple by P’ and the contract premium, loaded for profit and contingencies
by G. If G = P'(1 + 8), 8 > 0, the contract premium has been determined
by the expected value premium principle. This principle derives its name
because the contract premium is proportional to the equivalence principle
premium. Confirm that the expected value premium principle has the ad-
ditive property. This can be done by working with two independent loss
variables, ,L7(1) and (L}(2), where the asterisk indicates that the premium
included in the loss function is (1 + 8) times the expense loaded premium
determined by the equivalence principle. Confirm that

E[oLX(1) + oL72)] = E[LI (D] + E[L¥2)].

Suppose that there is an experience premium, denoted by G, based on realistic
mortality and expense assumptions such that

G = UF = F+ 8+ Uf]illk(l — +1F)

where § = G&, + ¢, k=0,1,2,....In addition, assume , ,CV = ,,,F for

k=0,1,2,3,.... Show that under these assumptions

a. b = (F + G- M+ 1) — 4Nl — . iF);

b. If dividends are paid to insureds who die or withdraw, (16.5.4) can be
written as

k+1F + k+1D = [kF + G - g](l + ;k+1) - qgcllk (1 - k+1F)
and
1D = (G =8O + 1) + (F+ G — 9, — i)

This exercise outlines the experience premium method of dividend
calculation.

The recursion relation between successive life annuity values is given by
(l'ixH, - 1)(1 + l) - px+h lix+h+l h = O, 1, 2, “ee e

a. If the actual experience interest rate is 7,,, and the experience survival
probability is p,,,, the fund progress will be described by

(Zix+h - 1)(1 + ih+1) = f)x+l1(dx+h+1 + Ah+1)
where A, ., is the survivor’s share of deviations. Show that
A _ (fhe1 — i)(dx+h -+ (Px+h — f)erh) Gyiper
he1 =
px+h

and interpret the result. [This formula is the basis of the two-factor con-
tribution formula for annuity dividends.]
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b. If the annuity income at the end of the year is adjusted to be r,,; times
the income as of the beginning of the year where

(G, — DA + fh+1) = Pesn(Tns1) Gyipsr »

express 1, in terms of i, 1., P, and P,

Section 16.6

16.14.

16.15.

16.16.

16.17.

16.18.

16.19.

For a modified reserve method the period of modification is equal to the
premium paying period. Show that

kaﬁd =1—-(B +d) Gy en=r|-

A modified reserve method for a whole life insurance, fully continuous basis,
is defined by

o
a(f) = — 0=st<
&) = — B m

where B is the level premium for t = m.
a. Write a formula for .
b. Write a prospective formula for ,V(A,)"*, t < m.

Calculate o and BM* in a modified reserve method for a fully discrete
whole life insurance where ;V¥* = K. The modification period is the pre-
mium paying period.

Under a modified reserve method for a fully discrete whole life insurance
policy, the annual benefit premiums, P,, are replaced (for reserve purposes)
by annual premiums of o for the first n years and B} thereafter. Show
that

BQAOd - P, a

S = — 1

p

_ yMod -
x O n\ax

Show that

. B—a) .
Vo= VM = ( i Ay k=7

xif
where j is the length of the modification period. Note that this difference
can be interpreted as the unamortized portion of the extra first-year expense
allowance.

Use the general symbols of (16.2.2) to define a modified reserve model for
a level benefit, level premium policy:

VM — Ay — Bak)  k=1,23,....
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Confirm the following steps:
a. VM = g + vp Ak + 1) — B — Bopg itk + 1)
= v — B+ vpg VM

VP B+ ) = g1 = VR + P k=12,
b. If ;W™ is defined as (o« — B) the recursion relation in (a) can be extended

tok = 0.
e Aok VM = kg — g1 — VM) Lk =0,1,2,....
d. Summing the expression in part (c) over k =0, 1,2,...,n — 1, confirm
that
n—1
V=5 = B -+ )= X (T g (= VM),
k=0 :

Section 16.7
16.20. Show that

kVJ;%Tzl__M—:”Tkl k=1,2,...,n.

ax+1zm

16.21. A two-year preliminary term reserve method is defined with three valuation

premiums:
First year: Alg
Second year: Adaa
Thereafter: Level benefit premium for age

x + 2, no change in benefits or
premium paying period.
Show that, for this method, the reserve on a whole life policy to (x) is given
by
1VMod — vaod =0
kVMOd:ka—_(Px+2_Px)aX+k k=3,4,5,....

(This type of reserve system is common in health insurance.)

16.22. Consider a fully discrete whole life insurance on (x). Af*” is defined as in
(8.5.1) with my = Aly, ™, = P.yy, h =1,2,...,and ,V = ,V¥7. Show that,
if V, >0,

Var[AJTK(x) = 0,1, ...] = v? p,g, > Var[AK(x) = 0,1, ...].
Section 16.8

16.23. A proposed reserve valuation method has a first-year premium « and a
renewal premium {3 applicable in all renewal years. The first-year premium
is constrained to be at least equal to Ay. This provision allows the use of
FPT for some policies and some ages. The excess of B over o cannot exceed
0.05. Assume that on a particular valuation basis d = 0.03, 4, = 17, i3 = 9,
Ay = 2/3,and ALy = 0.01.
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a. Calculate B for a whole life policy issued to (x).

b. Calculate ,,V for this method.

c. Assuming a = Ay = 0.01, calculate a test value for B for a 12-year en-
dowment insurance on (x). Confirm that this value for B is inadmissible
since B — a > 0.05.

d. Using the result in (c), calculate B for a 12-year endowment insurance on
(x).

e. Calculate 1fo—;‘j .

16.24. A modified preliminary term reserve standard is described as follows:

* Policies are divided into two classes: Class I, if the FPT renewal premium
is greater than 4P, ; Class II, if the policy does not belong to Class L

* For policies in Class |, the first-year premium is the same as that defined
by the Commissioners Reserve Valuation Method. The renewal premium
is such that the level benefit premium reserve is reached at the end of the
premium paying period or 15 years, whichever comes first.

* For policies in Class II, the FPT method is prescribed.

For a fully discrete payment basis, 20-payment, 20-year endowment issued

to (x), write an expression for « and 8 under this standard.

16.25. If BFPT > P, ,, the k-th terminal reserve by the Commissioners method on
a fully discrete basis life insurance issued to (x) and paying level benefits
may be written as

Al'l . . Al'k
VRV — L] 10Pei1 S T T8 — —
kEx kEx

Derive an expression for T.

Section 16.9
16.26. Assume B7 > P ., and
by =1 i=01,...,n-1,
G=P1+6) j=01,..h-1

Show that (16.9.7) reduces to the formula for the k-th reserve by the Com-
missioners Standard.
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SPECIAL ANNUITIES AND
INSURANCES

171 Introduction

In this chapter we study a wide variety of policies that provide special annuity
and insurance benefits; our aim is to determine actuarial present values, benefit
and contract premiums, and benefit premium reserves. In Section 17.2 we examine
a number of annuity contracts for a single life where the period during which
payments are made may be longer than the future lifetime of the annuitant, or
where there are benefits payable upon death. These contracts can arise from a
settlement option under a life insurance policy, from the provisions of a pension
plan, or from provisions of an individual annuity policy. Section 17.3 covers the
closely related matter of the family income policy. Variable products, where benefit
levels and reserves depend on investment results, are the subject of Section 17.4.
These products become important when price inflation erodes the value of benefits
stated in terms of fixed monetary units. In Section 17.5 types of policies that provide
wide flexibility for changing benefit amounts and premium levels are examined.
Some life insurance policies provide for benefit payments before death when the
insured becomes terminally ill or has lost the ability to perform specified activities
of daily living. These are called accelerated benefits. In Section 17.6 a multiple
decrement model for such policies will be introduced. The model resembles the
disability insurance models introduced in Chapter 11 in that both the time and
amount of accelerated benefits payments may be random variables.

17.2 Special Types of Annuity Benefits

In this section we concentrate on calculating the actuarial present values of spe-
cial forms of annuity benefits. The payment patterns depend on the contract pre-
mium collected. We determine the appropriate contract premium using the equiv-
alence principle. We emphasize continuous payment annuities and justify the
corresponding results for m-thly payment annuities by analogy.
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Section 5.2 contained an analysis of n-year certain and life annuities. That type
of life annuity provides for a guarantee of payments for at least n years. The an-
nuities in this section can be viewed as special cases where the number 7 bears a
relationship to the consideration paid for the annuity.

One illustration is the installment refund annuity. A sufficient number of pay-
ments is guaranteed so that the annuitant receives at least as much as the contract
premium that was paid. Thus, for such a continuous annuity with contract pre-
mium G, the actuarial present value of benefits is

ag + cEy i

If the contract premium is to contain a loading of r times the premium, the equiv-
alence principle requires that G satisfy

G(l — 1) = ag + ¢E, d,.c. (17.2.1)

The difference between the left- and right-hand sides of the above expression could
be evaluated for integer values of G. Then, an approximate value of G that equates
the two sides is found by linear interpolation. Similar expressions hold for discrete
versions, and G could be found for those in a similar manner.

A related annuity that contains some insurance features is the cash refund an-
nuity. A death benefit is defined as the excess, if any, of the contract premium paid
over the annuity payments received. If G is the single contract premium and T is
the time of death, the present value of benefits on a continuous basis is

_ Jan + (G — T’ T=G
Z {dﬂ T>CG. (17.2.2)
The actuarial present value of these benefits is given by
o G
E(Z) = JO ay P P(t) dt + fo (G = 1) V' p, pult) dt
=a,+G A;@ - (I_A);a (17.2.3)

As for the installment refund annuity, the principle equivalence is used to deter-
mine G. If the loading is r times the contract premium, then

Gl -1 =a,+ G Ay — ([Az. (17.24)

Linear interpolation can be used to approximate G after the difference between the
left- and right-hand sides of (17.2.4) is evaluated for integer values of G.

Example 17.2.1

Consider a partial cash refund annuity with the present-value random variable
defined as

7 — i + (pG — T T<pG O0<p<1
an) T = pG.
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a. Show that (17.2.4) may be rewritten for a partial cash refund annuity as
G(1 —r) = a, + pGALg — (A)ix.

b. Form H(G) = Gr + 4, + pG Al — (IA)l-5 = G for the purpose of determining
G such that H(G) = G, by using an iterative solution method. The method will
employ H(G)) = G;4.

(i) Display H'(G) and H"(G).
(if) Discuss the signs of H'(G) and H"(G) in the neighborhood of a root.

Solution:

a. Apply the equivalence principle to obtain
G(1 — r) = E[Z*]

pG
= [ 1 + 06 ~ 01 py ) a

+ f a_ﬂ tpx “’x(t) dt
pG

pG
ax + pG J; vt th “‘x(t) dt

pG
- jo tvt tPx “‘x(t) dt

=, + pG Alyg — (A)sa-

b. (i) H'(G) = r + pAlg + plpG v*° ,op, m(pG) — pG v*C op, p.(pG)]

=r+ pAalc:p_GP

H"(G) = p* v*° ,op, m(pG) = 0.

(ii) The rate of convergence of iterative methods for solving nonlinear equations
depends on the magnitude of the first derivative [H'(G)] in the neighbor-
hood of the solution of the equation. Assume H(G;) = G;,, is used to solve
iteratively for G. We know that H”(G) > 0 and H'(G) = r + pAlyg =
[G — 4, + ([A)l]/G. But G > a, > a, — (A)lg > a, — (IA), > 0, so
0<G —a, + (IA); < G. Thus 0 < H'(G) < 1 in the neighborhood of
the value of G such that H(G) = G. The condition that [H'(G)| < 1 in the
neighborhood of the solution is a sufficient condition for the iterative solu-
tion procedure, H(G,) = G,,,, to converge to G. v

17.3 Family Income Insurances

An n-year family income insurance provides an income from the date of death
of the insured, continuing until #n years have elapsed from the date of issue of the
policy. It is typically paid for by premiums over the n-year period, or some period
shorter than n years, to keep benefit reserves positive. Again, we start with a
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continuous annuity. If T is the time of death of the insured, the present value of
benefits is

_ )T Uy T=n
7 = {0 o (17.3.1)

Usually, the interest rate involved in the annuity factor, #;—7, is the same as that
in the present-value factor, v”. A variation of this type of contract is the mortgage
protection policy where the annuity factor in the benefit function represents the
outstanding balance on a mortgage. The mortgage interest rate used in evaluating
#;—7 may then be different from that used for evaluating v”.

The actuarial present value for the family income benefit is given by

E[Z] = J; U By Py (F) dt. (17.3.2)

This integral can be converted to a current payment integral by integration by parts,

ay — fo vt p, dt = fo v (1 — p)dt =ay — a.z. (17.3.3)
The interpretation of the middle integral is that the annuity is payable at time ¢,
for t < n, only if (x) is dead at that time, the probability of that event being
1 — ,p,. The first and third expressions in (17.3.3) can be interpreted as requir-
ing a continuous payment, at a constant rate of 1 per year, until time n, but the
payments must be returned if (x) is alive.

We conclude this section with an example combining aspects of a family income
policy and a retirement annuity with a term certain.

Example 17.3.1

Calculate the actuarial present value of the benefits under a policy issued at age
40 providing the following annuity benefits payable continuously at a rate of 1 per
year:

* In the event of death prior to age 65, a family income benefit ceasing at age 65

or 10 years after death, if later, and

* In the event of survival to age 65, a life annuity with 10 years certain.

Solution:
We prepare to write the current payment integral. The following table gives the
conditions required for payments at time t and the corresponding probabilities.

Time Condition Probability
0<t=25 (40) is dead 1 — pa
25 <t =35 (40) was alive at t — 10 +—10P40
t> 35 (40) is alive Pao
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The actuarial present value is

25 35
jo vt (1 — py) dt + L5 vt 1P At + f

3!

oo

. v Py dt.

If we replace t — 10 by s in the middle integral, we obtain

25
s+10 — 10 (7 _ =
J; 5 v Pao 48 = 0" (@33 — A419)-

Thus the actuarial present value of the benefit can be written as

- — 10 — - - —
Az — Og025 T U (‘140%\ — Ay13) t Ay — Ay33- v

17.4 Variable Products

We consider several products where the benefit levels and reserves depend upon
the investment results. The investments associated with a product may be of any
type. Typically, the particular investments are selected to be in accord with the
announced objective of the insurance or annuity product. The original impetus for
these products was to participate in the higher expected total returns (dividends,
interest, and capital gains) available in equity investments and thus to provide
some measure of protection against inflation. A typical contract provides guaran-
tees concerning mortality and expense charges. Thus, the policyholder is not
charged for adverse experience, nor does the policy benefit from favorable expe-
rience from these two sources. We examine the mechanisms for change in benefit
level on an individual policy basis.

17.4.1 Variable Annuity

We consider here the variable annuity. During the premium-paying or accu-
mulation period, a fund is accumulated from a single contribution, or from periodic
deposits, at rates of return depending upon the investment performance of the
fund. Typically, variable annuities make guarantees on maximum sales, adminis-
trative and investment expense charges, and the mortality basis in use. If we ignore
gains and losses attributed to withdrawals and to death benefits at guaranteed
levels, the expected growth of the fund share is given by

[Fo + m(1 — ) — eJ(1 + i,) = Fooy + Geilbysy — Firn)s (17.4.1)

see (16.5.3). Here F, is the fund share at time k; m is the size of the deposit at
time k; ¢, is the fraction of the premium, m,, charged for those expenses at time k
that are proportional to the premium paid at that time; ¢, is the charge at time k
for expenses not proportional to the premium; b, , is the benefit paid at time k + 1
for death between times k and k + 1; i;,, is the actual investment return, net of
investment expenses, for the year following time k. The second term on the right-
hand side of the equation is equal to 0 during the accumulation period, so we have
the fund growing with interest only.
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At retirement, the existing fund share is used to purchase a paid-up annuity, the
purchase rates computed on a predetermined mortality basis and an assumed in-
vestment return (AIR). If the AIR is low, then the initial annuity payment will be
low relative to the fund share, but the contract can be expected to provide an
increasing payment pattern that offsets some of the effects of inflation. Let the AIR
be denoted by i and, again, let the net actual investment return in the year following
time k be i;,,. If the annuity benefit is paid only to those living at the beginning of
each year, with the annuity payment level at time k equal to b, the reserve just
before the payment is b, 4., with x the retirement age. The equation for the pro-
gress of the fund share would be

(bk dx+k - bk)(]' + iliJrl) = bk+1px+kdx+k+l' (17’42)
But from (5.3.4), we have

(e = DA + 1) = Prok Gy (17.4.3)
Dividing (17.4.2) by (17.4.3) gives
1+
b,y = b, Tk:l (17.4.4)

Thus, if i;,, > i, the benefit level will increase. Note that a high AIR can lead to a
situation where the benefit amounts are frequently decreased.

The result, (17.4.4), holds for other payout options. This is indicated for the
n-year certain and life annuity in Exercise 17.11. It also holds for m-thly payouts
in slightly modified forms. First, let us consider adjusting the payout amount
monthly. The formula connecting the annuity values for the first and second
months of a contract year is

12 1 i 12
a2y - =1+ = 1/ 12Pesk B2 1 12,
12 12

while the progress of the fund share would be expressed by

by ;P
o _ (12
(bk a,(xlfl)c - '15 1+ 1= 1/12Px+k bk+l/12 “§(+i+1/12-

Division yields

b (1 + 12 /12)
b2 = 1+ i(1;/12 . (17.4.5)

Alternatively, we could adjust the payment size on an annual basis even though
the payout is monthly. First, the formula for successive annual reserves for a
monthly annuity is

@2 — a2 + D) = poy il
The equation for the growth of the fund share would be

ool Py 2 . — ool
(b 43, — by a;1+;<:ﬂ)(1 + Gi1) = Pusk by 40744,
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Thus we make a charge, b, i{!2) 7, for the present year’s annuity payments. Dividing
the last two expressions gives (17.4.4) again,

L+ 4

b = by 1+

17.4.2 Fully Variable Life Insurance

There are a large number of possible designs for variable life insurance. We
examine three distinct designs, all based on a whole life insurance. Each of these
designs can be adapted to limited payment life insurances or to endowment in-
surances. Each is based on annual premiums with immediate payment of claims.
Benefit amounts are changed at the beginning of each year.

The first design is what we call fully variable life insurance. Benefit amounts
change with investment results, and premiums are kept proportional to benefit
amounts. We start with a unit benefit amount and benefit premium P(A). The
terminal reserve at time k is equal to the product of ,V(A,) and b, the benefit
amount to be paid in the year following time k. The benefit premium payable at
time k is b, P(A,). Upon receipt of the benefit premium, term insurance for the
benefit for the year is purchased, the cost being b, Aiz7. The equation that connects
the expected fund size at the beginning and end of the year and is used to define
the benefit for the subsequent year is

[be V(A + b PAA) — b Adgal( + i) = Pasi bt e VA, (17:4.6)

But we know

[kV(Ax) + P(Ax) - Aﬁﬂ](l + l) = px+k k+1V(Ax)' (1747)
Dividing (17.4.6) by (17.4.7), we obtain
1+
by = by *fﬁ“ (17.4.8)

This is the same relationship that holds during the payout phase of a variable
annuity, namely, (17.4.4).

17.4.3 Fixed Premium Variable Life Insurance

We next examine a fixed premium variable life insurance. The main difference
from the fully variable design, as the name suggests, is that the benefit premium
remains constant. Again we start with a unit benefit amount and write the equation
connecting expected fund sizes,

[bk kV(Ax) + P(Ax) - bk Az%kﬂ](l + il:+1) = Px+k bk+1 k+1V(Ax)' (1749)
Combining this with (17.4.7) gives us

b~ b kV(sz + P(sz / by —_Aﬁ:ﬂ 1+ i,

L WA + PAY — A | 1T+

(17.4.10)
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The first factor on the left-hand side of (17.4.9) can be written as
(bk - 1) kV(Ax) + kV(Ax) + P(Ax) - bk A;ﬁﬂ

This shows that the fixed benefit premium supports both the initial face amount
of 1 and the additional benefit, b, — 1, generated by the actual investment returns.

17.4.4 Paid-up Insurance Increments
Here we consider an alternative used for the third design. We consider the
changes in the benefit amount as paid-up and use the premium to support only
the original benefit level. The equation connecting fund shares becomes
[0 = 1) Ay + V(A + PA) — b Adql( + i)
= Ptk [(Der — 1) Ax+k+1 + k+1V(Ax)]- (17.4.11)
The left-hand side of (17.4.11) can be transformed as follows:
{bk (Ax+k - Aﬁ:ﬂ) - [Ax+k - kV(Ax) - P(Ax)]}(l + i1;+1)
= [bk 1Ex+k Ax+k+1 - P(Ax)(dxﬂc - 1)](1 + ili+l)
= [be 1Bk Arinr = PAJIGE ik i) + i)
3 PA) |1+ ik
= A by — == .
Prvk Axsi+1 [ k P(Ax+k+1):| 1+ i
The right-hand side of (17.4.11) is most easily transformed by using the paid-up
insurance formula for the reserve. It becomes
3 7 P(A,)
— + _—_—
Px+k {(bx+1 D) Avikr T Agiin I:l P(Ax+k+l):|}
_ PA,) ]
= per A by — 55— |
Prrk Axrr+1 |: k+1 P(Ax+k+1)
Making these substitutions into (17.4.11), we find that the recursion formula for the
benefit amount is
P(A) [ P4, ]1 + i
IR i Vo> B PR i o g 17.4.12)
T PA ) | P | T+ (
This third design has the advantage that if, after a period of years with favorable
investment returns resulting in b, > 1, the investment returns level off at the AIR,
then the benefit amounts will remain fixed. This is not true for the second design
that led to (17.4.10).
The paid-up insurance increment design has been used most frequently in com-
mercial practice. Exercise 17.14 explores another design.
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17.5 Flexible Plan Products

In the early 1970s insurance companies began to offer several types of policies
intended to provide the policyholder a broad range of options for changing benefit
amounts, premiums, and plan of insurance. The companies typically allowed small
increases in death benefit amounts without new evidence of insurability, but larger
increases required such evidence. The insurance plans usually included all types
of level premium, level benefit term plans, which as a limiting case include whole
life. The more expensive plans offered were either all limited payment life plans
or all endowment plans.

In Section 8.2 a model for life insurance policies with nonconstant benefits and
premiums was developed. The schedule of premiums and benefits was assumed
to have been determined when the policy is issued. In this section the option for
changing benefits and premiums within bounds established by the contract is avail-
able to the insured. Both participating (with experience-based dividends) and non-
participating versions were made available. A special dividend option was devised
to allow the dividend to be added at net rates directly related to the cash value.
This larger cash value was then used to extend the expiry date on term plans or
to increase the benefit amounts on permanent plans. We refer to such products as
flexible plans and illustrate a particularly simple version that shows some of the
inherent complexities. We conclude the section by describing a second design that
has less emphasis on the plan of insurance and some features in common with
variable life plans, as described in the previous section.

17.5.1 Flexible Plan lllustration

Basic to the design of the type of flexible plan considered here is a formula used
in reserve calculations relating the contract premium to the benefit premium. We

use the following very simple relationship applied to both term and limited pay- °

ment life plans, the latter being our choice for permanent coverage,
0.8G = P. (17.5.1)

Here G is the contract premium and P is the benefit premium.

Another basic decision is to determine the form of the total expense charge and
the related question of the adjustment of the reserves at times of plan change. We
use full preliminary term reserves and nonforfeiture values in our illustration. It
should be noted that the nonforfeiture and valuation laws may require higher min-
imum values, particularly for limited payment life plans. We define ;V = —E,
where E; is the excess first-year expense allowance. This idea also appeared in
Section 16.2. Then, from our adoption of full preliminary term reserves, we have
,V = 0 and, assuming a fully discrete basis,

oV + P =uqb,
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thus
E,= —,V =P — vgb. (17.5.2)
The equation connecting initial benefit amount, b, initial benefit premium, P, and
initial plan of insurance with #, the premium payment term, is
oV + Pi,; = bA.j. (17.5.3)

Here j equals either & (in case of a term plan) or w — x (in case of limited payment
life). Reserves are most easily determined by retrospective formulas since, as we
will see, minor adjustments in benefits in the final year of a policy are usually
required. Thus
v = OV + Piixﬂ - bA}C:ﬂ
k - E "
k=x

We illustrate the application of these formulas with the following example.

(17.5.4)

Example 17.5.1

Consider a policy issued at age 35 with an initial gross premium of 1,000 and
an initial benefit amount of 120,000. Use the Illustrative Life Table with 6% interest
to determine the excess first-year expense allowance, the fifth-year reserve, and the
plan of insurance.

Solution:
From (17.5.1), we have P = 800. Therefore, the excess first-year expense allowance
is
—oV = P — 120,000vg,5 = 572.05,
and the fifth-year reserve is given by

- —572.05 + 800455 — 120,000Al:3

5
5E35

= 2,491.24.

The renewal benefit premium for 120,000 of whole life insurance at age 35 on a full
preliminary basis is 120,000 P;, = 1,057.37. Since our benefit premium is only 800,
the plan of insurance is one of the term plans. It can be verified that, by using
retrospective formulas,

WV = 3,375.72
and
40V - —1,31314.

Thus the plan of insurance is Term to Age 74. The reserve remaining at time 39
would typically be used to provide term insurance for a fraction of the following
year. In our example, the number of days is given by

sV 365 = 230
120,000A,7 ' v
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At the time of change of benefit amount or premium, a new benefit premium is
calculated along with any change in the reserve that might result from, for instance,
a change in the assumed excess first-year expense allowance. For our simplified
plan, the benefit premiums are a constant percentage of the contract premiums,
and we assume that the revised reserve at the time of change, V', is equal to the
full preliminary term reserve on hand. The relationship between the revised re-
serve, new net premium, P’, and new benefit amount, b’, is of the same form as
(17.5.3), namely,

V' + Pl = b A, (17.5.5)

Here j and h would, in general, change with the new relationship between premium
and benefit amounts. Again, j equals either h or @ — x — k, and it is most convenient
to evaluate reserves by a retrospective formula. Thus, for g =1, 2,3, ..., we have

_ WV P,ﬁx+k:§] - b Aﬁ@
Ex+k

’
k+g

(17.5.6)
8

We continue with three examples that are continuations of Example 17.5.1. These
illustrate different types of change and show some characteristic calculations.

Example 17.5.2

The policyholder in Example 17.5.1 wishes, 5 years after issue, to change the
contract premium of the policy to 2,000 and the benefit amount to 150,000. Deter-
mine the reserve 10 years after original issue and the new plan of insurance.

Solution:
P’ = 1,600 and V' = 2,491.24 (;V' = 5V in Example 17.5.1). Thus, by (17.5.6),

., 2,491.24 + 1,6004,,5 — 150,000A53

10
SE 40

= 10,319.89.

We know the plan of insurance is one of the limited payment life plans since
2,491.24 + 1,600d,, exceeds 150,000A,,. It can be determined that the reserve at age
69 is the first one to exceed the actuarial present value of 150,000 of whole life
insurance at the same age. Thus,

2,491.24 + 1,600,055 — 150,000A% 5

29E 40

34

75,597.32,

while 150,000 Ay, = 74,954.44. When the policyholder attains age 69, the policy will
probably be changed to a paid-up life policy with face amount

75,597 .32

————— = 151,287.
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Example 17.5.3

The policyholder in Example 17.5.1 wishes to change the policy after 5 years to
Life Paid-up at Age 60 with a contract premium of 2,000. Determine the benefit
level that results from these changes.

Solution:
P = 0.8(2,000) = 1,600, thus (17.5.5) gives us

2,491.24 + 1,600d,055 = b" Ay.
Solving for b’ gives b’ = 132,090. v

Example 17.5.4

After 5 years, the policyholder in Example 17.5.1 wishes to change his policy to
Term to Age 65 with a coverage of 150,000. Determine the contract premium ap-
propriate after the change.

Solution:
P = 0.8G; thus (17.5.5) gives us

2,491.24 + 0.8Giiygz = 150,000A5055 -
The solution of this equation is G = 895.00. v

17.5.2

An Alternative Design

A second design combines aspects of variable life insurance with the preceding
design of a flexible plan policy. The emphasis on the plan of insurance is not as
strong in this design as it was in the first. Further, the emphasis is on the risk
amount (previously referred to as the net amount at risk), rather than on the benefit
amount. The risk amount can be determined at the beginning of policy year
k + 1, and a fund growth equation can be written in terms of this factor, which
we denote by r,. Our analysis will be in terms of an annual model but, in practice,
a monthly or even more frequent calculation is more common. The basic growth
equation for the fund share, the analogue of (16.5.3) without allowance for with-
drawals, is

F + G — E — r, A2 + if,1) = iiF. (17.5.7)

Note that accumulation is under interest only, and, in case of death, the policy-
holder receives both the fund share, that is, the fund at the beginning of the year,
«F + G — E — r, Afzq, and the risk amount adjusted for interest to the date of
death. The risk amount might be selected to maintain an approximate level total
benefit amount. The policyholder is given considerable flexibility in the choice of
G, the contract premium, and 7, the risk amount. The insurer typically makes a
number of guarantees. Usually, i;,, is an investment return that must be at least
equal to some minimum rate i. The risk charge is typically guaranteed to be no
more than 7, Afzy where the 1-year term insurance actuarial present value is
calculated on the basis of interest rate i and a mortality table used in statutory
reserve calculations.
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The amount 7, typically must be equal to or greater than a lower bound estab-
lished by tax regulations. The objective of these regulations is to prevent the fa-
vorable tax treatment given to life insurance contracts to be extended to contracts
that are essentially savings programs.

Plans of insurance based on recursion relationship (17.5.7) have been called uni-
versal life. The encompassing title has been justified by the options granted to the
insured to change the relative emphasis on death benefits and savings by changing
the premium and death benefits. In some cases, the policy commits the insurer to
use accumulation rates i, that are based on a investments with a particular allo-
cation. For example, i, might be based on investments in common stocks. Such
policies are called variable universal life policies.

Expense charges, E in (17.5.7), currently used are of several forms, including

* A constant percentage charge against all contract premiums

* Surrender charges such as a large but declining (with duration) percentage of
the first-year premium or a transaction charge such as 25 for each withdrawal

+ A flat amount per policy either in the first year only or a smaller amount for
each policy year, and

* A first-year charge expressed as an amount per 1,000 of benefit.

The charges most subject to regulation are the excess first-year expense charges
and the risk charges. Expenses are covered by the insurer, in addition to the stated
formula charges, by a number of devices. Some of these are

* Reduced interest credits, limited to the guaranteed rate, for an initial corridor

of policy cash values, for example, the first 1,000 of cash values

* An interest rate spread of 1 to 1 1/2% between the net investment yield and

the rate applied to the cash values, and

* Recognizing that part of the risk charge actually contains some provision for

expenses, just as do regular term insurance premiums.

As stated above, the emphasis on plan of insurance is not strong. At any time,
a calculation parallel to that used in Examples 17.5.1 and 17.5.2 could be performed
to determine the plan that is implicit in any specific pattern of premiums and
benefits, current risk charges, expense charges, interest rates, and reserve.

17.6 Accelerated Benefits

Some life insurance contracts provide special benefits if the insured transfers to
a state characterized by serious restrictions on daily activities and extraordinary
care expenditures. Payment of those benefits reduces the basic death and with-
drawal benefits. As a consequence, they are called accelerated benefits.

The word state is used to describe the two environments that characterize the
distributions of time and cause of decrement because the word plays a similar role
in the study of stochastic processes. Within insurance, the two states are labeled
active and disabled.
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Accelerated benefits can be divided into two classes. In one class a lump sum is
paid, usually at the time of a confirmed diagnosis of the existence of a terminal
illness. These are frequently called dread disease benefits. A second class involves
income payments that commence when the insured has become unable to perform
certain specified necessary activities of daily living. Some policies provide that the
assistance needed to perform these activities must be provided in a long-term care
institution. Other policies may permit the care to be provided at home or in a long-
term care institution as long as that care is made necessary by the incapacity of the
insured. This second class is often called long-term care benefits.

In presenting formulas for benefit premiums determined by the equivalence prin-
ciple for such policies, we will use the multiple decrement model developed
in Chapter 10. There is one important addition. As in Chapter 10, the symbol
PO n(t) denotes the joint p.d.f. of the random variables time until decrement and
cause of, or type of, decrement. The index j = 1 is associated with death, j = 2
with withdrawal, and j = 3 with transfer to a new state denoted by h. In our
applications, h is a state such as being diagnosed as having a terminal illness, or
being disabled to an extent that necessary daily services must be provided. For
lives in state &, who entered that state at age x + t, the p.d.f. of time until decrement
and cause, or type, of decrement is denoted by ,(hp)"), (h)?D; (1) for u > 0, where
(hj) = 1 denotes decrement as a result of death, and (hj) = 2 denotes decrement
due to withdrawal. This can be viewed as a conditional p.d.f. given transfer to
state /1 at time f, measured from the time the policy was issued.

Our model does not provide for transfer from state h, the disabled state, back to
the active state. Thus the three states to which an active life can transfer can be
called absorbing states. References to models that permit returns to the active state
are provided in Section 17.7.

Because of the known health impairment in state /, the distribution of time and
cause of decrement in state / is undoubtedly different from that in the active state.

17.6.1 Lump Sum Benefits
This section consists of an extended example that employs the equivalence prin-
ciple to determine the benefit premium rate for a life insurance policy that pays an
accelerated benefit at the moment of transfer to state h. In practice & is typically
the state of being diagnosed as having a terminal illness.
The elements of the policy are given in Table 17.6.1.
a. Display the loss variable associated with the policy described in Table 17.6.1 for
a life (x) to whom the policy is issued.
b. Use the equivalence principle to derive a formula for the annual benefit pre-
mium rate.
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t)escﬁp ion of Immediate Benefit Policy

Death benefit: 1 paid at the moment of death while in the active state
0.75 paid at the moment of death while in state &

Withdrawal benefit: (CV paid at the moment of withdrawal from the active state
0.75 ,,,CV paid at the moment of withdrawal from state h at
time t + u, where t is the time of transfer to state h

Accelerate benefit: 0.25 paid at the moment of transfer to state

Premiums: The premium is paid at a constant rate until death, withdrawal
or transfer to state h

Solution:

a. The loss variable associated with this policy contains a new element. The symbol
B®), was introduced in Section 11.2. In this example it denotes the actuarial
present value of benefits paid while the insured is in state k. The actuarial pres-
ent value is determined as of the moment of transfer to state h.

Loss Variable Domain p.d.f. Formula
L = v — map 0=T,7=1 pPud(t) 17.6.1(a)
= v! [CV — map 0=T,]=2 p(T) A(t) 17.6.1(b)
= v" B®); — map 0=T,7=3 pPud) 17.6.1(c)
B, = EU,H]|T,]:3[(b(u/ HJ)] where

0.25 + 0.75 v* 0=uhj=1 ,p), (hp)H(u)

b(u, hj) = " . 17.6.
(u, ) {0.25 0750 WOV O=uhi=2 () hw@w oD

b. There are three components of E;j[L]. The components relate to (17.6.1[a]), (b),
and (c), and they will be denoted, respectively by I, I,, and I:

I = fo ' — i) @ nO(t)dt, 17.6.2(a)

Ib - fo (vt tCV B ’mj?l) f (T) (2)(t)dt 17'6'2(b)
and

L= fo (v B, — man) pf? p(t)dt. 17.6.2(c)
In turn

BZ, = [0-25 +075 fo v ()t (i) () du

+ 0.75 fo v 4 CV (), ()@ () du] 17.6.2(d)
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Using the equivalence principle and (2.2.10), we have
I+, + 1 =0.
Solving for m, the benefit premium rate, we obtain

o

[A;“ + [ oy poupma + [ o B, tp;w(wdt]

0
m = — . (17.6.3)

The methods illustrated in Section 11.2 can be used to evaluate integrals in
(17.6.3). v

In Table 17.6.1 it was specified that an immediate payment of 0.25 be made
at the moment of transfer to state /, and an additional payment of 0.75 is paid
as a benefit on subsequent death. The table could have called for an amount b,
0 = b =1, to be paid on transfer to state 7 and 1 — b at the time of subsequent
death.

17.6.2

Income Benefits

This section will consist of an extended example that will use the equivalence
principle to determine the benefit premium rate for a life insurance policy that
provides an accelerated benefit consisting of income payments that reduce the
death benefit. The salient difference between Example 17.6.1 and Example 17.6.2 is
in the definition of the conditional actuarial present-value function BY) .

Example 17.6.2

The policy under consideration has many of the feature of the policy described
in Table 17.6.1. There is, however, no cash benefit at the moment of transferring to
state h. While in state h, the death and withdrawal benefits are not reduced during
a short elimination period of length e. For example, e might be 2 months. If the
insured does not terminate in the elimination period, an income benefit at annual
rate of 0.25 is paid for 2 years with a corresponding reduction in death and with-
drawal benefits. Table 17.6.2 displays the definition of the benefit function from
which B®), = Eyu1-slb(U, HJ)] is found. Apply the equivalence principle to de-
termine the benefit premium rate.

Solution:

The solution follows the path of Example 17.6.1 except that BY), is the conditional
expected value of the function defined in Table 17.6.2 and replaces the correspond-
ing function shown in 17.6.2(d). and (17.6.3). v

In Example 17.6.2 the income benefit was paid at an annual rate of 0.25 for 2
years; the annual income rate could have been b for n years where 0 < bn < 1.
Changes in b and n would change the relative emphasis on income and death
benefits.
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R

De nltiA’ﬂ()/rh&i‘/of Prsefit Value of Benefits While in State &

P. V. Benefits b(u, hj) Domain p.d.f.
v Osu<eh=1 J{Ap)CL, (R (u)
0.25 v* a;— + [1 — 0.25(u — e)] v* esu<e+2 h=1
0.25 v* a3 + 0.5 v* e+2=uhj=1
v, CV 0=u<ehj=2 )2, ()2, (0)
025 v a;= +[1 —025(u —e)]v*,,,CV esu<e+2h=2
025 v° a3 + 050", CV e+ 2=uhj=2

17.7 Notes and References

The foundations for variable annuities were built in a paper by Duncan (1952).
Since 1969 there has been a flurry of activity on variable life insurance. The paper
by Fraser, Miller, and Sternhell (1969), and its extensive discussion, is the basic
reference. Miller (1971) provides a less formal introduction and some numerical
illustrations. Papers by Biggs (1969) and Macarchuk (1969), and discussions of
those, provide additional information on variable annuities.

It is difficult to discuss flexible plans of insurance in a book devoted to basic
actuarial models. Issues related to these plans are primarily regulatory and admin-
istrative. The type of policy described in Section 17.5.1 is studied by Chapin (1976).
The type of policy in Section 17.5.2 is the subject of a paper by Chalke and Davlin
(1983).

Accelerated benefits, when issued as a rider to a basic policy, were discussed by
Keller (1990). An appendix to the paper contains data on rates of transfer to a long-
term care facility and the expected length of stay.

Jones (1994) provides an introduction to actuarial models in which transfers in
both directions between the active and disabled states are possible.

Exercises

Section 17.2

17.1. The present value of a continuous annuity providing payments until n years
after the death of an annuitant (x) is

Z:‘ﬁm.

Express the actuarial present value in current payment form.

17.2. Show that Var(Z), where Z is defined in Exercise 17.1, is
VPA, - A
52 '
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17.3. Assume that 8 > 0 and p(f) = p, 0 = t. Use (17.2.1) to develop the formula
1 — ¢ % o~ (WHOIG

i) m o+ 8

Gl —r =
to be solved for G.

17.4. Restate the formula of Exercise 17.3 for the case 8 = 0, . > 0, and 0 < r
< 1, and confirm that it does not have a positive solution.

Section 17.3
17.5. 1If Z is defined as in (17.3.1), show that

ZAX'H - (‘Ax )2
Var(Z) = ——IBE—-—H—
17.6. Prove that the actuarial present value of an n-year continuous family income
insurance with the annuity value calculated at a force of interest &' is
A — " "Aq
8 ’

where "Al; is evaluated at a force of interest 3” = 3 — 3.

17.7. A policy provides a continuous annuity-certain of 1 per annum beginning
at the date of death of (x). If death occurs within 15 years of policy issue,
the annuity is payable to the end of 20 years from policy issue. If death
occurs between 15 and 20 years from policy issue, the annuity is payable for
5 years certain. Coverage ceases 20 years from policy issue. Write an exact
expression for the actuarial present value.

17.8. A contract provides for the payment of 1,000 at the end of 20 years if the
insured is then living or an income of 10 a month in the event of death
before the 20th anniversary of the policy. The first income payment is due
at the end of the policy month of death, but no payments are made after 20
years from the date of policy issue. Write the formula for the annual benefit
premium at age x. Premiums are paid at the beginning of each policy year,
and at most 20 payments are made.

17.9. Show that

I b A
a;| - ax:m = =4 5 .

17.10. a. In relation to Example 17.3.1, construct the present value of benefits as a
function of the time-until-death.
b. Express the actuarial present value of benefits by the aggregate payment
technique.
c. Verify that integration by parts in the answer for (b) yields the expression
obtained in Example 17.3.1.
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Section 17.4

17.11.

17.12.

17.13.

17.14.

a. Verify that

b. Verify that (17.4.4) holds for a variable annuity with the payout made on
an n-year certain and life basis.

a. Rearrange (17.4.10) to the following equivalent form:

— [b _ - 1)P</§x>] L+ iy
UL BV 1

b. If for the formula in part (a), i;,, =i, k=0,1,2,...,and b, = 1, show
thatb,,, =1,k=0,1,2,....

c. If for the formula in part (a) i;,, = i for some k >0and h =1,2,...,
show that the b,,, will be constrained toward 1.

Rework Exercise 16.13(b), assuming p;,, = p,,, and show that r,,, =
b,,1/ by, as given in (17.4.4).

A fixed premium variable whole life insurance, discrete model, has death
benefit b, in year k + 1 equal to F, ., + (1 — ,V)) =1 + (Fyy — vV,
where the fund share F, satisfies the recursion equation

(Fp + PH(1 + igyq) = %+kbk+1 + Pk Frrr-

Here i;,, is the interest rate earned on the matching investments in year
k + 1, and the premium P, and reserve ,V, are based on the interest rate i.
a. Show that the recursion equation can be rearranged as

(Fy + P)A + iy) = 4ol = 411Vy) = Fipq

and interpret this equation.

b. Ifi,,, =i, k=0,1,2,...,show that F,,; = ;,,V, so that b, is constant
at 1.

c. Show that

by = by + (Fy + P)igy, — (V. + Pi.

[Note that in this design the death benefit for year k + 1 is b,
rather than b, as in (17.4.9). Further, the 1l-year term insurance cost,
as of the beginning of year k + 1, is here b, q,,,/(1 + i.,) rather than
b 4./ (1 + 1), as in (17.4.9): The administration of this design depends
on the discrete model and the fact that death claims are paid at the
end of the period.]

Section 17.5

17.15.

The policyholder in Example 17.5.1 wishes to change the policy after 5 years
to Endowment Insurance to Age 65 with a annual contract premium of 5,000.
Determine the benefit level that results from these changes.
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17.16. a. The policyholder in Exercise 17.15 decides to elect only 160,000 of En-
dowment Insurance to Age 65, but will still pay a annual contract pre-
mium of 5,000 until a final, fractional premium is payable 1 year after the
date of the last full premium. At what age is this fractional premium
payable?

b. For the policy in part (a), what would be the reserve at the end of 10
years after the change to the endowment form?

Section 17.6

17.17. Use the results of Example 17.6.1 and the assumptions that pP(t) = p®,
pO(t) = p®, pO(t) = p®, )w) = )@, (p)@w) = (p)?, and CV =
0 and the force of interest 8 > 0 to show that :

(hu)® + (0.25)(hu)® + 0.258
= @ ©)
oA [ () + ()@ + o

17.18. a. Rewrite the result in Exercise 17.17 as
o h)® + 0.25(hn)@ + 0.258
_ _ @ | B
b. This difference can be viewed as the extra benefit premium rate associated
with the accelerated benefit. If (hn)® = 0,
_ h)® + 0.258
— P(A) = ®3) (___.—
K ( x) L [ (hlb)(l) + %
c. Observe the behavior of m — P(A,) as 8 — 0 and as 8 — « in (b).
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ADVANCED MULTIPLE
LIFE THEORY

181 Introduction

In Chapter 9 we defined the joint-life and last-survivor statuses, expressing their
time-until-failure random variables in terms of those for the individual lives. We
extended the concepts of Chapters 3-5 for this to obtain actuarial functions for the
statuses of just two lives. On the assumption that the future lifetimes of the two
lives were independent, the multiple-life actuarial functions were expressed in
terms of the single-life functions, making it possible to calculate them using readily
available life tables for single lives. Probabilities, annuities, and insurances, contin-
gent on the order of the deaths of the two lives, were also discussed in Chapter 9.

In this chapter we extend these ideas to more than two lives. In fact, with more
than two lives, the idea of a surviving status can be generalized. (See Sections 18.2
and 18.3.) With the ultimate goal of numerical evaluation of these functions, we
use Theorem 18.2.1 to express the survival functions of these statuses in terms of
only joint-life survival functions. Again, under the independent lifetimes assump-
tions, we evaluate these joint-life survival functions as products of individual life
survival probabilities. Theorem 18.2.1 is a form of a general theorem of probability
theory used in the so-called inclusion-exclusion method. A statement and proof of
this more general theorem, designated as Theorem 18.2.2, is found in the Appendix
to this chapter.

Contingent probabilities and functions and reversionary annuities are also gen-
eralized to more than two lives.

The annual benefit premium models of Chapters 6 and 7 are developed for the
multiple-life statuses in Section 18.7, with some discussion of practical issues in-
volved with one of the most common of these products, the second-to-die insurance

policy.
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18.2 More General Statuses

For m lives, (x,), (x,), . . ., (x,,), the k-survivor status, denoted by

Kk
xlxz...xm 4

exists as long as at least k of the m lives survive and fails upon the m—k+1-st death
among the m lives. This is a survival status as defined in Section 9.3. The previously
defined joint-life status and the last-survivor status are, respectively, the m-survivor
status and the 1-survivor status. When referring to either of these statuses, we will
use its special symbol rather than the general k-survivor form. The future lifetime
of the k-survivor status is the k-th largest of the set of m lifetimes T(x;), T(x,), . . .,
T(x,,). Like the future lifetimes in Chapters 3 and 9, this one for the k-survivor
status is the period of existence from a fixed initial time to a random termination
time. With only a change in notation to display the status

kK
xlxzco-xm 4

the probability distribution and life table functions of Chapter 3 are applicable to
the future lifetime of this status.

Annuity and insurance benefits are defined in terms of the future lifetime of a
k-survivor status just as they were in Chapters 4 and 5 for (x). For a continuous
annuity of 1 payable annually as long as at least k of the m lives survive, we have
from (5.2.4) that the actuarial present value is

a_t= f vtk dt. (18.2.1)

Xy Xy Xy 0 Xy XXy,

The insurance paying a unit on the m—k+1-st death among the m lives would have
the actuarial present value given by (4.2.6), that is,

A_t= fo V' P (D) dt. (18.2.2)

For the analysis and evaluation of probabilities and actuarial present values for
these benefits (and other combinations of benefits) we will define a new type of
status. For the m lives (x;), (x,), . . ., (x,,), the [k]-deferred survivor status exists
while exactly k of the m lives survive; that is, it comes into existence upon the
m—k-th death and remains in existence until the next death. The notation for this

status will be
[k]
xl xz . o o xm *

For k = m, the [m]-deferred survivor status coincides with the m-survivor status.
For k = 0, the [0]-deferred survivor status exists forever following the m-th death.

(k]
XpXo tt ot Xy

The status
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is not a survival status as defined in Chapter 9. For instance, for k < m, p__1,

Xi Xy Xm

which is the probability that exactly k of the m lives are surviving at time ¢, does
not equal 1 at ¢ = 0 and thus does not meet the requirements of a survival function

as given in Table 3.2.1. In addition, as t — «, p__" goes to 1, which also violates

those requirements. Moreover, for a [k]-deferred survivor status, the period of ex-
istence does not equal the time to failure. This means that annuity benefits must
be carefully defined for this new status. The annuity with actuarial present value

a Ef’ is defined to be payable during the future lifetime of the [k]-deferred survivor

status; hence it is a deferred annuity with a deferral period of random length. Since
the time of failure of the [k]-deferred survivor status is equal to the time of failure
of the k-survivor status, insurance benefits payable upon failure of the deferred
status are essentially applications of the k-survivor status.

Example 18.2.1

A continuous annuity is payable as long as any of (w), (x), (y), and (z) are alive.
At each death the annual rate of payment is reduced by 50%. Express the actuarial

present value of such an annuity in terms of ﬁng, k=1, 2, 3, 4. Assume a unit

initial benefit rate.

Solution:
The actuarial present value is

dl4]+ldl3l+1ﬁ[2]+1d[1]
wxyE 2 TR 4 SW'

The discussion of this annuity is continued (after Theorem 18.2.1) in Example 18.2.2.

\4

In Chapter 9 we expressed last-survivor probabilities and related actuarial pres-
ent values in terms of those for single- and joint-life statuses. We shall use the
following theorem to aid in obtaining the same results for the k-survivor statuses.
A more general statement of the theorem for arbitrary events, as well as its proof,
is given in the Appendix to this chapter. The basic symbols and operations of the
calculus of finite differences, as used below in Theorem 18.2.1, are reviewed in
Appendix 5.

: Then,
arbxtrary numbers, Cor 61, o G o

2 tpmggl L ‘+ 2 Acg, . .
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Theorem 18.2.1 is applicable for lives with dependent future-lifetime random var-
iables. In most applications, however, we will assume mutually independent future
lifetimes and calculate the terms of the ,D/s as products of individual survival
probabilities.

An illustration of the algebra implicit in (18.2.3) is provided by

G tP% + G tpx—[;—] (Aco)(ip, + tpy) + AZCO(tpxy)

= Cl(tpx + tpy) + (CZ - 2C1)tpxy'

Example 18.2.2

Express the actuarial present value of the annuity described in Example 18.2.1
in terms of actuarial present values for annuities on single- and joint-life statuses.

Solution:
The actuarial present value is

o] 4 1 4_j
fo vt [ 1 <§> tpwx[ylzl:l dt.
j=

The coefficients and their differences are given below.

Ji ¢ Ag; A%, A, A’
0 0 1/8 0 1/8 0

1 1/8 1/8 1/8 1/8 —
2 1/4 1/4 1/4 — —
3 1/2 1/2 — — —
4 1 — — — —

Thus, the integral is equal to

fo vt <% D, + %tD3> dt = é @, +a +a +a)+ % oy T Bz + By + Ayy)-
Such expressions can be examined for reasonableness by interpreting the final form
in terms of a collection of annuities for which, at any outcome, the total of their
rates of payment equals the rate of payment of the original annuity. For example,
in this particular case the original annuity commences payment at rate 1, while the
final form relates to a collection of four single-life and four joint-life annuities all
paying at the rate 1/8. At a time between the first and second deaths, the original
annuity’s rate would be 1/2, while three of the single-life annuities and one of the
joint-life annuities would still be in payment status, each with rate 1/8. The rates
at other times can be compared in a similar way. v

We have an expression for p__" as a special case of Theorem 18.2.1.

X%,
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Corollary 18.2.1 -

e

P ,f“=z( o ;L) D, (18.2.4)
Proof:
In Theorem 18.2.1, set ¢, = 1 and ¢; = 0 for j # k. For these ¢/'s, Ac, = (E — 1)/ ¢,
=(-1D)"*Q,ij=kk+1,...,m. |

Example 18.2.3

Express the actuarial present value of a continuous annuity of 1 per annum while
exactly three of five lives survive, in terms of actuarial present values of joint-life
annuities.

Solution:
Using (5.2.4) and then (18.2.4), we have

o0
a___B¥ = f vt p—_Bdt
Xy Xy Xy Xy Xy 0 XX, %5 Xy Xy

‘[Mg—mm+mgmt
0

= Qyxors T Bynpe, T 8 more joint three-life annuity values
= 40 o0y T Fryonsns T 3 more joint four-life annuity values)

+ 104

X1X2X3X4X5 * v

From the relationship

nnﬁ_EI%&T (18.2.5)

we have the following corollary to Theorem 18.2.1.

Corollary 18.2.2

For arbitrary numbers do, d,, d i

o LAl

Zdﬁ“*%+2A”,f (18.2.6)

"

Proof:
Using (18.2.5), we start with

m m
2%&M=2§%%£-

Interchanging the summations, we can write

mo [ j
S =3 (3 0) ot
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