which, by defining ¢; = S forj=0,1,...,m, is in the form of (18.2.3). For
these ¢’s, ¢, = dy and Ac; = d;,, forj = 0,1,...,m — 1, thus Al, = AI™'(Acy) =
Ai7d, forj=1,2,..., m Then we have, from the right-hand side of (18.2.3),

2) d] tpxlxzmx,,{ = dO + 21 Aj—ldl tDj‘ .
= i=

Corollary 18.2.1 can be used to express the survival function of the k-survivor
status in terms of joint- and single-life survival functions.

Corollary 18.2.3

Hl

e = it il b (18.2.7)

Ry Xk 4
j=k

Proof:
In Corollary 18.2.1, set d, = 1 and d/ = 0, for j # k. For these d’'s, AI"ld, =
E-1d =CFD)*h,j=kk+1,...,m [

t

From the expression for its survival function in (18.2.7) we can obtain, by differ-
entiation, a parallel expression for the p.d.f. of the future lifetime of the k-survivor
status, T, as

d & i
fith = 5 = i) = 2, (CDTF D). (18.2.8)
£

The actuarial present value and other characteristics of the probability distribution
of the present value of a set of payments that depend on T can be determined using
(18.2.7) or (18.2.8). In such determinations we use the fact that —,D; is the sum of
the p.d.f’s of the future lifetimes of the (") joint j-life statuses of the m lives.

Example 18.2.4

Let T denote the future lifetime of the last-survivor status of three lives. Exhibit
in terms of joint- and single-life functions
a. The survival function
b. E[v"]
C. E[dﬂ].

Solution:

a. By (18.2.7),

|
M w

Prms = (_1)j_1 (j(J_l) tDj

]
tDl + (_1) tD2 + tD3

Il
—
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where
D1 = sy T Py T P
tDZ = tpxlxz + tpx1,\<3 + tpxzng

tDS = tpx1x2x3'
b. We denote E[v”] by Az and use (18.2.8) to obtain

X1X2X3

A = | VI(=1)(D; — Dy + ,D;) dt
0

= AX1 + sz + AX;J, - (Axlxz + Ax1x3 + szx;},) + Ax1xzx3'

c. Replacing v’ by a7 in part (b) and denoting E[az] by dz55, we have

axl X2X3

= a_xl + axz + ax3 - (dxlxz + dx1x3 + a_xzxg;) + a-X1X2X3'

For any survival status, v™ + 845 = 1, so we can calculate either of the expected

values from the other using Ay + 3y = 1. v

By differentiating both sides of (18.2.6), we can extend the relationship to the
corresponding p.d.f.’s. This can be used for insurances paying an amount upon
each death among the m lives.

Example 18.2.5

Consider an insurance on (x), (), and (z) paying 1 on the first death, 2 on the
second death, and 3 on the third death. Express the actuarial present value for the
insurance in terms of actuarial present values for unit amount insurances on single-
and joint-life statuses.

Solution:
Let f(t) be the p.d.f. for the future lifetime of the j-survivor status. The actuarial
present value is

[ vnse + 260 + 301

0

In the notation of (18.2.6) we have the following:

i d Ad N4 N
0 0 3 -4 4

1 3 -1 0 —
2 2 -1 — —
31— — —

Hence the actuarial present value is

j vi(-1)(3 D} — D) dt = 3 (A, + Ay + A) — (Axy + A, + /_lyz). v

0
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18.3 Compound Statuses

In the previous section we defined statuses for several lives by means of the k-
survivor status. Others statuses can be defined by compounding. A compound
status is said to exist if the status is based on a combination of statuses, at least
one of which is itself a status involving more than one life. We examine some
possibilities in Example 18.3.1.

Example 18.3.1

Describe the conditions of payment for the annuities and insurances correspond-
ing to the following actuarial present-value symbols:

a. dﬁ:gﬁ b. a—ﬁz( yz) C. a_(x:ﬁl):( yz:m))
d. AW:}/Z e. A(w—xm f AW .
Solution:

a. The annuity is payable continuously at the rate of 1 per year while at least one
of (w) and (x) and at least one of (y) and (z) survive. Thus the annuity is payable
while three or four of the lives survive and while two survive if one is from the
pair (w), (x) and the other from the pair (y), ().

b. The annuity is payable continuously at the rate of 1 per year while at least two
of the four lives survive and also while only one survives if that survivor is
either (w) or (x).

c. The annuity is payable continuously at the rate of 1 per year while either (x) is
alive and an n-year period has not elapsed, or while both (y) and (z) are alive
and an m-year period has not elapsed.

d. A unit amount is payable at the moment of the first death if (y) or (z) dies first,
and otherwise on the second death.

e. A unit amount is payable at the moment of the second death if two deaths
consist of one from the (w), (x) group and the other from the (y), (z) group. If
not, the payment is made at the time of the third death.

f. A unit amount is payable only after (y), (z), and one of (w) and (x) have died.
In other words, it is payable at the moment of the third death if (w) or (x) remains
alive, but otherwise at the moment of the fourth death. v

In applications, a numerical value for any one of these actuarial present values
would most likely be obtained by first expressing it in terms of those for single-
and joint-life statuses. The relationships in Section 9.4 among T(xy), T(xy), T(x), and
T(y), and among K(xy), K(xy), K(x), and K(y), hold for survival statuses (u), (v). For
example,

pTw) 4 T = T 4 3 TE), (18.3.1)

Employing parts of Example 18.3.1, we will illustrate the process of using (18.3.1)
and similar identities. First, we consider part (e):

AW = wa + Ayz - wayz'
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Here, (1) = (wx) and (v) = (yz). To write A, as A,,,, we have used
min{min[T(w), T(x)], min[T(y), T(z)]} = min[T(w), T(x), T(y), T(z)]. (18.3.2)
For part (c) of Example 18.3.1, we have
Aciiyenty = Tl T By — Ay
where the last term is obtained from

min[T(x), T(y), T(z), T(rl), Ten)] = min[T(x), T(y), T(z), T())]

for the case n = m.

Other arrangements, as in parts (a), (b), (d), and (f) of Example 18.3.1, require
the use of other relationships. For part (a), we want

Towyz = Elap] (18.3.3)
where
T = min[T@), T(72)]
= min{max[T(w), T(x)], max[T(y), T(z)]}.

A simple answer, like (18.3.2), is not available for this random variable. To proceed,
let us first assume that T(wx) and T(yz) are independent and look at s(t), the sur-
vival function of T. Thus

s(t) = Pu(T > t) = Pr(min[T(wx), T(yz)] > t)
= Pr[T(wx) > t, T(yz) > t]
= Pr[T(wx) > t] Pr[T(yz) > t]

= Pw= P
= (tpw + tpx - tpwx)(tpy + tpz - tpyz)
= tpwy + tPrwz + tpxy + Pz — tpwyz - tpxyx

- tpwxy - tpwxz + tpwxyz (1834)

for the independent case. Now, using (18.3.4), we obtain

_m:—z = f v S(t) dt

0

(18.3.5)

I
NI

wy + dwz + ﬁxy + axz B awyz B dxyz B awxy B gwxz + dwxyz'

We return to (18.3.4) and show that a parallel relationship for the random vari-
ables holds, and then that (18.3.4) is true without the independence assumption.
We start with the assertion that for all possible outcomes,

T(wx:yz) = T(wy) + T(wz) + T(xy) + T(xz) — T(wyz)
— T(xyz) — T(wxy) — T(wxz) + T(wxyz). (18.3.6)

The outcomes can be collected into 24 mutually exclusive events according to the
order of T(w), T(x), T(y), and T(z). Since the given assertion is symmetric in w and
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x and symmetric in y and z, only six different outcomes require verification. As an
example, consider T(w) < T(x) < T(y) < T(z) for which the left-hand side of (18.3.6)
is T(wx:yz) = T(x) and the right-hand side is, on a term-by-term basis,

T(w) + T(w) + T(x) + T(x) — T(w) — T(x) — T(w) — T(w) + T(w) = T(x)
as required. The other cases can be verified in the same way.

An expression in annuities that is parallel to (18.3.6) can be established by similar
reasoning. Thus,

Iraigm) = Oy T M T ey T TG

- 5T(wyz)\ - dT(xyz)I - aT(wxy)l ~ O + ﬁT(wxyz)I . (18~3~7)
Taking expectations of both sides of this expression we have (18.3.5).

We emphasize two aspects of the independence assumption for this case.
It would not be used to establish (18.3.7), nor is it required in the expectation
calculation used to obtain (18.3.5) from (18.3.7). Again, however, to obtain joint-life
status functions from single-life life tables, for convenience, we do assume that
individual future lifetimes are independent.

18.4 Contingent Probabilities and Insurances

In this section we extend the notion of contingent functions (Section 9.9) to more
than two lives. We start with an integral expression for the required probability,
or actuarial present value, which can then be rewritten in terms of probabilities or
actuarial present value defined on the first death. It is then possible to use some
of the techniques of Section 9.10 to complete the evaluation. In any case, numerical
integration methods can be used.

To obtain an integral expression for a probability, we use
Pr(A) = f Pr(A|T = t) fz(t) dt (18.4.1)

where T will usually mean the time of death of an individual life.

Example 18.4.1

Express ,4,.;. in terms of functions contingent on the first death.

Solution:

Here A is the event that (y) is the second life among (w), (x), (), and (z) to die
and does so within 7 years. Since A is defined by T(y), we use T(y) as T in (18.4.1)
to obtain

Tuwnge = fo Pr(A|T(y) = t) p, (b dt.
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The integral’s limits follow from
frop®) =0 t<0

and

Pr[A|T(y) = t] = 0 t>n.
Now, (y) will be the second to die if and only if there are exactly two of (w), (x),
and (z) surviving at that time. If we assume that T(y) is independent of T(w), T(x),
and T(z), then

PrlA|T(y) = t] = p2 t<n

wxz

and
nqwxﬁz = fO £ w'[—le tpy “‘y(t) dt
= fo (D> = 3.D3) p, w, (D) dt
= nCwa; + nqw;z + nqx;z -3 nqwx;z'
(The second integral comes from applying Theorem 18.2.1.) v

The similarity of the final expression of Example 18.4.1 to previous results that
did not require independence suggests the assumed independence was not neces-
sary. Alternative derivations in Exercises 18.18 and 18.38 will verify that this is the
case.

A contingent insurance can be analyzed by a similar procedure based on

E[Z] = Fw E[Z|T = #] fi(t) dt. (18.4.2)

' Example 18.4.2

Express A,,2 in terms of actuarial present values for insurances contingent on the
first death only.

Solution:

Let Z be the random variable representing the present value at issue of the in-
surance benefit. Since the insurance is payable on the death of (y), we choose T(y)
to play the role of T in the conditional expectation of (18.4.2):

A,z =E[Z] = L E[Z|T(y) = t] jp, w,(t) dt.

If, at the death of (y) at duration ¢, there is exactly one of (w) and (x) surviving,
the unit benefit will be paid; otherwise no benefit will be paid. Thus, we have

E[Z|T(y) = t] = v pt

wx
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and

waj = J ! M tpy “’y(t) dt

= fo v'(:,D; — 2 .D,) Py 1y (f) dt

=A,+ AL - 24,

wy wxy

Because the benefit is 1, Var(Z) can be obtained by the rule of moments. v

18.5 Compound Contingent Functions

The functions in this section are distinguished from those in the previous section
by specifications on the order of deaths prior to the death when the benefits are
paid, or the event is defined. These specifications on the prior deaths are indicated
by numbers placed below the symbols for the lives involved. We examine two such
symbols and note the distinctions possible in the notation.

The symbols nqu and nquz both refer to events in which T(x) < T(y) < T(z). They

differ, though, in that the second death must occur before time 7 in the first event,
while the third death must precede time n in the second event.

It is not always possible to express compound contingent functions completely
in terms of functions depending only on the first death. On the other hand, the
function can always be expressed as one or more multiple integrals of the joint
p-d.f. of the future-lifetime random variables of the lives involved. The example of
this general procedure (Example 18.5.1) is more complex than others in this section.

Example 18.5.1

Derive an expression for the probability that (w), (x), (y), and (z) die in that order
with less than 10 years between the deaths of (w) and (z) and less than 5 years
between the deaths of (x) and (vy).

Solution:
We first define the event A for use in a multivariate version of (18.4.1):

Tw) < T(x) < T(y) < T(z)
A= T(z) — T(w) < 10 . (18.5.1)
T(y) — T(x) <5

We choose to condition on T(w) and T(x) because these are involved in both the
upper and lower bounds for T(y) and T(z). That is,

Pr(A) = fo L Pr(A|[T(w) = 7] N [T(x) = 5]) Sy rw(?, ) ds dr  (18.5.2)
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where g7, 1 (*, 8) is the joint p.d.f. of T(w) and T(x). Now, Pr[A|(T(w) = r) N
(T(x) = s)] is equal to Pr(A*) where
A*z{r<s<T(y)<T(z)<r+1O}
T(y)y <s+5 '
and the probability is calculated by the conditional distribution of T(y) and T(z),

given T(x) = s and T(w) = r. Thus, Pr(A*) can be set up in the sample space of the
random variables T(y) and T(z). Two cases are displayed in Figure 18.5.1.

g
Cases(A), s<r+5,and(B), r+5<s<r+ 10

T(z) = u s<r+5 T(z) = u r+5<s<r+10
\ 3
u=r+10 u=r+10,
r+ 10 b r+ 10+ i
t=s5s+5 _
. 545 t_s |
u=1t.
u =t . :
r+ 5% r+ 5F A* h
|
[
'
|
v r - |
|
|
: L T(y) = t L T(y) =
5 s+ 5 ’ s+ 5 Y
(A) (B)

Using the abbreviated notation h(f, u) for the conditional p.d.f. of T(y) and T(z)
given T(w) = r and T(x) = s, we have

( (s+5 [r+10
f f ht, wydudt r<s<r+5
s t
r+10 (r+10
Pr(A*)z{f j h(t, ydudt r+5<s<r+10
s t

0 s>r+10o0rs <r.

t

Substituting into (18.5.2), we have

w©  fr+5 s+5 (r+10
Pr(A) = fo J; [L jt h(t, )1y 1", 5) du dt] ds dr

o r+10 r+10 r+10
+ fo f - [J f h(t, w)rw) 1) 9) du dt] ds dr.
r+ s t

Under the assumption of mutually independent future lifetimes, the integrand can
be replaced by

P Booo(1) P 1(8) Py, i (E) (P2 p(10). v
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We now examine some compound contingent probabilities that can be written
in terms of single integrals. We will first obtain equivalent forms for a probability

by applying (18.4.1).

Example 18.5.2

Write three different integrals for ,q,,2 and reduce one of them to probability
1

functions dependent on only the first death. Assume mutually independent future
lifetimes.

Solution:
Here A = {T(x) < T(y) < T(z) < n}. We set three integrals by conditioning on
each of the future lifetimes:

nqafy% = fO PI‘[A‘T(X) = t] tPx }J«x(t) dt

and
0 t>n
PriA|T(x) = t] =

[ | ( ) ] {tpyz n~tqy+t:za—t t = n;
thus

n‘l,{y% = J;) tPyz nftqert:za—t Px le(t) dt.
Similarly,

nq?‘y% = fo PrlA|T(y) = t] p, w,(t) dt

= fo M Pz n-tllzve Py Py (D) di

and

nqglq,% = L PrlA|T(z) = t] p, w(t) dt

= J;) thgz/ tpz p‘z(t) dt

The second of these integrals can be expressed in terms of first-death probabilities
as follows:

nqaltyg = JO (1 - tpx)(tpz B npz) th “‘y(t) dt

= nq;z - nqx;z ~ P (nqy - nqx;)' v
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Example 18.5.3

Use (18.4.1) to write four different integral expressions for ,4,,3, Assume mutu-
12

ally independent future lifetimes.

Solution:
Here A = {T(w) < T(x) < T(y) < T(z) and T(y) < n}. Then

n
nqzlvggz = 4[0 tpxyz n—th-{t:yﬁ—t:zH tpw p"w(t) dt

= jo tqw tpyz n—tqy}i—t:zﬂ tpx l""x(t) dt
= L G P Py Pylt) At

= fo leux; Ps (t) dt + nqq,x; Pz (18.5.3)

The last line, obtained by conditioning on T(z), requires one expression for T(z) <
n and another for T(z) > n. v

In the application of (18.4.1) to the examples of this section we have used the
assumption of independent future lifetimes in writing the Pr[A|T = ¢#] factors of
the integrands. We now consider the numerical evaluation of these probabilities
when a single Gompertz mortality law is used for each life involved.

Example 18.5.4

Under a Gompertz law, show that

— 1 1 1
Ooqzinzc;z - wqwxyz ooquz ooqyz'

Solution:
Letting n — « in (18.5.3), we have

wqrizgaz = f tqw tpyz wqyit:zﬂ‘ tpx p‘x(t) dt (1854)

0

In Example 9.10.1(b) it was shown that, under the Gompertz mortality law,

1 - c*
= 18.5.5
nqu cw nqw ( )
where ¢* = ¢* + c¥. Adapting this and substituting it for .g;%.,, in the integrand

of (18.5.4), we obtain
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> Cy+t
JO m Tw tpyz tPx p‘x(t) dt

3
OQqwx v4

12y
cY

— 1 1
- oY+ c? (Ooquz Ooqwxyz)'

Formula (18.5.5) can be extended to more than two lives and then used in this
expression; therefore,

cY c* c*
3 = —
Auoe = v r o\t v+ ¢ Ao+ +

c? c* cY
cv+c*+ ¥+ cF/\ct+ Y+ cF/\cY + ¢*

1 1 1
wqwxyz OOquz ooqyz' v

18.6 More Reversionary Annuities

In Section 9.7 we examined a number of insurance and annuity contracts involv-
ing more than one life. Included in that discussion were the more common types
of reversionary annuities, those involving only two lives and some examples with
terms certain. We consider examples with terms certain measured from a date of
death and examples with contingent events defining the start of the annuity pay-
ments. We also restrict our discussion to continuous annuities.

Let us examine two reversionary annuities with a term certain measured from
the date of death. For a reversionary annuity paying an n-year temporary annuity
to (y) after the death of (x), the term certain is a deferred status, so we go back to
first principles. The present value at policy issue, Z, is

0 I(y) = Tx)
Z =™ ﬁm Tx) <T(y) =Tx) + n
v’ g, T(x) + n = T(y).

Using (18.4.2) with conditioning on T(x) = t, we can write the actuarial present
value as

E[Z] = fo E[Z|T(x) = t] p, po(b) dt
= L tpy vt a_y+t:;] tpx p"x(t) dt (1861)
By substituting

t+n
7 — s—t
Qe = J't v s—tPy+1 ds

into (18.6.1) we obtain
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o (ft+n
Em=££vWMwm%ﬂ

Next we interchange the order of integration so that

0

E[Z] = f J;) v’ spy Px p‘x(t) dt ds + J’n J'sn v’ spy tPx p‘x(t) dt ds

j() v’ Py (1 - ) ds + jn v’ Py (s—npx B spx) ds

= Ay — @y T U P, Ay, (18.6.2)

The second display in (18.6.2) is the current payment form for this actuarial present
value.

Another reversionary annuity of this type would be one where the annuity starts
n years after the death of (x) and pays only as long as (y) remains alive. The present
value at policy issue, Z, is

. 0 T(y) = T(x) + n
(vT(X)+n)ﬁW\ Tx) + n < T(y).

Using (18.4.2) with conditioning on T(x) = t, we can write the actuarial present
value as

Bzl = | BIZ|Te) = 1 p, )

= J;) t+npy Ut+n dy+n+t tpx p“x(t) dt (1863)

By substituting

into (18.6.3), we obtain

E[Z] = fO J;Jrn v’ spy tpx I‘Lx(t) dS dt

Next we interchange the order of integration, so that

E[Z] = J;l JO v’ spy th “’x(t) dt dS

[ o, = s

n

= Un npy (dy+n - ax:ern) = vn npy gx|y+n’ (1864)

Another class of reversionary annuities that we consider is of, perhaps, limited
commercial interest: those where some contingent event must occur before pay-
ments start. We consider two such examples and proceed from first principles.
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Example 18.6.1

Express the reversionary annuity’s actuarial present value, which has symbol
Ay, (a) by definition and (b) in the current payment form by interchanging the

order of integration in your answer to (a).

Solution:
Using (18.4.2) and conditioning on T(x) = ¢,

Tyle = J vt oy balt) Py i, A,y dt

0

= fO tpx l‘l‘x(t) tpy (jt v* spz dS) dt
= J;) v° sz [J;) tpx },Lx(t) tpy dt:| dS

= f v? P2 sqylcy ds. v

0

This result can be considered as the current payment form of the actuarial present
value. It shows that the general form for reversionary annuities can be interpreted
quite broadly with the possibility that the failure of status (1) can involve a con-
tingent probability. In general, we have

Ay, = f vt p, 4., dt. (18.6.5)

0

Our next example shows a particularly simple case involving two lives where the
actuarial present value can be reduced to a form not involving integrals.

Example 18.6.2

Express the actuarial present-value symbol 4,7, in a form free of integrals.

Solution:
By (18.6.5),

Temly = fo v’ Py G At

n t B n
= fo vhp, [J; P 1lS) dS] dt + L v, UO Px blS) dS] dt

[op = poarsa—py | opa

Il

0

— — A —_ n A
=y, = Gy — V" Pay Byin v
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18.7 Benefit Premiums and Reserves

Here we examine benefit premiums and benefit reserves for the insurances of
this chapter. As in Chapter 6, the benefit premium is defined by the equivalence
principle. Following the development in Chapter 7, benefit reserves are defined
prospectively as the conditional expectation of the future loss, given survival to the
duration of the reserve.

The premium payment period must end no later than the time of claim payment
and, in the case of contingent insurances, when it is clear that no claim payment
can be made. The period may be shorter.

In the case of insurances payable on the first death, the premiums are payable
only while all lives survive. Using the equivalence principle we have, for example,
the following:

PW a’fy A Xy’

P Ag ) i1 = Az,

and

P(Axyz)a = Al

XYz xyz*

Insurances payable on the second or a later death give rise to more than one pos-
sible premium payment period. To minimize the benefit premium that can be
charged for a particular insurance benefit, we use the longest period. The following
example illustrates the process for a number of cases.

Example 18.7.1

Using the equivalence principle, write the equation for the following benefit
premiums:

a. Py b. P(Axyz) c. P(wayz)

d P(Axyz) e P(AX]/Z)

Solution:

a. Py i = A7

b. P(Aﬁi)ax_yz = A 2

C. P(wayz) WX:YzZ = wa:yz

d. As long as (y) and at least one of (x) and (z) are alive, payment of the benefit

is still possible. Therefore,

P(A2) i,z = A2

Xz xyz*

e. In this case payment of the benefit is still possible if all are alive or if only (y)
and (z) are alive. Thus the appropriate premium payment period is the lifetime
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of (yz), and
P .A-. 2 7} > A 2 .
( chyz) a Yz v

As the conditional expectation of the future loss, the benefit reserve will depend
on the condition of the status used in the calculation. The reserve is unique for an
insurance payable on the first death because all lives must survive until termination
of the insurance. We illustrate reserve formulas for two of these insurances:

1 _ 1 _p1 -
SV/’;\'—y'\:m - A/x+5:y+§\:§] P@E\ ax+5:y+5:§|

where

1 o — 1
P/@\:ﬂ axy:m - A/x_y\ﬂ

and

SV)Icyz = Ax}rS:y+5:z+5 - Palcyz ax+5:y+5:z+5 .
For an insurance payable on the second or later death, the benefit reserve can be
calculated with the given condition of the expectation being either (a) which lives

are surviving or (b) only that the insurance has not terminated through the last
death.

Consider the simple case of a fully continuous unit insurance payable upon the
failure of (xy) with premiums payable until the second death. Let L be the future
loss at t. Given the information about which of x and y (or both) are surviving at
t, we would have

BLLIT(x) >t N T(y) = t] = A,,, — P(Ay) a,,,, (18.7.2)
or
E[L|IT(x) =t N T(y) > t] = A, — P(Ag) 4, (18.7.3)

On the other hand if the given information is only that the survival status (xy) has
not failed, the benefit reserve is

V(Asz) = E[L|T(xy) > ]
which we can calculate by the law of total probability as the sum
E[L|T(x) >t N T(y) = ] Pr[T(x) >t N T(y) = t]
+ E[L|T(x) =t N T(y) > ] Pr[T(x) = t N T(y) > t]
+ E[L|T(x) >t N T(y) > #] Pr[T(x) >t N T(y) > t]. (18.7.4)

In this expression the conditional expectations are given by (18.7.1)-(18.7.3). On the
assumption of independent T(x) and T(y), the probabilities are of the form

P (1 —p)

Pr[T(x) >t N T(y) < t|T(xy) > t] = .
[T6) o2 ITGy) . pe 1 —p) +p, (1 - Px) T Px Py

Combining these we have
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1
P (1 — tpy) + P, 1= p) + p Py
+p,(1 = PINA — PApa,.] + p. p, [Amgrt — P(Ag)i=m=]).
| (18.7.5)

tV(A@) = [ :| {p (1 = tpy)[Ax-H - P(A@)aert]

We now use the results from Section 9.7,

Ly = 0, + 8y — dy

=i

and
Ag=A+A -A,,
in the final bracketed term of (18.7.5) to establish the equality
Px tpy[A—Wf - P (A@)ﬁm]
= 1P tpy[Ax-H + Ay+t - Ax+t:y+t - p(Aj@)(ﬁxﬂ T8y~ Byl
Substituting this into (18.7.5) we have

tV(A@) = [(p, Arir + Py Ay+f ~ Px Py Ax+t:y+t)
- P(A‘x‘y)(tpx Aevr T 4Py Gyir = P Py Arry)/ (Px + 0y — Pxy)  (18.7.6)

Because (xy) is a survival status it has a proper conditional survival function,
given that it has survived to t, which we will denote by ,ps.,,. The benefit reserve
for the insurance that was just discussed above can be calculated directly from the
conditional survival function if it is first calculated. More precisely,

P = Pr[T(xy) > u + t|T(xy) > t]

taPx T t+uPy — t+uPay
tPx + tpy - tpxy

We emphasize that only when t = 0 is it known that both (x) and (y) are alive. If

we assume independence between the future lifetimes of (x) and (y), we have as

the corresponding conditional p.d.f. for the last survivor status, given that it has
survived to ¢,

u+tpx ”‘x(t + ll) + u+£y &L(t + M) B u+tpxy[p"x(t + u) + I‘Ly(t + u)]
tpx + tpy - tpxy

If each of the ,.,p factors in the numerators of (18.7.7) and (18.7.8) is factored as
witPx = uPeit Po for example, then expressions in those equations will appear as
weighted averages with the weights being the probabilities of survival to ¢.

(18.7.7)

(18.7.8)

When (18.7.8) is used to calculate E[pT~* — 15(/—&@) Ire=| T(xy) > t], then
(18.7.6) is obtained again.

18.8 Notes and References

The practical applications of the ideas of this chapter have not been as numerous
as those in some of the others. Nevertheless, extensive actuarial literature exists on
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various topics in multiple-life theory. Parts of Chapters 10, 11, 12, and 13 in Jordan
(1967), and parts of Chapters 7 and 8 in Neill (1977) contain material on these topics.

Theorem 18.2.2 is a basic theorem of probability. It combines many of the ideas
in Chapter 4 of Feller (1968). The technique used in proving results of this type is
often called the method of inclusion and exclusion. The main results in the field
are summarized and an extensive reference list provided by Takacs (1967). Credit
for the application of these algebraic methods in calculating life annuity values has
been given to Waring. Earlier actuarial textbooks gave the results of Corollaries
18.2.1 and 18.2.3 by the so-called Z method. This was an algebraic mnemonic based
on the observation that the coefficients of ,D; in p_U and in p__* are those in the
expansions of Z*/(1 + Z)**' and Z*/(1 + Z)*, respectively.

An earlier version of Theorem 18.2.2 is contained in a discussion by Schuette and
Nesbitt of a paper by White and Greville (1959). The use of these methods to
determine the actuarial present value of a share in a share-and-share-alike last-
survivor annuity is the subject of Exercise 18.36 and a paper by Rasor and Myers
(1952). Another proof of Theorem 18.2.2 that avoids the use of ideas from proba-
bility is given by Buchta (1994).

Some of the issues regarding premiums and reserves on last-survivor insurances
were discussed by Frasier in The Actuary (1978).

Life insurance policies with nonforfeiture values contain an embedded option.
At each policy anniversary the insured has the option to take the nonforfeiture
value and negotiate a new insurance contract, using health and market information
available at that time, in an attempt to increase the actuarial present value of life
insurance wealth. Reynolds (1994) discusses the cost implications of this option
with respect to last survivor policies for which premiums, reserves, and nonforfei-
ture values are determined, using a conditional survival function as in (18.7.7).
Reynolds develops the proposition that mortality antiselection, in the sense that
those statuses exercising the withdrawal option will be in “better health,” that is,
the statuses will have a higher probability of long survival than those continuing,
will be significant. Provision for the expected cost of this option should be built
into the design of the policy. The argument depends on the observation that non-
forfeiture values, like reserves, that are derived from conditional survival functions
that assume only the survival of the status will tend to be larger than those that
incorporate additional information about the survival of (x) and (y) as in (18.7.1),
(18.7.2), and (18.7.3).
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Appendix

Theorem 18.2.2

Let A,, A,, . . ., A, represent the events of interest, and let P, denote the
probability that exactly j of the n events take place. Further, let D, be the sum,
for all combinations of j events out of the 1, of the probabilities that j specified
events will occur, irrespective of the occurrence of the other n — j events. Then,
for any choice of numbers ¢;, ¢y, .. . , ¢

nr

CUP{OI + ClPH] o C;’P[Z] el C”p{”i i CG s D}ACQ + DIAZCO + sy D”AHCO.

Proof:

Let X; denote the indicator for the event A, that is, X; = 1 for sample points in
A; and X; = 0 for sample points not in A;. Let Y; be the indicator such that Y; = 1
for sample points in exactly j of the n events A}, A,, ..., A, and Y; = 0 for the
other sample points. We note that the expectation of Y; is Py;. Finally, we define
an operator, $(E), a function of the shift operator, E = 1 + A, by

GE)=XE+1-X)XE+1-X,)---(X,E+1-X).

We note that any factor equals E if the corresponding X, = 1 and equals 1 if
X; = 0. After multiplying, we have for any single point

HE) =Y, + YE + Y,E2 + -+ + Y, E"

since, in the expansion of the product, the power of E is equal to the number of
the X; equaling 1. Thus the exponent of E is equal to the number of the events A,,
A, A ..., A, containing the sample point.

Since a power of the shift operator, F/, applied to ¢, yields c;, we obtain
bE)eg =Yy + Y, + 000+ ¢,Y,,
and then the expectation of ¢(E)c, is
coProy + Py + -+ + ¢,Ppy
Since E = 1 + A, we can also write ¢(E) as

HE) =01+ XA0 + XA)--- (1 + X,4)

:1+Z<2 XiIXi2-~-Xi]_>Af,

j=1 \ivize.jj ,
which displays the coefficient of A/ as the sum of all possible products, () in num-
ber, of the X; taken j at a time. Since X; X;, - -+ X; = 1 only if the sample point is
in A; A, - -+ A, the expectation of X; X, - - - X is Pr(A; A, - -+ A;) and the
expectation of

> X, X, X,

, = 4
i1,12,1/1f

is D;. Hence the expectation of ¢(E)c, can also be written as
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¢y + D;Ac, + DA%, + - -+ + D,A"c,.

Equating the two forms for the expectation of ¢(E)c, completes the proof of the
theorem. |

The familiar inclusion-exclusion theorem of probability provides an example of
applying Theorem 18.2.2. For n = 4,
Here ¢, = 0, and ¢; = ¢, = ¢; = ¢, = 1 in the first form of the expectation of &(E)c,.
From the table

i c; Ag; A, Alc; Al;
0 0 1 -1 1 -1
1 1 0 0 0 —
2 1 0 0 — —
3 1 0 — — —
4 1 — — — —

we see that the second form of the expectation is

Il

all combinations
of two of
1,234

+ > Pr(A,AA) — Pr(A A Az A,).
all combinations
of tht;ee :>f
1234

iPr(Ai) - > PrAA)

Exercises

Unless otherwise indicated, all lives are subject to the same table of mortality rates, and
their time-until-death random variables are independent.

Section 18.2

18.1. Describe the events having probabilities given by the following expressions:

a. tpwx + tpwy + tpwz + tpxy + tpxz + tpyz - 3(tpwxy + tpwxz + tpwyz + tpxyz)
+ 7tpwxyz ’

b. Pow T P T Py TP T 2(tpwx + Py + Puz T Py + P T tpyz)
+ 4(tp wxy T Puxz T P wyz + tpxyz) - 8fp wxyz

18.2.  Use the corollaries of Section 18.2 to verify that p__2 =1 — p__1.

X, %,

18.3.  An extract from a table of joint-life annuities valued at 3-1/2% interest reads
as follows.
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18.4.

18.5.

18.6.

18.7.

18.8.

Actuarial Present Value of

Joint-Life Status Joint-Life Annuity-Immediate
20:26:28 144
20:26:29 14.3
20:28:29 14.0
26:28:29 13.8
20:26:28:29 12.5

a. Calculate the actuarial present value of an annuity payable at the end of
each year while exactly three of (20), (26), (28), and (29) are alive.

b. Calculate the actuarial present value for an insurance of 10,000 payable
at the end of the year of death of the second life to fail out of (20), (26),
(28), and (29).

Express p__2 — p_8in terms of tDj, j=1,2234.

WXyz Xyz

Express, in terms of annuity symbols, the actuarial present value of an an-
nuity of 1 per year payable at the end of each year while (w) and at most
one of (x), (y), and (z) are alive.

If weo) = 0002, 0 = ¢t = 10, and & = 0.05, calculate the value of

A40:40:40:40:40:E\~

A trust is set up to provide income to (x), (v), and (z). The fund is to provide
a continuous income at the rate of 8 per year to each while all three are
alive, at a rate of 10 per year to each while two are alive, and at a rate of 15
per year to a sole survivor. Calculate the actuarial present values of

a. All the payments to be made

b. All the payments to be made to (x).

An insurance provides a death benefit of 4 payable immediately upon the
first death among four lives age x, a benefit of 3 payable upon the second
death, a benefit of 2 payable upon the third death, and a benefit of 1 payable
upon the last death. If A, = 04 and A,, = 0.5, evaluate the actuarial present
value of this insurance.

Section 18.3

18.9.

Develop an expression in terms of single- and joint-life annuity symbols for
the actuarial present value of an annuity-immediate of 1,000 per month
payable

a. While exactly one of (40) and (35) is surviving during the next 25 years
b. While at least one of (40) and (35) survives at an age less than age 65.
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18.10.

Express the following in terms of symbols of annuities certain and single-
and joint-life annuities:

a. IIW
b' d(ZS:E‘):%| .

Section 18.4

18.11.

18.12.

18.13.

18.14.

18.15.

18.16.

18.17.

If at each duration the force of mortality for (x) is 1/2 that for (y) while the
force of mortality for (z) is twice that for (y), what is the probability that of
the three lives (x) will die

a. First

b. Second

c. Third.

Which of the following statements are true? Correct the others as necessary.

a. wayi = A%uxyz + Awalcyz + wa;z + way;
b' AW = Azzvxyz + Awiyz + waiz + wayg
c. wayg = Aw% + Axi + Ayi - (wa; + Awy; + Axy;) + way;'

Write, as a definite integral, the actuarial present value for an insurance to
be paid at the moment of death of (x) if (x) survives (y). The benefit amount
is equal to the time elapsed between the issue of the policy and the date of
death of (y).

If Gompertz’s law applies with p(40) = 0.003 and w(56) = 0.012, calculate
A ofa0:35:56 b. 0. 45:56-

[Note: In part (a) the notation 2:3 indicates the event that (48) dies second
or third among the lives involved.]

An insurance of 1 issued on the lives (x), (y), and (z) is payable at the mo-
ment of death of (z) only if (x) has been dead at least 10 years and (y) has
been dead less than 10 years. Express the actuarial present value of this
insurance in terms of actuarial present values for insurances and pure
endowments.

Develop an expression that does not involve integrals for the actuarial pres-
ent value of an insurance of 1 payable 10 years after the death of (x), pro-
vided that either or both of (y) and (z) survive (x) and both are dead before
the end of the 10-year period.

Obtain a formula for the single contract premium for a special contingent,
unit insurance payable if (30) dies before (60), or within 5 years after the
death of the latter, with return of the contract premium, without interest, 5
years after the death of (60) if no claim under the insurance arises by the
death of (30). Assume the loading is 7-1/2% of the benefit premium.
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Section 18.5

18.18.

18.19.

18.20.

18.21.

18.22.

18.23.

18.24.

18.25.

18.26.

Without using the independence assumption, establish relations such as

iy = wlwee T oz
and use them to obtain the result of Example 18.4.1.

Without using the independence assumption, establish the relations

1 i -
Axy Ay T Ax}z/%

51 -
Axyz + Aalcﬁz/

A,
and use them to obtain the result of Example 18.4.2.

Express .q.%,.
1

a. As a definite integral
b. In terms of simple contingent probabilities.

Assuming that Gompertz’s law applies, show that
2 _ ¢’
a Yo = 4y — m xy
- c* - c? _ cY c* -

b. A 3= + A, .
I o A oL S oL B S ol Ao Rl A oL

If w(x) = 1/(100 — x) for 0 < x < 100 applies for (20), (40), and (60), evaluate

a. oo%o:io:e? b. .020.40:60 C. wf20:40-
This illustrates that 4,2, = .45, «4.» which holds on the basis of Gompertz’s
1

law, does not hold in general.

On the basis of a mortality table following Gompertz’s law (with ¢® = 2),
Ay, =03, A, = 04, and A, = 0.52. Determine A s, .c,-
1

Given A, = 0.6, AL, = 0.3, AL = 0.2, and AL, = 0.1, evaluate
a. A2 b. A?

A4
wrXX wxXX C. waxx .

122

Express in integral form the probability that (x), (y), and (z) will die in that
order within the next 25 years with at least 10 years separating the times of
any pair of deaths.

Express in integral form the probability that (10), (20), and (30) will all die
before attaining age 60 with (20) being the second to die.
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18.27.

18.28.

18.29.

Given .q,, = 0.5537, .q;, = 0.6484, .q,,. = 0.5325, and .g,7, = .4, calculate
A

According to a certain mortality table, the probability that three lives age 70,
55, and 40 will die in that order at intervals of not less than 15 years is 0.048,
and the probability that at least one of two lives now age 70 will be alive

15 years before the death of a life now age 55 is 0.8. Calculate the probability
that neither of two lives now age 40 will survive to age 70.

Which of the following statements are true? Correct the others as necessary.

a. Awﬁzgz = j v e tpxyz “‘x(t) Ay+t dt

1 0

10 o
b. o (1 = 1+10P50) Peo Peolt) dt + f (t-10P50 — r+10P50) Peo Peeolt) At

10

10

= o (1 = 110Pe0) P50 Msolt) dt + LO (i—10P60 = s+10P60) P50 Pesolt) dt

1 2 1
C. 30940:50:60 T 30940:50:60 = 30940:50:60

Section 18.6

18.30.

18.31.

18.32.

Write an expression, free of integrals, for the actuarial present value of a

continuous annuity payable at a rate of 1 per year

a. During the lifetime of (y) and for 10 years following the death of (y) with
no payments to be made while (x) is alive

b. During the lifetime of (y) and for 10 years following the death of (y) with
no payments to be made while (x) is alive or if (y) dies before (x).

Express in terms of annuity and insurance symbols the single contract pre-

mium to provide the following benefits with a loading of 8% of the contract

premium:
A last-survivor annuity of 1 per annum on (x) and (y) deferred n years
and reducing by 1/3 on the first death: If the death of (x) occurs before
the death of (y) and during the deferred period, the annuity on the re-
duced basis is commenced on the next anniversary. If the death of (x)
occurs after the death of (y) and during the deferred period, the contract
premium is to be refunded at the end of the year of death.

In Section 18.6, the reversionary annuities commenced payment if a status
(1) was surviving upon the failure of a status (v). This idea can be extended
to annuities with payment commencing upon the occurrence of two or more
deaths in a prescribed order.

a. Show that

2 _ _ 1
Ple = Oylz — Aayle-
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b. On the basis of a Gompertz mortality table, prove that

, c* cY

a = —aq a, +——a.,,..
e x4y TETE D ox ooy

Section 18.7

18.33. Develop an expression for the annual benefit premium for a contingent pure
endowment of 1 payable if (x) is alive n years after the death of (v).

18.34. What annuity actuarial present value should be used to obtain the annual
benefit premium corresponding to the actuarial present value A,32,.?
1

Miscellaneous

18.35. An insurance on the event that (x) dies before age x + n and (y) dies before
age y + m, with m < n, pays 1 at the end of the year in which the second

18.36.

death occurs.
a. Show that the actuarial present value can be expressed as

A—T + ™ mPx (1 mpy) A}i_mr?_m\

b. What is the appropriate annuity actuarial present value to be used to

obtain the annual benefit premium?

A collection of m lives are to share-and-share-alike in the income from a last-
survivor annuity of 1 per annum payable continuously. The actuarial present

value of (x;)’s share is

{71

bEE

Show that this actuarial present value can be expressed as

]+ 1 xlrx;x

_ 1 )
Ay — ) Ty T 000+ )
1 1 _
q PR 7 — 1 =
+ 5 (ax1x2x3 + + uxlxm~1xm) ( 1)"’! m 1x2"'xm‘

m—1
1
Hint: Use Theorem 18.2.1 on >, —— p 1!,
7=0 ] + 1 "

18.37. State in words what is represented by

J;) Ut th tpyz M‘y(t) A%-l—d dt
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18.38. In the notation of Theorem 18.2.2 let
A; = {T(y) < min[n, T(x), T@)]},
A, = {T(y) < min[n, T(x), Tw)]},
A; = {T(y) < min[n, T(w), T(2)]}.

Show that the event A of Example 18.4.1 is the same as the event that occurs
when exactly one of A, A,, and A; occurs. Hence use Theorem 18.2.2 to
establish the result of Example 18.4.1 without use of the independence
assumption. [Hint: Argue that Pr(A,) = ,fu4. Pr(A;4;) = Pr(AjA;) =
Pr(A,A;) = Pr(A,AA;) = and Pr(A, [not A,][not A;]) = nqzl,,xgz.]

1
nqwxyzl

18.39. Consider a second-to-die whole life insurance with premiums payable for as
long as at least one of (x) and (y) survive. Assume a fully discrete basis.

a_
a. Show that Vg =1 — RETAS
U
WPx Cxsk + WPy Yk~ iPx Py xriey+k

Px + kpy ~ 1Py kpy
b. Show that iz can be evaluated by

where iz, =

fee]
2 vl pg
=k

- .
V" Py

Ajrk =
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POPULATION THEORY

191 Introduction

Many of the ideas in Chapter 3 are building blocks in the construction of a
mathematical theory of populations. For example, the survival function used to
define the distribution of the random variable time-until-death, and to trace the
progress of a survivorship group, plays a role in constructing models for
populations.

The models developed in this chapter are general. They can be applied, with
appropriate modifications, to the population of a political unit, a population of
workers, or a wildlife population.

We are particularly interested in certain actuarial applications of population the-
ory. In Section 19.5 a population model is used to study the progress of a system
that provides life insurance benefits to a population. In Chapter 20 a population
model is used as a component of a model for studying the progress of a system
that provides retirement income benefits to a population.

19.2 The Lexis Diagram

In this section we introduce a convenient method of picturing the progress of a
population. For example, the history of a workforce’s participation can be repre-
sented by parallel line segments in a two-dimensional diagram called a Lexis
diagram. (See Figure 19.2.1.) The pictured point of entry of an individual into the
workforce population (with coordinates time of entry and age at entry) represents
one end point of the line segment associated with that individual. The line segment
then follows a diagonal path to the terminal end point representing exit from the
workforce population (with coordinates time of exit and age at exit).

Figure 19.2.1 illustrates, for the population of workers depicted, that at time —25
measured from the present (+ = 0) there were three active workers. At the present
time there are two active workers. One might be interested in making statements
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A Lexis Diagram

Present
-50 —-40 -30 —-20 -10 0 10 20 30 .
—+ t } $ } —+ + { } Time
10+
O Point of entry
20+ ® Point of exit
30 4

/

40 +

501 NN
60 | ANERAN

Age

about their future working lifetimes. The dashed line segments in Figure 19.2.1
denote the prospective working lifetimes of the two currently active workers.

The following observations summarize features of a Lexis diagram.

Observations:

1. A fixed point in time is represented by a vertical line. The number of members
of a population at that time is given by the number of parallel line segments
(each representing an individual) that intersect the vertical line.

2. A fixed age is represented by a horizontal line. If a line segment associated with
an individual intersects a horizontal line at age x,, then that individual attained
age x, while a member of the population.

3. If a member attains age x at time f, the member’s time of birth is u = t — x.
While x and t are used as coordinates in a Lexis diagram, we frequently use the
variables x and u in our developments. One of the reasons for this is that while
u is constant for each member of a population, it is not constant over the
population.

There are many extensions of these ideas. For example, Lexis diagrams are used
to picture the progress of cohorts of lives rather than of individuals. A cohort is a
collection of individuals with a common birth period. In a model for a population
of workers, several modes of exit may be recognized and entries can occur at dif-
ferent ages. These possibilities were discussed in Chapters 10 and 11.
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The demographic models developed in the next two sections utilize only one
mode of exit, interpreted as death. Likewise, only birth is considered as a mode of
entry. A deterministic approach is taken.

19.3 A Continuous Model

For the remainder of this chapter we use a continuous model for populations
rather than a discrete set of parallel line segments (each corresponding to a mem-
ber) as was used for the illustration in Figure 19.2.1. This shift permits us to use
calculus as well as many of the tools developed in earlier chapters. A parallel
development based on a discrete model, and using tools from linear algebra, could
have been used.

Again, we assume all entries are by birth and all exits are by death. Migration
is excluded from the model. Births occur continuously, and b(u) denotes the density
function for the number of births at time u. That is, b(u) du is the number of births
between times u and u + du. We denote by s(x, u) the survival function of those
born at time u. This is called a generation survival function. We define

I(x, u) = b(u)s(x, u). (19.3.1)

The function denoted by I(x, u) is called a population density function.

The interpretation of the function I(x, 1) is facilitated by reference to a continuous
version of a Lexis diagram. (See Figure 19.3.1.) This figure and the remaining fig-
ures in this section are two-dimensional. They are designed to aid in the interpre-
tation of differential terms or to illustrate regions of integration. In each case, a
three-dimensional figure, illustrating the function defined on the time-age plane,
could have been drawn.

Interpretation

of I(x, u)
0 u  u+du t  t+dt T
~ < T » Time

\b(u) du | l

| |

| |

| l

|

) |

|
x -

I(x,u)du = I(x,t — x)dt
Y
Age
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Of the I(0, u) du = b(u) du births between times u and u + du, I(x, u) du survive to
age x. Let t = x + u, then dt = du, and this expression can be restated as

I(x,t — x)dt = (number attaining age x between
times t and t + dt). (19.3.2)

From this it follows that the number attaining age x between times ¢, and ¢, is
h
f I(x,t — x)dt. (19.3.3)
to

Now we consider a different question. Let x;, < x, be two ages and £, a given time.
How many lives are there between ages x; and x, at time ¢,? In posing this question
the word “lives” has been attached to the values of an integral of the function
I(x,u) and, as in Chapter 3, no longer denotes a variable that must take on only
integer values.

These lives would have attained age x, between times t, — (x; — x,) and ¢, and
then survived to time f, as indicated in Figure 19.3.2. The diagonal dashed line
traces a typical cohort of lives that will be between ages x; and x, at time f,,.

Number of Lives between Ages x, and
x, at Time t,

to—(x,—xo) ¢ to
+ } - » Time
I(xo, t = x0)

Xo 4
x =] xg+(to—t) I(xg+ (tg—t), t —xo) = I(x,t — xq)
Xl-r

\j
Age

Thus the number we seek is

J”O s(xg + ty — £t — xp)
£

I(xo, t — x)

dt. 19.3.4
0~ (x1—X0) s(xo,t - xo) ( )
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In evaluating (19.3.4) we make use of (19.3.1) to write the integrand as b(t — x,) X
S(xg + tyg — £t — xg) = lxg + t, — t, t — xp). If weletx = x, + (t, — t), we can
transform (19.3.4) into

- f I(x, b, — x)dx = f l(x,t, — x)dx. (19.3.5)
X1 xQ

From (19.3.5) we can make the following statement:

I(x,t, — x)dx = (number of lives between ages x and x + dx at time t;). (19.3.6)

Therefore, the population density function has two interpretations. The first is
given by (19.3.2) and (19.3.3) and relates to the number of lives attaining age x
between times t and t + dt. The second is given by (19.3.5) and (19.3.6) and relates
to the number of lives between ages x and x + dx at time ¢, The two interpreta-
tions correspond to slicing a Lexis diagram for the population with the lines f and
t + dt in the first interpretation, and slicing the diagram with lines x and x + dx
in the second interpretation.

In order to incorporate deaths into our model we let

1 9 1 0

L T L) (19.3.7)

px, u) = —

denote the generation force of mortality at age x for those born at time u. Figure
19.3.3 provides three interpretations following from this definition. These can be
verified by making the indicated linear transformation to the bivariate population
density function times the generation force of mortality and confirming that the
Jacobian of the transformation is 1.

The total number of deaths in a given region of the time-age plane, as depicted
in a Lexis diagram, is obtained by integrating one of the expressions in Figure 19.3.3
over the given region. The solution requires the calculation of a double integral.

There is an alternative method called the in-and-out method, which often pro-
vides an easy way to obtain the required number of deaths. This alternative method
involves determining the numbers of lives entering and leaving the region. The
difference between these two numbers is the number of deaths. In most situations,
the in-and-out method requires evaluation of only two single integrals.
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Interpretations of Population Density Times Generation
Force of Mortality

AL It — wuy(t — w,u)du dt u ouwtdu t A+ dt T
= number of deaths > lime
between times t and t + dt

among those born
between u and u + du.

Age

B. Substitute u = t — x, and t ot dt
we have [(x, t — x)p(x, t — x) » Time
dt dx = number of deaths
between ages x and x +
dx at times between f and
t + dt.

x + dx

Age

C. Substitute x = t — u, and U u-+du
we have I(x, u) u(x, u) du » Time
dx = number of deaths \

between ages x and x + dx

of those born between u
and u + du.
x + dx

Age
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Example 19.3.1

How many lives will attain age x, between times f, and f, + 1 and die before
time t, + 37

Solution:
We must derive an expression for the number of deaths in the trapezoid illus-

trated in Figure 19.3.4.

.
i dibd gl .
Region Where Deaths Are Counted,

Example 19.3.1
to to+1ty+2 t,+3
: L 1 1

/L ( ) 1 1 1 t > Time
~ u=t-—x
In
Yo 1 (%) (ty + 1, xp)
X +1 4
X, t2 4 o (fo+3,x+2)
Out
X+ 3 4 thb+3=x+u
Y }
Age (ty+3,x5+3)

Double integral method: Using the interpretation of Figure 19.3.3C, we have for
the required number of deaths

to+1—xp [(tot3—u
f f I(x, u) w(x, u)dx du.
to—xo0 X0

Using (19.3.7), we have for the number of deaths

J‘t0+1—x0 ft0+3~u [_ al(x, u):| dx du
to—xo X0 ax
tot+1—xp

- ft [(xo, 1) — Uty + 3 — u,u)]du

0—X0

to+1—xg to+1—xp
= f I(xo, w)du — J' Ity + 3 — u,u)du.
t

0= X0 to—xo
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We let y = u + x, in the first integral and w = f, + 3 — u in the second to obtain
for the number of deaths

tot+1 xp+3
f l(xo,y — xo)dy — f I(w,t, + 3 — w)dw.
to xot+2
In-and-out method: To obtain the required number of deaths we take the differ-
ence between the number of ins who attain age x, between times ¢, and ¢, + 1 and
the number of outs who are alive between ages x, + 2 and x, + 3 at time f, + 3.
Using (19.3.3) and (19.3.5), we have

to+1 x0+3
L) I(xoy — xp)dy — j ) (w,t, + 3 — w)dw,

xo+

which agrees with the result obtained using double integration. v

Example 19.3.2

Determine the number of those between ages 20 and 40 at time f, who will die
before reaching age 70.

Solution:
We are asked to derive an expression for the number of deaths in the trapezoid
illustrated in Figure 19.3.5.

?‘\gg@é e el @?@%‘é@k

& # HHERER
Region Where Deaths Are Counted,
Example 19.3.2

ty t,+ 104, + 208, + 30t, + 401, + 50 t, + 60

0 s ' T ' ' + ~ Time

10T

20t

o x=1f,—u

In<q 30+

407 =1t —20

/,/

30t

. e

60T u =t — 40

70T .

Age Out
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Double integral method: Using the interpretation in Figure 19.3.3C, the required
number of deaths is given by

to— 70
J f I(x, u) w(x, u)dx du
to— fo—

LHO ft " [ oI, u)] dx du

_ f [ty — 10, u) — 1(70, u)] du
to—40

20 20
= f Ity — u,u)du — f I(70, u) du.
to—40 to—400

We let y = t, — u in the first integral and w = u + 70 in the second integral to
obtain the required number of deaths

f40 to+50
" y, ty — y)dy — fto+30 I(70,w — 70)dw.
In-and-out method: We use (19.3.5) for the ins and (19.3.3) for the outs to obtain
40 to+50
f I(x,t, — x)dx — J [(70,t — 70)dt,
20 to+30

which agrees with the result using double integrals. v

19.4 Stationary and Stable Populations

Here we study two important special cases of the model described in Section
19.3. If I(x, u) is independent of u, we call the result a stationary population. For a
stationary population, (19.3.1) becomes

I(x,u) = bs(x) (19.4.1)

where b is the constant density of births and s(x) is a survival function that does
not depend on the time of birth. For human populations, b is typically expressed
as a number of births per year, and the age variable is measured in years. In accord
with (3.3.1), we rewrite (19.4.1) as

I(x,u) = bs(x) = I, (19.4.2)

where b plays the role of the radix /.

For a stationary population we can write (19.3.5) as

X1
f Ldx =T, — T,
X0

and obtain the number of lives in the stationary population between ages x, and
x; at any time f, expressed in terms of the function T, introduced in (3.5.16) in
connection with the analysis of a survivorship group. In addition, the interpretation
of I, u(x) given by Figure 19.3.3B leads to
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f Lp@ydx =1, — I,

as the density of deaths between ages x, and x; at any time t. In particular, the
density of deaths at age x, and greater equals the density of the number of lives
attaining age x, at any time f, the interpretation provided by (19.3.2). These facts
illustrate the aptness of the name stationary population.

If the population density function is of the form
I(x,u) = e®bs(x) = eI, (19.4.3)

where b > 0 and R are constant and s(x) is a survival function that is independent
of the time of birth, the resulting population is called a stable population. The
density of births at time u in a stable population is e®*b = [ If R = 0, a stable
population is a stationary population.

Using (19.3.5) we see that the total population at time ¢, denoted by N(t), for a
stable population is given by

N(t) = J; I(x,t — x)dx = & f e’ dx. (19.4.4)

0

Therefore, if R > 0, the population is growing exponentially, and if R < 0, the
population is decreasing exponentially.

Again using (19.3.5) we see that the fraction of the total stable population that
lies between ages x, and x, at time ¢t is

j I(x,t — x)dx f e’ dx
X0 _

X0

o =2 ) (19.4.5)
fo I(x,t — x)dx fo e’ dx

which is independent of ¢. Thus, while the size of a stable population may change
over time, its relative age distribution is constant.

For a stable population, we can express the number of members between ages
X, and x,, using (19.3.5), as

X1

j I(x,t — x)dx = f eRt=21 dx
X0 X0

= eRt—x0) lxo dxo:ms=R' (1946)

In the limit as x; — o, the number of members alive above age x, at time t in a

stable population may be written as e*" L _a, g5_g-

For a stable population, the force of mortality as given by (19.3.7) becomes, by
reference to (19.4.3),

1 9 _
1) P Ix,u) = p(x).

pix,u) = —
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We can express the density of deaths at time ¢ for a stable population between ages
X, and x; as

f eRED (x)dx = L, eR(tng)Aio;M&Rr (19.4.7)

X0

and the density of deaths at time ¢ above age x, is e**"*, A_ .

These facts about stable populations can be used, in connection with an identity
from Chapter 5, to confirm a property of stable populations:

(density of those (density of deaths
reaching age x, — above age x,

(rate of population ;¢ ;e t) at time f)

change at time t =
above age x)

(number above
age x, at time t)
eRt=x0) lxo — RU—x0) lxo Axo

eR(t—xo) lxo a—x

0

1Ay,

a

X0

The final step follows since the functions are calculated at force of interest R.

Example 19.4.1

For a stationary population the complete life expectancy at age 0, derived from
the survival function, can be obtained by dividing the number in the population
at time t by the birth density. That is,

é, = fo s(x)dx = fo ;—"dx = %
0 0

What is the result of performing a similar calculation with a stable population?

Solution:

- R(t—x)

N() ~f0 I(x,t x)dx_f0 e . dx
eRl 1, el eRt 1,

If R>0,a <é,and if R < 0, 4, > ¢, and if R = 0, the stationary population

result is obtained. This example demonstrates how the life expectancies cannot be
observed directly from stable populations unless R = 0. v

=a,atd = R.

19.5 Actuarial Applications

The conditions for a stable or stationary population are seldom realized because
of changes in either the survival function or the density of births. However, these
models are useful in studying alternative plans for funding life insurance or retire-
ment income systems. By a funding plan we mean a budgeting plan for accumu-
lating the funds necessary to provide the insurance or annuity benefits.
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In this section and in Chapter 20 we depart from the models developed in Chap-
ters 4 through 11, 15, and 16. These models were built by starting with a consid-
eration of the operation of a single policy. In this section we study aggregate models
for life insurance. In Chapter 20 similar models for pension systems are examined.
The models considered are especially relevant to social and group insurance sys-
tems that provide benefits on death or retirement to broad groups or populations.

Example 19.5.1

Assume a population density function I(x, u) = b(u) s(x) where the survival func-
tion is independent of u. Further, assume that in this population each member
above age 7 is insured for a unit benefit under a fully continuous, whole life in-
surance with annual premiums payable from age a. The premium paid by each
member is based on force of interest 8 and survival function s(x). Prove that

P(A,) f Tt - xydx + 8 f Tt - ) V(A dx

= Jw I(x,t — X)u(x)dx + %fw I(x, t — x) ., V(A,)dx. (19.5.1)

Solution:
General reasoning solution: Stated in words, (19.5.1) asserts

(rate of premium income at time f)
+ (rate of investment income at time t)
= (rate of benefit outgo at time ?)
+ (rate of change in aggregate reserve at time t).

That is, (19.5.1) can be interpreted as an income allocation equation for a life in-
surance system covering a population aged a or greater. The left-hand side of
(19.5.1) displays the sources of income, premiums, and interest, and the right-hand
side displays the allocation of income to death benefits and changes in the aggre-
gate reserve fund.

Analytic solution: We start with (8.6.4), implying for the present case
L VA - ) VA + a0 = PA) +5,VA). (1952)

We multiply (19.5.2) by I(x,t — x) and integrate between a and the upper limit of
survival. These operations yield

[Ctet — wd v - [t - o P+ [ et - o ds

= P(A,) f: I(x,t — x)dx + 8 j: I(x,t — x) ., V(A)dx. (19.5.3)

The first integral on the left-hand side of (19.5.3) is evaluated using integration by
parts. We obtain

596

Section 19.5 Actuarial Applications



Iix, t —x) ,_,V(A) | + fo 't — x)s(x) + I(x,t — )pu(x)] ,_,V(A)dx. (19.5.4)

a

In completing the integration by parts it is important to recall that
d d
Ir I(x,t — x) = Ir b(t — x)s(x)
= —=b'(t — x)s(x) — b(t — x) s(x)p(x).
Substituting (19.5.4) into (19.5.3) and rearranging yields (19.5.1). v

Example 19.5.2

For the population life insurance system described in Example 19.5.1 assume that
funding is on an assessment plan rather than on a whole life plan; that is, the
annual assessment rate, denoted by m,, per member at time t is equal to the rate
of outgo per member at time ¢. Determine m,.

Solution:
The assessment rate can be determined from

™, fo I(x,t — x)dx = J’oc I(x,t — x)u(x)dx

or from

fm I(x,t — x)w(x)dx

Ty

(19.5.5)

I(x,t — x)d
ja(x x)dx v

Example 19.5.3

Assume a stable population and rework
a. Example 19.5.1
b. Example 19.5.2.

Solution:

a. We start with (19.5.1), which has already been established for the more gen-
eral population density function I(x,u) = b(u)s(x). For this example, I(x,u) =
eR“bs(x), and the income allocation equation becomes

P(A,) J eRED [ dx + 8 J Rt [ V(A,)dx

=f R 1 w(x)dx + R f R V(A)dx. (19.5.6)

The factor e®' can be canceled from each term of (19.5.6). By an interpretation of
(19.5.6) developed in the general reasoning solution of Example 19.5.1, the ratio
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of the rate of premium income to the rate of benefit outgo is

D( A ’ —Rx
P(Aa)fa e ™ I dx B4

J e oy de T A

a

(19.5.7)

Here P'(A]) is computed at force of interest R.

If R = 0, the population is stationary, and the income allocation equation
(19.5.6) becomes

PA)T, + 8 f I, _JVA)dx =1, (19.5.8)
and the ratio of the rate of premium income to the rate of benefit outgo, (19.5.7),

becomes P(A,) é,.
b. In the stable population, the assessment rate determined in (19.5.5) becomes

f e ® 1 w(x)dx

= P'(A), (19.5.9)

which is independent of t. If R = 0, that is, the population is stationary, then
w = 1/6é,. A\

Remark:

One aspect of Example 19.5.3 deserves special comment. The rate of premium
payment required of each member of the stable population above age a under the
whole life and assessment funding methods are, respectively, P(A,) and P'(A}). In
Exercise 19.21 it is demonstrated that if the force of mortality is increasing, then

P(A,) > P'(A)) if 8 <R

PA,) = P'(A))if 8 =R

P(A,) < P'(A])) if 8 > R.
That is, if the force of interest is less than the population growth rate, the required
premium rate under the assessment funding method is less than under the whole
life funding method. If the force of interest is greater than the population growth

rate, the whole life funding method results in a smaller premium rate than does
the assessment funding method.

Example 19.5.4

Provide a general reasoning interpretation of the stationary population income
allocation equation (19.5.8) rearranged as
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” - 1, — P(A)T,
1t ae = B DA
Solution:

This rearranged form indicates that the aggregate reserve can be interpreted as
the difference between the present values of two perpetuities:

~—

¢ = (the present value of a continuous perpetuity paying

®  Jeath benefits at an annual rate of 1)
= (the present value of death benefits to current members)
+ (the present value of death benefits to
future members);
P(A)T,

= (the present value of a continuous perpetuity paying

8 premiums at an annual rate of P(4,)) T,)

= (the present value of premiums for current members)
+ (the present value of premiums for future members)

Additional insights are obtained by noting that premiums at rate P(A,) will be
payable from age a for future members. The present value of their premiums will
be equal to the present value of their benefits. Hence, the second component of the
interpretations of 1,/8 and P(A,)T,/d are offsetting, and

I, _ PA)T,

5 5 (the aggregate reserve for current members)

= (the present value of benefits for current members)

— (the present value of premiums for current members)

= | I, ,_.V(A)dx.
| v as v

Examples 19.5.1, 19.5.3, and 19.5.4 treat life insurance funding, or budgeting,
methods for which a fund exists. In these examples the characteristics of the funds,
after all members of the population above the entry age a are participants and have
been since the entry age a, were examined. When all eligible members are partic-
ipating and have participated since the entry age a, the system is said to be in a
mature state. Until that time the total fund is subject to growth by a stream of new
entrants. In our examples it will take w — a years for the fund to reach a mature
state.

19.6 Population Dynamics

In this section we return to an examination of the function b(t), the density of
births at time t. Our goal is to build a foundation under the development of the
continuous model of Section 19.3. In addition, the conditions leading to stable or
stationary populations, developed in Section 19.4, are explored.
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In developing a mathematical model for the density of births we introduce the
force of birth function, denoted by B(x, u). Then, B(x, t — x)dt represents the number
of female children born between times ¢ and ¢ + dt to a woman age x who was
herself born at time ¢t — x. The force of birth function is an age- and generation-
specific instantaneous birthrate for female children.

The total number of female children born between t and t + dt is

b(t)dt = [J: l(x,t —x)B(x,t — x) dx] dt. (19.6.1)

In (19.6.1) the subscript f denotes that the function relates to female lives. Total
births are obtained by multiplying a constant, (total births) / (female births), which
is slightly greater than 2 for most human populations.

If we divide (19.6.1) by dt and substitute for I(x,t — x) from (19.3.1), we see that
the female birth density function satisfies the integral equation

b(t) = f: b(t — x)s(x,t — X)Bx,t — x)dx. (19.6.2)

An integral equation is a statement about the relationship between functions where
the relationship involves an integral. The problem is to find b/(t) given the functions
si(x,t — x) and B(x,t — x). The function sy(x,t — x)B(x,t — x) is called the net
maternity function and in (19.6.3) is denoted by &(x,t — x).

For the remainder of this section we assume that the net maternity function does
not depend on the year of birth of the mother. That is, si(x,t — x)B(x, t — x) = b(x).
With this assumption, the integral equation (19.6.2) becomes

bf(t) = jo bf(t — x) d(x) dx. (19.6.3)
In this section we limit ourselves to verifying that a particular solution of (19.6.3)
is
bf(t) = pett (19.6.4)
where b is a positive constant and R is the unique real solution of the equation
H(r) =1 (19.6.5)

where

00

H(r) :j e ™ d(x) dx.

0

Direct substitution of (19.6.4) into (19.6.3) yields

bekt = j b eRt ¢b(x) dx,
0
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and upon the cancellation of constants this becomes

1= f: e ®d(x)dx = H(R).

We now show how the statement that H(r) = 1 yields a unique real solution can
be verified.

Observations:
1. H'(r) = —fo xe ™ d(x)dx <0

2. H(0) = j: b(x)dx > 0
3. lim H(r) = 0

r—oo

4. lim H(r) = .

r——00

These observations are summarized in Figure 19.6.1 together with the fact that

H'(r) = J:O x? e ™ d(x)dx > 0.

‘unction, and Formula (19.6.5)

\B = H(0)

> T

|
I
|
I
!
0 R
From Figure 19.6.1 we see that there is a unique real solution R (shown positive,

but it could be negative), and the verification is complete.

If b(t) = be®, then L(x,t — x) = bef™Vs(x), and the population of females is
stable. In the special case where R = 0, the population of females is stationary.
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To check whether R is positive, zero, or negative we examine the number B where

B=HO = | swax

By studying Figure 19.6.1 we can conclude

« If B > 1, R is positive, and the population is stable and increasing

« If B = 1, Ris 0, and the population is stationary

« If B < 1, R is negative, and the population is stable and decreasing.
Since H(0) = B can be interpreted as the number of female children produced by
each female, it is called the net reproduction rate. The parameter R is called the
intrinsic rate of population growth.

Remarks:

All populations are not stable, as might be inferred from this section. Several
aspects of our model may not be in accord with actual experience. Our basic model,
given by (19.6.2), is built on the assumption that the survival function and the force
of birth do not change over time. In (19.6.3) we restrict it still further by assuming
that the net maternity function depends on the age, but not the birth year, of moth-
ers. Public health statistics disclose major changes in survival functions and in the
forces of birth over time.

In addition, in solving integral equation (19.6.3), we obtained only the real so-
lution to the equation H(r) = 1. Within the complex number field, an infinite num-
ber of solutions may be determined in addition to the single real solution. These
additional roots of H(r) = 1 lead to general solutions of (19.6.3) of the form

> cb(t)
]

where each b}f)(t) is associated with a root of H(r) = 1. The complex roots, which
occur in conjugate pairs, can serve to put a dampened wave structure into the birth
density function.

Population theory is a collection of elegant mathematical ideas. However, there
are also some very important statistical problems in estimating its key components,
such as the survival function and the force of birth function, from available data.
These functions have been observed to shift over time, reflecting the dynamic na-
ture of human society.

As is true of all models of natural phenomena, the mathematical models of pop-
ulations capture only a small part of the dynamic forces that shape the size and
age distribution of real populations. Even if the stable population model is a sat-
isfactory approximation at one time, it cannot be appropriate for the long term.
The constant R cannot be greater than zero on a finite planet for a long time ho-
rizon. In a like manner, if R is negative for too long a period of time, the stable
population faces extinction.
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19.7 Notes and References

The foundations of population theory were built, in part, by Lotka who had
experience answering life insurance questions. The basic theory is developed in a
book by Keyfitz (1968), and applications are found in another book by Keyfitz
(1977). Keyfitz and Beekman (1984) wrote a textbook directed toward helping stu-
dents master demography through a graded set of exercises. Lexis diagrams are
named for their originator Wilhelm Lexis (1837-1914), a German statistician, de-
mographer, and economist. Charles Trowbridge (1952, 1955) promoted the use of
stationary population models in the study of the characteristics of pension and life
insurance funding methods.

Exercises

Section 19.2

19.1. Using the Lexis diagram of Figure 19.2.1 calculate
a. The average age of employees at time —25
b. The number of employees who have attained age 50 in the history of this
workforce
c. Of the employees at time —25, the number who have attained or will
attain age 50 while in the workforce.

Section 19.3
19.2. Let

U
b(u) = 100 [1 + cos (ﬁ)] —o <y < ©

X
= — <x= .
s(x, ) = cos <200> 0 <x =100
Calculate the number of individuals attaining age 50 between the times 50
and 100.
19.3. Let
b(u) = 100(1 — e~/1%) u>0
S(X) = p—X/100 x> 0.
Calculate the number of individuals between ages 25 and 50 at time 100.
19.4. Calculate the number of lives who will attain age 25 between times 50 and

51 and die before time 53. Use the functions b(u) and s(x, u) specified in
Exercise 19.3. (This is a numerical version of Example 19.3.1.)

19.5. Rework Example 19.3.2 assuming s(x, u) = s(x) and b(u) = I,.

19.6. Exhibit integrals for calculating the number of those between ages 20 and
50 at time 0 who will die at an age less than 80 and before time 50.
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Section 19.4

19.7.

19.8.

19.9.

19.10.

19.11.

19.12.

a. Let N(t) denote the number of members in a stable population at time ¢
and show that dN(t) /dt = RN(t).

b. The birthrate at time ¢ is defined as b(t) / N(t). For a stable population
show that the birthrate, denoted by i(t), is

i(t) = [j: e ®s(x) dx] .

If p(x) = ax,a >0, and b(u) = bet, express the size of the total population
at time ¢t in terms of ®(z), the d.f. for a N(0,1) distribution.

Assume a stable population and derive an expression for the average age of
those between ages a and r at time t. Restate the expression assuming
R =0

I fi(x) = w(x) + 0.05/8, show that p, = p(T,., / T,)"%.

Confirm that s*(x) = e ®s(x), R = 0, is a survival function. Then

a. Exhibit the p.d.f. and d.f. associated with s*(x)

b. Show that the complete expectation of life at age x, associated with the
survival function s*(x) is 4,, and that the variance of the time-until-death
is 2(Ia),, — @,. Here the annuity functions are calculated at force of
interest R.

The crude death rate at time ¢ is defined by

f: Ix,t — x)plx, t — x)dx

f I(x,t — x)dx
0

If the population is stable, show that the crude death rate is equal to
i(t) — R where i(t) is the birthrate defined in Exercise 19.7(b).

Section 19.5

19.13.

19.14.

Assume a stationary population with survival function s(x) and that this
same survival function is used in the evaluation of actuarial functions. Verify
and interpret the equation

lyd,+8j lLade=T,.

Assume a stable population with survival function s(x) and that this same
survival function is used in the evaluation of actuarial functions. Confirm
and interpret the following identities:
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19.15.

19.16.

a. l(a,t —a)a,— +d f I(x,t — x)a,;—5dx

= f I(x,t — x)dx + Rf I(x,t — x)ad,;—5dx.
[Hint: Evaluate the derivative of I(x,t — x)d,;— using (5.2.27).]

b. l(a,t — a)A, + 3 j I(x,t —x) A, dx
= f I(x,t — x)w(x)dx + RJ I(x,t — x)A, dx.

If b(u) = 100", age a = 0, and s(x) = e ¥/, calculate the assessment rate,
w,, to fund a whole life insurance program as in Example 19.5.2.

The old age dependence ratio for a population at time ¢ is

6: I(x,t — x)dx
fi) = =& .
LO I(x,t — x)dx

For a stable population show that
0 . s
Rlosfl) =1 — %

where ¥, is the average age of those between ages 20 and 65 at time ¢ and
%, is the average age of those above age 65 at time .

Section 19.6

19.17.

Given the net maternity function
d(x) = x> le7Fr a>0,B>0

a. Calculate R
b. Is the population stable or stationary if « = 2 and B = 1?

Miscellaneous

19.18.

Assume that the number in a population at time f satisfies the differential
equation

aNG) _

C
o = IN®le = NI a>0.

Note that as N(t) approaches a, the rate of change in population size ap-

proaches 0. Such a model incorporates environmental limits on population

growth.

a. Verify that the function N(T) = a(1 + be™)"!, b > 0, satisfies the differ-
ential equation. This is called the logistic function.
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b. If ¢ > 0, calculate lim N(f) and sketch the curve of N(t).

t—o0

c. Determine the abscissa of the point of inflection of N(t).

19.19. If the force of mortality is strictly increasing, show in turn
a. s(x)s(y) =s(x +y),x=0,y=0

b. s(x) J:O s(y)dy = L s(x + y)dy

c. s(x) f: s(y)dy = f; s(w) dw

d. f:s(y)dyz Jj%%dw

e. é,=¢é,.
19.20. In Exercise 19.19, multiply by v¥ and show that a4, = a, .

19.21. a. Show that P(A,) can be written as the weighted average of the force of
mortality p,(t) where the weight function is

t

v tpx

dx

w(t, 8) =
b. Verify that
(i) L w(t, 3)dt = 1
(ii) %w(t, 5) = 0

vt t px[_t dx + (I_a_)x]
@)

(iii) 5% wit, B) =
c. Verify the following:

() % (0, 8) > 0

d
(i) lim == w(t, ) = —=

(iii) For a fixed 9§, the only positive root of
9 Ia
% o(t, ) = 0is (_Lx)".

d. If the force of mortality is strictly increasing, use results (b)(ii) and
(b)(iii) to demonstrate that an increase in the force of interest increases
the weight attached to small values of the force of mortality and de-
creases the weight attached to large values of the force of mortality.
Therefore, if the force of mortality is strictly increasing, an increase in
the force of interest will decrease P(A,).
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THEORY OF PENSION FUNDING

201 Introduction

In Section 11.5 we studied the actuarial present values of benefits and contri-
butions with respect to a participant in a pension plan. These actuarial present
values for individual participants are necessary inputs into the process of deter-
mining the aggregate actuarial present values for the plan. If the pension plan is
to provide security to the participants, these aggregated values of future benefits
together with the current assets are balanced with the aggregate present values of
future contributions. The pattern of aggregate contributions required to balance
benefit payments is determined by an actuarial cost or funding method. In this
chapter we define functions useful in summarizing the status of the funding of a
pension plan. These functions are then used to define actuarial cost methods and
to explore the properties of these methods.

For this we adopt some of the population theory of Chapter 19. Here the study
is similar to that followed in Examples 19.5.1, 19.5.2, 19.5.3, and 19.5.4 for alter-
native funding or budgeting methods in the examination of a life insurance system
for a population.

To integrate the ideas of this chapter with those developed earlier, the reader
should keep in mind some basic limitations on the ideas presented here:

(1) To protect the interests of participants and to limit the amount of income on
which taxes are deferred (because it is contributed to a pension plan), govern-
ments have chosen to regulate actuarial cost methods. These regulations are
important in practice, but are not discussed here.

(2) Pension plans frequently provide many types of benefits. In addition to retire-
ment income, death, disability, and withdrawal benefits are common. In many
jurisdictions withdrawal benefits are required; these withdrawal benefits are
called vested benefits in pension plans. The determination of the actuarial pres-
ent value of some of these benefits was covered in Chapter 11. In this chapter,
the model used provides only for retirement income benefits. This simplication
is adopted so that attention can be focused on the properties of various actuarial
cost methods. Although most pension plans provide retirement income at a

Chapter 20 Theory of Pension Funding
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rate dependent in some way on income levels before retirement, the model used
in this chapter specifies an initial pension benefit rate dependent only on the
rate of income payment at retirement. Once again this simplification is made
to permit concentration on the actuarial cost methods.

(3) A continuing theme in this work is that actuarial present values require the
application of interest factors and probabilities to future contingent payments.
In this chapter future payments may depend on a great many uncertain events.
However, in accordance with our goal of studying actuarial cost methods, a
deterministic view is adopted.

(4) Pension plan contributions are expenses for sponsoring organizations. To pro-
mote the comparability of income statements of organizations that sponsor pen-
sion plans, accounting practice restricts the actuarial cost methods that are ac-
ceptable for financial accounting. The restrictions are not discussed here.

20.2 The Model

We assume a population consisting of members entering at age a, retiring at
age r and subject to a survival function, s(x) with s(a) = 1. For a < x <, decrement
can occur for mortality or other causes, but for x > r mortality is the only cause of
decrement. The density of new entrants at age a at time u is given by n(#) and the
density of those attaining age x at time ¢ by

n(u) s(x) (20.2.1)

where u = t — (x — a) is the time of entry into the plan. Formula (20.2.1) is related
to (19.3.1), except that “births” occur at age a by becoming a plan participant. We
assume the survival function does not depend on u.

We also assume that the salary rate for each member age x at time 0 is w(x), 2 <
x < r. The function w(x) expresses the individual experience and merit components
of salary change. Salary rates also change by a year-of-experience factor reflecting
inflation and changes in the productivity of all participants. In this chapter the
year-of-experience factor will be e'. This factor does not depend on the age of an
individual. Thus, the annual salary rate expected at time ¢ by a member age x is
given by the formula

w(x) e a<x<r. (20.2.2)

This should be compared with the simpler model used in (11.5.1) where salary
changes that are functions only of attained age are considered.

Comparing this with (19.3.5), we recognize that the total salary rate at time ¢ for
the n(t — x + a) s(x) dx members between ages x and x + dx is n(t — x + a) s(x)
w(x) exp(tt), and the total annual salary rate at time t is

W, = j r n(t — x + a) s(x) w(x) e’ dx. (20.2.3)
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Formula (20.2.3) incorporates a notational convention used in this chapter. A
subscripted symbol denotes a quantity for the entire group of covered workers.
Thus W, represents the total payroll payment rate at time t.

The model pension plan considered in this chapter provides retirement annuities
payable only after attainment of retirement age r. The initial annual pension rate
is a fraction f of the final salary rate. Thus for a member retiring at time ¢, the
projected payment rate is

fw(r) e (20.2.4)
For a retiree age x at time ¢, the annual rate of pension payment is projected as
fw(r) e h(x) x=v

where h(x) represents an adjustment factor applied to the initial pension payment
rate of f w(r) e'~**" for those who retired x — r years ago. We note that h(r) = 1.
As an example, h(x) may be the exponential function exp[B(x — )] where B is a
constant rate of increase (possibly related to the expected inflation rate).

The model plan that is at the center of our discussion of actuarial cost methods
is a defined-benefit plan. The plan defines the benefits to be received by retiring
participants, and we concentrate on describing actuarial cost methods that produce
a stream of contributions and investment income to balance the benefit payments.
In defined-contribution plans the starting point shifts. The contribution made on
behalf of each participant is stated, perhaps as a constant or as a fraction of salary.
The actuarial problem is then to calculate the benefit level that will produce an
actuarial present value equal to the actuarial present value of the contributions.
This may be determined at time of retirement by using the accumulated contri-
butions to provide an equivalent retirement annuity, or on a year-by-year basis
whereby a deferred retirement annuity is purchased by the contribution of each
year.

20.3 Terminal Funding

Under the terminal funding method pensions are not funded by contributions
during active membership. Instead, single contributions are made to the fund at
the time of retirement. The required contribution rate, or normal cost rate, under
the terminal funding method at time ¢, denoted by ’P,, is the rate at which the
actuarial present value of future pensions for members reaching age r is incurred
at time t. To determine P, for the model plan, we assume interest is earned at an
annual force of 3, and we denote by 4" the actuarial present value of a life annuity
payable continuously to a life age r with income rate h(x) per year when (r) attains
age x. Therefore,

ar = fr e 36 hi(x) % dx. (20.3.1)
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From (19.3.2), we have n(t — r + a) s(r) dt members attaining age r between times
t and t + dt, and by (20.2.4) they will collect pensions at an average initial rate of
f w(r) exp(tt). Therefore,

P, = fw(r) et n(t — r + a) s(r) a. (20.3.2)

We will see that P, is a basic building block for the various functions used to
describe the funding operations for the model plan.

To illustrate the theory, we often refer to the exponential case having the follow-
ing characteristics:

» n(u) = ne®™. Since we have assumed that the survival function is independent
of time, we see from (19.4.3) and the form of n(u) that the size of the population
is changing exponentially at rate R, but with a stable age distribution within
the population.

* h(x) = ePv"9; that is, pensions are adjusted at a constant annual rate of {.
Before exploring the exponential case, we should understand its limitations. It is
clear that conditions for exponential growth or decay cannot exist indefinitely.
When the exponential case is approximately realized, the three key economic rates,
interest 3, wages T, and pension adjustment B, are interrelated. For example, if 8
is related to inflation, it is conventional to assume that 8 > 3 even though there
have been periods of unexpected inflation where the reverse holds. If B > 7, the
consequence would be an improvement in the economic position of retired lives
relative to active lives, and therefore B = 7 is usually assumed.

Example 20.3.1

In the exponential case, show that 'P,,, = ¢” 'P, where p = 7 + R.

Solution:
From the definition of the exponential case we have

n(t + u —r + a) = nellttu=r+9
and from (20.3.1)
a—il = jw e~ ®~-B)x—7) s(_x) dx = (7;
r s(r)
where 4, is valued at force of interest 8 — B. Then, using (20.3.2), we obtain
TPHM _ fw(r) PRGN s(r) R+ u=r+a) a.
= R fap(r) et nos(r) R ) = e TP,

Several terms in this development can be interpreted independently. The rate
p = 7 + R can be interpreted as a rate of total economic growth or decay. The
term 7 s(r) can be interpreted as I, the number of survivors at age » of n members
in a survivorship group at age a governed by the multiple decrement survival
function s(x), a = x = 7. v
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20.4 Basic Functions for Retired Lives

In this section we discuss a number of basic functions defining several main
concepts of pension funding as related to the retired group. A prefixed r is used
in the notation to indicate the retired group.

20.4.1 Actuarial Present Value of Future Benefits, (rA),

The n(t — x + a) s(x) dx members between ages x and x + dx at time ¢ retired
x — r years ago with pensions at an initial annual rate of f w(r) e**~**". For each
unit of initial pension of a surviving retiree, there remains the actuarial present
value

a = J; e h(y) % dy (20.4.1)

where s(y) is a single decrement survival function based only on mortality. There-
fore, from (20.3.2),

(rA), = F n(t — x + a) s(x) f w(r) e g dx. (20.4.2)

On substituting from (20.4.1), we can write a double integral form for (rA),; that
is,

(rA), = Jw n(t — x + a) fw(r) et [J' e 2™ h(y) s(y) dy] dx. (20.4.3)

20.4.2 Benefit Payment Rate, B,

For the retired members there is a new function to consider, B,, the rate of benefit
outgo at time t. In developing (20.4.2) for the actuarial present value of future
benefits for retired lives, we saw that pensions for retirees now between ages x and
x + dx were paid at the initial rate of n(t — x + a) s(x) f w(r) "> dx. By age x,
this rate has been adjusted by the factor k(x). Hence,

B, = J n(t — x + a) s(x) f w(r) e+ h(x) dx. (20.4.4)
First, we note that for all differentiable functions, g,
J 0
—gt—x+71r) = ——gt—x+7r).
o gt —x+r) ox gt —x + 1)

Differentiation of B, leads to

d

—B
ar !

fmfw(r) S(X) h(x) % [n(t - x + (,Z) g"'(t—x+r)] dx

_foofw(r) s(x) h(x) aa—x [n(t — x + a) €] dx
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x=00

—f w(r) s(x) h(x) n(t — x + a) e

X=r

+ Jmfw(r) n(t — x + a) e [s'(x) h(x) + s(x) h'(x)] dx

[f w(r) n(t — r + a) s(r) €'
- fwfw(r) n(t — x + a) s(x) w(x)e™ " h(x) dx]

+ f " Fwl) nt = x + a) s() € () dx. (20.4.5)

The terms within the brackets on the right-hand side of (20.4.5) measure the
replacement effect. The first term is the rate at which the initial pensions for the
newly retired members is increasing the benefit payment rate. The second term is
the rate at which the benefit payment rate is being reduced by deaths at time t.
The term outside the brackets is known as the adjustment effect. It measures the
amount by which the benefit payment rate is being adjusted at time t.

204.3

The Allocation Equation
We are now in a position to state a basic formula for retired lives:
d
P, + 8(rA), = B, + — (rA),. (20.4.6)
This equation can be argued from compound interest theory by considering (rA),
as a fund into which interest and terminal funding costs are paid and from which
pensions are paid. The difference between the total rate of incomes and the rate of

outgo determines the rate of change of the size of the fund.

The verification of (20.4.6) can be accomplished by differentiating (rA), as given
by (20.4.3). We have

X

L= [ o0 Sine - x + a) e [ | e iy st dy] dx

= ~fw) fw l:fw e h(y) s(y) dy] % [n(t — x + a) ] dx

x=®

= —fw() {n(t —x + a) et f S h(y) s(y) dy

xX=r

— J'oo [8 foo e~ ¥y—x) h(y) S(y) dy — s(x) h(X):| ”(t —x+a) prt—x+) dx}

= TP, + ¥(rA), — B,
where (20.4.4) is used to identify the B, term.
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Example 20.4.1

Show that for the exponential case,

a. B,,=e™B,p=1+R (20.4.7)
b. (rA),,, = €™ (rA), (20.4.8)
c. TP, + 0(rA), =B, 6 =3 — p (20.4.9)
d. P, < B, if6>0

TP, =B, if6=0

P, > B, if 6 < 0. (20.4.10)
Solution:

a. From (20.4.4),

= e B,.

b. Substituting into (20.4.2) and following the pattern of the solution of part (a)
yields the result.
c. Rewriting (20.4.8) as

(tA)es = (), _ e — 1
u

» (rA),

and letting u — 0, we obtain
d
o (rA), = p (rA),. (20.4.11)

Then substituting (20.4.11) into (20.4.6) yields the result for part (c).
d. The inequalities follow from (20.4.9). This example reveals the critical role
played by 6 = 8 — 7 — R in the exponential case. v

Example 20.4.2

For the model plan operating in a stationary population with fixed salaries and
level pensions, develop and interpret the formula

(rA), = f w(r) T"Tl'ﬁ’. (20.4.12)

Solution:

Here h(x) = 1,7 = 0,0 =3, B, = fw(r) T,, 'P, = fw(r) I, 4,, and (20.4.12) follows
by substituting into (20.4.9). To interpret this result, we note that pensions of f w(r)
per year are payable continuously to all persons age r or older in the stationary
population. This includes pensions for future new retirees who become eligible at
the rate of /, per year. These future pension payments form a perpetuity with pres-
ent value equal to f w(r) I, 4,/8. The difference in the present values of these two
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perpetuities is the present value of the future pensions to the closed group of par-
ticipants now age r years or older, (rA),. v

20.5 Accrual of Actuarial Liability

Actuarial cost methods differ by the rate at which prospective pension obliga-
tions are recognized during the participants” working lifetimes. The terminal cost
method described in Section 20.3 does not recognize the liability until the attain-
ment of retirement age r. To express the accrual of actuarial liability for a pension
commencing at age r, we define for a cost method an accrual function M(x). Here
M(x) represents that fraction of the actuarial value of future pensions accrued as
an actuarial liability at age x under the actuarial cost method. The function M(x) is
a nondecreasing, right-continuous function of the age variable with 0 = M(x) = 1
for all x = a. Under initial funding, all the liability for the future pension is rec-
ognized when the participant enters at age a; thus M(x) = 0 for x < g and M(x) = 1
for x = a. For other actuarial cost methods it will be assumed that M(a) = 0. For
funding methods requiring accrual or recognition of the total liability by age r,
M(r) = 1 for x = r.

The function M(x) can also be defined in terms of a pension accrual density
function denoted by m(x) such that

M(x) = f: m(y) dy X = a. (20.5.1)

Note the analogy between M(x) and m(x) and the d.f., Fy(x), and p.d.f., fx(x). In
general we assume that m(x) is continuous for 2 < x < r, right continuous at a, and

left continuous at 7, and that m(x) = 0 for x > r. In this continuous case it follows
from (20.5.1) that

m(x) = M'(x). (20.5.2)
At points of discontinuity of M'(x), the density m(x) is not defined, and we can

assign an arbitrary value to it, for example, the limit from the left or from the right.

The advantage of introducing the accrual function is that we can develop pension
theory simultaneously for a whole family of actuarial cost methods rather than
separately for each method.

Example 20.5.1

For M(x) = d,5=5/ 4,7=3, @ < x < r, verify that

a. M(x) has the properties of an accrual function.

b. M(x) ,_,4, is equal to the reserve at age x on a continuous annual premium
deferred life annuity issued at age 2 and paying a continuous annuity of 1 per
year commencing at age 7.
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Solution:

X

a. f e—&(y—a) s(y) dy
M) = = ;
J e 27 s(y) dy
thus
—~d(x—a)
M'(x) = m(x) = — 5() (20.5.3)

Jpe®v 0 s(y) dy

M(a) = 0 and M(r) = 1 confirm that M(x) has the properties of an accrual
function.
b. A retrospective formula gives the reserve at age x as

— _ _ a _
p(r~a|au) sa:x_——cﬂ = V_ s Su:m
a:r—a|

x

xfaEa r—x| a, da:;—_a]
aa:—r_——ul x—aEu

= r‘x\ax M(X) v

20.6 Basic Functions for Active Lives

In this section we define a number of basic functions related to the funding of
pension benefits in the model plan. The functions relate to the active group and
are denoted in the symbols with a prefixed a.

20.6.1 Actuarial Present Value of Future Benefits, (aA),

The n(t — x + a) s(x) members between ages x and x + dx at time t will, at the
end of r — x years, incur the terminal funding cost of TP,,,_, dx. Hence,

(aA), = j e ®» Tp _  dx. (20.6.1)
Show that
d
7 (aA), = e ® 2 Tp, . — TP, + 3(aA), (20.6.2)
and interpret the equation.
Solution:
Again, we note that
0 d
a TPt-H'—x = _8_32 Tpt+r7x' (2063)
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Thus

r 0
~d(r— T
J € (=) Pt+r—x dx

d
4 @ = | ot

jr :

— —8(r~-x) __ T
= e P, ,_, dx
a ax t+r—x

x=r v
= —g ¥~ TP, + 8 L P,y _, e dx

x=a

= Tpt+r—a e—S(r—a) - TPt + 8([114)1?

+r—x

The rate of change in the actuarial present value of future pensions equals the
present value of the future terminal funding rate for new entrants (who will retire
r — a years later) less the terminal funding rate for active members retiring now
plus the rate of interest income on the actuarial present value at time ¢. v

20.6.2

Normal Cost Rate, P,

We assume that an actuarial cost method with accrual function M(x) has been
selected. We now want to express the normal cost rate for the model plan, that is,
to display the function that, for our continuous model, allocates the actuarial pres-
ent value of future pension benefits to the various times of valuation in a partici-
pant’s active service.

As in (20.6.1) the future terminal funding cost for members between ages x and
x + dx at time t is "P,,, . dx. In the normal cost function this liability is being
recognized at an accrual rate m(x). We have

P, = f e Tp,  m(x) dx

a

et fw(r) s(r) at j r e @00 pn(t — x + a) m(x) dx. (20.6.4)

One can visualize how the normal cost rate, P, u =t = u + r — a, completely
funds the pension benefit of a member who enters at age a at time u and retires
r — a years later. Consider the participants who enter between u and u + du. Their
ultimate terminal funding cost rate will be P, . ,. At time ¢, the density of contri-
butions of this group to the integral defining P, is

E_S(V_X) Tpt+r—x m(x)

where x = a + t — u. In the r — x years until retirement this will increase, because
of interest earned, to

Tpt+r—x m(x), (20'65)
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and this density in terms of u is 'P,,, , m(a + t — u). Integrating these interest-
accumulated contributions, we obtain

utr—a
f Py ,m@+t —u)ydt=TP

u

utr—ars

the required terminal funding cost rate.

Example 20.6.2

a. Show that in the exponential case
P, = exp{—38[r — X(0)]} "P,1,_xe (20.6.6)
where
8=5-p=>5-1-R

and

X0 = f m(x) e®* dx. (20.6.7)
b. Interpret (20.6.6).

Solution:
a. From (20.6.4) and the solution of Example 20.3.1 we have

P, = f e ¥ TP m(x) dx

a

,
= f eI TP, ixo)—x1+r—xco) MHX) dx

a

r

= f e_s(r_x) eP[X(O)"x] TPt+r—X(9) m(x) dx

a

r

= e[—31”+pX(9)] TPH—?’—X(O) j e(S_P)x m(x) dX.

a

Substitute 8 — 0 for p; using (20.6.7), we have

P, = ol-3r+(3-0)X(©)] TPt+r—X((—)) £0X(0)

which reduces to (20.6.6).

b. The annual normal cost rate at time t is sufficient with interest to provide the
terminal funding cost ¥ — X(0) years later. The number X(8) has its existence
assured by the mean value theorem for integrals and may be interpreted as an
average age of normal cost payment associated with the accrual density function
m(x) in the exponential case with 6 = 8 — 7 — R. Hence, X(8) depends on the
interest rate and on salary and population change rates. v
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20.6.3 Actuarial Accrued Liability, (aV),

We assume, as in Section 20.6.2, that an actuarial cost method with accrual func-
tion M(x) has been chosen. By analogy with (20.6.4) we have that the actuarial
accrued liability for active lives at time ¢ is given by

@av), = J' e ¥ Tp . M(x) dx. (20.6.8)

In the integral we are applying the concept that a fraction M(x) of the actuarial
present value of the future pension has accrued as an actuarial liability by age x.

If we rewrite (20.6.4) in the form

p, = f e IP,,,  dM(x)

a

and integrate by parts, we obtain, by use of (20.6.3),

P, = e 1P,,, . M(x) -3 f M(x) e® 0 IP,,_ dx

X

[

a

’ d
+ f M(x) e = —Tp,  dx
a ot

d
= TP, = d(@V), + 7 (aV),
or
— T d
P, + 3@V), = P, + . (V). (20.6.9)

Equation (20.6.9) can be interpreted from the viewpoint of compound interest the-
ory. We consider the actuarial accrued liability, (aV),, as a fund into which normal
costs, at rate P,, are paid and from which terminal funding costs, at rate Tp,, are
transferred when active members retire. The left-hand side of (20.6.9) is the income
rate to the fund from normal costs and interest. The right-hand side represents the
allocation of this income rate to the terminal funding rate and rate change in the
fund size.

Example 20.6.3

Show that in the exponential case

a. P,,,=e"P,p=7+R (20.6.10)
b. (aV),,, = e (aV), (20.6.11)
c. P,+6aV),="P,0=58—p (20.6.12)
d. P, <P, if6>0

P,="P, if6=0

P,> TP, if 0 <0. (20.6.13)
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Solution:

a. In Example 20.3.1 we saw that 'P,,, = e "P,. Then, substituﬁng into (20.6.4),
we obtain

»
— —d3(r—x) T
Pt+u - f e =) Pt+u+r—x m(x) dx

a

e j e ®rDTp . m(x) dx
= ¢ P,.
b. The solution starts with the definition of (aV), in (20.6.8) and follows the same
steps as in part (a).
c. Rewriting (20.6.11) as

@V)es = @V), _ &
u

-1
y (aV),
and letting u — 0, we obtain
d
o @v), = p @v),. (20.6.14)

Substituting (20.6.14) into (20.6.9) yields (20.6.12).
d. The inequalities follow from (20.6.12). Again, we see the critical role that
f = & — 7 — R plays in the exponential case. v

In line with our assumption that M(x) = 1 for x = r, there is no future normal
cost in respect to the closed group of retirees at time t. Therefore, the actuarial
accrued liability, (rV),, for retired members equals the actuarial present value of
their future pensions; that is,

V), = (rA),. (20.6.15)
This has the further effect that we then have a differential equation for the actuarial

accrued liability for retired lives, which is

P, + 3(rV), = B, + % (rV),. (20.6.16)

20.6.4 Actuarial Present Value of Future Normal Costs, (Pa),

In Section 20.6.1 we noted that n(t — x + a) s(x) members between ages x and
x + dx at time t will have a terminal funding cost of P,,, . dx when they retire
r — x years later. As these members pass from age y toy + dy, x = y < r, the
normal cost e "% TP, dx m(y) dy will be payable. The present value of this
normal cost is

e Tp _  dx m(y) dy, (20.6.17)

and the present value of future normal costs, denoted by (Pa),, for all active mem-
bers is
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(Pa), = f e o TPW_XJ m(y) dy dx (20.6.18)

a

or

il

et fw(r) s(r) a' fr e ® N pu(t — x + a) [1 — M(x)] dx. (20.6.19)

Figure 20.6.1 illustrates the ideas in the development of (Pa),. Expression (20.6.17)
represents the present value at time ¢ of the cost element in the shaded area. In
(20.6.18), the inside integral represents the addition of elements along the diagonal,
and the outer integral the present value of future normal costs at time ¢ for all ages.

Formulation of (Pa),

T
P t+r-x dx

It follows from (20.6.18), (20.6.1), and (20.6.8) that
(Pa), = (aA), — (aV),
or
(av), = (aA), — (Pa),. (20.6.20)

Formula (20.6.20) expresses the same concept as the prospective reserve formulas
of Chapter 7 and is frequently used to define (aV),; that is,

(the actuarial liability at = (the actuarial present value of
time t for active members) future pensions for active members)

— (the actuarial present value
of future normal costs).

By analogy with concepts from Chapter 7, V= A — Paor A = V + Pa, one can
argue that the actuarial present value of future pensions for active lives is balanced
by the actuarial accrued liability for active lives and the actuarial present value of
future normal costs; that is,
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Example 20.6.4

. Consider two accrual density functions, M,(x) and M;(x). Show that if D(x) =
M;(x) — Mj(x) is such that D'(a) > 0 and D’(x) = 0 has exactly one solution,

@A), = (aV), + (Pa),.

The split between the two terms on the right-hand side of (20.6.21) is determined
by the actuarial cost method selected as reflected in the accrual function M(x).

a<x <r,then (aV), > aV),.

CIf
M[(x) — _ﬂ"(_ﬂ
and
X —a
My(x) = — 4’
show that
@V, > @v)y .
Solution:

a. By properties of the accrual function, D(a) = D(r) = 0. We are given that
D'(a) > 0 and D'(x) = 0 for exactly one value of x, 2 < x < 7; hence,

D(x) > 0 fora < x < r. Thus
@~ @V = | €200, D@ dx

is greater than 0, and the inequality follows.
. We have

e 0s(xy) 1

f eV s(y) dy

a

D'(x) =

Further, if 8 > 1, e°¥™ () < 1, and thus

f e ¥ g(y) dy < f dy =r — a.

Therefore

D'(a) = 1 - 1 > 0.

J ™07 s(y) dy

a

By a similar argument, D’(r) < 0. Since both e >~ and s(x) are decreasing but
positive functions of x, D"(x) < 0 and thus D’(x) = 0 for exactly one value of x,

a <x <r. Then (aV), > (aV),, follows from part (a).
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In addition, by (20.6.21), we have
@A), = @V), + (Pa), = (aV)y + (Pa)y
so that
(Pa)y, > (Pa)y . v

20.7

Individual Actuarial Cost Methods

The general actuarial cost method defined by the accrual function M(x) or its
derivative, the accrual density function, is an individual cost method in the sense
that m(x) and M(x) can be applied to yield the normal cost rate and the actuarial
accrued liability for each participant. The total normal cost rate and actuarial ac-
crued liability for active lives in the plan may be determined by adding the com-
ponents attributed to each participant.

The individual pension funding functions, for an annuity starting at age r with
a unit initial benefit rate for an active life age x, 2 = x = r, are defined as follows:

The actuarial present value of the benefit is given by
(aA)(x) = e % a. (20.7.1)
The normal cost rate is given by
P(x) = (aA)(x) m(x), (20.7.2)
and the accrued actuarial liability is given by
@V)(x) = (aA)(x) M(x). (20.7.3)
The actuarial present value of future normal costs is defined by
(Pa)(x) = (aA)(x) — (@V)(x) = (@A)(x) [1 — M(x)]. (20.7.4)

Note that these functions for a unit benefit for (x), instead of aggregate plan func-
tions as of time t. Exercise 20.18 develops the details of the relations between these
functions and the basic functions relating to the entire group studied in
Section 20.6.

In accrued benefit cost methods M(x) is directly related to the accrued benefit
that a participant has acquired at age x under provisions of the plan. We look at
two possibilities. If the projected benefit accrues uniformly during active service,

1
(r—a)
If the accrual of the benefit is in proportion to total salary where there is an ex-
ponential time trend affecting all salaries,

m(x) = (20.7.5)
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Cw(x) e

f w(y) e dy'

a

m(x) = k w(x) e = (20.7.6)

As a special case if the accrual of benefits is in proportion to total salary with no
time trend in salary, so that 1 = 0, then

m(x) = k w(x) = fﬂ (20.7.7)

. w(y) dy

For entry-age actuarial cost methods, the projected benefit is funded by a level
contribution from entry age to retirement. Again, we look at two possibilities. If
we define the normal cost rate, P(x), given by (20.7.2) to be a constant, we have
P(x) = k = (aA)(x) m(x), so that

ko k s(x)
@A)(x) e s5(r) @

m(x) = =k, s(x) e .

Now, since m(x) must integrate to 1 between a and r,

s(x) e ®*

f s(y) e dy.

a

m(x) = (20.7.8)

If, on the other hand, the contribution rate is a level fraction, w, of the salary where
there is an exponential trend affecting all salaries, we have

P(x) =  w(x) e = m(x) (aA)(x)
SO

e~ s(x) €™ w(x)

[ eov sty e oy

m(x) = (20.7.9)

The actuarial accrued liability for an individual age x, that is, the difference between
the actuarial present values of benefits and of future contributions, is

wmm=eWM§%ﬂ—w£fww§§mw@

L e™® s(y) w(y) dy

— e*B(rfx) ir) dh

™)

[ e sty wiw) ay

(@A) (x) M(x).

This confirms our choice of m(x) function above in (20.7.9).

By a similar process it can be shown that if no exponential trend in salaries by
time is assumed, the pension accrual density function is
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s(x) w(x) e~

L s(y) w(y) e dy

m(x) = (20.7.10)

Note that the fraction of projected benefits accrued as an actuarial liability in
entry-age actuarial cost methods differs from the definition of the accrued benefits
in most plans. A definition of accrued benefits is required for regulatory purposes
and to communicate to participants about the benefits they are accruing. The dis-
tinction here is similar to the distinction between the reserve and the nonforfeiture
benefit in ordinary insurance.

Also note that the contribution rate, paid by a plan sponsor that is following an
individual actuarial cost method, will usually differ from the total normal cost rate
specified by that method. There are two general reasons for this. First, at the in-
ception of a plan or at times when a plan is amended, actuarial accrued liabilities
for prior service may be changed. Second, the actuarial assumptions will not be
realized exactly, thereby generating funding gains or losses. The decisions on how
to adjust the contribution rate to fund these changes in the actuarial accrued lia-
bility, or to adjust for gains or losses, are important ones that are subject to regu-
lation. The particular adjustments chosen are not compelled by the choice of indi-
vidual actuarial cost method.

20.8 Group Actuarial Cost Methods

In this section we consider group or aggregate actuarial cost methods for which
contributions are determined on a collective basis and not as a sum of contributions
for individual participants. For the purpose of defining aggregate actuarial cost
methods, we need three additional functions:

1. (aF),, the fund allocated to active members at time ¢

2. (aC),, the annual contribution rate at time t with respect to active participants

3. (aU), the unfunded actuarial accrued liability with respect to active participants
at time ¢.

Thus,

@U), = (aV), — (aF),. (20.8.1)

The fund for active members at time f can be described by the differential equation
d
o (@F), = (aC), + & (aF), — TP, (20.8.2)

with the initial value (aF),. The right-hand member of (20.8.2) indicates the two
sources of income to the fund and the one source of outgo, that is, the transfer of
the terminal funding cost to a fund for retired members.

In relation to an actuarial cost method, as determined by an accrual function,
which implies a normal cost rate P, [see (20.6.4)] and the unfunded accrued liability
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of active members (all), [see (20.6.8) and (20.8.1)], a natural form of contribution
rate is

(aC), = P, + \(t) (all),. (20.8.3)
In (20.8.3) \(t) defines the process for amortizing (all),.

Equation (20.8.3) points out a characteristic of aggregate actuarial cost methods
not yet stated. These methods define a contribution rate, (aC),, that depends on the
level of funding, that is, on the magnitude of (all),. Here the adjustments required
by plan changes or by gains and losses can be made automatically by following
the actuarial cost method since the value of (all), will reflect such changes and
gains and losses.

We consider one such amortization process, one in which

) = 71— (20.8.4)
dp,
where
gy = 0 s
t

Thus (Pa), = P, dp, so dp, is the value of a unit temporary annuity such that this
temporary annuity with a level income rate at the current normal cost rate, P,,
equals the actuarial present value of future normal costs for the current active
members, (Pa),. In this case the notation has been selected to suggest the motivating
idea.

Formula (20.8.3) can be rewritten for this particular choice of \(t) as

(aC), = P, + (aV), __ (aF),
dp,
_ (Pa), + (aV), — (aF),
ap,
_ (@A), — (aF), (20.8.6)
» 8.
making use of (20.6.20). Thus, with A(t) given by (20.8.4), we have
(aC), ap, = (aA), — (aF),. (20.8.7)

The interpretation of (20.8.7) is that a temporary annuity at the rate of (aC), is
equivalent to the actuarial present value of future benefits for active members less
the fund for them.

The formula governing the progress of the fund, (20.8.2), becomes, for \(t) given
by (20.8.4),

Chapter 20 Theory of Pension Funding

625



% (aF), = P, + (—“aﬂl + 8 (aF), — TP, . (20.8.8)

Py

We can write (20.6.9) as

d

T (av), = P, + & (aV), —TP,. (20.8.9)
By subtracting (20.8.8) from (20.8.9), we get

gz (all), = _(a_dll_)t + 8 (all),. (20.8.10)

Py

The differential equation (20.8.10) may be solved by replacing t by u, integrating
with respect to 1 from 0 to t, and taking exponentials to obtain

(all), = (all), exp [— Jot (l - 8) du]. (20.8.11)

a P,

Upon substituting (20.8.1), we obtain

@F); = @V), = [(@V)y — (aF),] exp [— f; <i — 8) du]. (20.8.12)

ap,

Provided that ap, is smaller than 45 = 1/8 so that 1/a, — 8 =€ > 0,

(&

~|l |—-%8)du|—
o | (5 =) o] =
as t — =, therefore (aF), — (aV),.

Here the aggregate cost method with \(t) = 1/4a,, is asymptotically equivalent
to the individual cost method defined by the accrual function used to evaluate
(aV), and P,. There may be many accrual functions that produce functions such
that (Pa),/ P, is sufficiently small to assure the convergence of (aF), to (aV),. Each
of these accrual functions could produce a different pattern of contributions and a
different ultimate fund. For completeness, when referring to an aggregate actuarial
cost method, always specify the accrual function used. The aggregate cost method
with entry-age accrual is particularly important in practice.

Clearly there are many possible choices for the function A(t) in determining the
rate of amortization of (all),. If the goal is the completion of amortization by the
end of n years from some initial time 0, one choice for \(f) is

At = 0<t<n

=1

Then, corresponding to (20.8.11), we obtain

(all), = (all), exp [—JZ (a"—l_j - 8) du}

= (al), exp <—f0t 5_1 du). (20.8.13)

n—u

It can be shown (Exercise 20.21) that
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t = _ &
—J _1 du = log (M)
0 57— 53

Therefore (20.8.13) becomes
(all), = (aU), 2—21,
5
and it can be shown that
n (ail)o
&)

At time n, the funding goal will be achieved with (all), = 0, and (aC), will drop
to P,

@C), = P,

0t=n.

In practice, a common amortization pattern choice is to define \(t) as the recip-
rocal of an average annuity value for the future wages of the active lives. We define
this to be a,,, = (Wa),/ W,, where (Wa), is given by

(Wa), = L n(t — x + a) s(x) w(x) [L e ?v 55%{—)) va((—g)) ety dy] dx

= J nt — x + a) [f e W™ s(y) w(y) et dy]dx. (20.8.14)

a

Combining (20.2.3) and (20.8.14), we have

f nt — x + a) j e~ ® 0 s(y) w(y) dy dx

a

Ay, = = . (20.8.15)
j n(t — x + a) s(x) w(x) dx

a

You will be asked in Exercise 20.23 to verify that the above ratio is the same as
dp, as defined by (20.8.5) for the entry-age actuarial cost method using a level per-
centage of salary as the normal cost pattern. Thus, the choice of A(t) = 1/a,,, yields
a costing pattern that is asymptotically equivalent to the individual entry-age ac-
tuarial cost method with normal costs equal to a level percentage of salary using
m(x) given in (20.7.9).

Example 20.8.1

Assume a stationary population, that is, n(a) = [, 7 = 0, and h(x) = 1, with the
accrual function associated with the level amount entry-age actuarial cost method,
M(x) = a,7=/a,;=; (see Example 20.5.1).

a. Display A.
b. Calculate (aC), if (aF), = 0.

Solution:

a. Formula (20.3.2) gives, for the stationary case,

TPt :fZU(T’) lr a_r
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for all t. Thus from (20.6.19),

(Pa), = f e fu(r) 1, a, (1 - 13) dx.
a aa:m\

Now, M'(x) = m(x) = ,_,E,/d,;=3, so by (20.6.4)
p, = f e fuw(r) 1, a, ?—‘Eﬂ dx.

a ar—a

Thus, (20.8.5) gives

r
dx 5
f e x—aEa ax:rtﬂdx

_ (P[J)t _Ja
Pg - - ¥
P f e _E, dx
lx | dx
L, dx

and N = 1/a,,.
b. Substituting into (20.8.6) from (20.6.1),

T e ¥ fau(r) 1, a, dx
(aC), = Lot L0
Py

fw(r) L, a, a— J I, dx

L lx a‘x:r—_ﬂ dx v

20.9 Basic Functions for Active and Retired
Members Combined

In Sections 20.4 and 20.6 we develop separate basic functions for retired and
active members; this is a useful division for many purposes. The administrative
system, the actuarial valuation problems, and even the investment policy may be
different for the two groups. However, for other purposes it is useful to consider
basic functions for the combined group of active and retired members.

The basic actuarial functions for the combined group are the sums of those for
the retired members given in Section 20.4 and those for the active members given
in Section 20.6. These are summarized in Table 20.9.1.
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5 e :
Actuarial Functions for the Active, Retired, and Combined Member Groups
of a Pension Plan

Function Actives Retireds Combined
Actuarial present value at time ¢ (aA), (rA), A, = (aA), + (rA),
of future pensions*”
Normal cost rate® P, 0 P,
Actuarial accrued liability?* (aV), (rv), V, = @v), + (rV),
Actuarial present value of (Pa), 0 (Pa),

future normal costsf

a (@A), is given in (20.6.1)
b (rA), is given in (20.4.2)
¢ P, is given in (20.6.4)
d(aV), is given in (20.6.8)
e (rV), is given in (20.6.15)
f(Pa), is given in (20.6.18)

We can use the income allocation equations for active members (20.6.9) and for
retired members (20.4.6) to obtain such an equation for the combined group. Thus,

d
P,+38V, =B+~

Ve (20.9.1)

In this equation normal cost and interest income into the fund are allocated to
pension benefit payments and change in the actuarial accrued liability.

To obtain formulas for the combined group under aggregate funding we assume
that pensions for retired members are fully funded so that (*V), = (rF), Then,
(20.8.1) may be rewritten as the unfunded actuarial liability for all members as

u,=v,-F

@v), + (rv), — @V), — (rF),
= (al),. (20.9.2)

Further, since no contribution is required for the retired members, the contribution
rate C, for all members equals (aC),, the contribution rate for active members. In
this case (20.8.3) may be rewritten as

C, =P, + \¢t) U,. (20.9.3)
If N(t) = 1/ap, the contribution rate becomes
' _Poap +V,—F
t a,
=&%R. (20.9.4)

Thus when (rF), = (rV),, the results of the aggregate cost method defined for active
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members at { by (20.8.6) are equivalent to the results defined for all members by
(20.9.4).

20.10

Notes and References

Many of the rudiments of the theory of pension funding appeared in a govern-
ment publication known as the Bulletin on 23P. Charles Trowbridge (1952, 1963)
did much to create a mathematical theory of pension funding. The more elaborate
model used in this chapter was developed for a series of papers by Bowers, Hick-
man, and Nesbitt (1976, 1979). The stress on separate functions for active and retired
lives is due to Kischuk (1976).

Several authors have studied the problems created for pension funding by infla-
tionary influences on salaries, interest rates, and benefits. Papers by Allison and
Winklevoss (1975) and Myers (1960) are in this class. John Trowbridge (1977) pro-
vides many observations on changes in pension funding in different nations in
response to inflation.

Exercises

Section 20.2

20.1. In a stationary population with level salaries at rate w, what is the payroll
function W,?

Section 20.3

20.2. In the exponential case, what is the payroll function W,?

20.3. Assume that the initial annual rate of retirement income for a life retiring at
time ¢ is given by

t
J;fbw(r—t-f—y)ewdy 0<b<r-—a
[_

Other aspects of the model plan remain unchanged. For this benefit defini-
tion, based on a final average formula,
a. Show that the initial benefit rate at time ¢ is given by

b
]E(J' w(r —z) e dz
0
b. Display a formula for the terminal funding cost rate at time ¢
c. Rework Example 20.3.1.

20.4. The initial annual rate of retirement income for a life retiring at time t is
given by c(r — a) w e™'. Other aspects of the model plan remain unchanged.
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For this initial benefit rate, based on the product of years of service and final
salary level,

a. Display a formula for the terminal funding cost rate at time ¢

b. Rework Example 20.3.1.

20.5. If s(x) = e *9, g < x < r, display "P, in the exponential case.

20.6. Consider an initially immature model with a stationary active population
arising from the following assumptions:
a =25 r =65 n(t) =0 for t < —40 and n(f) = 75 for t > —40; s(x) =
(100 — x)/75 for 25 < x < 100; 8 = 0.06; w(x) = 525/(100 — x); = = 0.02;

F=06;hx) = 1.
a. Find @ and in particular a.
b. Find 'P,.

Section 20.4

20.7. In the exponential case, show that B, = TP, (4" / ") where

d;h = f e_(P_B)(x_r) ﬂ dx.

r s(r)

20.8. For the initially immature model with the stationary active population of
Exercise 20.6:
a. Find (rA), by evaluating expression (20.4.3) for t > 35
b. Find B, for t > 35
c. Verify the allocation equation (20.4.6) for t > 35.

Section 20.5

20.9. What is M(x) in the case of terminal funding?
Section 20.6

20.10. Using the assumptions of Exercise 20.5 with m(x) = 1/(r — a), determine P,.
20.11. a. Show that

t+r—a
(aA), = Jt e TP dy.

b. Differentiate the expression in part (a) to obtain an alternative solution to
Example 20.6.1.

20.12. If
X0 = J e m(x) dx

and
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m = f x m(x) dx,
show that

a. X(0) > wif6 >0

b. X(6) < wif 6 <0

[Hint: Use Jensen’s inequality (1.3.2) or (1.3.3)]
c. limit X(8) = pas 6 — 0.

[Hint: Think of ¢**® = E[¢**] as a m.g.f.]

20.13. In the exponential case, show that
a. P, = TP, exp{—6[r — X(0)]}
b. (@V), = P, G=xm16 = P: Sy e-

20.14. a. What do the formulas in Exercise 20.13 become if the model plan operates
in a stationary population with 7 = 0?
b. What do the formulas in Exercise 20.13 become if 6 = 8 — p = 0?

20.15. a. Derive a normal cost rate to be applied to all salaries of those who enter
at time u. Other aspects of the model plan are unchanged.
b. Using the result in (a), display the corresponding pension accrual density
function for those who enter at time u.
20.16. a. For the model plan show that
P, = fw(r) s(r) a* f e ¥ omtH =) p(t — x + a) m(x) dx.
b. If = = 0, n(t) = I, show that
P, = fw(r) f I, .E,a" m(x) dx

where ,_.E, is based on the survival function s(x) and force of interest o.

20.17. If n(t) = I, and

) = — w(x) e”’
f w(y) e dy
show that
P,.,=¢€"P,.

Section 20.7

20.18. Assume that projected initial benefit rate at retirement for a life age x at
time t is f w(r) €**7 and the number of lives age x to x + dx at time ¢ is
n(t — x + a) s(x) dx.

632 Exercises



a. Verify that (aA), as given by (20.6.1) is equal to
L r fw(r) et n(t — x + a) s(x) (@A)(x) dx.
b. Verify that P, as given by (20.6.4) is equal to
L r fw(r) e n(t — x + a) s(x) P(x) dx.
c. Verify that (aV), as given by (20.6.8) is equal to
erw(r) et ut — x + a) s(x) (@V)(x) dx.
d. Verify that (Pa), as given by (20.6.18) is equal to

f r fw(r) e n(t — x + a) s(x) (Pa)(x) dx.

a

20.19. Verify (20.7.9).

20.20. For the initially immature model with a stationary active population of
Exercise 20.6,
a. Find (aA),.
b. Find M(x) and m(x) for the level accrual of benefits. For this actuarial cost
method find
i. (aV), and
ii. P,
iii. Verify the allocation equation (20.6.9).
c. Find M(x) and m(x) for costs as a level percentage of projected wages
between ages 25 and 65. For this actuarial cost method find
i. (aV), and
ii. P,
ili. Verify the allocation equation (20.6.9).
Section 20.8

20.21. Verify that

t - =
a. —f _1 dy = log (M)
0 SH S;|
t _
b. —f _1 dy = log <aj_—€lﬂ>.
0 an—_y| Lla

20.22. a. Obtain a simplified formula for a, in the exponential case.
b. What does i, become in the exponential case if 6 = & — p = 0?

20.23. Verify that the ratio 4y, given by (20.8.15), is equal to the ratio 4p, given by
(20.8.5), when applied to the pension accrual density function given by
(20.7.9).
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20.24. For the initially immature model with the stationary active population of

Exercise 20.6,

a. Find W,

b. Find (Wa),, the present value of future projected wages for the active work
force at time ¢

c. Verify that a,, = (Wa),/W,, the average annuity value for future wages,
equals the average annuity value for entry-age normal costing (Exercise
20.20(c)) defined by '

- _ (Pa), _ (@A), — (aV),
ap, = b, = b, '

Miscellaneous Exercises

20.25. For the initially immature model with the stationary active population of
Exercise 20.6, display and solve the differential equation for the size of the
fund for active lives assuming a 15-year amortization of (aV'), using
a. The actuarial cost method of Exercise 20.20(b).

b. The actuarial cost method of Exercise 20.20(c).
[Hint: For 0 < t < 15, modify (20.8.2) so that (aC), equals the normal cost
plus the amortization payment rate.]
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INTEREST AS A RANDOM
VARIABLE

211 Introduction

The developments in Chapters 3 through 11 and 15 through 18 were built on the
basic assumptions that time until decrement and cause or type of decrement are
random variables and their joint distribution is known. When interest earnings
were introduced into the models for long-term financial operations, their effect was
captured by interest rates that were assumed to be deterministic and usually con-
stant. An examination of a set of observations of interest rates confirms that this
assumption is unrealistic. Table 21.1.1 illustrates this point.

Average Yield to Maturity for
30-Year U.S. Treasury Bonds in
January of Year Indicated*

Year Yieldt Year Yield!
1978 8.18% 1987 7.39
1979 8.94 1988 8.83
1980 10.60 1989 8.93
1981 12.14 1990 8.26
1982 14.22 1991 8.27
1983 10.63 1992 7.58
1984 11.75 1993 7.34
1985 11.45 1994 6.29
1986 9.40 1995 7.85
1996 6.05

*Source: ‘“Economic Statistics for Employee Benefit
Actuaries,” April 1996, Schaumburg, lll.: Society of
Actuaries.

TBond equivalent yield.
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21.1.1 Incorporating Variability of Interest

There are several methods for incorporating the variability of interest rates into

actuarial models.

1. Preset interest rate scenarios. These scenarios are sequences of future interest
rates, indexed by time, that will be used with other assumptions and the equiv-
alence principle in premium and reserve calculations. In more comprehensive
models each scenario would specify other variables such as expenses and with-
drawal rates in a way to be consistent with the corresponding interest rates.
Furthermore, in these latter models, the interest rates themselves, both within a
scenario as well as across scenarios, might be constructed to satisfy certain
economic conditions.

a. The scenarios can be specified without modeling of past data and designed
simply to measure the adequacy of premiums and reserves over different
paths of plausible future economic conditions. This would be a type of sen-
sitivity analysis and is the subject of Section 21.2.1.

b. The scenarios can be determined after a systematic review of alternative
macroeconomic projections and a personal probability attached to each sce-
nario by the actuary. This approach is the subject of Section 21.2.2.

2. Stochastic models most often based on an analysis of past data. This method is
typically data centered, and both the selection of the model and the estimation
of the model parameters are influenced by past observations. Data from some
segments of the capital markets support the hypothesis that annual interest rates
can be modeled as independent and identically distributed random variables.
Other data may support models in which annual interest rates are dependent
random variables. Each of these classes of models can be divided into those in
which it is assumed that relevant economic information is captured in observed
interest rates and those in which interest rates are modeled as depending on
other economic variables that are incorporated into the model. These data-based
stochastic models are studied in Sections 21.3 and 21.4.

3. Stochastic models that depend on assumed characteristics of capital markets.
Within financial economics, elaborate theories of the operations of capital mar-
kets have been developed. A consequence of one of these theories is that a
consensus forecast of future financial conditions is provided by current security
prices and their relationships. For example, the relationship among yield rates
and the corresponding maturity dates, a yield curve, contains information that
can be used in building stochastic models for future interest rates and, perhaps,
other economic variables. These ideas are introduced in Section 21.5.

In this chapter elements of each of these methods for making provision for the
variability of interest rates are introduced. The application of these methods re-
quires knowledge of macroeconomics, applied statistics, and financial economics,
respectively. The three methods are developed in this chapter in the order in which
they are listed, which is also the order in which they entered actuarial literature.
Because of the diversity of the prerequisite ideas, the sections of this chapter cannot
provide a complete background for any of the methods.
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In earlier chapters, in which time and cause of decrement were assumed to be
random variables, attention was devoted to risk management tools for moderating
the unfortunate financial consequences of experience that deviated from that ex-
pected. These tools for an insurer included acquiring capital, buying reinsurance,
increasing contingency loadings to premiums, and increasing the size of the insured
group. In Section 21.6 some tools for managing interest rate risk are discussed.

21.1.2 Notation and Preliminaries

We use the symbol I, to denote the random variable interpreted as the effective
interest rate in the k-th transaction period; that is, I, is the one-period interest rate
for that k-th period: 1 at the end of the period has a present value of 1/ (1 + I,) at
the beginning of the period. In most applications considered in this chapter, the
transaction period will be a policy year. In most earlier developments it was as-

sumed that I, k = 1,2, ..., has a single point or degenerate distribution such that
Pr(l, =9 =1,k=1,2,....

An immediate consequence of assuming that the effective (one-period) interest
rate is a random variable can be derived from Jensen’s inequality, (1.3.3), where
u"(x) > 0. The restated inequality is

E[u(X)] = u(E[X]).
If u(x) = (1 + x) 'and X = I,, we have u"(x) > 0, —1 < x, and
E[1 + )71 =[1 + E(I)]Y, (21.1.1)
with equality holding only if I, has a single point distribution.

Figure 21.1.1, a revision of Figure 1.3.1, is a graphical representation of the ver-
ification of (21.1.1).

Demonstration of Jensen’s Inequality, u’(x) < 0, u”"(x) > 0

y—u (E[X])
=u'(E[X]) (x - E[X])

E. [X]

Inequality (21.1.1) can be converted to a statement about the effect of a random
interest rate on the actuarial present value of 1 unit paid at the end of one period.
The actuarial present value cannot be less than the present value of the payment
at the expected interest rate.
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21.2 Scenarios

A scenario is an outline of a projected sequence of events. In accordance with
this definition, the determination of premiums and reserves in life insurance re-
quires scenarios of future demographic and economic events. In previous chapters
there has been a single scenario of future interest rates, and usually the rates have
been identical. In this section, the idea of creating and using a number of scenarios
of interest rates is developed.

21.2.1

Deterministic Scenarios

In this chapter a deterministic interest rate scenario is taken to be a sequence of
future one-period interest rates (i,, i,, i3, . . .) that has been determined by the
actuary for use in an actuarial calculation. The elements of the sequence are selected
as representing plausible prospective interest rates in accordance with the actuary’s
view of possible future economic environments. One scenario can be sufficient if
the actuary is certain about future investment returns as a result of past investment
decisions or special knowledge. As an alternative, several scenarios can be specified
so that the sensitivity of actuarial present values to changes in the economic en-
vironment can be studied.

If several scenarios are used, we index the scenarios by j = 1, 2, . .., m, where
m is the number of scenarios; that is, ( #1, flas i3, - - ) denotes interest scenario j. In

addition, discount factors and annuity values that are specific to scenario j are
denoted as follows:

k n—1
=1, = ﬂl (1 + i)™, and iy = kEO ok
- =

Using this notation, and ideas from Chapters 4, 5, and 6, it is natural to define

A, = E[pF] = };) O P Gk (21.2.1a)
i, = El jdigy] = kZ_O T kP ks (21.2.1b)

where K is the random variable defined as the number of complete future life years
of a life age x. Applying the equivalence principle, we have

p, == (21.2.1¢)

The symbol P, used in (21.2.1c) is not part of IAN and runs the risk of being
confused with the symbol used in Chapter 6 to denote the benefit premium for a
limited payment life insurance. Despite the possible confusion, the symbol is used
in this section to promote consistency with the symbols used to denote actuarial
present values that are specific to scenario j.
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Developing variances for the loss variables implicit in (21.2.1a, b, and ¢) requires
care. The simplifications available with constant interest rates cannot be employed,
and we must remember that the variances recognize only the random nature of
time until death for a given interest rate scenario.

We have

and

Example 21.2.1

00

Var(ij+1) = 2 jUZ(k+1) kPx ek — (ij)z = ]ZAx - (ij)Z/

Var(dg) = kZO (Ge0)? kPx Ferk — ()
k

o0 2
= k§=:O <2 jvr> Px Qv — (jﬁx)zl

r=0

Var(ij“ — Py jdm) = 1;) (;‘Uk+1 = P jdm)2 kPx Dx+ke-

Four interest rate scenarios are defined.

j jil ji2 ji3 ji4

1 0.06 0.06 0.06 0.06
2 0.06 0.03 0.03 0.03
3 0.06 0.09 0.09 0.09
4 0.06 0.03 0.09 0.03

The discrete distribution of the curtate future lifetime of (x) is given in the following

table.

k kPx 9xrk
0 0.1

1 0.2

2 0.3

3 0.4

Calculate jvk, jgforj=1,23 4and k =0, 1, 2, 3, and ;A,, 4, ;P, for j =

1,2, 3, 4.
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Solution:

vk+1

j jdk+1
]' k = k = k = k = k = k= k = k =
1 0.9434 0.8900 0.8396 0.7921 1.0000 1.9434 2.8334 3.6730
2 0.9434 0.9159 0.8892 0.8633 1.0000 1.9434 2.8593 3.7486
3 0.9434 0.8655 0.7940 0.7285 1.0000 1.9434 2.8089 3.6029
4 0.9434 0.9159 0.8403 0.8158 1.0000 1.9434 2.8593 3.6996
j ij j{:ix ij
1 0.8411 2.8079 0.2995
2 0.8896 2.8459 0.3126
3 0.7970 2.7725 0.2875
4 0.8559 2.8263 0.3028 v

\/Var(ja'K—;ﬂ),j =1,2,3,4.

Using the assumptions of Example

21.2.1, calculate VVar(p**") and

Solution:
iv2(k+1) (jﬁm)z

i k=0 k=1 k=2 k= k=0 k=1 k=2 k=3
1 08900 07921 07049 0.6274 1.0000 3.7768  8.0282  13.4910
2 0.8900 0.8389 07908 0.7454 1.0000 3.7768  8.1757  14.0517
3 0.8900 07491 06305 05307 1.0000 3.7768  7.8899  12.9811
4 08900 0.8389 07061 0.6656 1.0000 3.7768 81757 13.6871

VVar(p&T) = VVar(jigry) =

VE[;u2® D] — (B[;u*1])? VE[(jbizm)?] — (Eljdigam))®
1 V0.7099 — (0.8411)2 = 0.0490 V8.6602 — (2.8079) = 0.8808
2 V0.7921 — (0.8896)> = 0.0265 V8.9286 — (2.8459)? = 0.9108
3 V0.6402 — (0.7970)*> = 0.0704 V8.4147 — (2.7725)2 = 0.8532
4 V0.7348 — (0.8559)* = 0.0469 V8.7828 — (2.8263)2 = 0.8915

v
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21.2.2 Random Scenarios: Deterministic Interest Rates

In building an interest rate model assume that the actuary has formulated m
plausible interest scenarios. As a next step, a probability distribution on the m
scenarios could be specified using methods for eliciting personal probabilities. The
symbol p(j) denotes the probability of scenario j. It is not the p.f. of claim amount
as in Chapter 12.

The probability assignments should reflect the actuary’s view of future invest-
ment returns. The probability elicitation process is closely related to the utility
function elicitation process illustrated in Chapter 1.

Actuarial present values are defined using the joint distribution of the curtate
future lifetime years (K) and interest scenario (J). The symbol | will be used in this
chapter to denote the random variable interpreted as the index on the interest rate
scenario. It is not the cause of decrement as in Chapter 10. We assume that K and
J are independent. The asterisk presubscript has been added to actuarial present-
value symbols to indicate that the expectation has been taken with respect to K
and J:

Ay = E] EI(U []UKH] = E] []Ax]

3

= > A p(), (21.2.2a)

j=1

wly = E} EKU [[”m] = E] []dx]

= > jii, p(j)- (21.2.2b)
j=1

Continuing the same notational convention for the loss variable and premium for
a fully discrete annual level premium whole life insurance, we have

L = IUK+1 - ,(_Px ]dm.
Using the equivalence principle, we have
E] E1<|] [L] =0,

or

and the variance of L is given by

m

Var(L) = >, [go (P = 4Py i) iPe qx+k] p()-

j=1

Example 21.2.3

Show that ,A,, as given in (21.2.2a), can also be derived from Ey E; [;v**'].
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Solution:
Because of independence, levels of interest rates do not affect the distribution of
mortality:

M=

E¢ E]|1< [IvK+1] = E, [ ij+1 P(])]

)

It
—_

m

I;) I:E ij+1 P(])] kPx Gx+k

]’=

[y

3

= / ij p(j) = LA, v

—
1l

Now assume that there is a set of # lives each age x. Each member of the set has
been issued an identical fully discrete annual level premium whole life insurance,
and the curtate future lifetime random variables K;, i = 1, 2, . . . are identically
distributed. In addition K;, i = 1, 2, . . ., and | are mutually independent. The total
loss random variable, if the benefit premium is determined by the equivalence
principle, for the set of n insured is

n
21 (]vK’.q"l - *Px [ﬁm).
i=

The variance of total losses is given by
n
=

= i Var(;oN*! — (P, igry)

+ n(n — 1)Cov(ju"*" — P, gy, v — P, i)
— 0 Lo — P )]

+ n(n — 1) E[(v*" — (P, jagm)(u™ ™ — (P, i)
= n E; Ey; [(}UK+1 — Py Idm)z]

Ky+1

+ n(n — 1) E] EK|] [(}UKlH = P, ]ﬁm)(ﬂ} - ]ak??ﬂ)]

n Var(u ! — [P, i) + nn — 1) [}; (jAr — <P, 4 p(j)]

=n>

j=1
If we are interested in the average loss, rather than total loss, in our risk portfolio
of n identical policies, we have

2 [2 (U = W Pyligm)? P Qe + (1 = 1) (A, — (P, jdx)z] p(j)-

k=0

n
2, (UK = (P i)
£

Var| & =
n
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Var(]vK+1 —

n

<Py i S '
]QM) + (1 _ %) El (ij - P, ],,jx)z p(]) (21.2.3)
i=

As n — o, the first term of (21.2.3) approaches zero, whereas the second term
remains positive. The n components of the sum of loss variables that make up total
losses are not independent. Increasing the number of independent insureds, in this
more comprehensive model with its random interest scenarios, does not make the
variance of average loss approach zero as it did when the future lifetime random
variables were assumed to be mutually independent and the interest scenario was
deterministic. This can be appreciated by observing that the summation in the sec-
ond term of (21.2.3) becomes zero when there is a single deterministic interest
scenario. The fact that all losses are subject to the same randomly determined in-
terest scenario has recognized a risk management problem.

Example 21.2.4

Use the assumptions of Examples 21.2.1 and 21.2.2, assume that the actuary
has made the following probability assignments to the interest rate scenarios,
p(l) = 05, p(2) = 02, p3) = 02, and p4) = 0.1 and compute P, and
Var(;u**' — P, dxry).

Solution:
Using the equivalence principle we have

E[ EKU []UK+1 - ,(_Px ]am] = 0/
(le - *Px lux)p(l) + (ZAx - *Px 2ax)p(2)
+ (3Ax - X—Px 3ax)p(3) + (4Ax - *Px 4ax)p(4) = 0/

_ A, 08435
P = Wi, 28103 03001,

and

= (0.0987)(0.5) + (0.0912)(0.2) + (0.1078)(0.2) + (0.0983)(0.1) = 0.0990. W

21.3 Independent Interest Rates

In Section 21.2.2 random interest scenarios or paths were introduced. The prob-
ability assignments were made using the economic knowledge of the actuary. We
consider now a stochastic model for interest rates in which the selection of the
model and the estimates of the model parameters have been influenced by data.
Suppose that the actuary has decided to model the forces of interest and has
adopted the model
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log(1+1)=58+¢ k=1,23,... (21.3.1)

where 8 is a non-negative constant and the ¢, are independent and identically
distributed random variables with N(0, ¢?) distributions. This model can be viewed
as a long-term mean force of interest subject to random shocks. Because of the
assumptions made about the distribution of the random shock terms, negative
forces of interest are possible. Some actuaries view this possibility as invalidating
the model in (21.3.1). Other actuaries adopt the model because it seems natural to
model forces of interest, and negative values are observed in investment operations.
Then the random variables log(1 + I,) have identical N(§, o?) distributions, and
the (1 + I;) random variables have lognormal distributions.

The lognormal distribution was introduced in Table 14.2.1 as a claim amount
distribution. From that table we recall that

0.2
E[1 + ;] = exp 8+—2— =1
and

Var(l + I) = (¢ — 1) exp(2d + ¢?) = 0.

The logarithm of the random variable version of the deterministic interest ac-
cumulation function (1 + i)" is the random variable

log [T @+ 1) =2 log (1+I.
k=1 k=1

Using (21.3.1), this random variable has a N(n3, no?) distribution. As a consequence,
the interest accumulation function has a lognormal distribution with

E[H 1+ Ik)] = ¢n®+o?/2)
k=1

and

k=1

Var[n a+ Ik)] = (€7 ~ 1)e"®*,

It is instructive to observe that if 02 = 0, the expected interest accumulation is e,
and its variance is zero.

The logarithm of the discount factor
log(l +I)'=—-log (1 +L)= -8 — ¢
has a N(—3, ¢?) distribution, and (1 + I,)7! has a lognormal distribution with
E[(1 + 1) = e ® /2 >0
and

Var[(1 + )] = (7 — 1)(e®") = 0.
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We define the discount function as the random variable
0, =[]a+1y"
k=1

and
0, = 1.

The choice of the symbol 7, is motivated by the use of v, for the discount factor in
Section 4.3. The tilde distinguishes a random variable, 7,. Then log 7, = —3;_; log
(1 + I,) has a N(—nd, no?) distribution, and 0, has a lognormal distribution with

E[ﬁn] — e—n(8~02/2)
and
Var(d,) = (" — 1)(e""2+Y), (21.3.2)
Once again, if 02 = 0, the deterministic results are recaptured.
We will assume that I, k =1, 2, 3, ... and K, curtate future lifetime, are mutually

independent and consider comprehensive actuarial models. The actuarial present
values of a unit benefit life insurance is

Ay = E[0y4]

= E; EKIU [0kl

= E,; [E Uks1 kPx qx+k:|
k=0

— ,;) o~ =02/ 2)(k+1) P Gosr- (21.3'3)

The actuarial present value ,A, is calculated at deterministic force of interest
8 — (62/2). To measure risk, we determine

Var(fg,,) = E[(0x1)°] — (A

= Eﬁ EI(Iﬁ [(ﬁK+1)2] - (*Ax)z

=E; [kZO (@s1)” kPs qx+k:| — A

Since @, has a lognormal distribution with parameters —(k + 1)3 and (k + 1)o?,
we can calculate E[(0,,)’], the second moment about the origin, by

E[(5k+1)2] = Var(f,,,) + (E[ﬁkﬂl)2

_ (e(k+1)02 _ 1)(e(k+1)(—28+02)) + p2kt)E—02/2)

= ¢~ (+D26-0] (21.3.4)
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and then
Var(0y,,) = ki_oo e CHRE=I p g — A
We can see that when o2 = 0, the results of Chapter 4 are reproduced.
The formulas for the actuarial present values of annuities require more extensive

developments. In the development, we continue to assume that I, k = 1,2, ...,
and K are mutually independent.

We define
K-1
amﬁ = 2 0
s=0
then
K
" —§+02
E0|K ligr:] = 20 g3t/
=
= OxFils—o2/2/
and

0, = Eliz,] = Ex Eﬁ]K [dmﬁ]

= Ex ldzmm5-02/2]

il
HMS

(a_ls 02/2) kPx Juric- (21.3.5)

To evaluate Var(igy,) we start with

k 2
Eﬁ[<255>]=Eﬁ[(l+61+ﬁz+~--+ﬁk)2]

I

1

k
>
0 r=s

U, 0,
r=s+1
k
s+1

k
s

k
- EﬁI:E (65)2 + 2
5=0

=

k-1

— 2 —ske- 42 N N E[o, ).
s=0 r=

Terms of the form E[(7,)?] were evaluated using (21.3.4).

We now examine the terms in the double summation and find that
E[0,0] =E[(1+I)2 - A +L)*A+L,) " ---Q+D7" s<r
= ps26-0D]-(r—s5)®-02/2), (21.3.6)

The independence of the random variables I}, k = 1,2, . .. and (21.3.2) and (21.3.4)
have been used to complete (21.3.6). As a result, we have

k 2 k-1 k
E, [(2 55) ] 2 e sl@E—aN] 4 9 NN pmsRe-adl--96-a?/2) (21 37)

s=0 s=0 s=0 r=s+1
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The double summation in (21.3.7) can be simplified by interchanging the order of
summation and using the formula for the summation of a geometric series. We
have

: 2 s 5 k ) 1 — e—r[s—(auZ/z)]
—r(3—02/2) —s[3—(362/2)] — —r(8-02/2)
? ;1 ‘ s;) ¢ 2 Zl ¢ 1 — e—[a—(302/2)] : (21~3~8)

Note that the summation in (21.3.8) can start with » = 0 because the summand is
then zero.

Combining the intermediate results in (21.3.7) and (21.3.8), we have
Var(ﬁMﬁ) = Eg E¢7|I< [(amv-)z] - (*dx)2

K , K e—r(8—02/2) _ 6—7(28—202)
—s[2(3~ = \2
Ey | 2 e 207 + 2 ;0 1 — o -Ga?/2)] — ()

5=0

) i, — i, i
= 0‘ax +2 1 _* e~[5~(302/2)] - (x.ax)z (2139)

where %i, is evaluated at force of interest 2(8 — o?).

If 62 = 0, (21.3.9) reduces to

. — 2
2dx + 2(‘1:: d LZX) - (dx)zl

where 2i_ is valued at force of interest 28 and 4, is valued at force of interest 8.

This result may be compared with (5.3.8) where

" A, — (A)
Var(igm) = ———dz—(——l

1—@d—d)%, —1+2di, — d® &
d2

([Z.x — 2a.x)
d

confirming again that when o? = 0, deterministic interest results are recovered.

= 2, + 2 — (@),

Assume that log(1 + I;) =8 + ¢,k =1,2,3... where 3 = 0.06, and the random
shock terms have a N(0, 0.0001) distribution. The curtate future lifetime random
variable has the discrete distribution shown in Example 21.2.1. Calculate
(@) E[0k, 4], (b) Var(Dy,,), (c) Eldgy,], and (d) Var(dgr,)- Assume that K and [, k =
1,2,3 ..., are independent.

Solution:
Formula numbers refer to those displayed in this section.
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3

~ _ —(0.06—0.00005)(k+1
a. E[y.] = kE—O e ) kPx Gx+k

= (0.9418)(0.1) + (0.8870)(0.2) + (0.8354)(0.3) + (0.7868)(0.4)
= 0.8369. by (21.3.3)

3
b. Var(by,,) = 26 e BOTONIIED b o — (A

= (0.8871)(0.1) + (0.7869)(0.2) + (0.6981)(0.3) + (0.6193)(0.4) — (0.8369)2

= (0.0028. by (21.3.4)
3 k
. Eligey,] = 2, 2, e 0000009 1 g,
k=0 s=0
= (1)(0.1) + (1.9418)(0.2) + (2.8288)(0.3) + (3.6642)(0.4)
= 2.8027.

d. An input into the calculation of Var(izry,) is °d,, valued at force of interest
2(3 — %) = 0.1198:

o, = (1)(0.1) + (1.8871)(0.2) + (2.6740)(0.3) + (3.3721)(0.4)
= 2.6285,
(2.8027 — 2.6285)

1 — e—0.05985

Var(idgr,;) = 2.6285 + 2

— (2.8027)?

= 8.6257 — 7.8551 = 0.7705. by (21.3.9)
v

Example 21.3.2

Adopt the assumptions about the distributions of log(l + I) and K used in
Example 21.3.1. Display the d.f. of 0y, .

Solution:

Pr(x,y < y) = Bx Pr(fg,, = y|K = k)

3
= I;) Pr(0y,, = y) kPx Garke

We now use the fact that log 0, has a N(—n3, no?) distribution:

3
Pr(0y., =y) = IZO Pr(log 0.1 = 108 ¥) Px Jurr

_ i Pr[log O + (k+ 13 _logy + (k + 1)5] ,
= Vik + 1)o® VK + Doz | P
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& logy + (k + 1)6}
= o N
kZ—O [ (k + 1)0_2 kpx qx k

> logy + (k + 1)(0.06)]
2 ® [ &+ Do | P

where ®(w) is the d.f. of a random variable with a N(0, 1) distribution. To illustrate,
let y = E[0x,,] = A, = 0.8369 and calculate Pr(7y,,; = 0.8369) = & (—11.8051)(0.1)
+ ©(—4.1048)(0.2) + ®(0.1125)(0.3) + ®(3.0945)(0.4) = 0.5630. Because the median
of the distribution of 7., is less than the mean, we have evidence that the distri-
bution is skewed to the right. v

21.4 Dependent Interest Rates

Within financial economics there has been a continuing discussion about whether
effective rates of interest within various classes of investments can be modeled as
independent and identically distributed random variables. If the actuary accepts
the evidence supporting the independent and identically distributed hypothesis,
the methods developed in Section 21.3 are available. The actuary could alter these
methods. For example, the distribution of the ¢ random shock terms might be
assumed to be other than the N(0, o?) distribution.

If the actuary rejects the hypothesis that effective rates are independent and iden-
tically distributed, two options are open. The first option is to develop a multivar-
iate model that does not change as time passes. Such models are called stationary
models. A simple model within this class will be developed in Section 21.4.1.

The second option is to adopt a model that incorporates the possibility of struc-
tural shifts in the investment environment. We do not discuss this type of model.

21.4.1 Moving Average Model

The developments of this section are limited to the model
logl+L)=03+¢—0¢, k=1,2,3,... (21.4.1)

where 8 > 0, and ¢, k = 1, 2, . . ., are random variables that are mutually inde-
pendent and each has a N(0, o?) distribution. In addition, |6] = 1 and ¢, is known.
If 6 = 0, the model reduces to (21.3.1). This model is called a moving average model
of order one, abbreviated MA(1).

The rationale for the model is that the force of interest has a long-term mean,
denoted by 8, but random economic shocks create deviations from the mean. The
shock for period k, €, has a delayed and moderated impact on the force of interest
in period k + 1 of size —0e¢,.
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We define 0, as in Section 21.3:
n
611 = ]._[ (1 —|—- Ik)_l = 672¥(5+€k‘e€k71);
k=1
then

log 6?1 - - E (8 + €k - eek_l)
k=1

n—1

-nd +e, — 0 + (1 —0) D €,
k=1

and
E[ﬁn] _ E[e—[n8+en—6eo+(l—9)2;(’;1lek]].
We have assumed that the shock terms ¢, k = 1, 2, . . . n, are mutually independent

and each has a N(0, o?) distribution. Therefore, recalling the m.g.f. of a N(0, o?)
distribution, we have

E[etek] = e tha’/2 k= 1/ 2/ 3/ soe et
M(t).

Il

This result enables us to write
E[0,] = e™™ M(—1) &% M(@® — 1)"!
=Ce™ n=1223..., (21.4.2)

where C; = M(—1) e* M(6 — 1) and &' = 8 — log M(6 — 1). Note that, as in
Section 21.3, we define §, = 1 and E[§j] = 1, not C;. If § = 0, then & = 3 — log
M(=1), C; = 1, and E[§,] = e "o71o8MDI = p=n=0*/2) wwhich agrees with (21.3.2),
for the lognormal independent model.

With these preliminary results, we can calculate actuarial present values. The
initial development will follow that used in (21.3.3):

Ay = E[0g] = E; EK{ﬁ [0k+1]

= E; [2 Ukr1 kPx qx+k:|
k=0

=G, kZO e D e (21.4.3)

Similarly,
ol = E[amU] = E; EKlﬁ [dmﬂ

o k
= Eﬁ I:E (1 + z 6s> kpx qx+k]
k=0 s=1
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o K
= ];) (1 + ;::1 (o fsa,) kPx Txsk

8

Z (1 + Ciagy) P Gras- (21.4.4)

k=0

To continue the outline used in Section 21.3, we must develop formulas for
E[g,0,] s <

il

E[e—zlns+en—eeo+(1—e)zﬁ;llek]]

E[(@,)]
= ¢ 2 E[e 2] E[¢?%0] E[e 21~ 9<] 1
= e 2 M(—2) e*% M(26 — 2)"L.
We use abbreviated notation
E[(@,)] = C, e, (21.4.5)
where 8" = 28 — log M(26 — 2) and

M(—2) ¢

© = Mae - 2

The term E[d, §,] appears in expressions for Var(iz7g,)- We note that E[7, 7,] =
E[@,]. If r > s = 1, we have

E[o 551 — E[e—[ra+e,—ee0+<1—e)§;;}ej] X g~ lsd+e—6eot(1-0)%52 1e]]]
r

= 090 Bl E[el I<[E[2E[e 2103l E[e 195 ]
= ¢+ M(=1)M(0 — 20 M[2(0 — 1) IM(® — 1y~
— C3 e—S"s e*S’(r—s)

where 8’ and 8" are as defined previously and
Cy = M(—1) M(6 — 2)e*{M[2(6 — )] M(6 — 1)7).
Using these building blocks, we turn to the development of formulas for the

variances of present-value random variables in which the force of interest has a
MA(1) model:

Var(g,,) = E[(0x:1)*] — (A

o0

= > Ce ¥V 1y g — A, (21.4.6)

where (21.4.3) and (21.4.5) have been used in the development.

For Var(iizy,), we start with

c[(ge)]- e[ o) 5 5 ]

k k
= (1 +> G e‘a"s) <Z Ce ™ + 2 D Gy e 5))
s=1

s=1 r=s+1

(21.4.7)
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Therefore,
0 k 2
Var(igr,) = 2 E, [(1 + Zl m) ] Pr Qe — G (21.4.8)

where components come from (21.4.7) and (21.4.4).

Example 21.4.1

Assume that log(1 + ) is given by (21.4.1) with 8 = 0.06, Var(e,) = 0.0001,
6 = —0.8, and ¢, = 0. Calculate (a) &', (b) C,, (c) 8", (d) C,, and (e) C,.

Solution:

a. 8 =8 —log M(6 — 1)

= 0.06 — log(e(—0-8—1)2(0.0001) /2)

= (0.05984.
M(_l) e’ _ 2
b. _ — ,(0.0001) /2 ,—(1.8)%(0.0001) /2
C, M® - 1) e e
= (0.99989.
c. 8" =28 — log M[2(6 — 1)] = 0.12 — log(e[z(‘l's)]z(o‘oom)/2])
= 0.119352.
M(=2)e2 P(~22(0.0001) /2
d. G = M(@26 — 2) = (~3:6/%(0.0001) /2
= (0.99955.
M(—=1) M(8 — 2) &%«
o c =MD Mo 2

T OM(26 — 2) M(6 — 1)
(6(0.0001) / 2)(e(~2.8)2(0.0001) / 2)
= (6(43.6)2(0.0001) / 2)(8(—1.8)2(0.0001) / 2)

= 0.99963. v

Example 21.4.2

Assume the interest rate model of Example 21.4.1 and the survival distribution
of Example 21.2.1. Determine (a) E[fy,,], (b) Var(dg,,), (¢) Eldgsy,], and
(d) Var(dgp)-
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Solution:
Formula numbers refer to those displayed in this section.

a. E[og,,] = By By [0 by (21.4.3)
= ,;) Cl e_(k+1)8' kpx qx+k

3
= (0.99989) ;26 R A

= (0.99989)[(0.94192)(0.1) + (0.88720)(0.2) + (0.83567)(0.3)
+ (0.78713)(0.4)] = 0.83710.

3
b. Var(dx,,) = 2‘6 Co e yp. ek — GA) by (21.4.6)

= (0.99955)[(0.88721)(0.1) + (0.78714)(0.2)
+ (0.69836)(0.3) + (0.61959)(0.4)] — (0.83710)?

= (.0024.
c. Eldgns] = E; Expp [zl by (21.4.4)
3 k
= k§=:O (1 + ; Cl e—sS) kpx qx+k

= (1)(0.1) + (1.94181)(0.2) + (2.82892)(0.3)
+ (3.66450)(0.4)
= 2.80284.
d. As a preliminary, we compute E; [(1 + =_, §,)%] for k = 0, 1, 2, 3 using (21.4.7).

The computations are summarized in the following table.

k E; [ + 2, 3,)

0 1 =1

1 [1+ Ce¥ +2C, e®] = 3.77043

2 [1+Cue™ +e®)+2(C,e® + Ce® = 8.00214
+C, e )]

3 M+ Ce®+e® +e3) +2(Ce®+e® = 13.42729

+ 7Y + Cye ™ + e B) + Cye )]

Varliigm,] = (1)(0.1) + (3.77043)(0.2) + (8.00214)(0.3) + (13.42729)(0.4)
— (2.80284)2 = 0.7699. v
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21.4.2

Implementation

Sections 21.3 and 21.4.1 illustrate that the development of formulas for the mo-
ments of present-value random variables, when interest rates are assumed to
be random variables, can involve several steps. Other statistical models for X, =
log(1 + I;), in the same class of models, such as
a. Autoregressive of order one AR(1)

Xy —8) = (X, — ) + ¢ (21.4.9a)
b. AR(1) and MA(1)
Xe —0) — d(Xy_y — ) = ¢ — B¢, (21.4.9b)
c. AR(1) on first differences
(X, — X)) — (X — Xin) = & (21.4.9¢)

could be the subject of similar developments. The selection of an appropriate model
for the force of interest and the estimation of the parameter are topics in statistics.

The problem of displaying the d.f. of present-value random variables remains.
The technique used in Sections 4.2, 5.2, 6.2, and 7.2 are not feasible when K and
0., the discrete future lifetime random variable and the discount factors, have a
joint distribution.

In earlier chapters, where only future lifetimes were random variables, approx-
imations were developed for the distribution of losses from a portfolio of risks. In
these developments it was assumed that the future lifetime random variables are
mutually independent. Typically these developments depended on a central limit
theorem type of result to justify using an approximating normal distribution. When
each of the component present-value random variables is a function of the same
random interest process, the present-value random variables are no longer inde-
pendent. This was illustrated in (21.2.3). Consequently, the distribution of total
losses from a portfolio of present-value random variables cannot be routinely ap-
proximated using a normal distribution when interest rates are also random
variables.

There are simulation-based approaches to the three problems of estimating the
moments of present-value random variables, approximating the d.f. of a present
value, and approximating the d.f. of the present value of losses from a portfolio of
insurance risks. With a source of realizations of a random variable with a N(0, o?)
distribution, sample paths of (I;, I, . . .) for models such as (21.3.1), (21.4.1), and
(21.4.6a, b, and c) could be generated. If {I,}, denoting the sequence of random
future effective interest rates, and K, completed life years, are assumed to be in-
dependent, an empirical d.f. that would approximate the d.f. of an individual loss
variable could be developed in a routine fashion.

To illustrate, suppose 100 sequences of future interest rates are generated using
the MA(1) model of (21.4.1). For each of these sequences a realization of the random
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variable K, completed life years, using the survival function that has been assumed
would be determined. These results could be used to compute 100 sample values
of ¥y, ;. These values can be treated as a sample derived from the joint distribution
of {I;} and K. The mean and variance of these 100 simulation sample values would
be estimates of the mean and variance of the distribution of 7 ,. The empirical d.f.
would estimate the d.f. of 7y, ;.

The simulation process can also be used to approximate the d.f. of the present
value of total losses from a portfolio with # individual risks. In this instance there
is a set of completed life year random variables, K:i = 1, 2, .. ., n. If these random
variables are assumed to be independent, a set of realizations for each K; random
variable would be combined with a randomly generated interest scenario to pro-
duce a sample outcome of present value of total losses.

It should be clear why simulation, using computer-generated realizations of
present-value random variables that may be functions of several random variables,
has been widely used to construct empirical d.f.’s. These applications have made
simulation an important tool in actuarial science.

If there is evidence that the random variables time-until-decrement and cause-
of-decrement are not independent of {I;}, then the generation of realizations of
present-value random variables becomes more complicated. For example, the act
and time of withdrawal from a life insurance or pension plan may not be inde-
pendent of {I,}.

21.5 Financial Economics Models

From the models developed in Section 21.3 and 21.4, one could be selected, and
the parameters estimated, using data from the investment operations of the finan-
cial system being modeled. Critics of this procedure assert that it ignores important
information available in current capital markets.

To illustrate the variability over time of yields to maturity of one type of security,
the average yields to maturity of 30-year U.S. Treasury bonds were displayed in
Figure 21.1.1. The changes in bond prices and yields reflect variations in the bond
markets” assessment of future economic events. There are, of course, many other
investments that might have displayed different patterns of yields over the same
period. Economic news does not affect the yields of all securities in an identical
fashion. Even Treasury securities with different maturities may exhibit various time
series of yield rates.

21.5.1 Information in Prices and Maturities

To extract the information about the relationship between interest rates and ma-
turities, free of confounding factors such as default and call (early maturity at the
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option of the borrower) risk, it is usual to analyze securities issued by central
governments. In the United States this means Treasury obligations. Other bonds
are analyzed by comparing them with Treasury bonds.

To illustrate the methods used in summarizing the relationship between interest
rates and maturity dates, a review of basic ideas in the mathematics of finance is
required. We consider pure discount bonds that pay 1 unit at maturity and are
traded in a market with no transaction costs. These bonds are not subject to default
risk. The number s denotes the current time, and discount bonds are available with

maturities at times s, s + 1. ... The prices of one bond at time s that matures ¢
periods in the future is denoted by P(s, s + t). We assume that
P(s, s) =1,

lim P(s, t) = 0O,

t—0
and if u > ¢,
P(s, t) > P(s, u).

The third assumption is equivalent to attaching a higher value to the earlier of two
equal payments. The yield rate for ¢ unit periods is denoted by i(s, s + t) and is
defined by

P(s,s + ) =11+ i(s, s + H)]" (21.5.1)

The number i(s, s + t) is called the t period spot rate at time s. The name derives
from the fact that such rates can be determined from the current market and relate
to a single payment at a particular future time. Spot rates i(s, s + t) viewed as a
function of t are called the term structure of interest rates at time s.

Forward rates are an alternative way of studying the relationship between time
to maturity and interest rates. As the name suggests, forward rates are the interest
rates that would be used for contracts concluded currently that cover transactions
in future periods. It will be required that these rates be consistent with the set of
spot rates observed in the current market. The consistency that will be required is
that no-arbitrage opportunities will be present in the forward rates. An arbitrage
opportunity exists in a capital market if there are two investment strategies avail-
able for the same investment period such that one strategy will result with certainty
in greater wealth at the end of the period than the alternative strategy. To illustrate
the no-arbitrage requirement, suppose an investor pays 1 for a discount bond ma-
turing at time s + u for amount [1 + i(s, s + u)]*. Alternatively, the investor could
buy a t period, t < u, bond and at time s + t invest the maturity value in a second
discount bond that will mature at time s + u for amount

[1+is,s+ 0 [1+jss+ts+uwh

where j(s, s + t, s + u) is the forward rate at time s for a future transaction with
cash flows at times s + t and s + u. If no arbitrage opportunities exist, the two
ultimate wealth amounts must be equal and
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[1+is,s+w=[1+iss+H[1+jss+ts+uw " (21.52)
or

[1+i(s, s + u}*

[1+j6 s+t s+uw = 0+ iGs s+ 0

0=t=u.

The special case when u = t + 1 yields

[1+i(s, s + ¢ + D!
(1 +i(s, s + B

[T +j(s,s +ts+t+1)]=

7

and when t = 0,
j(s,s,s +1) =i(s, s + 1). (21.5.3)
Repeated applications of (21.5.3) starting with t = 0 yield
[1+is, s+ =[1+jss s+ DIL+jss+1s+ 2)]
e[+ s, s+t — 1,5 + )] (21.5.4)

The current price of a bond paying coupons of amount c at the end of each of n
periods and then paying a maturity value of F can be expressed in a consistent
way using prices of discount bonds and spot or future rates as follows:

Using prices of discount bonds,

¢ > P(s,s + k) + FP(s, s + n). (21.5.5a)
k=1
Using spot rates,
c D[ +i(s, s + KK+ F[1+ i(s, s + m)] ™" (21.5.5b)
k=1

Using forward rates,

n k-1
CZ n [1+j6s,s+ws+w+ 1)
=1 w00 (21.5.5¢)

n—1
+F[[ [ +j6ss+ws+w+ D]
w=0
The equality of these three formulas for a bond price rests on the no-arbitrage
assumption.

The time interval measuring the time of future coupon payments is not always
1 year. U.S. Treasury bonds typically have semiannual coupons. The bonds that
were the subject of Table 21.1.1 would have n = (30)(2) = 60.

Yet another way of measuring the relationship between interest rates and
time of maturity can be derived from (21.5.4b). The set of spot rates at time s,
i(s, s + k), k=0,1,2,...is given, and the par yield, denoted by y(s, s + m),
is a set of artificial coupon payments determined from
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1=y, s+m > [1+i6ss+H*+[1+iss+ml™ m=12...,n
k=1

(21.5.6)

The par yield can be described as the coupon rate on a bond trading at its maturity
value in a market with a known set of spot rates and no-arbitrage opportunities.
The graph of y(s, s + 1) as a function of 7 is the yield curve at time s. Par yields
are most often expressed as bond-equivalent yields, that is, semiannual nominal
rates.

Prototype Yield Curves

par 4 par A
yield yield K
>» 1 >
(@) maturity (b) maturity

Figure 21.5.1(a) with its positive slope is a typical yield curve. Figure 21.5.1(b)
with its negative slope is called an inverted yield curve. An inverted yield curve
might result from the action of national monetary authorities to keep short-term
interest rates high to retard price inflation. The capital markets’ expectation is that
inflation will be of short duration and long-term rates are not affected.

Example 21.5.1

Determine equivalent forward rates and par yield rates given the following set
of spot rates.

t i(s,s + 1)
1 0.06

2 0.065

3 0.070
Solution:

Using (21.5.2),

[1+is,s+t+ 1]

1+js,s+ts+t+1)= 0+i6s+0f
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t js,s +ts+t+1)
0 0.06

1 0.07002

2 0.08007

Using (21.5.5),

1—1[1+i(s,s+ ]!

i [1+i(s, s+ K)]*

k=1

y(s, s +t) =

t y(s, s + t)
1 0.06

2 0.06484
3 0.06955

Note that all three rates have a positive slope when viewed as a function
of t. v

21.5.2 Stochastic Models

In this section we illustrate a method for generating sequences of future par yield
rates. The randomly generated sequences can be inputs into simulations of the
financial operations of a portfolio of insurance or pension contracts. In practice, par
yield rates rather than spot or forward rates are modeled because investment ex-
perts are more familiar with them. It is therefore easier for these experts to select
a model and specify the parameters.

We assume that the progress of the logarithm of par yield rates is determined
by a modified autoregressive model of order one:

log[Y(t, n)] = Nt, n) + (1 — &,) log [Y(t — 1, n)] + 0,¢,t=0,1,2,3,....
(21.5.7)
The terms in (21.5.7) are defined as follows:

Y(t, n) = the random par yield at time ¢ for a bond maturing in n periods. It is
assumed that the present time is t = 0.

A(t, n) = a drift parameter appropriate for period t for bonds with n periods until
maturity. If A(t, n) = \, (21.5.7) would become a standard autoregressive
model of order one [AR(1)]. The drift parameter \(t, 1) can be adjusted
for each t so that the no-arbitrage constraint or other constraint from
financial economics can be satisfied.
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(1 — ¢,) = an autoregressive parameter appropriate for bonds with maturity in n
periods. The parameter ¢, determines the rate at which previous per-
turbations decay. For that reason, the parameter is called the rate of
mean reversion in finance. In order to have a stationary time series
model, |1 — ¢,| < 1.

o, = the standard deviation of the random shocks.

€., = a random variable with a N(0, 1) distribution for bonds with n periods
to maturity for period t. The random variables ¢, , and ¢, ,, are inde-
pendent if ¢, # t, and have correlation p,, ,, if t; = t,. lf n; = ny, p,,, =
1. We are assuming that contemporaneous shocks are correlated.

Remark:

The model described by (21.5.7) is only one of a wide class of stochastic models
that could be adopted. The selection of the model and estimation of the parameters
would be influenced by the theory of financial economics and statistical data anal-
ysis. Formula (21.5.7) also illustrates another option in modeling interest rates. The
models specified by (21.3.1), (21.4.1), and (21.4.6a, b, and c) were written for use
with log (1 + ), the random force of interest for period k. Formula (21.5.7) involves
the logarithmic transformation of Y(t, n). The transformation can be motivated
as a device to stabilize the variance of the observations or to keep realizations of
Y(t, n) non-negative. This non-negative constraint is regarded by some actuaries as
important. Exercise 21.9 illustrates the random walk model, which can be viewed
as a special case of (21.5.7) with 1 — ¢ = 1 and A = 0. The model developed in
Exercise 21.9 for the rate of interest shares a property of (21.5.7) in that the random
rate of interest is non-negative.

Models such as (21.5.7) can be used to estimate future yield curves. If (21.5.7)
were adopted, the estimation of yield curves would require the selection of a set
of maturity times, n, and corresponding parameter values \,, ¢,, o, for each value
of n and correlation coefficients p,, ,, for each pair of maturity times selected. The
number of values of n would be kept small so that the number of parameters that
would have to be specified would be manageable. Then using sets of randomly
determined values of ¢, ,, the outline of future yield curves at various values of ¢
could be determined by simulating future values of Y(f, n) using (21.5.7) for the
selected key maturity times.

If the investment portfolio of interest to the actuary holds bonds with a constant
maturity, (21.5.7) could be used directly to produce randomly generated sequences
of future interest rates for use in simulation studies.

As yet, no adjustments have been made in the model parameters to conform to
the actuary’s judgment about the long-term mean rate or to force compliance with
a market consistency requirement such as no-arbitrage. The parameter \(¢, n) is
available to incorporate such information.
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For example, the following development provides a tool to the actuary for in-
corporating information about the long-term mean of the par yield rate for secu-
rities with fixed maturity n:

Let A (t, n) = &, log w,, which is independent of t; we can rewrite (21.5.7) as

log[Y(t, n)] = &, log w, + (1 — ¢,) loglY(t — 1, W] + o, ¢,
t=1,2,3.... (21.5.8)
To facilitate subsequent steps, let

Z, = log[Y(t, n)],

6 = &, log p,,
v=0-¢,) 0<¥T <],
and (21.5.8) becomes
Z,=0+VZ,_,+o,€, (21.5.9)

a standard AR(1) model with drift parameter 6. Multiply successive equations for
Z,_; by W to obtain

Z,—VZ,_,=0+o0,¢,
vz, , -V 27 ,=Vo0+¥o,¢ .,
V7, , W7, =W+ Vo, ,,

Adding this sequence of equations and assuming that ¢ is large, we have

.9 f .
Z, = 1 __q,-t-crn;)et,jln W

Exponentiating this approximation yields

0 f .
2t = + i
e ep (1 —g ,20 Cijm )

t
Y(t, n) = p, exp <0n > € in ‘PJ').
j=0

The random variable o, 3!, ¢, ¥ in the exponent has a normal distribu-

tion with mean zero and variance for large values of t that is approximately
2 2

Un/ (1 -V )

Using these facts about the distribution of the random component, and recalling
the m.g.f. for random variables with normal distributions, we have for large values
of t

2

E[Y(t, n)] = p, exp {2[ — (‘I"_ 3 )2]}. (21.5.10)
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If data or the actuary’s judgment supports the existence of a long-term mean for
the par yield on bonds that mature in n periods, the selected values of \(t, n) =
,, log ., and o2 should be consistent with (21.5.10).

In addition to subjecting model parameters to consistency checks relative to es-
timates of the long-term mean, adjustments to the parameter \(t, #) can be made
to be consistent with the no-arbitrage condition. In an efficient capital market, the
observed rates [i(0, n,), i(0, ny), . . ., i(0, n,,)] for m different maturities would not
present significant arbitrage opportunities. Such opportunities would present risk-
less strategies to increase wealth and would disappear as traders, seeking to exploit
such opportunities, would reduce them. The estimated future yield curves deter-
mined by averaging many simulations may exhibit arbitrage opportunities. Such
opportunities would constitute inconsistent behavior in the capital markets and to
retain such opportunities in an estimated future yield curve would similarly be
inconsistent.

To develop a method for adjusting an entire estimated yield curves to preclude
arbitrage opportunities would involve several ideas beyond the scope of this de-
velopment. Consequently, only bonds that mature in one period, n = 1, are con-
sidered. We adopt a simplification of (21.5.8) and assume that the goal is to produce
interest scenarios each of length H periods; the model is

log [Y(t, D] = w +oy¢, t=1,2..., H (21.5.11)

Generating m sequences of the form (e, ;, 5, . . ., €;;) composed of realizations of
the random variables €, ;, would produce m sequences of possible future one-period
rates (et*1u1, ehtoial ekt j =112, ..., m

To minimize the opportunity for arbitrage at time 1, the value of the mean pa-
rameter p in the model will be adjusted so that expected rates available at time 1
will not present such an opportunity. To achieve this objective each of the m values
of e**o1e11 will be multiplied by e where \, is determined from

&1+ y(o, DA+ e}‘1+01€1/1)/—1

j=1 m

= P(0, 2).

As before, P(0, 2) is the observed price of a two-period discount bond. The symbol
(1 + eM*o9) 1 denotes that the variable ¢, ; comes from scenario j generated from
(21.5.11).

The no-arbitrage adjustment for other years in the H-year planning period will
be determined by solving successively for \;_:

i [1 + y(o’ 1)]—1(1 + e>\1+0161,1)j‘1 e (1 + e>\h—1+0181171,1)j—1
j=1

m

where h = 2, 3, . . ., H. The resulting m sequences of the form [y(0, 1), ghitoten
., eM-rroen-ia] can be used as stochastically generated scenarios of future interest

rates where each scenario is assigned weight 1/m.

= P(0, h),
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Remark:

The no-arbitrage assumption about capital markets has been a theme in this
section. Empirical investigations indicate that although arbitrage opportunities ex-
ist, they do not persist for long because of the activity of traders.

21.6 Management of Interest Risk

Constructing actuarial models for financial security systems provides a rational
basis for pricing the promises made, for reporting on the financial status of the
system, and for managing the risks inherent in the operations of these systems.
Chapters 12 through 14 dealt in part with ideas for managing short-term risks.
Chapters 4 through 11 dealt in part with managing the adverse consequences to
financial security systems attributable to the random nature of time and cause of
decrement.

In this section ideas for controlling the adverse consequences of changes in in-
terest rates are discussed. In Section 21.6.1 special notation is introduced, and a
simplified set of rules for managing interest rate risk within a deterministic envi-
ronment is developed. In Section 21.6.2 a rather general set of conditions for the
time and amount of asset cash flows to minimize interest rate risk within a random
model is developed.

21.6.1 Immunization

Our model consists of the following:

Reserve or Liabilities = L(i) = n(A,.; — P, d..y)
Assets = A()) = >, v/ a(j)
=0

Surplus = S(i) = A(i) — L(i)

where
n = number of identical whole life policies in the model.
t = number of years since the n surviving policies were issued. Assets, liabili-
ties, and surplus are measured at this time.

P, = benefit premium at issue, but not necessarily appropriate at time ¢ for a
realistic appraisal of liabilities. This premium is used in cash flow calcula-
tions under the simplifying assumption that expense loadings match
expenses.

{a(j)} = a sequence of cash flows, coupons, dividends, and maturity values from
existing assets, paid at the end of future policy years. In this deterministic
environment these amounts are assumed to be certain, not subject to
default.
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i = valuation rate appropriate at time t. It is assumed, unrealistically, that i
does not depend on the timing of future cash flows and that any immediate
changes in 7 will not change the flat yield curve implicit in our assumptions
about i.

Clearly this simplified single decrement model ignores withdrawal benefits, ex-
penses, and their provision in contract premiums. Both asset and liability cash flows
are assumed to be known and independent of the interest rate i. Some of these
unrealistic features can be changed within a more comprehensive model. Other
adjustments, such as making asset and liability cash flows depend in a realistic
fashion on the valuation interest rate, are more complex.

Within our simple model, we might choose to think of the sequence of future
asset cash flows {a(j)} as a control variable. Management might elect to enter capital
markets to achieve a {a(j)} such that

ds@) _ d

5 i [AG) — LG)] =0 (21.6.1a)
and
as*(i) gi N rys
FERT [A(}) — L()] > 0. (21.6.1b)

These two conditions characterize a minimum value of S(i). If a sequence of asset
cash flows {a(j)} could be found that would satisfy (21.6.1a) and (21.6.1b), any
change in the valuation interest rate would lead to an increased surplus. The val-
uation interest rate is derived from current economic conditions at duration R and
is independent of the interest rate used at duration zero in calculating P,.

From the first derivative (21.6.1a), we have
d ) 0 ) ) ) oo
di 5@ =v {_E via(j) +n [2 (k + DU pesy Gerrer — Po > kot kpx+t:|} =0
j=1 k=0 k=1
or
21 v/ a(j) = nl(IA)yy, — Py (Ia),1). (21.6.2)
=

Combining the requirements on the first and second derivatives for a minimum
value of S(i), (21.6.1a) and (21.6.1b), we have

21 j2 vl a(j) > n [;6 (k + 12 05 Py Grorss — 2o ;1 k2 kpx]. (21.6.3)
= = =

The first derivative condition for the selection of {a(j)} may be attainable. It is un-
likely that the second derivative condition can be achieved in the capital markets.

If the second derivative condition could be realized and the assumptions of the
model were valid, especially the flat yield curve used for pricing assets and valuing
liabilities, it would constitute an arbitrage opportunity, for it would be an oppor-
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tunity to increase surplus with no new investments or increase in risk on the basis
of any change in valuation interest rate. In an efficient market such an opportunity
would be nonexistent or fleeting.

The investment selection rules implicit in (21.6.2) and (21.6.3) have been called
the immunization rules because their implementation would “immunize” or pro-
tect the value of S(i) from changes in i.

21.6.2 General Stochastic Model

We now extend the ideas and their related symbols used in Section 21.6.1 to
introduce stochastic elements. We have

S@, K) = A®®) — L5, K) (21.6.4)
where 7 is a sequence {ﬁj} of random discount factors and K = (K, K, ...,K)is

a vector of n independent time-until-death random variables.

Unrealistically it will be assumed that the asset cash flow sequence {a(j)} is de-
terministic. Callability and default, among other asset flow option-like character-
istics, are not considered.

Using (2.2.11) we have

Var[S(5, K)] = Var[E[S(, K)|#]] + E[Var[S(#, K)|5]].

Because we assume that asset cash flows are deterministic in the whole life illus-
tration of Section 21.6.1, we have

E[S(@, K] = 120 vy a(j) — n I:I;) i1 = Py d5710) P qx+k]
and
Var[$(@, K)[5] = Var[L(5, K)|5].
Therefore,
Var[S(5, K)] = Var, [A(®) — E[L®, K)[0]]
+ E, [Var[L@®, K)|o]]. (21.6.5)
We can rewrite (21.6.5) as
Var[S(#, K)] = Var, [A(@®)] + Var, [E[L(5, K]|5]
— 2 Cov,[A®), E[L@, K)|5]] + E, [Var[L®@, K)[5]]. (21.6.6)
The second and fourth terms of (21.6.6) can be combined to produce
Var[S(5, K)] = Var, [A(?)] + Var[L(5, K)]
— 2 Cov,[A®®), E[L(®, K|5]]. (21.6.7)

We assume that the selection of {a(j)}, the sequence of asset cash flows, is under
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the control of the actuary and that the objective is to minimize Var[S(#, K)]. Since
the second term of (21.6.5) does not depend on the control variable {a(j)}, the min-

imization of Var[S(7, K)] can be achieved by minimizing the term
Var, [A(®) — E[L@, K)|o]].

This variance will reach its minimum value of zero if A(#) — E[L(#, K|§] = 0 for
each future year. If a sequence of asset cash flows satisfies

a(0) + nP, = 0,
a(j) - n[]'_lpqu+]’_1 - PX ]pX] = 0, j = 1, 2, o« o . (21.6.8)
could be found, then

[40) + nP,] + X [a() = n(-1ps Gusjmr — Py p)Iv; = 0
j=1

and
Var,[A(@) — E[L(0, K)|#]] = 0.
In this very special case, we can substitute into (21.6.7) to obtain
Var[S(5, K)] = Var[A(@®)] + Var[L(@, K)] — 2 Cov[A®®), A®D)]
= Var[L(, K)] — Var[A(9)].

The matching conditions in (21.6.8) resemble an equivalence principle. The match-
ing requirement imposes stringent conditions on asset cash flows. For example, it
is possible that the sequence of asset cash flows that will minimize Var[S(7, K)] will

require investments a(j) < O for some j. Other economic and budget restrictions
may influence the selection of the asset cash flow sequence.

21.7 Notes and References

The ideas developed in this chapter are built on ideas that are more diverse and
of recent origin than are those in earlier chapters. As a consequence, these notes
and references are important to an actuary seeking to apply or extend these ideas.

The integration of times series models for stochastic interest rates with random
time and cause of decrement has been the subject of intense activity in recent years.
Sections 21.3.1 and 21.4.1 follow Frees (1990). The portfolio interest rate risk man-
agement rules developed in Section 21.6.2 are also based on this work. More general
developments, going beyond the MA(1) model, are by Bellhouse and Panjer (1980)
and Giaccotti (1986).

The empirical analysis of interest rate data to determine the adequacy of various
models has been a major endeavor in financial economics. Becker (1991) provides
a good example of this work. Klein (1993) traces the implications of various dis-
tributions of the interest rates on insurance cash flow analysis. In particular, Klein
examines the hypothesis that the distribution of random shock terms in interest
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rate random models may have heavy tails. The history of formulating and testing
hypotheses about rates of return is summarized by Fama (1970).

Jetton (1988) classifies and illustrates methods for generating certain families of
interest rate scenarios. Christiansen (1992) starts with Jetton’s partial classification
but expands the models considered and illustrates their applications. There is an
emphasis on interest rate generators that produce rates that regress toward a mean
after a perturbation and on shifts from among yield curves according to a matrix
of transition probabilities. Tilley (1993) provides more background on the financial
economics of interest rate scenario generators. A monograph by Boyle (1992), es-
pecially Chapters 2, 3, and 4, provides background for this chapter.

The immunization ideas of Section 21.6.1 have many roots. They were introduced
into actuarial science by Redington (1952) and brought to the attention of North
American actuaries by Vanderhoof (1972). The Vanderhoof paper contains a model
for a life insurance company that is designed to replicate the characteristics of the
U.S. life insurance industry in 1971.

In this chapter it is suggested that a stochastic model for generating simultane-
ously interest rate scenarios for several types of investments and certain other ec-
onomic variables be constructed. The other economic variables might be an index
of consumer prices, or the unemployment rate. The model would be constructed
to include observed contemporaneous correlations among the variables, as well as
autocorrelations across time. Such a comprehensive and consistent model would
obviously be useful in simulating the future operations of a social security system,
large pension plan, or insurance company. Since about 1980 a great deal of effort
has been spent in constructing, testing, and using such models. A pioneering ac-
tuarial effort in this field was by Wilkie (1986). The model has been the subject of
intense discussion by Geoghegan et al. (1992).

Exercises

Section 21.1

21.1. If I has a uniform distribution on the interval (% — 1, &% — 1) find
E[(1 + D1 - (1 + E[1])~™.

21.2. The function (1 + x)! can be written as the Taylor series expansion
1+x)1=1-x+x*—R(®) lx] <1
where the remainder term
X3

=T

o] < |x] < 1.

If I has a uniform distribution on the internal (0.02, 0.12) and the random
variable (1 + I)~! is approximated by the first three terms of the Taylor series,
evaluate
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21.3.

21.4.

21.5.

21.6.

E[l1 - I+ 17 — 1 + E[I])~".

The random variable I has a Pareto distribution with p.d.f.

11

fI(JC):m'ﬁ 0<x

=0 elsewhere.
a. Find E[I].
b. Find E[(1 + D)7'] — (1 + E[ID)*

Adopt the model described by (21.3.1) and define the random variable
U, as

0, = exp [—i log(1 + Ik)].

a. Using the m.g.f. of log(1 + I,) find E[7,].

b. Using the m.g.f. of log(1 + I,) find E[(7,)],j = 1,2,3,....

c. Assume that the random variables ¢ and K, completed future life years,
are independent and use the results of part b to determine
(i) El@e)] j=1,23 ...
(i) Var(fg.,)-

d. Continue with the assumptions made in this exercise and confirm that

*Ax + *d *dx = 1/
where ,d =1 — ¢ ®9%/2),

Adopt the model described by (21.3.1) except that the random variables ¢,
are independent, identically and uniformly distributed on the interval
(—0.05, 0.05), and & = 0.05. Let Z = 27_, log(1l + I;) be the logarithm of the
random two-period interest accumulation function.

a. Evaluate E[Z] and Var(Z2).

b. Display the p.d.f. of Z.

c. Display the p.d.f. of Y = ¢

Adopt the assumptions of Exercise 21.5. Let X, = log(l + I,) and X =
21 X, /n.
a. Provide a justification for the statement that

X — 0.05
V0.01/12n

will have an approximate N(0, 1) distribution as n becomes large.

b. Provide a justification for the statement that X7 X, has an approximate
N(0.51, 0.01n / 12) distribution.

c. Use the result in (b) and support the statement that I1] (1 + I,), the ran-
dom interest accumulation function, has an approximate lognormal dis-
tribution with parameters p = 0.57 and o? = 0.01n/12.
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Section 21.3

21.7.

21.8.

21.9.

21.10.

Adopt the model
log(1 + 1) =log(1+ L) +¢ k=1,23,.
=393 k=0

for annual interest rates. The assumptions about the random shock terms
(¢x) made in connection with (21.3.1) are also adopted. This is called a ran-
dom walk model and has frequently been used in studies of rates of return
in common stocks. Exhibit (a) E[log(1 + I,)], (b) Var[log(1 + [)], and (c) the
distribution of log(1 + ), k = 1,2, 3, . . . . [Hint: Confirm that

k
log(1 +1,) =8 + > €]
1

Using the model and assumptions of Exercise 21.7, (a) exhibit E[log ,] and
Var(log 7,), (b) state the distribution of log 7,, and (c) answer (a) and (b)
for 0,.

Another version of the random walk model is
log I, = log I, _; + ¢ k=1,2,3

=y k=0,

where the random shock terms (g) are mutually independent with
N(O, o?) distributions. Determine (a) E[log L], (b) Var(log I,), and (c) the
distribution of log I,.

This exercise is a continuation of Exercise 21.9. For the random variable I,
state its distribution and find E[I,] and Var(l,).

Section 21.4

21.11.

21.12.

21.13.

Confirm that (21.4.5) for E[(7,)?] reduces to (21.3.4) if 6 = 0.
Confirm that (21.4.6) for E[7, 0,] reduces to (21.3.6) if 6 = 0.

Verify the entries under Var(l + ), k = 1, 2, 3, . . ., in the following table:

Model Var(1 + I) Name
Formula (21.3.1) (e — 1)e@+o) Lognormal
Formula (21.4.1) a?(1 + 0?) MA(1)
Exercise 21.7 ko Random walk

Note the increasing variance with the random walk, Exercise 21.7.

Section 21.5

21.14.

Confirm that the model described in (21.5.7) is equivalent to
Y(t n) = Y(t — 1, n)l=%n eremtonen
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and

Y(t, n)

~. 1 - Yt - 1, —bn A(t,i’l)‘i’("net/ﬂ'
Ye-1m e

These formulas indicate why (21.5.7) is called a multiplicative model. Note
that if the observed value Y(0, n) = y(0, n) > 0, Y(t, n) > 0.
21.15. If ¢, = 0 and A(t, n) = p show that (21.5.7) becomes
log Y(t, n) = w + log Y(t — 1,n) + o,¢,

Alog Y(t — 1,n) = w + 0, €,
t

log Y(t, n) — log Y(0, n) = tp. + 0, >, €,,,
s=1

E[log Y(tn)] = log[y(0, n)] + tp,
and

Var[log Y(t, n)] = t o2.

n

This is a random walk model with a drift term . Show that if . = 0, the
results of Exercise 21.9 are replicated.

21.16. If [1 +i(s,s + k)] = (1 +1i),k=1,2,3,...,n and the maturity value of a
bond is 1, confirm that y(s, s + n) = i.

21.17. The spot rate at times are given in the following:

k i(s,s + k)
1 0.050
2 0.055
3 0.060

Calculate the corresponding par yield rates y(s, s + t) for bond maturities
in k =1, 2, 3 periods.

Section 21.6

21.18. Let a(t) denote the rate of cash flow from assets and () denote the rate of
cash flows from insurance operations. For example, /() would measure
claims and expenses less premiums, at time ¢. These flows are assumed to
be deterministic and independent of each other and the interest rate. Let
A(3), L(3), and 5(8) = A(3) — L(8) denote the current value of assets, liabil-
ities, and surplus, respectively, valued at force of interest 5. We have

5(8) = A@®) — L(3) = fo " e fat) ~I)] dt.

In addition, let R(3) = 5(8) / A(3), which is interpreted as the surplus ratio.
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21.19.

21.20.

Confirm that if R(3,) is a minimum value of R(3), then

A'®y) _ L'y
A®y) ~ s

and

A'@y) _ L'y
AGy) ~ Ty

The cash flow rate functions in this exercise will be related to the gamma
density function; that is, both a(t) and I(f) of Exercise 21.18 will be of the
form

kButcx—l e~ Bt

(@) k> 0.

fit) =

a. Confirm the following result:

- n,—0t _ kBaF(OL + Tl)
J'o Fe At = 3 T (o)

b. If the parameters of the asset cash flow are denoted by o, B4, and k, and
of the liability cash flow by «;, B;, and k;, confirm that the conditions for
a minimum of R(3) as determined in Exercise 21.18 are

aa ar,
A Oy _ jss

(Ba + 3t (B + 3p)tt!

and

OLA+1>OLL+1
Bat B Bt

Accept the results of Exercise 21.18. Verify that

A'®y) _ L'y
A®) L3

is equivalent to

f t e~ g(t)dt f t e~ [()dt
0 0

f e~ a(t)dt f e~ [(H)dt
0 0

This result leads to the interpretation that the ratio A'(3,)/A(J,) is a
weighted average of ¢, the time of asset cash flows with the weights provided
by e a(t)/ [5 e ™" a(t)dt. A similar interpretation can be made of L'(3,) /
L(3,). These weighted times of cash flows motivate calling A’(3;) / A(3,) and
L'(8,) / L(3,) durations.
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21.21.

21.22.

We adopt the second central moment of interia of the times of cash flows as
a measure of dispersion of the times of cash flows. Confirm that the condi-
tions developed in Exercise 21.18 are equivalent to the requirement that the
dispersion of asset cash flows shall be equal to or greater than dispersion of
liability cash flows.

[Hint: The second central moment of inertia for a mass with density at x of
m(x) is [5(x — c)*m(x)dx where ¢ = [§ xm(x)dx.]

Adopt the symbols of Exercise 21.18 and build a model for a set of [, fully
continuous whole life policies. Make the following assumptions:
+ The contract premium rate is G = P(A,)(1 + 6), 6 > 0.
» Expense payments are made at time t for survivors at a rate of ce™"
r>0.
-+ Assumptions are realized.
a. Confirm that I(t) = L[, (t) + ce™ — P(A)(1 + 6)],p,-
b. Express L(3) in actuarial present-value symbols.
c. Express L'(3) in actuarial symbols.

7
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Appendix 1

NORMAL DISTRIBUTION TABLE

0 x

Normal Distribution
The table on page 674 gives the value of

d(x) = “w2/2 duy

1 f g
— e
V2 J-e
for certain values of x. The integer of x is given in the top row, and the first decimal
place of x is given in the left column. Since the density function of x is symmetric,
the value of the cumulative distribution function for negative x can be obtained by
subtracting from unity the value of the cumulative distribution function for x.
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x 0 1 2 3
0.0 0.5000 0.8413 0.9772 0.9987
0.1 0.5398 0.8643 0.9821 0.9990
0.2 0.5793 0.8849 0.9861 0.9993
0.3 0.6179 0.9032 0.9893 0.9995
0.4 0.6554 0.9192 0.9918 0.9997
0.5 0.6915 0.9332 0.9938 0.9998
0.6 0.7257 0.9452 0.9953 0.9998
0.7 0.7580 0.9554 0.9965 0.9999
0.8 0.7881 0.9641 0.9974 0.9999
0.9 0.8159 0.9713 0.9981 1.0000

Selected Points of the Normal Distribution

D(x) x

0.800 0.842
0.850 1.036
0.900 1.282
0.950 1.645
0.975 1.960
0.990 2.326
0.995 2.576
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Appendix 2A

ILLUSTRATIVE LIFE TABLE

Ilustrative Life Table: Basic Functions

Age I d, 1,000 g,
0 100 000.00 2 042.1700 204217
1 97 957.83 131.5672 1.3431
2 97 826.26 119.7100 1.2237
3 97 706.55 109.8124 1.1239
4 97 596.74 101.7056 1.0421
5 97 495.03 95.2526 0.9770
6 97 399.78 90.2799 0.9269
7 97 309.50 86.6444 0.8904
8 97 222.86 84.1950 0.8660
9 97 138.66 82.7816 0.8522

10 97 055.88 82.2549 0.8475
11 96 973.63 82.4664 0.8504
12 96 891.16 83.2842 0.8594
13 96 807.88 84.5180 0.8730
14 96 723.36 86.0611 0.8898
15 96 637.30 87.7559 0.9081
16 96 549.54 89.6167 0.9282
17 96 459.92 91.6592 0.9502
18 96 368.27 93.9005 0.9744
19 96 274.36 96.3596 1.0009
20 96 178.01 99.0569 1.0299
21 96 078.95 102.0149 1.0618
22 95 976.93 105.2582 1.0967
23 95 871.68 108.8135 1.1350
24 95 762.86 112.7102 1.1770
25 95 650.15 116.9802 1.2330
26 95 533.17 121.6585 1.2735
27 95 411.51 126.7830 1.3288
28 95 284.73 132.3953 1.3895
29 95 152.33 138.5406 1.4560
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Illustrative Life Table: Basic Functions

Age I d, 1,000 g,
30 95 013.79 145.2682 1.5289
31 94 868.53 152.6317 1.6089
32 94 715.89 160.6896 1.6965
33 94 555.20 169.5052 1.7927
34 94 385.70 179.1475 1.8980
35 94 206.55 189.6914 2.0136
36 94 016.86 201.2179 2.1402
37 93 815.64 213.8149 2.2791
38 93 601.83 227.5775 24313
39 93 374.25 242.6085 2.5982
40 93 131.64 259.0186 2.7812
41 92 872.62 276.9271 2.9818
42 92 595.70 296.4623 3.2017
43 92 299.23 317.7619 3.4427
44 91 981.47 340.9730 3.7070
45 91 640.50 366.2529 3.9966
46 91 274.25 393.7687 4.3141
47 90 880.48 423.6978 4.6621
48 90 456.78 456.2274 5.0436
49 90 000.55 491.5543 5.4617
50 89 509.00 529.8844 5.9199
51 88 979.11 571.4316 6.4221
52 88 407.68 616.4165 6.9724
53 87 791.26 665.0646 7.5755
54 87 126.20 717.6041 8.2364
55 86 408.60 774.2626 8.9605
56 85 634.33 835.2636 9.7538
57 84 799.07 900.8215 10.6230
58 83 898.25 971.1358 11.5752
59 82 927.11 1 046.3843 12.6181
60 81 880.73 1126.7146 13.7604
61 80 754.01 1212.2343 15.0114
62 79 541.78 1 302.9994 16.3813
63 78 238.78 1 399.0010 17.8812
64 76 839.78 1 500.1504 19.5231
65 75 339.63 1 606.2618 21.3203
66 73 733.37 1717.0334 23.2871
67 72 016.33 1 832.0273 25.4391
68 70 184.31 1 950.6476 27.7932
69 68 233.66 2 072.1177 30.3680
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Ilustrative Life Table: Basic Functions

Age 1, d, 1,000 g,
70 66 161.54 2 195.4578 33.1833
71 63 966.08 2 319.4639 36.2608
72 61 646.62 2 442.6884 39.6240
73 59 203.93 2 563.4258 43.2982
74 56 640.51 2 679.7050 47.3108
75 53 960.80 2 789.2905 51.6911
76 51 171.51 2 889.6965 56.4708
77 48 281.81 2 978.2164 61.6840
78 45 303.60 3 051.9717 67.3671
79 42 251.62 3 107.9833 73.5589
80 39 143.64 3 143.2679 80.3009
81 36 000.37 3 154.9603 87.6369
82 32 845.41 3 140.4624 95.6134
83 29 704.95 3 097.6146 104.2794
84 26 607.34 3 024.8830 113.6860
85 23 582.45 2 921.5530 123.8867
86 20 660.90 2 787.9129 134.9367
87 17 872.99 2 625.4088 146.8926
88 15 247.58 2 436.7474 159.8121
89 12 810.83 2 225.9244 173.7533
90 10 584.91 1 998.1533 188.7738
91 8 586.75 1 759.6818 204.9298
92 6 827.07 1 517.4869 222.2749
93 5 309.58 1 278.8606 240.8589
94 4 030.72 1 050.9136 260.7257
95 2 979.81 840.0452 281.9122
96 2 139.77 651.4422 304.4456
97 1 488.32 488.6776 328.3410
98 999.65 353.4741 353.5993
99 646.17 245.6772 380.2041

100 400.49 163.4494 408.1188
101 237.05 103.6560 437.2837
102 133.39 62.3746 467.6133
103 71.01 35.4358 498.9935
104 35.58 18.9023 531.2793
105 16.68 9.4105 564.2937
106 7.27 4.3438 597.8266
107 292 1.8458 631.6360
108 1.08 0.7163 665.4495
109 0.36 0.2517 698.9685
110 0.11 0.0793 731.8742
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INlustrative Life Table: Single Life Actuarial Functions, i = 0.06

Age i, 1,000 A, 1,000 (*A,)
0 16.80096 49.0025 25.9210
1 17.09819 32.1781 8.8845
2 17.08703 32.8097 8.6512
3 17.07314 33.5957 8.5072
4 17.05670 34.5264 8.4443
5 17.03786 35.5930 8.4547
6 17.01675 36.7875 8.5310
7 16.99351 38.1031 8.6666
8 16.96823 39.5341 8.8553
9 16.94100 41.0757 9.0917

10 16.91187 42.7245 9.3712
11 16.88089 44.4782 9.6902
12 16.84807 46.3359 10.0460
13 16.81340 48.2981 10.4373
14 16.77685 50.3669 10.8638
15 16.73836 52.5459 11.3268
16 16.69782 54.8404 11.8295
17 16.65515 57.2558 12.3749
18 16.61024 59.7977 12.9665
19 16.56299 62.4720 13.6080
20 16.51330 65.2848 14.3034
21 16.46105 68.2423 15.0569
22 16.40614 71.3508 15.8730
23 16.34843 74.6170 16.7566
24 16.28783 78.0476 17.7128
25 16.22419 81.6496 18.7472
26 16.15740 85.4300 19.8657
27 16.08733 89.3962 21.0744
28 16.01385 93.5555 22.3802
29 15.93683 97.9154 23.7900
30 15.85612 102.4835 25.3113
31 15.77161 107.2676 26.9520
32 15.68313 112.2754 28.7206
33 15.59057 117.5148 30.6259
34 15.49378 122.9935 32.6772
35 15.39262 128.7194 34.8843
36 15.28696 134.7002 37.2574
37 15.17666 140.9437 39.8074
38 15.06159 147.4572 42.5455
39 14.94161 154.2484 45.4833
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Ilustrative Life Table: Single Life Actuarial Functions, i = 0.06

Age i, 1,000 A, 1,000 A,
40 14.81661 161.3242 48.6332
41 14.68645 168.6916 52.0077
42 14.55102 176.3572 55.6199
43 14.41022 184.3271 59.4833
44 14.26394 192.6071 63.6117
45 14.11209 201.2024 68.0193
46 13.95459 210.1176 72.7205
47 13.79136 219.3569 77.7299
48 13.62235 228.9234 83.0624
49 13.44752 238.8198 88.7329
50 13.26683 249.0475 94.7561
51 13.08027 259.6073 101.1469
52 12.88785 270.4988 107.9196
53 12.68960 281.7206 115.0885
54 12.48556 293.2700 122.6672
55 12.27581 305.1431 130.6687
56 12.06042 317.3346 139.1053
57 11.83953 329.8381 147.9883
58 11.61327 342.6452 157.3280
59 11.38181 355.7466 167.1332
60 11.14535 369.1310 177.4113
61 10.90412 382.7858 188.1682
62 10.65836 396.6965 199.4077
63 10.40837 410.8471 211.1318
64 10.15444 425.2202 223.3401
65 9.89693 439.7965 236.0299
66 9.63619 4545553 249.1958
67 9.37262 469.4742 262.8299
68 9.10664 484.5296 276.9212
69 8.83870 499.6963 291.4559
70 8.56925 514.9481 306.4172
71 8.29879 530.2574 321.7850
72 8.02781 545.5957 337.5361
73 7.75683 560.9339 353.6443
74 7.48639 576.2419 370.0803
75 7.21702 591.4895 386.8119
76 6.94925 606.6460 403.8038
77 6.68364 621.6808 421.0184
78 6.42071 636.5634 438.4155
79 6.16101 651.2639 455.9527
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Illustrative Life Table: Single Life Actuarial Functions, i = 0.06

Age i, 1,000 A, 1,000 (CA,)
80 5.90503 665.7528 473.5861
81 5.65330 680.0019 491.2698
82 5.40629 693.9837 508.9574
83 5.16446 707.6723 526.6012
84 4.92824 721.0431 544.1537
85 4.69803 734.0736 561.5675
86 4.47421 746.7428 578.7956
87 4.25710 759.0320 595.7923
88 4.04700 770.9244 612.5133
89 3.84417 782.4056 628.9163
90 3.64881 793.4636 644.9611
91 3.46110 804.0884 660.6105
92 3.28118 814.2726 675.8298
93 3.10914 824.0111 690.5878
94 2.94502 833.3007 704.8565
95 2.78885 842.1408 718.6115
9% 2.64059 850.5325 731.8321
97 2.50020 858.4791 744.5010
98 2.36759 865.9853 756.6047
99 2.24265 873.0577 768.1330

100 2.12522 879.7043 779.0793
101 2.01517 885.9341 789.4400
102 1.91229 891.7573 799.2147
103 1.81639 897.1852 808.4054
104 1.72728 902.2295 817.0170
105 1.64472 906.9025 825.0563
106 1.56850 911.2170 832.5324
107 1.49838 915.1860 839.4558
108 1.43414 918.8224 845.8386
109 1.37553 922.1396 851.6944
110 1.32234 925.1507 857.0377
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Illustrative Life Table: Joint Life Actuarial Functions, i = 0.06

Age dxx 11000 Axx 1'000 (zAxx) dx:x+10 11000 Ax:x+1() 11000 (2Ax:x+10)
0 16.13448 86.7274 50.8875 16.28443 78.2400 34.7076
1 16.71842 53.6745 17.4565 16.55328 63.0218 18.1309
2 16.70637 54.3565 16.9753 16.52270 64.7527 18.2195
3 16.68957 55.3072 16.6683 16.48839 66.6947 18.4277
4 16.66839 56.5060 16.5191 16.45053 68.8378 18.7468
5 16.64317 57.9339 16.5121 16.40925 71.1745 19.1700
6 16.61421 59.5733 16.6324 16.36464 73.6996 19.6923
7 16.58178 61.4085 16.8664 16.31677 76.4091 20.3096
8 16.54614 63.4258 17.2017 16.26571 79.2997 21.0188
9 16.50749 65.6137 17.6271 16.21147 82.3696 21.8172

10 16.46599 67.9626 18.1330 16.15408 85.6181 22.7036
11 16.42178 70.4655 18.7116 16.09353 89.0457 23.6776
12 16.37492 73.1176 19.3572 16.02977 92.6543 24.7402
13 16.32547 759170 20.0661 15.96277 96.4469 25.8935
14 16.27340 78.8643 20.8373 15.89244 100.4282 27.1413
15 16.21865 81.9632 21.6726 15.81866 104.6042 28.4891
16 16.16111 85.2203 22.5769 15.74131 108.9826 29.9441
17 16.10065 88.6424 23.5556 15.66025 113.5710 31.5141
18 16.03715 92.2366 24.6142 15.57534 118.3771 33.2071
19 15.97049 96.0099 25.7588 15.48645 123.4087 35.0317
20 15.90053 99.9697 26.9958 15.39343 128.6737 36.9970
21 15.82715 104.1234 28.3320 15.29615 134.1800 39.1126
22 15.75021 108.4786 29.7746 15.19448 139.9353 41.3884
23 15.66958 113.0429 31.3311 15.08826 145.9474 43.8349
24 15.58511 117.8241 33.0098 14.97738 152.2240 46.4632
25 15.49667 122.8299 34.8192 14.86169 158.7725 49.2847
26 15.40413 128.0682 36.7681 14.74106 165.6003 52.3114
27 15.30734 133.5468 38.8662 14.61538 172.7144 55.5555
28 15.20617 139.2737 41.1234 14.48452 180.1217 59.0301
29 15.10047 145.2564 43.5502 14.34836 187.8286 62.7483
30 14.99012 151.5028 46.1574 14.20681 195.8411 66.7238
31 14.87498 158.0203 48.9566 14.05976 204.1648 70.9706
32 14.75491 164.8162 51.9595 13.90712 212.8047 75.5028
33 14.62981 171.8977 55.1785 13.74882 221.7652 80.3352
34 14.44953 179.2716 58.6264 13.58478 231.0501 85.4824
35 14.36398 186.9444 62.3164 13.41497 240.6623 90.9593
36 14.22304 194.9221 66.2622 13.23933 250.6040 96.7805
37 14.07662 203.2104 70.4777 13.05785 260.8765 102.9610
38 13.92461 211.8144 74.9770 12.87052 271.4799 109.5154
39 13.76695 220.7386 79.7749 12.67736 282.4136 116.4579
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Illustrative Life Table: Joint Life Actuarial Functions, i = 0.06

Age iixx 11000 Axx 11000 (zAxx) dx:x+10 11000 Ax:x+10 11000 (zAx:erlO)
40  13.60357 229.9867 84.8858  12.47840 293.6755 123.8024
41 13.43441 239.5619 90.3247  12.27370 305.2625 131.5623
42 13.25943 249.4664 96.1064  12.06333 317.1700 139.7502
43 13.07861 259.7015 102.2457  11.84740 329.3924 148.3778
44 12.89194 270.2677 108.7571 11.62604 341.9222 157.4559
45  12.69943 281.1642 115.6552  11.39940 354.7507 166.9939
46 12.50112 292.3892 122.9537 11.16767 367.8678 177.0001
47  12.29706 303.9398 130.6661 10.93105 381.2615 187.4810
48  12.08733 315.8114 138.8051 10.68978 394.9184 198.4414
49  11.87202 327.9986 1473826  10.44412 408.8233 209.8841
50  11.65127 340.4941 156.4093  10.19438 422.9597 221.8099
51 11.42522 353.2895 165.8951 9.94087 437.3092 234.2171
52 11.19405 366.3746 175.8482 9.68395 451.8518 247.1016
53 10.95797 379.7377 186.2752 9.42400 466.5661 260.4567
54  10.71721 393.3656 197.1814 9.16142 481.4292 274.2728
55  10.47203 407.2435 208.5696 8.89664 496.4168 288.5375
56  10.22273 421.3546 220.4410 8.63011 511.5030 303.2353
57 9.96964 435.6810 232.7940 8.36232 526.6612 318.3475
58 9.71308 450.2029 245.6250 8.09375 541.8633 333.8526
59 9.45345 464.8990 258.9275 7.82491 557.0805 349.7258
60 9.19114 479.7465 272.6922 7.55633 572.2833 365.9390
61 8.92659 494.7213 286.9070 7.28853 587.4417 382.4614
62 8.66024 509.7977 301.5568 7.02206 602.5251 399.2593
63 8.39257 524.9491 316.6234 6.75745 617.5030 416.2961
64 8.12406 540.1477 332.0853 6.49524 632.3449 433.5327
65 7.85522 555.3647 347.9183 6.23597 647.0206 450.9279
66 7.58658 570.5707 364.0947 5.98016 661.5006 468.4383
67 7.31867 585.7356 380.5839 5.72831 675.7560 486.0192
68 7.05202 600.8289 397.3525 5.48092 689.7590 503.6243
69 6.78718 615.8203 414.3642 5.23847 703.4830 521.2065
70 6.52467 630.6790 431.5803 5.00138 716.9030 538.7185
71 6.26504 645.3750 448.9598 4.77008 729.9954 556.1128
72 6.00881 659.8785 466.4595 4.54495 742.7386 573.3422
73 5.75650 674.1606 484.0346 4.32634 755.1127 590.3606
74 5.50858 688.1934 501.6393 4.11456 767.1002 607.1233
75 5.26555 701.9503 519.2266 3.90989 778.6857 623.5869
76 5.02783 715.4057 536.7489 3.71254 789.8559 639.7107
77 4.79586 728.5362 554.1588 3.52273 800.6001 655.4561
78 4.57002 741.3197 571.4091 3.34060 810.9096 670.7874
79 4.35066 753.7364 588.4536 3.16625 820.7782 685.6720
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Illustrative Life Table: Joint Life Actuarial Functions, i = 0.06

Age i, 1,000 A, 1,000 CA) i 1,000 A, 1,000 CA,..,)
80  4.13809  765.7683 6052473  2.99977 830.2020 700.0806
81 393260  777.3999 621.7467  2.84117 839.1791 713.9874
82 373442 7886175 6379108  2.69046 847.7098 727.3701
83 354375  799.4102 653.7007  2.54760 855.7965 740.2101
84 336075  809.7690 669.0804  2.41251 863.4431 752.4921
85  3.18552  819.6876 684.0169  2.28509 870.6554 764.2049
86  3.01814  829.1617 698.4806  2.16521 877.4407 775.3401
87 285866  838.1892 7124451  2.05273 883.8075 785.8931
88 270706  846.7701 725.8879  1.94748 889.7655 795.8619
89 256332  854.9067 738.7899  1.84925 895.3253 805.2478
90 242735  862.6027 751.1355  1.75786 900.4984 814.0543
91 229908  869.8636 7629129  1.67309 905.2969 822.2875
92 217836  876.6967 7741136 1.59471 909.7331 829.9554
93 206505  883.1102 784.7323  1.52251 913.8199 837.0680
94 195899  889.1137 7947670  1.45626 917.5703 843.6367
95  1.85998  894.7179 804.2185  1.39571 920.9973 849.6744
96 176783  899.9341 813.0901  1.34065 924.1140 855.1951
97  1.68232  904.7742 821.3876  1.29084 926.9335 860.2140
98  1.60324  909.2506 829.1188  1.24605 929.4689 864.7475
99 153035  913.3762 8362934  1.20604 931.7333 868.8126

100 146344  917.1638 8429228  1.17060 933.7399 872.4279
101 140226  920.6266 849.0197  1.13946 935.5020 875.6129
102 134659  923.7777 854.5980  1.11241 937.0336 878.3888
103 129620  926.6301 859.6727  1.08917 938.3489 880.7785
104 125086  929.1969 8642600  1.06949 939.4630 882.8066
105 121032  931.4911 868.3771  1.05308 940.3917 884.5002
106 117437  933.5261 872.0421  1.03965 941.1518 885.8881
107 1.14277 9353151 8752746  1.02889 941.7609 887.0017
108 1.11526  936.8720 878.0956  1.02047 942.2374 887.8735
109  1.09161 9382110 880.5276  1.01406 942.6001 888.5376
110 1.07154  939.3470 882.5952  1.00934 942.8678 889.0280
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ILLUSTRATIVE SERVICE TABLE

Appendix 2B

Age

x I de a® day day S,
30 100 000 100 19 900 — —_— 1.00
31 79 910 80 14 376 — — 1.06
32 65 454 72 9 858 — — 113
33 55 524 61 5 702 — — 1.20
34 49 761 60 3971 — — 1.28
35 45 730 64 2693 46 — 1.36
36 42 927 64 1927 43 — 1.44
37 40 893 65 1431 45 — 1.54
38 39 352 71 1181 47 — 1.63
39 38 053 72 989 49 — 1.74
40 36 943 78 813 52 — 1.85
41 36 000 83 720 54 — 1.96
42 35 143 91 633 56 — 2.09
43 34 363 96 550 58 — 222
44 33 659 104 505 61 — 2.36
45 32 989 112 462 66 — 2.51
46 32 349 123 421 71 — 2.67
47 31 734 133 413 79 — 2.84
48 31109 143 373 87 — 3.02
49 30 506 156 336 95 — 3.21
50 29 919 168 299 102 — 3.41
51 29 350 182 293 112 — 3.63
52 28 763 198 259 121 — 3.86
53 28 185 209 251 132 — 4.10
54 27 593 226 218 143 — 4.35
55 27 006 240 213 157 — 4.62
56 26 396 259 182 169 — 491
57 25 786 276 178 183 — 5.21
58 25 149 297 148 199 — 5.53
59 24 505 316 120 213 — 5.86
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Age

x 1o 4 dg d9 49 S,

60 23 856 313 — — 3 552 6.21
61 19 991 298 — — 1 587 6.56
62 18 106 284 — — 2692 6.93
63 15 130 271 — — 1350 7.31
64 13 509 257 — — 2 006 7.70
65 11 246 204 — — 4 448 8.08
66 6 594 147 — — 1 302 8.48
67 5 145 119 — — 1522 8.91
68 3 504 83 — — 1381 9.35
69 2 040 49 — — 1 004 9.82
70 987 17 — — 970 10.31
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Appendix 3

SYMBOL INDEX

Symbol Page Symbol Page
a 608 % 281
a(x) 72 iy, 286
a, 146 - 561
ag) 146 (aA)(x) 622
T 137 (aA), 615
Tp, 625 (aC), 624
7] 134 (aF), 624
a, 135 (all), 624
A, 627 (@V)(x) 622
A 143 @v), 618
a; it A(h) 481
Trvs 551 A, 629
Lt 351 A, 111
o e A, 96
2z 149 A 121
”Tn)} 156 AR 192
ik 155 A o5
s 638 A 115
4l 641 A.- 102
A 147 Al 101
B 137 A, 638
b 144 LA, 641
i 153 i

5o 156 A 95
! 155 Al 195
i 139 zgi‘ﬂ 182
e 8 A, 103
8 148 i’ 108
ol 138 u 281
| 145 xy

a}CyLZ 572 -

it 290 Ay 294
by 280 Ay 293
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Symbol Page Symbol Page
A 280 8 68
Al 283 8, 512
2 flxyﬂ 281 gxﬂ 71
Ay 565 €y 272
Aszm 561 eg 272
(AS 486 2, 272
AS 512 P -
(AS)n 351 B 5 A5
(AAI) 526 r 501
E 501
b(u) 587 ) g 101
b 2% (ES)s 351
b, 94 ELRA 525
by(t) 600
B, 611 J; 609
By 344 Faust) 490
BY, 342 E ) >3
,BP 509 P 629
F® 35
¢ 410 Fy(s) 34
e 486 F 513
&, 512
c(t) 399 G 4, 449, 467
G 651 ¢ 531
G 651 G(b) 407
G 651 Gx:uB) 387
C, 234
KLV 486 h(x) 453, 609
| H(r) 600
(6]
dé’ 3;2 H(x:o,B,%,) 387
o o o 548
o e () u) 548
(DA 117 i(s,5+1) 656
n Py 59 I 445
QW 316 I”’(x) 17
g 316 a
29 il 638
(IA), 115
e 1‘68 (1A), 106
€1 83 (IA), 106
e 69
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Symbol Page Symbol Page
(I™A), 106 P 310
(1A)L5 118 PO 319
Py 264
] 149, 308 P 268
js,s +t, s+ u) 656 WPyt 575
Prw 560
k. 214 P(x) 318, 622
K 55 P(st) 656
K(x) 54 P, 616
K(xy) 267 Tp, 610
K(xy) 271 pe 501
P, 180
1, 58, 593 P, 638
Z["%“‘ 75 P, 638
IS 316
* pa
() 587 P gi
I () 600 P"_‘” 573
L 170, 417 P 183
L, 416 pi 183
L, 70 e
Pl 195
L(h) 481 pon 9
L 206 ) 36
12 489 D 183
t P, 183
L, 467 e
12 489 (Pa)(x) 622
e (Pa) 619
£(x) 58 %
o0 316 P(A,7) 188
x P(,ii,) 183
P(,a,) 173
.0 322 PA) 189
el ol Pm(A) 191
m)r((j) 322 If(f_lfR) 192
ot " P(A,7) 173
Mx( ) ) P(Aly) 173
) P(A,L) 173
P™(A,2) 189
I’i](”) ggg Po(AL) 189
WP(A) 173
N(t) 406, 519 "P(A.) 173
P™(A.) 189
' 641 e g
ch)) 369 wP"(A) 189
208 WPM(A ) 191
5k o P(Agd) 573
x]+r A 2
pg ’]‘(+x) 70 P(A. 573
tpx 53
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Symbol Page Symbol Page

Pl 195 T(x) 52
T, 70, 347, 593
Tos o 79 T(xy) 263
x 350 T(xy) 268
q¥ 350
q; 350 1(w) 4
g 350 U(h) 481
4 512 u(t) 399, 481
Oy 263 U, 629
s 54 u, 401
iy 53 u, 405
e 310
g% 310 v, 94
g0 319 0, 645
s 53 Vi 206
a0y 291 Vi 629
e 292 Vs 215
Wy 267 Vi 216
02 566 Vs 216
1 Voh 216
o 569 VET 521
Vo 574
r 608 "W, 216
i 526 A 216
e gig ny 222
r Mod
(fA)t 611 mﬂ,, >17
(F), 629 (V) 216
(T’V)t 629 t‘{(nlax) 212
R 410, 594, 601 V(4 206
R 401 V(A) 212
R(x,ht) 352 V(AR 212
V(AD 212
s(x) 52 V(A 518
5 194 V(As) 574
s(ox,u) 587 VA 224
5.7 140 V(APR) 225
8 146 "V(AL) 221
S 27, 367 "W(A,) 212
S(t) 399 "V(A,) 212
S, 401 VimA ) 224
S, 351
.SC 500 w(x) 608
W, 354, 402
T 55, 400 W, 608
T 401 W 503
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Symbol Page Symbol Page
W, 503 ) 96
W 503 5, 96
"W, 503
(Wa), 627 0 41, 617
(A, 503
WA, 7) 503 A(t) 625
"W(A,) 503 A(t,n) 659
A 373
(x) 52 A, 242
(%5 * +  x,,) 263
(x5 =+ - x,,) 268
k w(x) 55
XXyttt X, 556 () 79
[K] ny 351
XXyttt X, 556 nd 351
X, 27, 367 Ty 351
X(0) 617 ud(t) 311
(b 311
Y 134 Py (£) 266
y(s,5+m) 657 () 270
Y(t,n) 659 (1) 589
z, 94 o 230
V4 94 oy 597
wZ, 352
p 610
o 294, 519
a(m) 152 T 310, 608
a 520
aCRVM 522 $(x) 600
b(x,u) 600
B 519, 610
B(m) 152 P(u) 400
B 520 b(u) 401
BCRVM 522 W(u,t) 400
B(x,u) 600 P(u;w) 427
Y(u,w) 404
() 374
® 63
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Appendix 4

GENERAL RULES FOR SYMBOLS
OF ACTUARIAL FUNCTIONS

An actuarial function is represented by a principal symbol and a combination of
auxiliary symbols such as letters, numerals, double dots, circles, hats, and horizon-
tal and vertical bars. The principal symbol expresses the general definition of the
function; choice and placement of the auxiliary symbols at the top and corners give
precise meaning. We review the rules for selecting and placing the symbols and
show one or more functional forms in common application areas.

This notation is based upon the system of International Actuarial Notation (IAN)
that was originally adopted by the Second International Congress of Actuaries in
London in 1898 and is modified periodically under the guidance of the Permanent
Committee of Actuarial Notations of the International Actuarial Association. IAN
is a basic system of principles that does not cover all areas of actuarial applications.
In this text these principles have been followed, and sometimes extended, to con-
struct consistent notation where needed.

This Appendix is meant to provide the reader with an overview of basic patterns
for expressing the symbols appearing in this book. Although it is a good introduc-
tion to IAN, it is not exhaustive. Authoritative sources for further reference are:

* Actuarial Society of America, “International Actuarial Notation,”” Transactions,

XLVIII, 1947: 166-176.
* Faculty of Actuaries, Transactions, XIX, 1950: 89.
* Journal of the Institute of Actuaries, LXXV, 1949: 121.

An actuarial symbol can be viewed as illustrated below. Box I represents the
principal symbol, the others subscripts or superscripts. The roman numerals in the
boxes correspond to the section designations of this Appendix.

VI v \%

I I
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Section |I.

Center

Principal
Symbol

Description Topic

Effective rate of interest for a time period, usually Interest
1 year, or with a superscript in Position V, a
nominal rate.

Present value of 1 due at the end of the effective
interest period, usually 1 year.

Force of interest, usually stated as an annual rate.

Effective rate of interest-in-advance, or discount
rate, for a time period of usually 1 year, or with a
superscript in Position V, a nominal rate. This
symbol never has a subscript in Position II.

Expected number, or number, of survivors at a Life Tables
given age.

Expected number, or number, of those dying
within a given time period. This symbol always
has a subscript in Position II.

Probability of surviving for a given time period.
Probability of dying within a given time period.

Force of mortality, usually stated on an annual
basis.

Central death rate for a given time period.

Expected number, or number, of years lived
within a time period by the survivors at the
beginning of the period.

Expected total, or total, future lifetime of the
survivors at a given age.

(The above are survivorship group definitions of
the life table functions denoted by /, d, L, and T.
For the alternative stationary population
definitions, see Chapter 19.)

Actuarial present value (net single premium) of Life Insurance
an insurance or pure endowment of 1. and Pure
Endowments
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Principal
Symbol

Description Topic

(I1A)

(DA)

(la)

(Da)

P

Actuarial present value (net single premium) of
an insurance with a benefit amount of 1 at the
end of the first year, increasing linearly at a rate
of 1 per year.

Actuarial present value (net single premium) of a
term insurance with an initial benefit amount
equal to the term and decreasing linearly at the
rate of 1 per year.

Actuarial present value of a pure endowment of
1.

Actuarial present value of an annuity of 1 per Annuities

time period, usually 1 year.

Actuarial accumulated value of an annuity of 1
per time period, usually 1 year.

Actuarial present value of an annuity payable at
the rate of 1 per year at the end of the first year
and increasing linearly at a rate of 1 per year.

Actuarial present value of a temporary annuity
with an initial payment rate equal to the term and
decreasing linearly at a rate of 1 per period.

Level annual premium rate to cover only benefits, Premiums
usually determined by the equivalence principle.

Reserve to cover future benefits in excess of Reserves

future benefit premiums.

Face amount of a paid-up policy purchased with

a cash value equal to the reserve.

(Principle symbols for benefit premiums, reserves, [Examples:
and amounts of reduced paid-up insurance, P, V, P, P(A,);
and W, are combined with benefit symbols unless WV (A
the benefit is a level unit insurance payable at the pan(, G02)]
end of the year of death.) 3013

Salary scale function used to project salaries. Pensions

Average of a given number of salary scale
function values, usually at unit intervals in the
independent variable.
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Section Il.

Lower Space to the Right

Auxiliary
Symbol Description Examples

x; 10 A single letter or numeral is the individual’s age  a,; a4,
at the commencement of the overall time period 95 5910
implied by the principal symbol. A Ay

n); 10| A term certain is indicated by a single letter or A i
numeral under an angle.

[x]; [35] Alphanumeric expressions enclosed by brackets Iy lige10

[x] + & indicate the age at which the life was selected. A Apsy d{357n]+n

[35 — n] term, representing duration since selection, may

+n be added to the bracketed expression to express
the attained age of the life.

xyz or x;y:z  Two or more alphanumeric characters indicate a Ly Asyz

25:10] joint status that survives until the first death or bos5; Pos1g
expiration of the indicated lives and terms certain.

/N This symbol emphasizes the joint status when Ak
ambiguity is possible.
Numerals can be placed above or below the A

x10; xyz
1

xyz; 65:60:10)

individual statuses of a collection of alphanumeric
characters to show the order in which the units
are to fail for an (insurable) event to occur.
Benefits are payable upon the failure of the status
with a numeral above it.

A horizontal bar over a collection of
alphanumeric characters defines a status that
survives until the last survivor of the individual
statuses fails.

A single alphanumeric character, say, 7, above the
right end of the bar over the set of alphanumeric
characters defines a status that survives as long as
at least r of the individual statuses survive. If the
r is enclosed in brackets, the status exists only
while exactly r of the individual statuses survive.

1_.
x|’ wqug
12

A_

a xy:n|

Xyz’

gL, A_2

xyz 1 “lxyz
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Auxiliary
Symbol

Description

Examples

ylx; 60[55
j;zlx

A vertical bar separating the alphanumeric
characters indicates that the income or coverage
of the principal symbol commences upon the
failure, as specified, of the status before the bar
and continues until the failure of the status
following the bar, providing the statuses fail in
that order.

Aylx

a.. 3
wyz|x
1y|

Section lll.

Lower Space to the Left

Auxiliary
Symbol

Description

Examples

n; 15

nlm; n|

A single alphanumeric character shows the time
for which the principal symbol is evaluated. For
an annual premium, P, this position shows the
maximum number of years for which the
premiums are paid if this is less than the period
of coverage of an insurance or the period of
deferral for a deferred annuity.

An alphanumeric pair separated by a vertical bar
indicates a period of deferment (left of the bar)
and a period following deferment (right of the
bar). In some cases, when either is equal to 1 or
infinity, it can be omitted.

WP 15E30

20P2s 20V40:%\

n|qu; n[ax
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Section IV.

Top Center

Auxiliary
Symbol

Description

Examples

The double dot (dieresis) on an annuity symbol
indicates that the payments are at the beginning
of the periods, that is, an annuity-due. Without
the dieresis, the annuity is an annuity-immediate
with payments at the ends of the periods.

A horizontal bar indicates that the frequency of
events is infinite. For annuities the payments are
considered to be made continuously, and for
insurances the benefit is paid at the moment of
failure.

A circle (degree sign) means that the benefit or
lifetime is complete, that is, credited up to the
time of death.

ax; Sm

No
o

x/

Section V.

Upper Space to the Right

Auxiliary
Symbol

Description

Examples

(m); (12)

{m}; {12}

An alphanumeric character in parentheses shows
the number of annuity payments in an interest
period, usually 1 year. For an insurance it is the
number of periods in a year at the end of which
the death benefit can be paid. On multiple
decrement symbols it indicates the cause of
decrement to be used or that the total of all
decrements is to be used.

An alphanumeric character in braces shows the

number of apportionable annuity-due payments
in a time period, usually 1 year. On a principal

symbol of a premium or a reserve, it shows that
premiums are paid on this basis.

An alphabetic character indicates the special basis
used for the actuarial present value.

12

S%ﬁl); A&m)
2).

q%; Y

.- {12
a[SO:JZ_O\; Pg})}
V(A

ey, "i
Agsr iy
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Section VI.

Upper Space to the Left

Auxiliary
Symbol Description Examples
h; 2 Alphanumeric character indicating the number of %V,

years during which premiums are paid if this is
less than the coverage period of the insurance or
the deferral period of the deferred annuity. This is
used only on the principal symbols V or W where
Position III is used for the time for which the
function is evaluated.

In this text a new use for this position is to show
that the actuarial present value of an annuity or
an insurance is calculated at a multiple of the
assumed force of interest.

2A .25
Axl aZO:ﬂ
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Appendix 5

SOME MATHEMATICAL
FORMULAS USEFUL
IN ACTUARIAL MATHEMATICS

The purpose here is not to recall familiar standard formulas and techniques, but
to indicate some that may be less familiar to actuarial students.

Calculus
If
B
F(t) = " f(x, t) dx,
then
ar® _ [ 4
0 2 fx, b dx + f180, D 2 B0

- flett), 1 < oo

Calculus of Finite Differences
Operators
a. Shift:

E[f)] = flx + 1)
b. Difference:

Af(x) = f(x + 1) = f(¥) = (E = Df(x)
c. Repeated differences:
A'f(x) = A[A" f(x)]
=E - D" flx)

= ;;) @) flx + k)
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d. Difference of a product:
Alf(x) g(0)] = fx + 1) Ag(x) + g(x) Af(x)

e. Antidifference:

If
Af(x) = g(),
then
A g(x) = flx) + w()
where
w(x) = w(x + 1).
Applications

a. Representation of a polynomial (Newton’s formula): Let p,(x) be a polynomial
of degree n; then

P = 3, (x . ”) A'p,(@).
b. Summation of series:
If
AE(x) = f(x),
then
f) =F@2) - F(1)
f2) = FQ3) — F(2)

f(n) = F(n + 1) — F(n)

n+1

2, f) = F(n +1) = F(1) = A™" f(x)
c. Summation by parts:

n+1 n+1

E g() Af(x) = f(x) g()|  — AT'[f(x + 1) Ag(¥)]

1

[Proof: Sum each side of the equation for A[ f(x)g(x)] from x = 1 to x = n.]
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5.38. v p, (1 — ,py) @2, + 0V ,p, —"i”—de—“—”
m> — 1 2m* — 5m?* + 3
41, a. =1+ ¥ + ¥t + .-
541 a. a(m) 12m2 720"
m—1 m+ 1 m(m + 1) (m + 1)(6m?* — 4)
— + 5 + 2 + 3 P
BUm) = = om [1 3m e om0
1 1
b. =1+ =8+ 5+~
() 12° T30 °

1 1.1 1
=-[1+=8+=-8+=08+---
B) 2[ 3°712° T 6o ]
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I I I I\ - A
A4, =+ {J-< ), s+ J-3)AL{T—-<) CA, - A2
5.45. a. 14353 b. 13.350 c. 1.002
5.51. a. 488.23 b. 70048 c¢. 531.77
5.53. dss15 = 7.45735
5.54. 5515 = 7.19783
5.56. 5515 = 7.19783
5.57. ag1q = 6.46348, Var(X) = 1.82621
5.58. ') = 10.13343, Var(Y) = 16.87662
5.59. 10.41532
Chapter 6
6.1. —0.43202, 0.39760
6.3. 0.303598
6.4. a. 0.02 b. 0.00857 c¢. 0.02885
W =24
6.6. o+ 2 N
6.10.
Annual Premiums for (35)
Fully Fully
Insurance Continuous Semicontinuous Discrete
10-Year endowment 0.075128 0.072885 0.072810
30-Year endowment 0.015371 0.014894 0.014751
60-Year endowment 0.008913 0.008621 0.008374
Whole life 0.008903 0.008611 0.008362
30-Year term 0.005117 0.004958 0.004815
10-Year term 0.002669 0.002589 0.002514
1—-r 1-r
. . = - . s Px = .’
6.12. 4, 1+i—7r 1+
i = 1+
Y14+ —7
A, — A2 1 —=rr
@i — 1+2i+i2—v
6.13. 0.019139
6.15. 0.032868
6.16. 0.0413
6.17. With the common (A,,35) omitted from the premium symbols,

P=p® <=p¥<=pi2<p
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.18.
6.18 9%
6.19. 740.93
6.21. P(A’}s35) where A’} is the actuarial present value of a 20-year term insur-
ance on (45) under which b, = 5
6.22. a. 11.5451, 20.4106 b. 6.3099, 25.6458
6.24. 1Py
1)
6.25. b. PYI(A;" ) + 402
65:10]
6.26. _ 100,000 _
6.27. 0.008
608, 11,000 A, + 25 i, 5
dz9 — 1.1(I5A),
6-29- 2 A25 _ Azétlo
2 ﬁZS:m - d25:1_0]
6.30. L, = v" ~ P(A)ag =1 — <dl>dﬂ =1L,
6.31. a. —0.08 b. 0.1296 c. 0.1587
6.32. ——éﬁ—*—‘
2ax — 4,5 -
. . _ (Al — AL
633 ,P"(A,) ~ xP"(A) = HP(A) (—T—U—J)
Bﬂx:m
=\ /8 —
M-(6u+{3) —£<u<1
6.35. a. FL(u) — Su+P\3d+P )
0 elsewhere
1
6.36. a. —
V3
b. 0.02
Chapter 7
71. ,V =015111 ,V =0.30809 ,V = 047118 ,V = 0.64067
72. V=1014925 ,V =0.30492 ,V = 046741 ,V = 0.63712
73. ;V=12871 ,V =269 ,V =42553 ,V = 59748
74. V. =015064 ,V =0.30730 ,V = 047025 ,V = 0.63980
5
75. a. 1= —;— J oL~ A+P/R=P/3] gt where § = log(1.06)
0

100

4 = = —
.V =10 log (;ll- fo 011067 A+P/8)~P /3] dt) where P and $ are as in (a)
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7.6.

7.7.

7.8.

7.9.

7.10.
7.11.

7.12.

7.14.

7.15.

7.16.
7.18.

7.19.

b. P = 0.388380, ,V = 0.182825

[ = UU—P(Axﬂ)ﬁﬁ\ uUu<mn-—t
! vt — P(Axﬂ) G U=n—t

ZA ; . Az —
E[L] = 4.5, Var(L) = B oy

52
a. A45:E\ - 2013 (A35:%|) A45.79) b. A5(1):5|
_ —log(4)

Y <v"t - p(Axﬁl) d;thl

vt = P(Ag) Gy =y <1

a. 1 B2 b 232476
41.7524
Fu(y) = 0
_ 1. 8y + P(Ag)
e (t 58 3+ P(A.p)
F =
&l 1= Froll)
Fu(y) =1 y=1
Fu(w) = 0 y < P(ALy) aiy

1~ Fpy(n) _,p
= = "I\ _
Fuly) 1= Fry(t) .1,
1. dy+ P(A,t;p)
1 - F X t - = 10 R
" ( 5785 + DALy
1- FT(x)(t)

P,L(y) =

~P(Az) G =y < V"' — P(ALy) d

vt = PAL) =y <1

Aso - 2015 (A40) a_sozl_ol/ [10P (A50) - 20P (A40)] ’7505()]/

_ 20P(Ay)

ke Acy, 20P(As) 51070 — 10k
WP Aso)] 50, 200 (Agg) 40:T0] 10%40

L

Asoﬂ - P (A4o:ﬂ) aSoﬂ/ [13 (ASO:TOI) - P (A4o:%|)] 550:'1_07/

| _ PAum)

13( Aso;iﬂ):l A5o;ﬁ|r P (A40:70]) 5-40;@ - 10E40/

_ ﬁso;ﬂﬂ P (A50:1_0|) - P (A40:E|) ASOm “‘ A40:E|

0740;@’ p (Asom) + 9 T1- A4o:§d
p (30|‘735) 535301
(7.3.3)

Aso - 20P 40 dso:Tﬁlr (1013 50 20P 40) dso;ﬁ\/ (1 -

20P 10 54070 — 10K40

ZOP 40

10P50

) A50/
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7.20. Asoﬂ - P 40:20] iiso;ﬁlr (P 50:100 p 40:@) ﬁso:mr

P 30 .
<1 - P4O'2> Aso1a, Paoz 8a019 — 10Kaos
50:10

1 — ﬁso:ﬂ p 50:10] P 40:20] A50:1_0\ — A40:2_0|
d40:i)| p 50:10| +d 1- A40:E1

1
7.22. =
5
7.23.
Fully Fully
Insurance Continuous Semicontinuous Discrete
30-Year endowment 0.17530 0.17504 0.17407
Whole life 0.08604 0.08566 0.08319
30-Year term 0.03379 0.03370 0.03273

7.24. (b) and (c)
7.26. All but (d)
7.27. All

7.29. 0.008

7.30. 0.240

7.31. a. 0.005527
b. 0.051255
c. 0.946122
d. 0.132109

7.32. a. 0.0241821 b. 0.0189660

Chapter 8

. 1-r

1+
A-nn1+i+r
A+ +i-7)

8.1.

J b V' py p(8) dt
0

82,
f w(t) vt ,p, dt
0

BT
8.5. a. (Px+l - Uq.x+h) wPx V4«
b. (Px+1 - qu+h) hpx(v ]px qx+j + ]qx Px+1)
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c. lf Py = vg,p, <0, then Cov(C;, C,) <0 forallj <h
86. If1 — vg,,y 5= < 0, then Cov(C, C,) <0 forallj<h

8.13. (Ax4 ) is omitted from the reserve and premium symbols

1 1
V+5P b 20V+

2 20V + 21 5 21V
C. E 2OV(Z) + E 21V(Z) d. 5 2OV(Z) + g 21V(Z) + 5 PR
2 1
e. Same as (b) f. = 0V + = 3 WV + gpm

8.14. 0.05448
8.17. b. Var(L) = 0.076090

8.18. a. 0.0067994 b. 0.1858077 c¢. 0.2012024
d. 0.0275369 e. 0.0255406
8.21. _tpx[6 tV(Ax) + p(Ax)]
822. a. p, [w, + 8,V — b, p(1)]
b. v'[m + p(t) V = b, p(t)]
c. v p, [m = b, (1))
.and b. 1,491.03 c. 343.84 d. 0
. 1,490,915
. 6,450,962; 1,495,093, which is 1.00280 times the reserve
. 5,311,375; supplement is 3,791, which is 0.00254 times the reserve
. For b.: 645,096,250; 149,133,281, which is 1.00028 times the reserve

For c.: 531,137,500; supplement is 37,911, which is 0.00025 times the
reserve

8.26.
8.27.

o

Q. n T o

8.28. a. 1,104,260 is the reserve for these policies
. 6,450,962; 1,108,438, which is 1.00378 times the reserve
. 5,311,375; supplement is 3,791, which is 0.00343 times the reserve
. For b.: 645,096,250; 110,467,781, which is 1.00038 times the reserve
For c.: 531,137,500; supplement is 37,911, which is 0.00034 times the

reserve
8.29. 5,0000;,V(As) + P (As) + 1,V(Ay)]
830. a. 0.2 b. 025 «c. 0.7584 d. 0.27
8.32. 0.081467

8.34. a. 355.6563
b. 2,614.2511

Q. n Tw

8.35. a. 100,000 —@—

b. 100,000 A35+k;m1 + SA351+k:m\
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_ 1
o5 S-’?as:ﬁ
ASS:I_cI

d. S = 18,575.08, ,,V = 53,962.62

Chapter 9
91. a. 1 — a +ls)n_2 — a +1t)”‘2 + 1+ sl+ T s>0,t>0
b. fr(®) = (—1”113% s >0
Frp(s) =1 — (T—Jr—ls—)n—_—z s>0
M(x"‘s):’;;i §>0
1

9.2.

9.3.

94.

9.6.

9.7.

9.8.

9.10.

c. Cov[T(x), T(y)] = n - Hn - 3)2 Preyry) — ;1__:_5

1

_—_— = t=
A+s+p2 ° 0 t=0
Eoos,H=|1-——|l1-—L1 _ >0,t>0
TT(\S, 1) = 1+ s)"2 a+ 2 5 ’
1 1

s=0,t=0

SremolS D = g 1 1 gy

a. P Py
b.pe + Py = 2 px iy

ConPr T by = aPx Py

d. 1 = .p. Py

e. Same as for (d)

£ 1= )0 =) =1 = e =y T P by

nqxx

1
1
ST(xy)(t) = (1 T 2t)""2 I = O
1
E[T(xy)] = 2 = 3)
_ 3
% 0<t<10
fT(xy)(t) = !
0 elsewhere

nfx F nfly = uflx iy
No, since for , g the second death must occur in year n + 1, and this is not
the case for the requested probability.
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2,1
(1L+ 972" 1+ 202

1 1
fT(Ty)(t) = 2(” - 2) [(1 + t)n—l - (1 + 2t)n—1:| t>0

b. EITH = 50

2n —2) [1/Q + o' =1/ + 26 1]

9.11. a. FrgyH) = 1

t>0

. pglf) = >
¢ bt /(L + 82— 1/ + 2072 =0
2

9.12. 2
9

913.2. % b o ¢ 1806 d. 3694 e 16011 f 18233

g. 8295 h. 0.49
9.14. p,(0) &, — 1

531
9.17. 2 000
1 (@ — 1) @ — 1)(e= — 1)
18. a. — 1+ — .
918aalog[ ra— b(e"‘—l)+(e°“—1)2
0.05a __ 0.03ac __
9.19. < log [1 G DI l)]
o e —1

9.20. a. 0.001500 b. 0.000266 c. 0.004232

9.21. An annuity of 1 payable at the end of each year for n years and for as long
thereafter as (xy) exists.

9.22. An insurance of 1 payable on the death of (x), or at the end of n years,
whichever is later.

9.24. ﬁ25;ﬁ + a_30:ﬁ| - 525:3()2%\

9.25. 030 t 2525 ~ 252530

1. 1. 1.
9.26. g Gy + E Gym + 5 Ao

927 ax:a + Un npx ax+n:y:m

9.28. 555 T 2040 ~ 511084055 ~ 20/240:55

..(m)
a
9.29. a. [@™ + p(atm — Gm b. =
[ x P( y xy )] a'gn) + p(d;'n) — ag}'/l))

9.32. a. 7.0753 b. 7.0756

3 2
35 . w==-x+%
9.35. w 5% 5Y

9.37.

9.41. .4}, = 4.
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9.44. ASO - AS%-ZO;E]
045, ALy — AL + E, Al

9.46.

9.48. %, 52.68

949. a. a, + a; —a,; b. v g,

9.51. “‘(x) €y — ooqu
9.52. a. (p, + N)e 2™ t>0

b. e (b2t t=0
A
c. ————
Ryt opy A
Chapter 10
10.1. a. e ™ ud b. ﬁfﬁ c. e
j50 — ¢ 3(50 — #)? ] ]
2, aa———" b.—/——— ¢ - d =
10 a 508 b 508 ¢ 3 d 3
10.3. a. f{(t) = ;9(u1 + v)e @ 4 (1 = p)(u, + vy)e” M2t
F) = v (1 )u2+v2' £ u, + v, (a p)u2+v2
b ST(t) = pe"(u1+vl)t -+ (1 — p)e'(“2+v2)t
104. pf) = 0.75321, 4q% = 0.03766, 19 = 0.16504
10.5. a. 302.4 and 21095 b. 231.0 and 177.64
10.6. a. k(1) = 0.231, h(2) = 0.4666, h(3) = 0.3024
b. h(1jk = 2) = 025, h(2lk = 2) = 0.75, h@3k = 2) = 0
10.7. 19 = (@ — x)e™%, dP =e* (1 — e,
A2 =@—-x—1De*—(@—x— 2!
a2
10.8. 1,000 <” - z ) e
109. a P(T) (I-Lgxﬂ) - M(x)) b. £x+t) (]) ME% - Mf:pﬂ) C. tpy) 83 +1)
10.10.
kK g®=1- @) g® =1~ (i’
0 0.17433 0.27332
1 0.11210 0.21163
2 0.05426 0.15410
3 0.00000 0.10000
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10.11

10.13.
10.14.
10.15.
10.16.

10.17.

10.18.

10.20.

10.21.

10.22.

1

.a.l—e° b.c c CJ PO dt
0
0.0592
a. 0.0909 b. 0.0906
k m;{l) m;{Z)
0 0.18750 0.31250
1 0.11765 0.23529
2 0.05556 0.16667
3 0.00000 0.10526
. Y
62 0.76048 0.01767 0.02665 0.19520
63 0.85027 0.02054 0.03193 0.09726
64 0.82115 0.02578 0.03705 0.11603
m;(rl) m;z) m;c3)
x =mD =g = m'® m® qe q? q®
62 0.02020 0.03046 0.22222 0.27288 0.01777 0.02680 0.19554
63 0.02224 0.03459 0.10526 0.16209 0.02057 0.03200 0.09737
64 0.02840 0.04082 0.12766 0.19688 0.02585 0.03716 0.11622
x m;l’ mgcz) m;(l) m;(z)
65 0.02073 0.05181 0.02073 0.05183
66 0.03141 0.06283 0.03144 0.06286
67 0.04233 0.07407 0.04237 0.07412
68 0.05348 0.08556 0.05355 0.08565
69 0.06486 0.09730 0.06499 0.09744

. 1
Revise (a) to m{ / (1 +5 m@)

. h — n+1
c. 1. tqg(]) = K] (1 — ¢ [k/(n+1)]¢ ) = I(] tqg")

i — n+1 .
gD =1 — g W/t =1 — (P

ii. g0 = Kj (1 — eB/log =1y = Kj 4%

£ .
tq;(]) — 1 . er(B/log oct-1) — 1 _ (tpgr))K]
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10.25.

1(2)

(1)
9k qx

0.17143 0.27027
0.11111 0.21053
0.05405 0.15385
0.00000 0.10000

W N = O

1 1
10.27. a. From ¢ = 4. [1 -3 .Y + /) + gq,’c(l) q;(z)], obtain ¢,®, then use

(9.6.3).
b. Obtain ¢ from a relation derived in Exercise 9.18,

g0 = g, [1 - % (7@ + qﬁf")]

10.28. &) = 0.94434
10.29. g5 = 0.015

$a8, | _18-1
10.30. 1 — e e
2 15 I

10.31. a. Approximate m{’, m? from q,", ¢;®, or approximate 4,%, 4.* from

m®, m®
= 44 1@
b.1- > k=11
,;0 A% 10
10.32. (The probability of decrement = (the absolute rate
due to cause j when of decrement
all causes are operating) due to cause j)

— (the probability that decrement will
occur due to causes k, k # j, and
thereafter the event associated with j
will occur prior to (x) attaining age x + 1)

10.34. a. fri{t, j) = op frle®  i=11t=20

')
1 — 9)R* a—1 ,—PBt )
ok )19(05 — j=2i=0
. 0 =1
ff(f)z{1—e §‘=2,
_ Ba tot~1 e*Bt
O =
@ —
b. E[T] = E, Var(T) e

Chapter 11

11.1. If 1 denotes death and 2 withdrawal for any other reason, the actuarial pres-
ent value is
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11.2.

11.4.

11.5.
11.6.

11.7.

11.8.

11.9.

40 40
20,000 L vt p5y e dt + 300 f
0

+ 12,000 v** P .
0.31075, 0.19717

2,250
a. Take S;; = 1. Then

(1.05)

(1.1)(1.05)
(1.1)%(1.05)¢
(1.1%(1.05)*

530+k -

w—31

b. 1,200 ;) VK12 P Saosk

t ) (2 =
v tp(;o M3oy b ao— o350+ dt

0=k<10
10=k<?20
20=k < 30
k = 30.

w—36
0.1 > oM P [25,000<@> - 10,000(1.05)k]

SSS

k=0

k=5 50

14
Yy 0 1
B g (k1) (

a. & 1\ (.Z
> v g g (20 4 k4 1) (s

) 640 ‘7§0+k+1/2

Z

3450+k _

S 320 a5y k41257172
50

Since g%, = 0 for k < 5, these sums could be extended down to k = 0.
b. In the first sum, the terms for k > 14 are changed to

SSO

k=15

ad V4
k+1/2 ,,(1) (1) 3750+k
U2 0 G0 (

) (22,400) 504112

c. In the answer to part (a), replace (20 + k + 1/2) by 20.

14
Senl:
a. R(30, 20, 15) = 8,000 + 720 >, =2t

j=0 550

14
> Ssoi; + (1/2) Ss

b. R(30, 20, 15-1/2) = 8,000 + 720 =°

17
k _
c. 8,000 ;—;3 vk kpgo) ‘7&('3+k A50+k+1/2

k-1

Sso

> Ssosj + (1/2)Ss01x

17
k+1/2 (1) () =0
d. X vl 45, 720 5
k=0 50

1
As50+k+1/27

which equals the sum with k = 8 to 17, or

i - 1/2 M ) = k+1/2 (1) ) =
S Z S50+ 5 it/ szB J50+; A50+j+1/2 T 2 U2 o] G0k A50+k+1/2
50

j=0

k=j+1
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11.10. 1.0756

11.11. a. 20,000 f Epl u$15 + f) =t 40“ . dt

40

b. 600 | vt i3 w15 + 1y S S04 (15 4 1) 2, dt

40

15
c. 600 L ' pio nS(15 + ) =0 40“ (15 + t) 15_ya3%., dt

40

where the w superscript on the annuity symbol indicates that it is to be
calculated using mortality rates appropriate for a life after withdrawal
from employee status.

” ¢ ' Syo+y du P
d. 1,000 v tpffo) ;Lgs)(15 + {8+ —— | ajy,, dt
15 0 540

Assuming S, is a step function between integral ages,

Led—1
kE—o S40+k) + S40+LtJ (t - I-t-l)
1,000 f ' P R5 + 1) | 8 + 5 Aoy dt
40
t
15 0 Syo+u AU
e. 1,000 fo tpflT()) “'25)(15 +6\8+ __*5— 15_t|dff0+t dt
40

Assuming S, is a step function between integral ages,

Lel—1
15 kZO S40+k + 540+LtJ (t - LtJ)
1 OOOf tpffo) lbzs)(15 +1) |8+ = S 15—t 404+ At
40

39

3 0 Sa0+k+1/2 -,
11.12. o vF12 0% 45k (0.60)35,000 30;k+1 2 Bk
- 30

w0 o S
2 V2 483 (060)35,000 <A A%,
< 30

) 0 ;‘6 A 7 “f36+k]ﬂl
11.13. a. 24,00

tl(3 75|
b. 24,000 (I, — 2015,)id25 where 24,000 315 and 24,000 20T are the an-
nual benefit premiums for the benefit for (35) and (45), respectively.

Chapter 12

121. § =X, + X, + -++ + X, where N is the number of cars and X; is the number
of passengers in an i.
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12.2. Let N denote the number of rainfalls and X; the number of inches of rain in

rainfall i.
12.3. a. npp; b. npp, — np?p? ¢ [p M(t) + 1 — p]"
124. a. 1.7 b. 081 c. 1.6 d. 044 e 272 £ 28216
125. a. 272 b. 5.1
12.6. €72, 0.2¢72, 0.42¢72, 0.681333¢2, 1.008067¢>

A

128 r=——— p=1-
T Tlogt— oy ¢
24 .23 ,—3x

12.9. 3 xT e

23!

12.10. Poisson with parameter A\p

12.12. Compound Poisson with A = 8, p(1) = 0.05, p(2) = 0.15, p(3) = 0.425,

p(4) = 0.375
12.13. Compound Poisson with A = 14, p(=2) = 1/14, p(1) = 4/14, p(3) = 9/14
1214 PN = n + 1) = A LV = 1)
n+1

12.16. a. 0.425 b. 0.3984 c. 0.184; no: Pr(N, = 1, N, = 1) # Pr(N, = 1) Pr(N, = 1)

12.17.
Compound
Compound Negative Compound
x/f(x) Poisson Binomial Binomial
0 0.011109 0.044194 0.001953
1 0.034993 0.069606 0.012305
2 0.070112 0.096827 0.039727
3 0.105111 0.108230 0.085805
4 0.130100 0.110967 0.137767
5 0.138723 0.104988 0.173661
E(N) = 4.5 E(N) = 45 E(N) = 45
Var(N) = 4.5 Var(N) = 9 Var(N) = 2.25
44 256 8
12.25. a. ®(2) = 09772 b. G <3 . 3>
12.26. b. i, —2 i P2t @/

Np 1+ OF ' (ra/p)(p(1 + )7

12.28. a. «, B
(0

i

Chapter 13
} u+1
13.1. a. =1 b. g Rt ¢ logE d. <ﬂ>
q p
f(t —s)
183 g
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13.5.
13.7.

13.8.

13.12.

13.13.

13.14.

13.15.

13.16.

13.17.

13.18.

13.19.

13.20.

0; v
a.3 b. 1

10
7 log 2

«(B)E) = G)E) < G)E)-G)E)

1\(p N\(p NN
o (o ) ()
L] <2><9P1 ©) 3 P 4 )\ 0p,
20r
1+ 1+ 0)2r —e*
2
a.§ b.2
n Ai
pl:;_
L5 .4 —17r + 54
27 U5 “3B -6 -7

¢ () - ()) - ()6)

= é —2u 1 —4u . — § — 1
e. Y(u) = 9°¢ + 5°¢ Check: ¥(0) 9" T+0
10 9
a. ? b. 2 C. (3—_7)2
4 (2 012 — 017\ _ 04(0.3) 0.067(0.8)
"\3/\024 - 11r++2) 03-r 08-—7
e. U(u) = 0.4e7 %% — (0.067¢ 08¢
__ 9 _ 1 « o _ 1 of o
a 6_1 +9’E[L] B <1 +e><3)’E[L]—1 +9<BZ+ B2
b. 40 = 75 1~ Glua)]
2 A/B)
p=
b — 2B 10
[E (AJB»]

)

Appendix 7

739



21

. X L= —3x + —7x
13.21. a 0 (e e~
29
b. —
105
.. 1009
" 11,025
13.23. a. fc, f\, ¥(u, ft) b. %
10
1324. —
324 5
A
gy -2 0=u=1
13.25. a. W'(u) = ; ;
“C"J!(u)—zll'(u—l) u>1

b'¢(u)=1—(1—%>e(”c>“ 0O=su=<1

Chapter 14
14.1. b. b’ pg
c. s =0.233

14.3. a. 31.35 days b. 2.99848 c
14.4. a. 0.13022 b. 0.09823 c. 0.05683

145. a. E[S] = 4.7, Var(S) = 16.40

7 10
b. A =17, p(1) = 17’ p4) = 17 16.7

14.6. a. 2, b A, > b?X; c. 167,293
=1 j=1

147, <2

Ek; G

1

o oet52)-weao (150

14.10. a. —[1 — Fs(x)] b. fo(x + 1)
14.11. fs(x) = 2x 0<x <1
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14.12.

x fsx) F(x) E[L]
0 0.050 0.050 3.500
1 0.124 0.174 2.550
2 0.180 0.354 1.724
14.13. a. 0.3885 b. 0.985
14.14. 0.8 E[I,] — 0.8 E[I] where [ = d + 6’%
14.15. 3.758
14.16. a. a=9—u— b. 0 <tand (1 +02 <1 + &
£ EV1+¢
14.17. a. oc=2—€_e-1 b. £ > 26
0 — «ﬁe_ﬂ _ 1 — re"B(l_")
18 ———, 1+[1+0) -1+ e Plr ="
14.18 R 1+[A+0)— @1+ &ePlr 1
~ 125 - 2a
14.19. R = —, = (.2
9 1= o) a =025
1 d— p
14.20. H; = o log {d) ( - )
d—p a’s?
+11 - - —d) +
R e R ol
Note: The answer of Exercise 14.9 is the limit of H; when a — 0.
14.21. Inverse Gaussian distribution with parameters o and B.
_ log d — (tm + ta?) log d — tm
14.23. a. e™® e"”“"z/z[l - @ < —d|(1l—-&|—"2—r—
{ Vtao Vto
b. m =38 — a%/2
—logd + 5 + t02/2> . (—log d+ td — t02/2>
c @ —de ™ @
< o Vi oVt
Chapter 15
15.1. a. Savings Account 566.50 Reserve 485.44
Surplus 81.06
566.50 566.50
Premium Income 550.00
Interest Income 16.50
566.50
Increase in Reserves 485.44
Net Income 81.06

b. 1 — ¥(5.28) = 0.00000
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15.3.

15.4.

15.5.

15.6.

15.7.

15.8.

15.9.

15.10.

15.12.

b. i. 7,425.56 ii. 183,833
c. i. 7,500 ii. 187,500
d. 7,425.56 e. 7,500 f. 0.171914

a. 288.41 b. 332.35
0.93 d[40]:ﬁ| + O.OSloE[40] l‘i[40]+10:ﬁ - 0-35
1,000 A 5 + 25 i, + 2.5

0.935
a=1+e¢ +e + e,
JPA) ra 81 Lt

c = e + de

1-p 1—;7E:FIT b
L PA)ta, 6 1 _ . f
1-p 1 — p E[B] E[B]

a. 200 b. 20 c. V200

a. 1st Year

Renewal Years a'b + 2.63

2.54, — 7.5
. ! _+_ X
b. All Years a'b 0954, — 0.25
: 1+ ik
G = G) Y, (1 = i, S
k=0 x+10

a'b + 1429 where a’

1,0004, + 054, + 2.5
0.952, — 0.25

15.14. b. j € — e byyy ot + 1) — ] Prse du
0

Chapter 16

16.1.

16.2.

16.3.

16.4.

16.7.

16.8.

) P; P,
W! Z W, according as = = =

Px+t<Fx

2
LWV -L-(1-0DA

10E40

k + <_lz _ 1) Axl-i—t:n—t
2

n—tEx+t

1
000 b (1 — L) Alg + E sEy

BW,o = 0.5829, (W35 = 0.6232, proportional amount = 0.5

Whole life: 1 — PP?‘ , n-Payment life: 1 —

x+k

1 - P2
n-Year endowment: ——=71
P x+kn—k|

Whole life: 1 — &ﬂ,
Px+k

BCRVM

n-Payment life: 1 —
n—kpx+k

P

n-x

7’
n—kPx+k
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P, — AL
where BCRYM = p 4 10xrl Tl

A
BCRVM
n-Year endowment: 1 —
I —
P .. — AL
where BCRVM — Px:ﬁl + 19 x+1“ x:1

i
16.9. ¢ 4, G e + Apppps (Morier +0) — 1

9 1+ 1y10—k
1610. (G, ~ G) >, (1 — g 16, 0 I(T)l)
k=0

x+10
16.13. b. <1 i ih“) (’9 "+h>
L+ 1 J\Pen

(Ta_)xﬂ/m + m|Ax

16.15.

!

K
16.16. O‘xM(’d = Aalcﬂ + KlEx/ BchIOd = Px+1 -

x+1

16.23. a. B =003, « = 0.01, 3 —a <005 b. 028 d. 0.0867 e. 0.0278

P i—m —
1624. o = B?Z%I/M - (19Px+1 - Aylc:ﬂ)l B = - Zx.ls -

x:14)
1625. T = R —  p

Chapter 17

171, ay + f U° Py ds

Al — 20 ~ _
17.7. =8 lok Sv S+ a5(Alm — Al), or

dzq — Gy T v? 15Px G155 — v 20Px 5
[1,000 A, 35 + 120(a% — at3)]

Ay20

17.8.

17.10. a.
vT A3 T=15
z_Jvag 15<T=25
vWam 25<T=35
v® a7t=35, T > 35

15 25
b. fo U G5 Pao Mgolt) dt + dgg .’;5 v Pao Mao(t) dt

35 fe )
+ v® ) Ls Pao Ryo(t) dt + v® .Ls 0= P40 Peao(t) dt

17.15. 203,421
17.16. a. 55 b. 53,759.04
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17.18. c. as 8 — 0 p®
asd— o u®/4
Chapter 18
18.1. a. Either 2 or 4 of w, x, y, z survive to time ¢

b. Either 1 or 3 of w, x, y, z survive to time t

18.3. a. 6.5 b. 3,236.71
184 tD3 -3 D4 Where D = tpwxy + tpwxz + tpwyz + tpxyz and tD4 = tpwxyz
18.5. Ay — ( wxu + awxz wyz) + Zawxyz
18.6. 0.624010
18.7. a. 15@, + 4, + a) — 10@,, + a,, + a,) + 94,
b. 152, — S(dxy +a,) + 3a,,
18.8. 4.6
18.9. a. 12,000 (alag + aseag — 24453533
b. 12,000 (Al + 5545 — Aiossas)
18.10. a. a, + a, + ay — Ay — Ay — Ay Tt Ayq
b. ﬂ_m + dzs.j - 672513(5'
1 26 64
A1, a. = — —
1811 a. 7 by55 <955
18.12. a. Iis false. Change right-hand side to wayz + Awiyz + wa;Z + wayz
b. I is true.
c. Il is false. Change right-hand side to A} + Al + A} — 2(4,,1 + A} +
xyz) + 3wayz
18.13. J; V' Py (D)t A, db
5 3
18.14. a. = b. =
8.14. a - b 7
1815 Az:i%l (Ay:z_—% - Axy:z—-i—%_o) - Ayz:1_3)| (Ay+10:z~+% - Axy+10:zT}O.)
18.16. UIO(A}cy + Aalcz - Aalcyz) - Ay:%)] Aalc:y+10 - Az:%ﬂ Ach:z+10
+ Ayz:i—ol Aalc:y+10:z+10
- - 1 -
18.17. (A%,oa + Aso:%] A3‘_]=;:60) / (1_(% - Aso:%l A%s:eo)
1820 a. jO (1 - tpw) tpx M’x(t) tpyz dt b tqalcyz - wqwalcyz
25 19 5
18.22. a. '7—2 b. = ¢ g
18.23. 0.07
1
18.24. 03 b. 02 —
a. C. 30

744

Appendix 7



15
18.25. Jl o (7 e10P) Py by(®) (eanaPz = 25P2) it

30
18.26. —[0 (1 = P10) P20 Pao(D)(P30 — 30P30) At

30

+ o (1 = p30) P20 Mao(t) (P10 — soPr0) At

40
+ Lo (1 = 30P30) P20 MeaoE)iPr0 — s0P10) Gt

18.27. 0.2145
18.28. 0.2704

18.29. 1. False. Insurance factor should be flﬁ:zﬂ.
I True
I True

7. — A 1057 _ 410 7
18.30. a. aﬁ ax:'1—0| + v lly 1Y lopx ax+10:y

b. a Ay, + 00 a3, — v,

2 . AN T
1831. G = [5 gy + i) + gn,axy] / 092 — ,A%)

1
18.33, ——n¥

Sxﬁ| + ax:y—#n
18.34. i

xyz
18.35. b. dga + V" e (1 = Py s

18.37. Insurance payable at the moment of z’s death, if the deaths have occurred
in the order x, y, z and only if the death of z is less than 10 years after the

b N

death of .
Chapter 19
19.1. a. 45 b.2 c 2

1
19.2. 2,500 V2 + %(T@

-1
19.3. 10,000 [e‘”“ — V2 — (i—)]

19.4. 1002 [6_51/100 _ 6_50/100 + 6—28/100 _ 6—27/100] + 100 [671/4 + 3—53/100]

19.5. Tzo - T40 - 20170

50 80 50
19.6. f I(x, —x) dx — J I(x, 50 — x) dx — f I(80, t — 80) dt
20 70 30

198, b 22T (1 o R ) (Rt + Rz)
0. _— - —= ] eXx -
Va Va) &P 2a
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199, g + Deia f ©l, —2%
aam] a Ta - T,
19.11. a. e ® s(x)(R + p,), 1 — e R s(x)
19.15. 0.02
19.17. a. [I'(@)]"/* — B b. stationary
19.18. b. a «. 1—0—2‘-—17
Chapter 20
201. (T, — T)w
20.2. neRtratet f e~ ™ s(y) w(y) dy
A\ |
20.3. b. n(t — r + a)s(r) a P fo w(r — y)ert v dy
b
c. TP, = neRtru=m+9 o) g! (i) j w(r — y) eV dy
0
= pPU TPt
204. a. c(r — a)yw(r) e n(t — r + a)s(r) a,
b. TP,,, = c(r — a) w(r) e+ n eRE=749 5(r) g/ = e TP,
20.5. eft emRIWED) fun(r) a)
1 1 _ 676+O.06x
20.6. a. - 25 < x < 100
0,06 ~ (100 = 1)(0.06)? *
als = 9.7020
b. 3,056.14 %92 (0 <t
0 t<0
20.8. a. 34,175.71 %0 0=t
b. 4,423.17 0% 0=t
_Jo x<r
209. M(x) = {1 o

20.10. fw(r) @, e~ R+ w=a) eot % where 6 =3 — p

20.14.

20.15.

a. P, = exp(—3[r — X(®)]) 'P,,
@V), = "P, t—xays = Pi S=xmy
b. P, = TP, (aV), = TP,(r — p) where p. = Lr xm(x) dx
far) e s() 2
[ oty e sy ay
“ e~ ®=7% g(x) w(x)

[ e st wiw) ay

a.

b.
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20.20. a. 60,977.92 0%

20.21. %(aF)t = [(‘;_—V)Q + Pf] + 8(aF), — P, 0=t<15

i. 38,292.33 0%
ii. 1,524.45 0%

-1 _ 6—0‘042’ 0.048—0‘04)6

e
c. M(x) = P m(x) = o1 g 26

i. 45,479.00 €%
ii. 1,236.88 "%

15
Initial condition (aF), = 0
% (aF), = P, + 8@F), — P, 15 =t

Initial condition (aF);; = (aV);5

a. 26,234.75 %% + 38,292.33 "% — 64,527.08 0=t<15,

38,292.33 002 15 =t

b. 31,158.47 % + 45,479.00 "% — 76,637.48 0=t<15,

45,479.00 % 15 =t

¥

20.23. a. axg—g b. n — a where p = f x m(x) dx

a

20.25. a. 21,000.00 %%

Chapter 21
21.1. 0.000382
21.2. 0.001154
1 1
213. a. — b. —
13 a3 P13
21.4. a. e @79 b ein=jo?/2)
c i E evi(k+1)(8*j62/2) kpx qx+k = le
k=0
i 34, — (A
2 100 z 0<z<01
21.5. a. 0.10, 1200 b. f.(z) = 420 — 100 z 01 <z<02
20 0 elsewhere
100 log y/y 1<y<e
c fy) =10 —1001og y)/y &' <y <e?
0 elsewhere
21.7. a. 8 b. ke? c. log(l + I,) ~ N(3, ko?)

b. 263,122.29 0
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8. a. —njd,
218. a. —n 6 6

c. e—n(S—[(n+1)(2n+1)/12]a2)l e—2n(8—[(n+1)(2n+1)/12]02)(e[n(n+1)(2n+1)/6]02 ~-1)
n(n + 1)2n + 1) 2)
(o)

6
219. a. r b. no? c logl, ~ N(r, nd?
21.10. er+(n02/2)’ 82r+n02 (e(noz/Z) — 1)
21.17. 0.050000, 0.054866, 0.059611
21.22. b. I (c*a, — 0A))

c¢. —LI(IA), + c(I*a), — P(A)( + 6)([a),]

where *a, is valued at *3 = & + r

nn + 1)2n + 1) o2 b. log(®,) ~ N [—nS nn + 1)2n + 1) 02:|

d. ¢, ~ lognormal (—n&,
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Accounting statement
balance sheet, 471, 478
income, 470, 477
Accounts receivable, 493
Accumulated cost of insurance, 214
Accumulation period, 539
Actuarial accrued liability, 618
Actuarial accumulated value, 140, 146
Actuarial cost method, 607
accrued benefit, 622
entry-age, 623
group (or aggregate), 624
individual, 622
Actuarial present value, 95, 135, 192
Actuarial value, 3
Additive property, 512
Adjustment coefficient, 401, 411
ceding insurer’s, 453
Adjustment effect, 612
Age-at-death, 51
Aggregate claims, 367
Annual cost of insurance, 114
Annuities
apportionable, due, 155
cash refund, 536
certain, 133
certain and life, 139, 146
complete, immediate, 156
continuous, 134
deferred whole life, 138, 145
due, 133
immediate, 133, 146
installment refund, 536
joint-life, 280
last-survivor, 281
life, 133
partial cash refund, 536
payable m-times a year, 149
reversionary, 285, 570
temporary life, 137, 144
variable, 539
whole life, 134, 143
Arbitrage, 656
Asset shares, 485, 512
Associated single decrement model, 319
Assumed investment return, 540
Assumptions
Balducci, 74, 253
constant force of decrement, 322
constant force of mortality, 74
demographic, 350

Index

hyperbolic, 74, 253
uniform distribution of deaths, 74, 239, 288,
296
uniform distribution of decrements, 323, 328
Attained age, 315
Automatic premium load provision, 506
Average amount of insurance (AAI), 526, 527

Benefit
accelerated, 547
career average, 353
disability income, 358, 437
disability waiver of premium, 359
double indemnity, 342
dread disease, 548
family income, 537
final average salary, 352
final salary, 352
long-term care, 548, 550
nonforfeiture, 347
vested, 607
Benefit income rate, 352
Benefit payable
at the end of the year of death, 108
at the moment of death, 94
Bond equivalent yields, 658
Book profits, 509

Cash flow
expected, 490
random variable, 234
Ceding company, 43
Central limit theorem, 39
Central rate bridge, 335
Central rate of decrement, 321
Central rate of mortality (see mortality, central
rate of)
Claim, 7
Cohort, 66, 586
Convolution, 35, 369
Copula, 277
Current payment technique, 134
Curve of deaths, 66

Death rate
annual, 67
central, 70, 321
instantaneous, 55
Decrement, 308
Deductible, 17, 445

Index
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Definition of a process
global method, 407, 408
waiting time (or discrete) method, 407, 408
Density function
of births, 587
pension accrual, 614
population, 587
probability (p.d.f.), 31
Distribution
Bernoulli, 703
binomial, 703
chi square, 48
compound negative binomial, 373
compound Poisson, 372, 437, 442
compound Poisson inverse Gaussian, 376
exponential, 37, 371, 411
gamma, 48, 374, 377, 446
geometric, 369, 419
inverse Gaussian, 39, 412
lognormal, 436, 644
mixture of exponentials, 436
multinomial, 85, 379
negative binomial, 375, 404
normal, 11, 39, 45, 377, 386
Pareto, 436
Poisson, 437
Poisson inverse Gaussian, 375
translated gamma, 388
truncated exponential, 42
uniform, 12
Dividends, 449, 513
experience premium method, 531
Duration, 671

Economic consideration
fund objective, 508
natural premiums and reserves, 508
rate of return objective, 509
risk-based objective, 511
Effective annual rate of mortality, 67
Elimination period (waiting period), 358, 437
Entities, 257
Equivalent level renewal amount (ELRA), 524
Expectation of life
complete, 68
curtate, 69
temporary complete, 71, 86
temporary curtate, 86
Expectation of the present value of payments,
95
Expected gain, 452
Expected value principle, 3
Expense
acquisition, 479
general, 479
investment, 479
maintenance, 479
settlement, 479
Experience adjustment, 512
Exponential case, 610

Fair value, 3

Feasible insurance, 16

Financial economics, 655

Force of decrement, 310, 311, 351
marginal, 325

Force of mortality, 55

generation, 589
joint-life, 266
last-survivor, 270

Function

accrual, 614

benefit, 94

compound contingent, 566
continuance, 437

discount, 94

distribution (d.f.), 52

force of birth, 600

logistic 605

moment generating (m.g.f.), 11, 38, 368, 412
net maternity, 600

present value, 94
probability (p.f.), 28
probability generating, 46

Funding method

(see also actuarial cost method), 607
initial, 614
terminal, 609

Future lifetime, 52

curtate, 54
median, 68

Hattendorf’s theorem, 244, 253, 365
Health insurance, 533

Heavy tails of a distribution, 436
Hospital continuance table, 441

Illustrative Life Table, 78, 675
Ilustrative Service Table, 351, 685
Immunization, 663

Independent increment, 408
Index of selection, 89

Insolvency, 400

Insurance

contingent, 293, 565

decreasing term life, 108
deferred, 103

endowment, 101

excess of loss, 17

family income, 537

fixed premium variable life, 541
fully variable life, 541

group long-term disability, 437
group weekly indemnity, 437
increasing whole life, 106
joint-life, 282

last-survivor, 281

m-thly increasing term life, 108
mortgage protection, 538
proportional, 23

pure endowment, 101
stop-loss, 17, 445

term life, 28, 94

universal life, 547

variable life, 541

variable universal life, 547
whole life, 96

Insurance system, 2
Insured, 7

Insurer, 7

Insurer’s surplus, 399
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Interest rate
bond equivalent yield, 658
dependent, 649
deterministic scenarios, 638
forward rate, 656
independent, 643
inverted yield curve, 658
one-period, 637
par yield, 657
random scenarios, 641
spot rate, 656
term structure, 656
yield curve, 658
International Actuarial Notation (IAN), 53, A4
Interpolation
exponential, 74
harmonic, 74
linear, 74, 239
Intrinsic rate of population growth, 602

Jensen’s inequalities, 9, 21, 637

Law of mortality
De Moivre, 78
Gompertz, 78, 287, 295, 569
Makeham, 78, 288, 296
Weibull, 78
Law of uniform seniority, 302
Lexis diagram, 585
Life-age-x, 52
Life estate, 147
Life expectancy (see expectation of life)
Life table, 51
Life Table for the Total Population: United
States, 1979-81, 60
Limited expected value function
(see also expectation of life, temporary
complete), 86
Limiting age, 63
Loading, 7, 536
Loss variable (see random variable, loss)

Maximal aggregate loss, 417, 447
expected value, 422, 432, 452, 457
Method
double integral, 590
experience premium, 531
in-and-out, 589
modified reserve (see modified reserve)
natural premiums and reserves, 508
of inclusion and exclusion, 268, 576
Mode, 69
Model
autoregressive, 659
closed, 28
collective risk, 367, 441
dependent lifetimes, 274
double decrement, 347, 512
individual risk, 27
moving average, 649
multiple decrement, 341
multiplicative, 670
open, 28 ~
proportional hazard, 89
random walk, 660, 669
single decrement, 346

Modified reserve
Commissioner’s valuation method (CRVM),
522
full preliminary term (FPT), 519
modified preliminary term, 522
two-year preliminary term, 533
Mortality
annual rate of, 67
central rate of, 70, 321
force of, 55
n-year rate of, 67
Mortality table
aggregate, 81
select, 81
select-and-ultimate, 81
ultimate, 81
Multiple decrement table, 317
Multiplicative model, 670

National Association of Insurance Companies,
501, 529

Actuarial Guideline XVII, 526
Net amount at risk, 236
Nonforfeiture benefit, 347, 500

cash value, 486, 500

extended insurance, 504

minimum cash value, 526

paid-up insurance, 502
Nonidentifiability, 265, 327
Normal cost rate, 609, 616
Normal power expansion, 46

Operational time, 434

Order statistic
largest, 268
smallest, 263

Penalty, 427
Pension plan
benefits based on salary, 352
defined benefit, 351, 354, 609
defined contribution, 356, 609
general model, 608
Policies, 7
Policy fee, 481
Policy loan clause, 502
Population
stable, 594
stationary, 593
Premium, 7
adjusted, 472, 501
annual, 180
apportionable, 191
benefit, 169, 573
continuous, 170
contract, 167, 536
expense-loaded, 467, 508
experience, 531
exponential, 169
natural, 508
net, 7
net stop-loss, 445
percentile, 169, 174
pure, 7

Index
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renewal, 516
single, 169
step, 516
true fractional, 188
unearned benefit, 239
Premium principle, 167
equivalence, 169, 205, 346, 360, 550
expected value, 531
exponential, 169
percentile, 169
standard deviation, 511
variance, 511
Probability
compound contingent, 566
contingent, 291, 564
joint-life, 271
last-survivor, 271
Probability of decrement, 309, 310
net, 319
Probability of ruin, 400, 403, 413, 417, 418
asymptotic formula, 424
Probability of withdrawal, 361
Process
aggregate claim, 399, 406
aggregate loss, 418
autoregressive, 404
claim number, 406
compound Poisson, 409
discrete time surplus, 401
Poisson, 408
renewal, 431
surplus, 399
Pure discount bonds, 656

Radix, 67
Random variable
Bernoulli, 28, 443
binomial, 28
cause of decrement, 308
common shock, 274
expense augmented loss, 467, 474
fractional part of year lived in year of death,
76
future-lifetime, 52
indicator, 28
individual claim amount, 367, 377
loss, 170, 206, 345
maximal aggregate loss, 417
net cash loss, 234
number of claims, 367, 372
prospective loss, 204, 230
time-until-death, 51
time-until-decrement, 308
time-until-failure, 263
Rate (see also salary rate), 320
failure, 55
hazard, 55
net reproduction, 602
normal cost (see normal cost rate)
Rate of decrement
absolute, 320
central, 321
independent, 319
Rate of disablement, 439
Recursion formulas, 73, 110, 486

backward, 73, 114, 135, 235
forward, 73
Recursive method for compound distributions,
383, 448
Reinsurance, 27
coverage, 44
excess-of-loss, 453
premium rate, 451
proportional, 453
stop-loss, 445
Reinsuring company, 44
Remainder, 147
Renewal equation
defective, 424, 432
Replacement effect, 612
Reserve
at fractional duration, 238
benefit, 205, 230, 346, 467, 575
contingent insurance, 574
continuous, 206
disability, 360
expense, 468
exponential, 205
Fackler accumulation formula, 251
full preliminary term (FPT), 519
initial benefit, 235
interim benefit, 238
level premium benefit, 521
modified, 515
natural, 508
negative, 519
on policies with fractional premiums, 221,
224
on second-to-die policies, 574
paid-up insurance formula, 213, 360
premium-difference formula, 212
prospective formula, 212
retrospective formula, 213
terminal, 235
Zillmerized, 529
Retention limit, 43
Retroactive disability benefit, 358
Risk amount, 546
Risk averse, 10
Risk lover, 21
Ruin related to surplus, 400
Rule of moments, 96

Salary rate
actual annual, 351
final, 609
projected annual (or estimated annual), 351
Salary scale
function, 351
Security loading, 25, 41
relative, 41, 412
Select period, 81
Selection, 79
Simulation, 655
Simultaneous claim
zero probability of, 408
St. Petersburg paradox, 20
Standard Nonforfeiture Law, 501
Standard Valuation Law, 522
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State, 547
absorbing, 362, 548
active, 547
disabled, 547
mature, 599
Stationary increments, 408
Status, 257
compound, 562
joint-life, 263, 556
k-survivor, 556
last-survivor, 268, 556
single-life, 258
survival, 263
term certain, 258
[k]-deferred survivor, 556
Surrender charge, 500
Survival function (s.f.), 52, 437
generation, 587
joint, 260

Survivorship group
deterministic, 66, 318
random, 59, 316

Theory
individual risk, 126
multiple decrement, 308
of competing risks, 308
ruin, 451
utility, 3

Utility function, 4
exponential, 10
fractional power, 12
logarithmic, 21
quadratic, 13

Z-method, 576
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