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In section 6.2, we introduce a powerful technique called integration by parts that can be
used to find antiderivatives of many such functions.

The new techniques of integration introduced in this chapter provide us with a broad
range of tools used to solve countless problems of interest to engineers, mathematicians
and scientists.

@ 6.1 REVIEW OF FORMULAS AND TECHNIQUES

In this brief section, we draw together all of the integration formulas and the one integration
technique (integration by substitution) that we have developed so far. We use these to
develop some more general formulas, as well as to solve more complicated integration
problems. First, look over the following table of the basic integration formulas developed in
Chapter 4.

r+l1
/x’dx: a +¢, forr # —1 (power rule) dx =In|x|+¢, forx#0

r+1

= | =

sinx dx = —cosx + ¢ cosx dx =sinx +c¢

sec’x dx =tanx + ¢ secxtanx dx = secx + ¢

cscxcotx dx = —cscx + ¢

Ik
/
/
/

edx =e"+¢ /exdx:—e’x—i—c
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tanx dx = —Injcos x|+ ¢ dx =sin" x+c

/
/
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/
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/\/l—x2
1
_ -1 _ -
/1+x2dx_tan X +c fpdmdx_sec

Recall that each of these follows from a corresponding differentiation rule. So far, we
have expanded this list slightly by using the method of substitution, as in example 1.1.

1x—{—c

EXAMPLE 1.1 A Simple Substitution
Evaluate f sin(ax)dx, fora # 0.

Solution The obvious choice here is to let u = ax, so that du = a dx. This gives us

1 1
/sin(ax)dx = — | sin(ax)adx = — / sinu du
a) ————— a

sinu du

1 1
——cosu + ¢ = ——cos(ax) + c.
a a |

There is no need to memorize general rules like the ones given in examples 1.1 and
1.2, although it is often convenient to do so. You can reproduce such general rules any time
you need them using substitution.
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EXAMPLE 1.2 Generalizing a Basic Integration Rule

1
Evaluate / m dx, fora # 0.

dx and we can write

Solution Notice that this is nearly the same as / .-
X

1 1 1
/r_l_xzdx: ;/71+(§)2 dx.

Now, letting u = g, we have du = 5 dx and so,

/;d _ Loty _l/'#(l)d
2+ T2 1+(£)2 YT 1+(1)2 a)®
a N a —— ——

-

N du
1+ u-
l/‘ 1 | R 1 e:
= - du=—tan” u +c = —tan <—>+c.
al 14u? a a a m |

Substitution will not resolve all of your integration difficulties, as we see in example 1.3.

EXAMPLE 1.3 An Integrand That Must Be Expanded
Evaluate [(x* — 5)*dx.

Solution Your first impulse might be to substitute u = x% — 5. However, this fails, as
we don’t have du = 2x dx in the integral. (We can force the constant 2 into the integral,
but we can’t get the x in there.) On the other hand, you can always multiply out the
binomial to obtain

5 3
/(x2 — 5 dx = /(x4 —10x% 4 25)dx = % - 10% +25x +c.

m |

The moral of example 1.3 is to make certain you don’t overlook simpler methods. The
most general rule in integration is to keep trying. Sometimes, you will need to do some
algebra before you can recognize the form of the integrand.

EXAMPLE 1.4 An Integral Where We Must Complete the Square

1
Evaluate / —_— dx.
v =5+ 6x — x?

Solution Not much may come to mind here. Substitution for either the entire
denominator or the quantity under the square root does not work. (Why not?) So, what’s
left? Recall that there are essentially only two things you can do to a quadratic
polynomial: either factor it or complete the square. Here, doing the latter sheds some
light on the integral. We have

1 1 1
—dx = dx = | ——— dx.
f\/—5+6x—x2 ! /\/—5—(x2—6x+9)+9 ! /\/4—(x—3)2 *
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Notice how much this looks like dx = sin~! x + ¢. If we factor out the 4 in

=

the square root, we get

1 1 1 1
/—dm/idx:/—_dx
V=54 6x —x2 V4 —(x —3)? /1_(%)22

-3 1
Now, let u = z , so that du = 3 dx. This gives us

1
/\/—5+6x—x2 / (:32) 22 f\/l—bﬂ
(Iu
«/lfu
x—3 n
C.
2 | |

=sin"'u+c=sin"! (

Example 1.5 illustrates the value of perseverance.

EXAMPLE 1.5 An Integral Requiring Some Imagination
Evaluate / L dx
2x%2 4+ 4x + 10

Solution As with most integrals, you cannot evaluate this as it stands. Notice that the
numerator is very nearly the derivative of the denominator (but not quite). Recognize
that you can complete the square in the denominator, to obtain

[de_/ 4x + 1 dx_/élxi—i-ldx
2x24+4x+10 7 ) 22 4+2x+1)—24+10 ) 2(x+1)2+8

Now, the denominator nearly looks like the denominator in s dx = tan~! x + c.

+x
If we factor out an 8, it will look even more like this, as follows.

/‘ 4x +1 / 4x + 1
———dx = | ———dx
2x2 +4x + 10 2(x + 1)+ 8
1 4 1
=—/1de
8J j(x+1)2+1
1 4 1
=5 mre e
(3) +1

1 1
Now, taking u = %, we have du = 3 dx and x = 2u — 1 and so,

42u — 1)+ 1
——
4x +1 1 4x +1 1 4x+1 1
rar 10778 e P Ta) 2dx
(57) +1 (4) +12
" du
u? + 1

_1/4(2u—1)+1d B /8u—3d
4 u?+1 Tl e
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4 2u 3 1
=—/—du——/—du
4) w41 4) ur+1

1u—i—c

x+1)° 3 (x+1
=1In +1|——tan +c.
2 4 2 m

3
=In(u®>+1)— a tan~

Example 1.5 was tedious, but reasonably straightforward. The issue in integration is to
recognize what pieces are present in a given integral and to see how you might rewrite the
integral in a more familiar form.

EXERCISES 6.1 @

) WRITING EXERCISES

1. In example 1.2, explain how you should know to write the de-
nominator as a’ [1 + (%)2] Would this still be a good first

step if the numerator were x instead of 1? What would you do
if the denominator were v a? — x2?

2. In both examples 1.4 and 1.5, we completed the square and
found antiderivatives involving sin™! x, tan~! x and In(x> 4 1).
Briefly describe how the presence of an x in the numerator or a
square root in the denominator affects which of these functions
will be in the antiderivative.

In exercises 1-40, evaluate the integral.

1. /sin6x dx 2. /3cos4x dx
3. /sechtan2x dx 4. /xsecx tan x% dx
3
5. /63’2" dx 6./ <
e X
4
7. /xim(l 27 dx 8. /x”“—i—x
9, sm\/— I 10. /cos(l/x)
\/—
11. / cosxe' ™ dx 12./ sec? xe™ dx
0 0
0
13. / sinx 14. /
7Z/4 COS X /4 Sln X
15. / 16. /
l6—{-x2 4+4x2
17. / LN 18. /
14 x© 1 —|— xf’
1
19. / 20. /
«/4 — x2 l - €2X
21. / 22. /
e i

23. /de 24. /74’”“4 dx
54+ 2x 4+ x2 54 2x +x?
4x x+1
25, | ——~ 4 2. | ——— 4
f5+2x+x2 * /x2+2x+4 *
27. / 2 4+4)* dx 28. / x(x* +4)° dx
1 1
29, /—dx 30. ol
V3 —2x —x2 «/3—2x—x2
1+x
3. | —— 4 32. d
/ T ﬁ 0
—1 3
33. / M gy 34. / &2 gy
) 1
4 1
35, / xv/x —3dx 36. / x(x —3)* dx
3 0
2 e~ 0
37. /0 T1ex dx 38. /;1 e* cot(e”) csc(e)dx
4 2 1 0 5
3. [ 2L 40. / xe ™ dx
WX )

In exercises 41-46, you are given a pair of integrals. Evaluate
the integral that can be worked using the techniques covered so
far (the other cannot).

5 5
41. / —— dx and / — dx
3+ x2 3+x3
42. sin2x dx and / sin’ x dx

Inx
Inx dx and /—dx
2x

4
dx and /—dx
1+ x8

e dx and /xe’x2 dx

43.
44.

45.

/
/
[
/
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46. /secx dx and /seczx dx

2
47. Find/ f(x)dx, where f(x) = {
0

2
48. Find/ f(x)dx, where f(x) = {
)

49. Rework example 1.5 by

/‘ 4x +4 /

B Y
2x2 +4x + 10 2x% +4x + 10
ing the square in the second integral.

rewriting the

Integration Techniques 6-6

. X x? X3 .
2. Find dx, dx and | —— dx. Generalize
14+ x4 14+ x4 1+ x*

n

to give the form of

x/(x*+1) dx for any odd positive integer 7.

/(x4 1)

ifx <1 e

@ 3. Use a CAS to find fxe”‘zdx, fx3e”‘2dx and fxse’*'zdx.
Verify that each antiderivative is correct. Generalize to give
the form of f x"e=*dx for any odd positive integer n.

ifx > 1

xe”  ifx <0
2 %3 ifx >0
e = 4. In many situations, the integral as we’ve defined it
integral as must be extended to the Riemann-Stieltjes integral con-
3 dx and complet- sidered in this exercise. For functions f and g, let P

be a regular partition of [a,b] and define the sums

R(f.8.P)=Y f(c)lg) — g(_)].  The integral
i=1

@ EXPLORATORY EXERCISES

fu[’ f(x)dg(x) equals the limit of the sums R(f, g, P)
as n — oo, if the limit exists and equals the same
number for all evaluation points ¢;. (a) Show that if
g exists, then fab f(x)dg(x):fab f(x)g'(x)dx. (b) If

1
1. Find / dx, / T dx /
14 x2 14+ x2

Generalize to give the form of

integer n, as completely as you can.

%2 3
dxand/—dx. _J1l asx=zc .
1_|_fz 1+ x2 g(x)_{2 c=x<b for some constant ¢ witha < ¢ < b,
e dx for any positive evaluate fa b f(x)dg(x). (c) Find a function g(x) such that
X

01 Xl dg(x) exists.

@ 6.2 INTEGRATION BY PARTS

-

HISTORICAL NOTES

Brook Taylor (1685-1731)

An English mathematician who is
credited with devising integration
by parts. Taylor made important
contributions to probability, the
theory of magnetism and the use
of vanishing lines in linear perspec-
tive. However, he is best known
for Taylor’s Theorem (see section
8.7), in which he generalized
results of Newton, Halley, the
Bernoullis and others. Personal
tragedy (both his wives died
during childbirth) and poor health
limited the mathematical output
of this brilliant mathematician.

At this point, you will have recognized that there are many integrals that cannot be evaluated
using our basic formulas or integration by substitution. For instance,

/xsinxdx

cannot be evaluated with what you presently know. We improve this situation in the current
section by introducing a powerful tool called integration by parts.

We have observed that every differentiation rule gives rise to a corresponding integration
rule. So, for the product rule:

d
E[f(x)g(x)] = f(0)g(x) + f(x)g'(x),
integrating both sides of this equation gives us
d
f Sy @s)ldx = / f'(0)g(x) dx + / f(0)g'(x) dx.

Ignoring the constant of integration, the integral on the left-hand side is simply f(x)g(x).
Solving for the second integral on the right-hand side then yields

/f(x)g’(x)dx =f(x)g(x)—/f’(x)g(x) dx.

This rule is called integration by parts. You’re probably wondering about the significance
of this new rule. In short, it lets us replace a given integral with an easier one. We’ll let the
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examples convince you of the power of this technique. First, it’s usually convenient to write
this using the notation u = f(x) and v = g(x). Then,
du= f'(x)dx and dv=g'(x)dx,

so that the integration by parts algorithm becomes

INTEGRATION BY PARTS

fudv:uv—/vdu. (2.1)

To apply integration by parts, you need to make a judicious choice of # and dv so that the
integral on the right-hand side of (2.1) is one that you know how to evaluate.

EXAMPLE 2.1 Integration by Parts
Evaluate [ x sinx dx.

Solution First, observe that this is not one of our basic integrals and there’s no
obvious substitution that will help. To use integration by parts, you will need to choose
u (something to differentiate) and dv (something to integrate). If we let

u=x and dv=sinxdx,

then du = dx and integrating dv, we have
v = /sinx dx = —cosx + k.

In performing integration by parts, we drop this constant of integration. (Think about
why it makes sense to do this.) Also, we usually write this information as the block:

u = x dv = sinx dx
du = dx V = —COSX
This gives us x sinxdx = [ udv=uv— [ vdu
—— — —
u

av

= —XCOSX — /(—cosx) dx

= —XxCcosx + sinx + c. (2.2)

It’s a simple matter to differentiate the expression on the right-hand side of (2.2) and
verify directly that you have indeed found an antiderivative of x sinx. m |

You should quickly realize that the choice of u and dv is critical. Observe what happens
if we switch the choice of # and dv made in example 2.1.

EXAMPLE 2.2 A Poor Choice of u and dv
Consider f x sinx dx as in example 2.1, but this time, reverse the choice of « and dv.

Solution Here, we let
u = sinx dv =xdx
du = cosx dx v = %xz

. 1 . 1
This gives us [smxxdx =uv — f vdu = Exz sinx — 3 /x2 cosx dx.

u dv
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REMARK 2.1

When using integration by
parts, keep in mind that you are
splitting up the integrand into
two pieces. One of these pieces,
corresponding to u, will be
differentiated and the other,
corresponding to dv, will be
integrated. Since you can
differentiate virtually every
function you run across, you
should choose a dv for which
you know an antiderivative and
make a choice of both that will
result in an easier integral. If
possible, a choice of u = x
results in the simple du = dx.
You will learn what works best
by working through lots of
problems. Even if you don’t see
how the problem is going to end
up, try something!

REMARK 2.2

In the second integration by
parts in example 2.4, if you
choose u = cosx and

dv = x dx, then integration by
parts will fail and leave you
with the less than astounding
conclusion that the integral that
you started with equals itself.
(Try this as an exercise.)

Integration Techniques 6-8

Notice that the last integral is one that we do not know how to calculate any better than
the original one. In fact, we have made the situation worse in that the power of x in the
new integral is higher than in the original integral. m

EXAMPLE 2.3 An Integrand with a Single Term
Evaluate [Inx dx.

Solution This may look like it should be simple, but it’s not one of our basic integrals
and there’s no obvious substitution that will simplify it. That leaves us with integration
by parts. Remember that you must pick u (to be differentiated) and dv (to be integrated).
You obviously can’t pick dv = In x dx, since the problem here is to find a way to
integrate this very term. So, try

dv = dx

V=X

u=Inx
du = Ldx
X
Integration by parts now gives us

1
flnx dx =uv—/vdu=xlnx—/x(—>dx
S~~~ X

u dv

=x1nx—/1dx=xlnx—x+c.
]

Frequently, an integration by parts results in an integral that we cannot evaluate directly,
butinstead, one that we can evaluate only by repeating integration by parts one or more times.

EXAMPLE 2.4 Repeated Integration by Parts
Evaluate [ x?sinx dx.

Solution Certainly, you cannot evaluate this as it stands and there is no simplification
or obvious substitution that will help. We choose

u=x2 dv = sinx dx
du = 2x dx V= —COSX

With this choice, integration by parts yields
/ x? sinx dx = —x?cosx +2/xcosx dx.
——

u dv

Of course, this last integral cannot be evaluated as it stands, but we could do it using a
further integration by parts. We now choose

u=x dv = cosx dx
du = dx v =sinx

Applying integration by parts to the last integral, we now have

x%sinx dx = —x*cosx +2 X cosx dx
N ——

u dv

—x2cosx +2 (x sinx — / sin x dx)

= —x%cosx + 2xsinx +2cosx +c. |




REMARK 2.3

For integrals like [ e** sinx dx
(or related integrals like

J €7 cos 2x dx), repeated
integration by parts as in
example 2.5 will produce an
antiderivative. The first choice
of u and dv is up to you (either
choice will work) but your
choice of « and dv in the second
integration by parts must be
consistent with your first
choice. For instance, in example
2.5, our initial choice of u = e**
commits us to using u = e>* for
the second integration by parts,
as well. To see why, rework the
second integral taking u = cosx
and observe what happens!
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Based on our work in example 2.4, try to figure out how many integrations by parts
would be required to evaluate [ x" sinx dx, for a positive integer n. (There will be more
on this, including a shortcut, in the exercises.)

Repeated integration by parts sometimes takes you back to the integral you started
with. This can be bad news (see Remark 2.2), or this can give us a clever way of evaluating
an integral, as in example 2.5.

EXAMPLE 2.5 Repeated Integration by Parts with a Twist
Evaluate [ e** sinx dx.
Solution None of our elementary methods works on this integral. For integration by

parts, there are two viable choices for u and dv. We take

u=e* dv =sinx dx

du = 2e* dx vV = —COSX

(The opposite choice also works. Try this as an exercise.) Integration by parts yields

e* sinx dx = —e* cosx +2 | ¢ cosx dx.
u dv
The remaining integral again requires integration by parts. We choose

u=e* dv = cosx dx

du = 2e* dx v =sinx

It now follows that

/ €™ sinx dx

—e™cosx+2 | € cosxdx
—_—— —— ——

u dv

= —e>cosx +2 <ezx sinx — 2 / > sinx dx)

= —e* cosx + 2¢* sinx — 4[ e* sinx dx. 2.3)
Observe that the last line includes the integral that we started with. Treating the integral
[ €** sinx dx as the unknown, we can add 4 [ ¢ sinx dx to both sides of equation
(2.3), leaving
5 / e¥sinx dx = —e* cosx +2¢* sinx + K,

where we have added the constant of integration K on the right side. Dividing both sides
by 5 then gives us

. 1 2 .
/ezx sinx dx = —gezx cosx + gezx sinx + c,

. . . K
where we have replaced the arbitrary constant of integration 5 by c¢. g

Observe that for any positive integer n, the integral [ x"e* dx will require integration
by parts. At this point, it should be no surprise that we take

u=x" dv =e*dx

du = nx" 1 dx v=c¢e"
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Integration by Parts
for a definite integral

Applying integration by parts gives us

X" edx =x"e" —n | x" e dx. 2.4)
— N —
u dv

Notice thatif n — 1 > 0, we will need to perform another integration by parts. In fact, we’ll
need to perform a total of n integrations by parts to complete the process. An alternative is
to apply formula (2.4) (called a reduction formula) repeatedly to evaluate a given integral.
We illustrate this in example 2.6.

EXAMPLE 2.6 Using a Reduction Formula
Evaluate the integral [ x*e* dx.

Solution The prospect of performing four integrations by parts may not particularly
appeal to you. However, we can use the reduction formula (2.4) repeatedly to evaluate
the integral with relative ease, as follows. From (2.4), with n = 4, we have

/x4ex dx = x*e* —4/x4_lex dx = x*e* —4/x3ex dx.

Applying (2.4) again, this time with n = 3, gives us

fx4ex dx = x*e* — 4 <x3e" — 3/x2ex dx) .

By now, you should see that we can resolve this by applying the reduction formula two
more times. By doing so, we get

/x“e)r dx = x*e® — 4x3e" + 12x%e" — 24xe” + 24¢* + ¢,

where we leave the details of the remaining calculations to you. m

Note that to evaluate a definite integral, it is always possible to apply integration by parts
to the corresponding indefinite integral and then simply evaluate the resulting antiderivative
between the limits of integration. Whenever possible, however (i.e., when the integration
is not too involved), you should apply integration by parts directly to the definite integral.
Observe that the integration by parts algorithm for definite integrals is simply

x=b x=b x=b
/ udv =uv — / vdu,
X=a X=a X=a

where we have written the limits of integration as we have to remind you that these refer to
the values of x. (Recall that we derived the integration by parts formula by taking # and v
both to be functions of x.)

EXAMPLE 2.7 Integration by Parts for a Definite Integral

Evaluate f12 x3Inxdx.

Solution Again, since more elementary methods are fruitless, we try integration by
parts. Since we do not know how to integrate In x (except via integration by parts),
we choose

u=Inx dv = x3dx

du:)lcdx v=1x4




and hence, we have

2
/ Inx x3dx = uv
1

—— ——
u dv

1 4 4 L[ 3
=-2'In2—1"In1) — - x dx
4 4 ),

161n2 1,

4 16

1 15
42— =16 — h=4In2 — =
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2 2
1 1
——/ x* <—>dx
1 4 1 X

2 2 1

_ 1l oa
—/ vdu = —x"Inx
A 4

2
—0—-—x

1
=4In2 — —*-1*
n 16( )

1

16" m

Integration by parts is the most powerful tool in our integration arsenal. In order to
master its use, you will need to work through many problems. We provide a wide assortment
of these in the exercise set that follows.

EXERCISES 6.2 @

) WRITING EXERCISES

1. Discuss your best strategy for determining which part of the
integrand should be © and which part should be dv.

2. Integration by parts comes from the product rule for deriva-
tives. Which integration technique comes from the chain rule?
Briefly discuss why there is no commonly used integration
technique derived from the quotient rule.

In exercises 1-26, evaluate the integrals.

1. /xcosxdx 2. /xsin4xdx

4. [xlnxdx
1

6. /ﬂdx
X

8. [xzeXde

xe¥dx

3.

x2Inxdx

=
S
AN
&
=
QU
=

e sindx dx 10. e** cosx dx

11. CcOS X cos2x dx 12.
13.
15. [ (Inx)*dx 16.

17.

xsec’ x dx 14. /x3exzdx

cos x In(sin x) dx 18.

19. x sin2x dx 20. 2x cosx dx

— T T T T T e T—

S

1 1
21. / xcosmwxdx 22. / xeXdx
0 0

1 1
23. / xsinmwx dx 24. / xcos2mxdx
0 0

10
25./ Inxdx
1

In exercises 27-36, evaluate the integral using integration by
parts and substitution. (As we recommended in the text, “Try
something!”)

2
26. / xInxdx
1

27. /cos’lxdx 28. /‘tan’lxdx
29. /sinﬁdx 30. /‘e*/;dx
31. /sin(lnx)dx 32. /xln(4+x2)dx
33. /eﬁ" sin(e**) dx 34. /cosf/;dx

8 1
35. / eV dx 36. / xtan~'x dx

0 0

37. How many times would integration by parts need to be per-
formed to evaluate [ x" sin x dx (where nis a positive integer)?

38. How many times would integration by parts need to be per-
formed to evaluate [ x" Inx dx (where n is a positive integer)?

39. Several useful integration formulas (called reduction formu-
las) are used to automate the process of performing multiple
integrations by parts. Prove that for any positive integer n,

1 . n—1
/cos" xdx = —cos" ! xsinx + cos" 2 x dx.

n n
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n—1

(Use integration u=cos" 'x and

dv =cosxdx.)

by parts with
40. Use integration by parts to prove that for any positive integer n,
. 1. n—1 .
/ sin" x dx = ——sin" ' x cosx + —— / sin" ™% x dx.
n n

In exercises 41-48, evaluate the integral using the reduction
formulas from exercises 39 and 40 and (2.4).

41. / x3etdx 42. / cos’ x dx
43. / cos® x dx 44. / sin* x dx
1 /2
45. / xte* dx 46. / sin* x dx
0 0
/2 /2
47. f sin® x dx 48. / sin® x dx
0 0

49. Based on exercises 46-48, conjecture a formula for
foﬂ/ sin™ x dx. (Note: You will need different formulas for
m odd and for m even.)

50. Conjecture a formula for /0;1/ *cos™ x dx.

51. The excellent movie Stand and Deliver tells the story of math-
ematics teacher Jaime Escalante, who developed a remark-
able AP calculus program in inner-city Los Angeles. In one
scene, Escalante shows a student how to evaluate the integral
[ x?sinx dx. He forms a chart like the following:

sin x
x* | —cosx | +
2x | —sinx | —
2 CcOs X +

Multiplying across each full row, the antiderivative is
—x2cosx + 2x sinx + 2cos x + c. Explain where each col-
umn comes from and why the method works on this problem.

In exercises 52—-57, use the method of exercise 51 to evaluate the
integral.

52. f x*sinx dx

54. /x4e"' dx

56. / x> cos 2x dx

53. /x4cosxdx
55. /x4e2“'dx

57. /x3e_3"dx

58. You should be aware that the method of exercise 51 doesn’t
always work, especially if both the derivative and antideriva-
tive columns have powers of x. Show that the method doesn’t
work on [ x*Inx dx.

59. Show that f:{ cos(mx)cos(nx)dx =0 and
ffn sin(mx) sin(nx) dx = 0 for positive integers m # n.

60.

61.

62.

63.

64.

65.

66.

6-12

Show that ffﬂ cos(mx) sin(nx) dx = 0 for positive integers m
andnand [” cos’nxdx = [”_sin’ nx dx = 7, for any pos-
itive integer n.

Find all mistakes in the following (invalid) attempted
proof that 0 = —1. Start with [e*e *dx and apply inte-
gration by parts with u = e* and dv = e *dx. This gives
Jee*dx = —1+ [e“e*dx. Then subtract [e*e *dx to
get 0 = —1.

Find the volume of the solid formed by revolving the region
bounded by y = x+/sinx and y =0 (0 <x < ) about the

X-axis.

Evaluate [ e* (Inx + 1) dx by using integration by parts on
[ e*Inxdx.

Generalize the technique of exercise 63 to any integral of the
form f e*[f(x)+ f'(x)]dx. Prove your result without using
integration by parts.

Use the quotient rule to show that

/') d S ) F(x)g'(x)
x = ————dx.
8(x) 8(x) [g(x)]
Derive the formula of exercise 65 using integration by parts
1
withuy = —.
g(x)

EXPLORATORY EXERCISES

. Integration by parts can be used to compute coefficients for

important functions called Fourier series. We cover Fourier
series in detail in Chapter 8. Here, you will discover what some
of the fuss is about. Start by computing a,, = % f fﬂ x sinnx dx
for an unspecified positive integer n. Write out the specific val-
ues for a;, a,, a; and a4 and then form the function

f(x) =a;sinx + a, sin2x + a3 sin3x + a, sin4x.

Compare the graphs of y = x and y = f(x) on the interval
[—m, w]. From writing out a, through a4, you should notice a
nice pattern. Use it to form the function

g(x) = f(x) + assin5x + ag sin 6x + a7 sin 7x + ag sin 8x.

Compare the graphs of y = x and y = g(x) on the interval
[—m, m]. Is it surprising that you can add sine functions to-
gether and get something close to a straight line? It turns out
that Fourier series can be used to find cosine and sine ap-
proximations to nearly any continuous function on a closed
interval.

. Along with giving us a technique to compute antideriva-

tives, integration by parts is very important theoretically. In
this context, it can be thought of as a technique for mov-
ing derivatives off of one function and onto another. To see
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what we mean, suppose that f(x) and g(x) are functions with K
f(0)=g(@0)=0, f(1) = g(1) = 0 and with continuous sec-
ond derivatives f”(x)and g”(x). Use integration by parts twice 1)
to show that
1 1 A2
| rreseax = [ reogax,
0 0 ) Ay
3. Assume that f is an increasing continuous function on [a, b] f@ >
with 0 <a <b and f(x) > 0. Let A; be the area under a b
y=/f(x) from x=a to x=>b and let A, be the 4. Assume that f is a function with a continuous
area to the left of y= f(x) from f(a) to f(b). second derivative. Show that
Show ~ that A +A; =bfb)—af@) o and Fb) = f(@+ f@b—a)+ [ /()b —x)dx. Use this
Jo f@)dx =bf(b) —af(@) =[5, f7'()dy. Use this result to show that the error in the approximation sinx ~ x
result to evaluate foﬂ/4 tan~' x dx. is at most 1x2.

@ 6.3 TRIGONOMETRIC TECHNIQUES OF INTEGRATION

O Integrals Involving Powers of Trigonometric Functions

Evaluating an integral whose integrand contains powers of one or more trigonometric func-
tions often involves making a clever substitution. These integrals are sufficiently common
that we present them here as a group.

We first consider integrals of the form

/ sin” x cos" x dx,

where m and n are positive integers.

Case 1: m or n Is an Odd Positive Integer
If m is odd, first isolate one factor of sinx. (You’ll need this for du.) Then, replace any
factors of sin’ x with 1 — cos? x and make the substitution u = cos x. Likewise, if n is odd,
first isolate one factor of cos x. (You’ll need this for du.) Then, replace any factors of cos® x
with 1 — sin® x and make the substitution u = sin x.

We illustrate this for the case where m is odd in example 3.1.

EXAMPLE 3.1 A Typical Substitution
Evaluate [ cos* x sinx dx.

Solution Since you cannot evaluate this integral as it stands, you should consider
substitution. (Hint: Look for terms that are derivatives of other terms.) Here, letting

u = cos x, so that du = — sinx dx, gives us
4 o _ 4 . _ 4
cos"xsinxdx = — [ cos" x(—sinx)dx = — | u" du
— — ———
ut du
w cos’ x
= —— + C = — + C. Sinceu = cosx.

5 5 w0
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what we mean, suppose that f(x) and g(x) are functions with K
f(0)=g(@0)=0, f(1) = g(1) = 0 and with continuous sec-
ond derivatives f”(x)and g”(x). Use integration by parts twice 1)
to show that
1 1 A2
| rreseax = [ reogax,
0 0 ) Ay
3. Assume that f is an increasing continuous function on [a, b] f@ >
with 0 <a <b and f(x) > 0. Let A; be the area under a b
y=/f(x) from x=a to x=>b and let A, be the 4. Assume that f is a function with a continuous
area to the left of y= f(x) from f(a) to f(b). second derivative. Show that
Show ~ that A +A; =bfb)—af@) o and Fb) = f(@+ f@b—a)+ [ /()b —x)dx. Use this
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@ 6.3 TRIGONOMETRIC TECHNIQUES OF INTEGRATION

O Integrals Involving Powers of Trigonometric Functions

Evaluating an integral whose integrand contains powers of one or more trigonometric func-
tions often involves making a clever substitution. These integrals are sufficiently common
that we present them here as a group.

We first consider integrals of the form

/ sin” x cos" x dx,

where m and n are positive integers.

Case 1: m or n Is an Odd Positive Integer
If m is odd, first isolate one factor of sinx. (You’ll need this for du.) Then, replace any
factors of sin’ x with 1 — cos? x and make the substitution u = cos x. Likewise, if n is odd,
first isolate one factor of cos x. (You’ll need this for du.) Then, replace any factors of cos® x
with 1 — sin® x and make the substitution u = sin x.

We illustrate this for the case where m is odd in example 3.1.

EXAMPLE 3.1 A Typical Substitution
Evaluate [ cos* x sinx dx.

Solution Since you cannot evaluate this integral as it stands, you should consider
substitution. (Hint: Look for terms that are derivatives of other terms.) Here, letting

u = cos x, so that du = — sinx dx, gives us
4 o _ 4 . _ 4
cos"xsinxdx = — [ cos" x(—sinx)dx = — | u" du
— — ———
ut du
w cos’ x
= —— + C = — + C. Sinceu = cosx.

5 5 w0
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While this first example was not particularly challenging, it should give you an idea of

what to do with example 3.2.

6-14

EXAMPLE 3.2 An Integrand with an Odd Power of Sine
Evaluate | cos* x sin® x dx.

Solution If you’re looking for terms that are derivatives of other terms, you should
see both sine and cosine terms, but for which do you substitute? Here, with u = cos x,
we have du = —sin x dx, so that

/cos4x sin® x dx = /cos4x sin x sinx dx = — / cos* x sin” x(—sinx) dx

= —/cos4 x(1 —cos® x) (—sinx)dx = —/u“(l —u®)du

ut(1 —u?) du

5 7
= - (u4—u6)du=—<u——u—>+c

5 7

cos’x  cos’ x

= — 5 =+ 7 —+ ¢. Since u = cosx.
Pay close attention to how we did this. We took the odd power (in this case, sin’x) and
factored out one power of sin x (to use for du). The remaining (even) powers of sin x
were rewritten in terms of cos x using the Pythagorean identity

siffx +cos’x=1. m

The ideas used in example 3.2 can be applied to any integral of the specified form.

EXAMPLE 3.3 An Integrand with an Odd Power of Cosine
Evaluate [ +/sinx cos® x dx.

Solution Observe that we can rewrite this as
/ Vsinx cos® x dx = / Vsin x cos* x cos x dx = / Vsinx (1 — sinzx)2 cosx dx.
Substituting # = sin x, so that du = cos x dx, we have
/ A/sinx cos’ x dx = / V/sinx (1 — sin® x)? cos x dx
— —
Ju(l — u?)? du
= /ﬁ(l —u??du = /ul/2(1 —2u* +u*)du

= /‘(ul/2 — 20’ +u’?) du

2, 2 2
S TE R N el B/ R |V
3u (7>u +11u +c

4 2
= Zsin*?x — = sin”? x + — sin!!/?
3 7 11
Looking beyond the details of calculation here, you should see the main point: that all

integrals of this form are calculated in essentially the same way. m

X 4+ c. Sinceu =sinx.
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NOTES

Half-angle formulas

sin

2

COS2

x = 3(1 — cos2x)
x = (1 + cos 2x)

SECTION 6.3 e+ Trigonometric Techniques of Integration 523

Case 2: m and n Are Both Even Positive Integers
In this case, we can use the half-angle formulas for sine and cosine (shown in the margin)
to reduce the powers in the integrand.

We illustrate this case in example 3.4.

EXAMPLE 3.4 An Integrand with an Even Power of Sine
Evaluate [ sin®x dx.
Solution Using the half-angle formula, we can rewrite the integral as
1
/sinzxdx =3 /(1 — cos2x)dx.

We can evaluate this last integral by using the substitution u = 2x, so that du = 2dx.
This gives us

1/1 1
.2 _ - - _ _ _
/sm xdx = 2 <2>/(1 cos2x)2dx = 4/(1 cosu)du

1 —cosu du

1 1
= Z(u —sinu)+c = Z(Zx —sin2x) 4 ¢.  Since u = 2x.

With some integrals, you may need to apply the half-angle formulas several times, as
in example 3.5.

EXAMPLE 3.5 An Integrand with an Even Power of Cosine
Evaluate [ cos*x dx.

Solution Using the half-angle formula for cosine, we have
1
/cos4x dx = /(cos2 x)2 dx = 1 /(1 + cos Zx)2 dx
1
= ) /(1 + 2cos2x 4 cos? 2x) dx.

Using the half-angle formula again, on the last term in the integrand, we get
1 1
/cos4x dx = Z/ [1 +2cos2x + 5(1 +cos4x):| dx

3 1 1
= gx—i— Zsin2x+ isin4x+c,

where we leave the details of the final integration as an exercise. W

Our next aim is to devise a strategy for evaluating integrals of the form
/ tan” x sec” x dx,
where m and n are integers.

Case 1: m Is an Odd Positive Integer
First, isolate one factor of sec x tan x. (You’ll need this for du.) Then, replace any factors
of tan® x with sec> x — 1 and make the substitution u = sec x.
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We illustrate this in example 3.6.

EXAMPLE 3.6 An Integrand with an Odd Power of Tangent
Evaluate | tan®x sec’x dx.

Solution Looking for terms that are derivatives of other terms, we rewrite the
integral as

/ tan’ x sec’ x dx = / tan® x sec” x (secxtanx)dx

= /(sec2 x—1) sec? x (secx tanx) dx,

where we have used the Pythagorean identity
tan® x = sec’x — 1.

You should see the substitution now. We let u = sec x, so that du = sec x tan x dx and
hence,

/tan3 xsec’ x dx = / (sec® x — 1) sec? x (sec x tan x) dx

w? = Du? du

= / w? = Duldu = | u* —u?) du
1, 1 1 1

= — -’ +c= - secd x — —sec> x + c¢. Sinceu =secx.
5 3 5 3 -

Case 2: n Is an Even Positive Integer
First, isolate one factor of sec” x. (You’ll need this for du.) Then, replace any remaining
factors of sec? x with 1 + tan? x and make the substitution = tan x.

We illustrate this in example 3.7.

EXAMPLE 3.7 An Integrand with an Even Power of Secant

Evaluate | tan® x sec* x dx.

2

Solution Since % tan x = sec” x, we rewrite the integral as

/ tan’ x sect x dx = / tan” x sec” x sec’ x dx = [ tan® x(1 + tan® x) sec® x dx.
Now, we let u = tan x, so that du = sec? x dx and

/ tan® x sec* x dx = | tan® x(1 + tan’ x) sec® x dx
\—\,—/

N — -

W21+ u?) du

=/u2(1+u2)du=/(u2+u4)du

1 1
:§M3+§M5+C
1

1
= g tan3 X 4+ g tan5 X 4+ c. Sinceu = tanx.
m 00|




6-17

NOTE

Terms of the form +/a? — x2 can
also be simplified using the
substitution x = a cos 6, using a
different restriction for 6.
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Case 3: m Is an Even Positive Integer and n Is an Odd Positive Integer
Replace any factors of tan? x with sec?> x — 1 and then use a special reduction formula (given
in the exercises) to evaluate integrals of the form | sec” x dx. This complicated case will
be covered briefly in the exercises. Much of this depends on example 3.8.

EXAMPLE 3.8 An Unusual Integral

Evaluate the integral [ secx dx.

Solution Finding an antiderivative here depends on an unusual observation. Notice
sec x + tanx

that if we multiply the integrand by the fraction ——————— (which is of course equal
secx + tanx

secx + tanx
secxdx = [ secx | ——— ) dx
secx 4+ tanx
sec? x + sec x tan x
dx
sec x + tanx

to 1), we get

Now, observe that the numerator is exactly the derivative of the denominator. That is,

d
d—(secx + tan x) = sec x tan x + sec x,
X

so that taking u = sec x 4 tan x gives us

sec? x 4+ secx tanx
secxdx = dx
secx + tanx

1
:f—du:ln|u|+c
u

=1In |secx + tanx| +c. Sinccu=secx+tanx. A |

O Trigonometric Substitution

If an integral contains a term of the form v/a? — x2, Va? + x2 or +/x2 — a2, for some
a > 0, you can often evaluate the integral by making a substitution involving a trig function
(hence, the name trigonometric substitution).
First, suppose that an integrand contains a term of the form +/a? — x2, for some a > 0.
T

Letting x = a sin 6, where —% <0< 7, we can eliminate the square root, as follows:

Va2 —x? = Va? — (asin®)? = va? — a%sin’0
=av1—sin?0 =a~cos20 = acosb,

since for —% < 6 < 7, cosf > 0. Example 3.9 is typical of how these substitutions are
used.

EXAMPLE 3.9 An Integral Involving ~/a% — x2

1
Evaluate / ——— dx.
x24/4 — x2

Solution You should always first consider whether an integral can be done directly,
by substitution or by parts. Since none of these methods help here, we consider
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2sin 0= x

trigonometric substitution. Keep in mind that the immediate objective here is to
eliminate the square root. A substitution that will accomplish this is

x = 2siné, for—£<9<z.
2 2

(Why do we need strict inequalities here?) This gives us
dx = 2cos6 db

and hence,

1

1
. dx =
/XZ\/4—X2 * /(251n9)2,/4—(25in9)2

2cos0db

. / 2cos6 40
43in*0 /4 — 4in’ 0

B / cos b 20
(2sin®60)2+/1 — sin® 6

cos @
— / — do Since 1 — sin® # = cos? 6.
4 sin” 0 cos @

>
=csc™ 6.

1 ) 1 |
=— [ csccBdf = ——coth +c. Since —
4 4 sin” 6
The only remaining problem is that the antiderivative is presently written in terms of the
variable 6. When converting back to the original variable x = 2sin6, we urge you to
draw a diagram, as in Figure 6.1. Since the substitution was x = 2sin6, we have
. X opposite
sinf = - = —
2 hypotenuse
angle 6 is then 2 sin 6. By the Pythagorean Theorem, we get that the adjacent side is

V4 — x2, as indicated. So, we have

and so we label the hypotenuse as 2. The side opposite the

cos 6 V4 — x2
cotl = — = .
sin & X
It now follows that
1 1 1 /4 — x2
/m“:‘z“’”“:—ZT“ .

Next, suppose that an integrand contains a term of the form +/a? + x2, for some a > 0.
Taking x = atan, where —7 < 6 < 7, we eliminate the square root, as follows:

Va2 +x2 = Va2 + (atan 0?2 = Va2 + a? tan? 0

—a+v1+tan26 = a~/sec26 = asech,

since for =5 < 6 < 7, sec > 0. Example 3.10 is typical of how these substitutions are
used.

EXAMPLE 3.10 An Integral Involving v/a? + x2

1
Evaluate the integral / — dx.

V9 4+ x2
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Solution You can eliminate the square root by letting x = 3tan6, for -5 <6 < 3.

2
This gives us dx = 3 sec’ 0d6, so that

3sec’ 9 do

1 / 1
LS M .
/«/9—|—x2 V9 + (3tan9)?
3sec? 6

= | ————df

/9 4+ 9tan? 6
_/ 3sec?d 40
) 3J1 +tanZ0

sec? 6 )
= df  Since 1 +tan? 0 = sec? 6.
sec 6

= /sec@ do

= In|secd +tan 6| + c,

from example 3.8. We’re not done here, though, since we must still express the integral

in terms of the original variable x. Observe that we had x = 3 tan6, so that tan6 = 3. It
remains only to solve for sec 6. Although you can do this with a triangle, as in example

3.9, the simplest way to do this is to recognize that for -7 < 6 < 7,

secd =+/1+tan’0 = /1 + (§>2

1
This leaves us with /7dx=1n|sec9+tan0|+c
9+ x2
1 1+<x)2+x +
=1In - —|+ec.
3 3
[

Finally, suppose that an integrand contains a term of the form +/x2 — a2, for some
a > 0. Taking x = asect, where 0 € [0, Z) U (%, 7], we eliminate the square root,
as follows:

Va2t —a? = V(asec)? —a? = Va?sec20 — a2

—a+vsec?6 — 1 = av/tan? 0 = a [tané|.

Notice that the absolute values are needed, as tan @ can be both positive and negative on

[O, %) U (%, rr]. Example 3.11 is typical of how these substitutions are used.

EXAMPLE 3.11 An Integral Involving v/x% — a?
/ x? =25
X

Evaluate the integral dx, forx > 5.

Solution Here, we let x = 5sec6, for0 € [O, %), where we chose the first half of the

domain [0, Z) U (%, 7], so that x = 5sec6 > 5. (If we had x < —5, we would have
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chosen 6 € (%, r].) This gives us dx = 5sec tan6 d6 and the integral then becomes:

=1

Finally, observe that since x = 5sec6, for 6 € [0, ), we have that

tanf = v/sec2 — 1 = ,/(%)2 —-1= %\/xz - 25

and 6 = sec™! (£). We

/m

now have

dx = 5(tan6 — 0) + ¢

6-20

V(5sech)? —25

5sect

f\/ 25sec2d —25tané db
fS\/secze — 1tané dé

5 / tan2 0 df Sincesec’d — 1 = tan® 0.

(5secHtanb) do

5/(se029 —1)do
5(tanf — 6) + c.

= M—Ssec_l (%) +c.

You will find a number of additional integrals requiring trigonometric substitution in
the exercises. The principal idea here is to see that you can eliminate certain square root
terms in an integrand by making use of a carefully chosen trigonometric substitution.

We summarize the three trigonometric substitutions presented here in the following

table.
Trigonometric
Expression Substitution Interval Identity
a? — x? X =asinf -5<6<7% 1 —sin®0 = cos? 0
Ja? +x2 X =atanf —%<9<% 1 +tan% 6 = sec? @
x2 —a? x =asech 0 el0, Uz, ] sec’6 — | =tan’0

EXERCISES 6.3 @

) WRITING EXERCISES

1. Suppose afriend in your calculus class tells you that this section

just has too many rules to memorize. (By the way, the authors
would agree.) Help your friend out by making it clear that each
rule indicates when certain substitutions will work. In turn, a
substitution u(x) works if the expression u'(x) appears in the
integrand and the resulting integral is easier to integrate. For
each of the rules covered in the text, identify u’(x) and point

out why 7 has to be odd (or whatever the rule says) for the re-
maining integrand to be workable. Without memorizing rules,
you can remember a small number of potential substitutions
and see which one works for a given problem.

In the text, we suggested that when the integrand contains a
term of the form +/4 — x2, you might try the trigonometric
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substitution x = 2sind. We should admit now that this does
not always work. How can you tell whether this substitution
will work?

In

1.

3.

11.

13.

15

17.

19

21

23

25

27

29

In

cos? x sin® x dx

exercises 1-30, evaluate the integrals.
.4 34
/cosx sin” x dx 2. /cos xsin” x dx
/4 /3
/ cosx sin’ x dx 4. / cos® x sin® x dx
0 /4
/2 0
/ cos® x sinx dx 6. / cos® x sinx dx
0 /2
2 -4
/ cos” x dx 8. / sin” x dx
/ tan x sec® x dx 10. / cotx csct x dx
/4 /4
4 4 4 2
/ tan” x sec” x dx 12. / tan” x sec” x dx
0 —/4

14. / cos® x + sin® x) dx

/2
16. / cot® x csct x dx
g

0
. / Jcosx sin® x dx
—n/3 /4
! d 18 ! d
———dx X —dx
x24/9 — x2 x24/16 — x2

2
. / V4 —x2dx
0

1
x
20. ———— dx
/o V4 — x?

22. /x3\/x2 —ldx

24

2
. —— dx
/ Vxz -9
X
. ——— dx

/ Vxr—4
26. /x3\/x2 +8dx

2
. ——— dx
./\/xz—4
2
. —— dx
/\/x2+9
1
. Vxz+16dx . /7dx
./ Vxr+4
1 2
. / xvVx2+8dx 30. / x2V/x2+9dx
0 0

exercises 31 and 32, evaluate the integral using both substi-

28

tutions # = tanx and # = secx and compare the results.

31

33

34

35.

. /tanx sect x dx 32. /tan3 xsect x dx

. Show that for any integer n > 1, we have the reduction formula

1
/sec”xdx =
n

. Evaluate (a) [ sec® x dx, (b) [ sec* xdx and (c) [ sec® x dx.
Hint: Use the result of exercise 33.

n—2
1 sec" 2 x tanx + 1 / sec" 2 x dx.
n—

In an AC circuit, the current has the form i(¢) = I cos(wt) for
constants / and . The power is defined as Ri? for a constant
R. Find the average value of the power by integrating over the
interval [0, 27 /w].
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X2 y?
36. The area of the ellipse e + i 1 is given by

) 3.

. One CAS produces —% sin? x cos® x —

. One CAS produces — 1—25 tanx —

4b [
— / v a* — x? dx. Compute this integral.
a Jo

Evaluate the antiderivatives in examples 3.2, 3.3, 3.5, 3.6
and 3.7 using your CAS. Based on these examples, speculate
whether or not your CAS uses the same techniques that we do.
In the cases where your CAS gives a different antiderivative
than we do, comment on which antiderivative looks simpler.

. Repeat exercise 37 for examples 3.9, 3.10 and 3.11.

= cos’x as an anti-
derivative in example 3.2. Find ¢ such that this equals our

antiderivative of —é cos’ x + % cos’ x +c.

1= sec’ x tan x + 1 sec* x tan x

as an antiderivative in example 3.7. Find ¢ such that this equals
our antiderivative of 1 tan® x + $ tan’ x + c.

. In

EXPLORATORY EXERCISES

section 6.2, you were asked to show that
for positive integers m and n with m #n,
ST cosmxcosnxdx =0 and [" sinmxsinnxdx =0.
Also, ST, cos? nxdx = [7 sin’nxdx = 7. Finally,

ffﬂ cosmx sinnx dx = 0, for any positive integers m and
n. We will use these formulas to explain how a radio can tune
in an AM station.

Amplitude modulation (or AM) radio sends a signal (e.g.,
music) that modulates the carrier frequency. For example, if the
signal is 2 sin¢ and the carrier frequency is 16, then the radio
sends out the modulated signal 2sin¢ sin 16¢. The graphs of
y =2sint,y = —2sint and y = 2sin7 sin 16 are shown in
the figure.

The graph of y = 2sint sin 16¢ oscillates as rapidly as the car-
rier sin 16¢, but the amplitude varies between2 sint and —2 sin ¢
(hence the term amplitude modulation). The radio’s problem
is to tune in the frequency 16 and recover the signal 2 sin z. The
difficulty is that other radio stations are broadcasting simulta-
neously. A radio receives all the signals mixed together. To see
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how this works, suppose a second station broadcasts the sig-
nal 3 sint at frequency 32. The combined signal that the radio
receives is 2 sin sin 16¢ + 3 sin sin 32¢. We will decompose
this signal. The first step is to rewrite the signal using the
identity

1 1
sin A sin B = 3 cos(B — A) — 3 cos(B + A).
The signal then equals
3 3
f(t) =cos 15t —cos 17t + 2 cos 31t — 3 cos 33t.

If the radio “knows” that the signal has the form c sin 7, for
some constant ¢, it can determine the constant ¢ at frequency
16 by computing the integral ffn f(t)cos 15t dt and multi-

6-22

plying by 2/7. Show that ffn f(t)cos 15t dt = m, so that the
correct constant is ¢ = w(2/m) = 2. The signal is then 2 sin¢.
To recover the signal sent out by the second station, compute
jfﬂ f(t)cos 31t dt and multiply by 2/7. Show that you cor-
rectly recover the signal 3 sinz.

. In this exercise, we derive an important result called Wallis’

product. Define the integral 7, = fon/ *sin” xdx for a pos-
itive integer n. (a) Show that I, = -“~1,,. (b) Show

n—1

b, 2242 ... (2n)*2
that —2*! — (2n) . (c) Conclude that
b, 3252...2n — 1)*)Q2n+ D
2242 ... (2n)?

I .
2 T RS 2n— 12C2n + 1)

INTEGRATION OF RATIONAL FUNCTIONS
USING PARTIAL FRACTIONS

@ 6.4

In this section we introduce a method for rewriting certain rational functions that is very
useful in integration as well as in other applications. We begin with a simple observation.
Note that
3 2 3x—-5-2x+2)  x-—19
x+2 x—=5 (x+2x-35  x2=3x—-10"

“.1)

So, suppose that you wanted to evaluate the integral of the function on the right-hand side
of (4.1). While it’s not clear how to evaluate this integral, the integral of the (equivalent)
function on the left-hand side of (4.1) is easy to evaluate. From (4.1), we now have

/7)“19 d / 23 2 Nar—3Injx42)— 20y — 5|+
X = — X = X — X — C.
x2—-3x—10 x+2 x-=5

3 2
x+2 x-5

The second integrand,

is called a partial fractions decomposition of the first integrand. More generally, if the three
factors a;x + by, a,x + b, and asx + b are all distinct (i.e., none is a constant multiple of
another), then we can write

aix + b _ A n B
(arx + by)(asx + bz) - arx + by azx + by ’

for some choice of constants A and B to be determined. Notice that if you wanted to integrate
this expression, the partial fractions on the right-hand side are very easy to integrate, just
as they were in the introductory example just presented.

EXAMPLE 4.1 Partial Fractions: Distinct Linear Factors

1
Evaluat — dx.
vauaefxz_i_x_2 X
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vauaefxz_i_x_2 X



6-23

Partial fractions:
distinct linear factors

SECTION 6.4 *¢ Integration of Rational Functions Using Partial Fractions 531

Solution First, note that you can’t evaluate this as it stands and all of our earlier
methods fail to help. (Consider each of these for this problem.) However, we can make a
partial fractions decomposition, as follows.
1 B 1 A n B
24+x—2 (x=Dx+2 x—-1 x+2

Multiplying both sides of this equation by the common denominator (x — 1)(x + 2),
we get

1=Ax+2)+ B(x —1). 4.2)

We would like to solve this equation for A and B. The key is to realize that this equation
must hold for all x, including x = 1 and x = —2. [We single out these two values
because they will make one or the other of the terms in (4.2) zero and thereby allow us
to easily solve for the unknowns A and B.] In particular, for x = 1, notice that from
(4.2), we have

1=A1+2)+B(1—-1)=3A,
so that A = % Likewise, taking x = —2, we have
1=A(-2+2)+B(-2—-1)= -3B,

so that B = —%. Thus, we have

e [5G) -5 6

1 1
=§1n|x—1|—§ln|x+2|+c. .

We can do the same as we did in example 4.1 whenever a rational expression has a
denominator that factors into n distinct linear factors, as follows. If the degree of P(x) < n
and the factors (a;x + b;), fori = 1,2, ..., n are all distinct, then we can write

P(x) __a e
(a1x + b)) axx +by) -+ (apx +by)  ajx +by  axx + by a,x +b,’

for some constants ¢, ¢, . .., Cp.

EXAMPLE 4.2 Partial Fractions: Three Distinct Linear Factors

3x2 —T7x =2
Evalvate [ —————dx.
X3 —x
Solution Once again, our earlier methods fail us, but we can rewrite the integrand using
partial fractions. We have

3x2—7x =2 B 3x2—Tx =2 B A+ B n C
3—x  xx=D&x+D x x—-1 x+1
Multiplying by the common denominator x(x — 1)(x + 1), we get
3x2 —7x —=2=A(x — D(x + 1)+ Bx(x + 1) + Cx(x — 1). “4.3)
In this case, notice that taking x = 0, x = 1 or x = —1 will make two of the three terms

on the right side of (4.3) zero. Specifically, for x = 0, we get
2= A(-1)(1) = —A4,




532 CHAPTER 6 *¢ Integration Techniques 6-24
so that A = 2. Likewise, taking x = 1, we find B = —3 and taking x = —1, we find
C = 4. Thus, we have
3x2 —Tx =2 2 3 4
/ AT = / - = + dx
x3—x x x—1 x+1
=2In|x| =3Injx —1|+4njx+1|+c. m__ |
EXAMPLE 4.3 Partial Fractions Where Long Division Is Required
2x3 —4x? — 15x +5
REMARK 4.1 Find the indefinite integral of f(x) = * * s using a partial fractions

x2—2x—8

If the numerator of a rational
expression has the same or
higher degree than the
denominator, you must first
perform a long division and 2%
follow this with a partial
fractions decomposition of the

decomposition.

Solution Since the degree of the numerator exceeds that of the denominator, first
divide. We show the long division below. (You should perform the division however you
are most comfortable.)

x2—2x—8)2x3—4x2—15x+5

remaining (proper) fraction. 2x3 — 4x% — 16x
x+5
2x% —4x% — 15x + 5 x+5
Thus, we have = =2 -
f) x2—2x—38 x+x2—2x—8

The remaining proper fraction can be expanded as

x+5 _ x+5 A n B
2=2x—8 (x—4dHx+2) x—4 x+2

It is a simple matter to solve for the constants: A = % and B = —%. (This is left as an
exercise.) We now have

/2x3—4x2—15x+5d _/2+3 1 1/ 1 .
X2_2r—8 T GTe) T2 \v2) |

2+31n| 4] 11n| +2| +
= X — X — — = X C.
2 2

You may already have begun to wonder what happens when the denominator of a
rational expression contains repeated linear factors, such as

2x+3
(x — 1)

In this case, the decomposition looks like the following. If the degree of P(x) is less than
n, then we can write

Partial fractions: P(x) — “ + © + .. 4+ 67"
repeated linear factors (ax + by ax +b (ax + b)? (ax + b)* ’

for constants ¢y, ¢, ..., ¢, to be determined.
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Example 4.4 is typical.

EXAMPLE 4.4 Partial Fractions with a Repeated Linear Factor
Use a partial fractions decomposition to find an antiderivative of

5x24+20x +6

T =

Solution First, note that there is a repeated linear factor in the denominator. We have

5x2+20x+6_5x2~|—20x+6_A B C

WB+2x24+x  x(x+1)? _x+x—|—1+(x+l)2'

Multiplying by the common denominator x(x + 1)?, we have
5x24+20x +6 = A(x + 1)> + Bx(x + 1) + Cx.

Taking x = 0, we find A = 6. Likewise, taking x = —1, we find that C = 9. To
determine B, substitute any convenient value for x, say x = 1. (Unfortunately, notice
that there is no choice of x that will make the two terms containing A and C both zero,
without also making the term containing B zero.) You should find that B = —1. So,

we have
f5x2~|-20x+6d / 6 1 N 9 J
_— X = _— _— X
x34+2x2+x x x+1 (x+1)?

=6ln|x|—Injx +1|—9x+ D' +c. m

We can extend the notion of partial fractions decomposition to rational expressions
with denominators containing irreducible quadratic factors (i.e., quadratic factors that have
no real factorization). If the degree of P(x) is less than 2n (the degree of the denominator)
and all of the factors in the denominator are distinct, then we can write

P(x)
(a1x2 4 b1x + c1)(axx? + byx + ¢2) - - - (anX? + byx + ¢p) 4.4)
_ Aix+B Ax+B Aux + B, '
aix2+bix+c; ax?4+bx+c apx? +b,x +c,

Think of this in terms of irreducible quadratic denominators in a partial fractions decompo-
sition getting linear numerators, while linear denominators get constant numerators. If you
think this looks messy, you’re right, but only the algebra is messy (and you can always use a
CAS to do the algebra for you). You should note that the partial fractions on the right-hand
side of (4.4) are integrated comparatively easily using substitution together with possibly
completing the square.

EXAMPLE 4.5 Partial Fractions with a Quadratic Factor

2x2 —5x 42

Use a partial fractions decomposition to find an antiderivative of f(x) = o
X X

Solution First, note that

2x2—5x+2_2x2—5x+2_A+Bx+C
B4+x x(x2+1D) x X241
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Multiplying through by the common denominator x(x> + 1) gives us
2x2 —5x +2=A*+ 1)+ (Bx + O)x
=(A+ B)x>+Cx+ A.

Rather than substitute numbers for x (notice that there are no convenient values to plug
in, except for x = 0), we instead match up the coefficients of like powers of x:

2=A+B
—5=C
2= A.

This leaves us with B = 0 and so,

2x% — 5x +2 25
/Lifﬂ%i_dx:/<___Z:0dx=2mhﬁ—ﬁm”x+a
X X X X

m |

Partial fractions decompositions involving irreducible quadratic terms often lead to
expressions that require further massaging (such as completing the square) before we can
find an antiderivative. We illustrate this in example 4.6.

EXAMPLE 4.6 Partial Fractions with a Quadratic Factor

Use a partial fractions decomposition to find an antiderivative for

5x% +6x +2
(x+2)(x24+2x +5)°

fx)=

Solution First, notice that the quadratic factor in the denominator does not factor and
so, the correct decomposition is

Sx24+6x 42 . A n Bx +C
(x+2)@x2+2x+5) x+2 x2+42x+5

Multiplying through by (x + 2)(x? + 2x + 5), we get
5x246x +2=Ax>+2x +5) + (Bx + O)(x + 2).

Matching up the coefficients of like powers of x, we get

5=A+8B
6=2A+2B+C
2=5A+2C.

You’ll need to solve this by elimination. We leave it as an exercise to show that
A =2, B =3and C = —4. Integrating, we have

5x2 46 2 2 3x —4
X Ao dx:/ i dx. 4.5)
(x +2)(x%2+2x +53) x+2 x242x+5

The integral of the first term is easy, but what about the second term? Since the
denominator doesn’t factor, you have very few choices. Try substituting for the
denominator: let u = x2 + 2x + 5, so that du = (2x + 2) dx. Notice that we can now
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REMARK 4.2

Most CASs include commands
for performing partial fractions
decomposition. Even so, we
urge you to work through the
exercises in this section by
hand. Once you have the idea of
how these decompositions
work, by all means, use your
CAS to do the drudge work for
you. Until that time, be patient
and work carefully by hand.
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write the integral of the second term as

3x —4 3x+1)—7
—  dx = | ———dx =
x242x+5 x24+2x+5
_ 3/ 2(x + 1)
T 2) x242x+5

3
:EIH(X2+2x+5)_/

/ 3 2(x + 1) 7
— — dx
2) x24+2x+5 x242x+5

7
x—f—dx
x24+2x+5
7

—d 4.6
x24+2x+5 * (4.6)

Completing the square in the denominator of the remaining integral, we get

7 7 7 (x+1
——dx=| —————dx=~-tan" | — | +c.
x24+2x+5 (x+1)2+4 2 2

(We leave the details of this last integration as an exercise.) Putting this together with
(4.5) and (4.6), we now have

5x% 4+ 6x +2
(x+2)(x2+2x +53)

3 7 1
dx =2Infx +2|+ 5 InG* + 2 +5) — 3 tan”! (x; >+c.

Rational expressions with repeated irreducible quadratic factors in the denominator are
explored in the exercises. The idea of these is the same as the preceding decompositions,
but the algebra (without a CAS) is even messier.

After mastering decompositions involving repeated irreducible quadratic factors, you
will be able to find the partial fractions decomposition of any rational function. Theoretically,
the denominator of such a function (a polynomial) can always be factored into linear and
quadratic factors, some of which may be repeated. Then, use the techniques covered in this
section. You should recognize that while this observation is certainly true, in practice you
may require a CAS to accurately complete the calculations.

O Brief Summary of Integration Techniques

At this point, we pause to briefly summarize what we have learned about techniques of
integration. As you certainly recognize by now, integration is far less straightforward than
differentiation. You can differentiate virtually any function that you can write down, simply
by applying the formulas. We are not nearly so fortunate with integrals. Many cannot be
evaluated at all exactly, while others can be evaluated, but only by recognizing which
technique might lead to a solution. With these things in mind, we present now a few hints
for evaluating integrals.

Integration by Substitution: / Fux))u'(x)dx = / fu) du

What to look for:

1. Compositions of the form f(u(x)), where the integrand also contains u'(x); for
example,

/Zx cos(x?)dx = /cos(x2)2x dx = /cosu du.
——

cosu du
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2. Compositions of the form f(ax + b); for example,

u—1

[ame-l®

du
Ju

du.

—_—
X u—1
x+1

Integration by Parts: f udv=uv— / vdu

What to look for: products of different types of functions: x”, cos x, e*; for example,

U==x dv =cosx dx
/2xcosx dx

du = dx v =sinx

= xsinx —/sinx dx.

Trigonometric Substitution:
What to look for:
1. Terms like v/a? — x%: Let x = asin® (-7/ < 6 < 7)), so that dx = a cos6 df and

Va2 —x? =+/a? — a?sin* @ = a cos 0; for example,

. 2
sin” 6

——
2
X .
/7 dx = | sin“ 6 d6.
/ 2 =
J - XJ cos6 do
cosf
2. Terms like v/x2 4+ a2: Let x = atan® (—7/, < 6 < 74), so that dx = a sec’ 6 d6 and
Vx2 4 a? = Va2 tan? 6 + a2 = asec6; for example,

27tan® @
3

- dx = 27/tan395600 deé.
/2 —
\_x\,—i__% 3sec? O db
3secH
3. Terms like +/x2 — a?: Let x = asecf, for 0 € [0, 74) U (75, 7], so that
dx = asecftan® df and v/x2 — a? = va?sec?d — a? = atan@; for example,

x> Vx2—4  dx =32 [ sec*Otan®0 do.
S~ —— ~——
8sec’d 2tan@ 2secHtanf db

Partial Fractions:

What to look for: rational functions; for example,

x+2 x+2 A B
————dx= | ————dx = + dx.
x2 —4x +3 (x—1Dx—=3) x—1 x-3
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EXERCISES 6.4 @

S WRITING EXERCISES

1.

There is a shortcut for determining the constants for linear
terms in a partial fractions decomposition. For example, take
x—1 A + B
x+Dx—2) x+1 x-=2"
To compute A, take the original fraction on the left, cover
up the x + 1 in the denominator and replace x with —1:

-1-1 2
A= 2= 73 Similarly, to solve for B, coverup the x — 2
2 — 1
and replace x with 2: B = 1 =3 Explain why this works

and practice it for yourself.

For partial fractions, there is a big distinction between quadratic
functions that factor into linear terms and quadratic functions
that are irreducible. Recall that a quadratic function factors as
(x —a)(x — b) if and only if a and b are zeros of the function.
Explain how you can use the quadratic formula to determine
whether a given quadratic function is irreducible.

In exercises 1-30, find the partial fractions decomposition and
an antiderivative. If you have a CAS available, use it to check
your answer.

1.

11.

13.

15.

17.

19.

21.

23.

x—=5 » S5x —2
x2—1 T x2—4
6x 4 3x
x2—x-2 Cx2—3x—4
—x+5 6 3x + 8
x3—x%2—2x T a3 4+ 5x2 4 6x
X H+x+2 8 x2+1
x24+2x -8 T x2—5x—6
5x —23 10 3x +5
6x2 —11x —7 T5x2—4x —1
x—1 » 4x —5
x3 +4x2 4+ 4x ©ox3—3x2
x+4 14 —2x2+4
X34 3x2 4+ 2x T3+ 3x2 + 2x
x+2 1
—_ 16. —
x3 4+ x x3 4+ 4x
4x —2 18 3x+7
16x* — 1 T xt—16
4x? — Tx — 17 2 x4+ x
6x2 —11x — 10 Txr—1
2x +3 2 2x
X2 4+2x +1 T x2—6x+9
34 4
-4 A
X3 4 2x2 4+ 2x x3 —2x2 4 4x

25.

27.

29.

31.
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x4+ x X3 —2x
- 260 ——————
3x24+2x + 1 2x2 —3x +2
4x> 4+ 3 28 4x +4
X3 +x24x T oxt a3 4252
3x3 41 30, 2x* +9x2+x —4

xX3—x2+x-—1 x3 4 4x

In this exercise, we find the partial fractions decomposition of
4x2 42

——— . Consistent with the form for repeated linear fac-
(7 + 12

.. . Ax+B Cx+D
tors, the form for the decomposition is .
x24+1 (x2+1)?
We set
4x2+2_Ax+B Cx+D
(2412 x2+1 0 (24 1)?

Multiplying through by (x? + 1), we get

452 +2 = (Ax+B)x>+1)+Cx+ D
= A’ +Bx>’+Ax+B+Cx+D

As in example 4.5, we match up coefficients of like powers
of x. For x3, we have 0 = A. For x2, we have 4 = B. Match
the coefficients of x and the constants to finish the decom-
position.

In exercises 32-36, find the partial fractions decomposition.
(Refer to exercise 31.)

32.

34.

36.

37.

38.

x> +2 2x2 44
(2 4 1)2 (2 4ay
2x3 — x? 4x2 43
(x2 4 1) (2 x+ 1)
xt+x3
(x* +4)

Often, more than one integration technique can be applied.

3
Evaluate / 2 dx in each of the following ways. First,
Xt +x
use the substitution u = x* + 1 and partial fractions. Second,

- 1 L
use the substitution # = — and evaluate the resulting integral.

X
Show that the two answers are equivalent.

2
Evaluate / ——— dx in each of the following ways. First,
X7 +x
use the substitution # = x> + 1 and partial fractions. Second,

- 1 L
use the substitution # = — and evaluate the resulting integral.

X
Show that the two answers are equivalent.
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n
2
@ EXPLORATORY EXERCISES the term felescoping is appropriate, and determine Z Tl
— j2 4
i=l
1. In developing the definite integral, we looked at sums such as Then find the limit as n — oo. Repeat this process for the
n n
2 A L . 4
Z ———. As with Riemann sums, we are especially inter- telescoping sum Z TR
it +i ~ -
ested in the limit as n — oco. Write out several terms of the 2. Use the substitution u — x4 to evaluate / = dx
sum and try to guess what the limit is. It turns out that this is X+ x
one of the few sums for which a precise formula exists, because Use similar substitutions to evaluate ———5 dx,
this is a telescoping sum. To find out what this means, write | | x4 xl/
out the partial fractions decomposition for — el Using the f X5 f 117 dx and / T e dx. Find the form of the
P2+
partial fractions form, write out several terms of the sum and substitution for the general integral
notice how much cancellation there is. Briefly describe why XP 4 x4

@ 6.5 INTEGRATION TABLES AND COMPUTER
ALGEBRA SYSTEMS

Ask anyone who has ever needed to evaluate a large number of integrals as part of their work
(this includes engineers, mathematicians, physicists and others) and they will tell you that
they have made extensive use of integral tables and/or a computer algebra system. These
are extremely powerful tools for the professional user of mathematics. However, they do
not take the place of learning all the basic techniques of integration. To use a table, you
often must first rewrite the integral in the form of one of the integrals in the table. This may
require you to perform some algebraic manipulation or to make a substitution. While a CAS
will report an antiderivative, it will occasionally report it in an inconvenient form. More
significantly, a CAS will from time to time report an answer that is (at least technically)
incorrect. We will point out some of these shortcomings in the examples that follow.

O Using Tables of Integrals

We include a small table of indefinite integrals at the back of the book. A larger table can
be found in the CRC Standard Mathematical Tables. An amazingly extensive table is found
in the book Table of Integrals, Series and Products, compiled by Gradshteyn and Ryzhik.

EXAMPLE 5.1 Using an Integral Table
/ V3 4+ 4x? P
— dax.
X

Use a table to evaluate

Solution Certainly, you could evaluate this integral using trigonometric substitution.
However, if you look in our integral table, you will find

a++a?+u?
TN T ye (5.1)
u

/2 2
/a;-i_uduz\/az+u2—aln
u
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Unfortunately, the integral in question is not quite in the form of (5.1). However, we can
fix this with the substitution u = 2x, so that du = 2 dx. This gives us
3 4+ 4x? V3 4+ (2x)? V34 u?
——dx= | ———2)dx= | —du
X 2x u
34+ V3+u?
:1/3+u2_\/§]n \/_—i_i—i_u +c
u
3 3+ 4x?
Y N | A R i
X
|

A number of the formulas in the table are called reduction formulas. These are of the form
/ Sfw)du = g(u) + / h(u)du,

where the second integral is simpler than the first. These are often applied repeatedly, as in
example 5.2.

EXAMPLE 5.2 Using a Reduction Formula
Use a reduction formula to evaluate f sin® x dx.

Solution You should recognize that this integral can be evaluated using techniques you
already know. (How?) However, for any integer n > 1, we have the reduction formula

1 —1
/sin” udu = ——sin" ' ucosu + " /sin"_zudu. (5.2)

n n

(See number 59 in the table of integrals found inside the back cover of the book.) If we
apply (5.2) with n = 6, we get

1 5
/sin6xdx = ~E sinsxcosx+6/sin4xdx.

We can apply the same reduction formula (this time with n = 4) to evaluate [ sin* x dx.
We have

1 5
/sin6xdx = r sinsxcosx+8/sin4xdx

1 . 5 5 I .5 3/ . 2
——smm xcosx +—(—-smn" xcosx + — sin“xdx | .
6 6 4 4

Finally, for f sin® x dx, we can use (5.2) once again (with n = 2), or evaluate the integral
using a half-angle formula. We choose the former here and obtain

1 5 1 3
/sinﬁxdx = ——gsindxcosx 4+ = [ ——sin® x cos x + —/sinzxdx
6 6 4 4

= 1sin5 cos > sin® x cos ~|—5 1sin CcoS —|—1/d
=5 X X 7 X X 3 5 X X 5 X

5 3

= ——sin” X Ccosx — — Sin” X COSX — — SINX COSX + —X + C.
6 24 16

16

We should remind you at this point that there are many different ways to find an
antiderivative. Antiderivatives found through different means may look quite different,
even though they are equivalent. For instance, notice that if an antiderivative has the form
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sin x + ¢, then an equivalent antiderivative is —cos? x + ¢, since we can write
sinx+c¢=1—cos’x +¢ = —cos’x + (1I+c).

Finally, since c is an arbitrary constant, so is 1 4 c¢. In example 5.2, observe that the first
three terms all have factors of sin x cosx, which equals %sin 2x. Using this and other
identities, you can show that our solution in example 5.2 is equivalent to the following
solution obtained from a popular CAS:

/sin6xdx = ix - E sin2x + i sin4x — L sin6x + c.
16 64 64 192
So, do not panic if your answer differs from the one in the back of the book. Both
answers may be correct. If you’re unsure, find the derivative of your answer. If you get the
integrand, you’re right.
You will sometimes want to apply different reduction formulas at different points in a
given problem.

EXAMPLE 5.3 Making a Substitution Before Using a Reduction Formula
Evaluate [ x*sin2x dx.

Solution From our table (see number 63), we have the reduction formula
fu” sinudu = —u" cosu+n/u"’lcosudu. (5.3)

In order to use (5.3), we must first make the substitution # = 2x, so that du = 2dx,
which gives us
1 [ (2x)?

1
x3sin2x dx = sin2x(2)dx = — | u’sinudu
2 23 16

1/ 5 >
T ucosu—+3 [ u cosudu ),

where we have used the reduction formula (5.3) with n = 3. Now, to evaluate this last
integral, we use the reduction formula (see number 64 in our table)

/u" cosudu = u" sinu —n/u’"1 sinu du,
withn = 2 to get

1 3
/x3 sin2xdx = ——u’ cosu + fuzcosudu

16 16

L 3 2 . .
=——ucosu+— |u"sinu—2 | usinudu].

16 16

Applying the first reduction formula (5.3) one more time (this time, with n = 1), we get

1 3 3
/x3sin2xdx = —Eu3cosu~l—ﬁuzsinu— gfusinudu

1 3 3
—Eu3cosu+ Euzsinu —3 (—ucosu+/uocosudu>

3
= —Ru3 cosu + Buz

1(2)* 2+3(2)2'2+3(2) 2 3'2+
= ——(4£ZX) COS 2Lx —(4ZX)" S1In 2ZX —(£LX)COS 2X — — SIN 42X C
16 16 8 8

sinu—i—gucosu— gsinu—}—c

1*2+32'2+3 2 3‘2+
——=X" COS — Sin —X COS — — Sin .
2)C X 4X X 4)C X 8 X C
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Aswe’ll see in example 5.4, some integrals require some insight before using an integral
table.

EXAMPLE 5.4 Making a Substitution Before Using an Integral Table

Evaluat sin 2x d
valuate [ —————dx.
Vacosx — 1

Solution You won’t find this integral or anything particularly close to it in our integral
table. However, with a little fiddling, we can rewrite this in a simpler form. First, use the
double-angle formula to rewrite the numerator of the integrand. We get

sin 2x d ) sin x cos x d
—_—  dx = ——dax.
J4cosx — 1 Vacosx — 1

Remember to always be on the lookout for terms that are derivatives of other terms.

Here, taking u = cos x, we have du = — sinx dx and so,
sin 2x d ) sin x cos x d 2/‘ u d
——dx = ——dx = — —du.
V4cosx — 1 V4cosx — 1 Vau — 1

From our table (see number 18), notice that

u 2
————du = —(bu — 2a)~a + bu + c. 54
/«/a%—bu 3b2( ) S

Takinga = —1 and b = 4 in (5.4), we have

sin2x 2/ “ du= (- Gur AT+
—————dx=-2| ——du=(-2)—(4u u—1+c
Jadcosx — 1 Vau — 1 3(4%)

1
= —E(4cosx +2)v/4cosx —1+c. .

O Integration Using a Computer Algebra System

Computer algebra systems are some of the most powerful new tools to arrive on the math-
ematical scene in the last 20 years. They run the gamut from handheld calculators (like the
TI-89 and the HP-48) to powerful software systems (like Mathematica and Maple), which
will run on nearly any personal computer.

The examples that follow focus on some of the rare problems you may encounter using
a CAS. We admit that we intentionally searched for CAS mistakes. The good news is that
the mistakes were very uncommon and the CAS you’re using won’t necessarily make any
of them. The bottom line here is that a CAS is “taught” many rules by its programmers. If
it applies the wrong rule to the problem at hand, you get an incorrect answer. Be aware that
these are software bugs and the next version of your CAS may be given a more complete
set of rules. As an intelligent user of technology, you need to be aware of common errors
and have the calculus skills to catch mistakes when they occur.

The first thing you notice when using a CAS to evaluate an indefinite integral is that
it typically supplies an antiderivative, instead of the most general one (the indefinite inte-
gral) by leaving off the constant of integration (a minor shortcoming of this very powerful
software).

EXAMPLE 5.5 A Shortcoming of Some Computer Algebra Systems

1
Use a computer algebra system to evaluate f —dx.
X
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1
/—dx =Inx.
X

(Actually, one CAS reports the integral as log x, where it is using the notation log x to
denote the natural logarithm.) Not only is this missing the constant of integration, but
notice that this antiderivative is valid only for x > 0. A popular calculator returns the
more general antiderivative

1

—dx =In|x|,

X

which, while still missing the constant of integration, at least is valid for all x # 0.
On the other hand, all of the CASs we tested correctly evaluate

-1 1
/ —dx =—1In2,
2 X

even though the reported antiderivative In x is not defined at the limits of integration. m__|

Solution Many CASs evaluate

Sometimes the antiderivative reported by a CAS is not valid, as written, for any real
values of x, as in example 5.6. (In some cases, CASs give an antiderivative that is correct
for the more advanced case of a function of a complex variable.)

EXAMPLE 5.6 An Incorrect Antiderivative
cosx
Use a computer algebra system to evaluate / —dx.
sinx — 2

Solution One CAS reports the incorrect antiderivative
cosx .
/ ——dx = In(sinx — 2).
sinx — 2

At first glance, this may not appear to be wrong, especially since the chain rule seems to
indicate that it’s correct:

d . Cos X

- 1n(s1nx - 2) = —/— . Thisis incorrect!

dx sinx —2

The error is more fundamental (and subtle) than a misuse of the chain rule. Notice that
the expression In(sin x — 2) is undefined for all real values of x, as sinx — 2 < 0 for all
x. A general antiderivative rule that applies here is

J'x)
J)

where the absolute value is important. The correct antiderivative is In [sinx — 2| + ¢,
which can also be written as In(2 — sinx) + ¢ since 2 —sinx > Oforallx. m_ |

dx =1In|f(0)] +c,

Probably the most common errors you will run into are actually your own. If you give
your CAS a problem in the wrong form, it may solve a different problem than you intended.
One simple, but common, mistake is shown in example 5.7.

EXAMPLE 5.7 A Problem Where the CAS Misinterprets
What You Enter

Use a computer algebra system to evaluate [ 4x 8x dx.
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Solution After entering the integrand as 4x8x, one CAS returned the odd answer
/4x8x dx = 4x8xx.

You can easily evaluate the integral (first, rewrite the integrand as 32x?) to show this is

incorrect, but what was the error? Because of the way in which we wrote the integrand,

the CAS interpreted it as four times a variable named x8x, which is unrelated to the
variable of integration, x. Its answer is of the form f dedx = 4dex. m

The form of the antiderivative reported by a CAS will not always be the most
convenient.

EXAMPLE 5.8 An Inconvenient Form of an Antiderivative
Use a computer algebra system to evaluate [ x(x? +3)dx.

Solution Several CASs evaluate

1 3 45 405 243
2 S~ 122 10 8 6 YV 4 £ o
/x(x +3)dx—12x +2x +4x + 45x° + 4x + Zx,
while others return the much simpler expression
2 3 6
/)c()c2 +3)Ydx = %

The two answers are equivalent, although they differ by a constant. m

CASs will often correctly evaluate an integral, but report it in terms of a function or
functions with which you are not especially familiar, as in example 5.9.

EXAMPLE 5.9 A Less Familiar Antiderivative

Use a computer algebra system to evaluate /

1
——dx.
V9 + x2
Solution Recall that we have already evaluated this integral in example 3.10. There,
we found through trigonometric substitution that

1+<x)2+x
3 3

In +c.

1
- dx=
/\/9+x2

One CAS reports an antiderivative of arcsinh%x. While this is equivalent to what we had
obtained in example 3.10, it is likely less familiar to most students. On the other hand, it
is certainly a simpler form of the antiderivative. m

Typically, a CAS will perform even lengthy integrations with ease.

EXAMPLE 5.10 Some Good Integrals for Using a CAS
Use a computer algebra system to evaluate [ x?sin2x dx and [ x'°sin 2x dx.

Solution Using a CAS, you can get in one step

1 3 3 3
/x3 sin2x dx = —§x3 cos2x + sz sin2x + Zx Ccos2x — 3 sin2x + c.
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With the same effort, you can obtain

1 5 45
/xlo sin2xdx = —=x'"%cos 2x + Exg sin2x + sz cos 2x — 45x” sin 2x

315 4 945 5 . 4

—Tx cos2x + Tx sin2x + X" cos2x
4725 14,175 14,175 .

— x3sin2x — x2cos2x + X sin 2x
14,175

+ cos2x + c.

If you wanted to, you could even evaluate
/ x'gin2x dx,

although the large number of terms makes displaying the result prohibitive. Think about
doing this by hand, using a staggering 100 integrations by parts or by applying a
reduction formula 100 times. |

You should get the idea by now: a CAS can perform repetitive calculations (numerical
or symbolic) that you could never dream of doing by hand. It is difficult to find a function
that has an elementary antiderivative that your CAS cannot find. Consider the following
example of a hard integral.

EXAMPLE 5.11 A Very Hard Integral
Evaluate [ x’e* sinx dx.

Solution Consider what you would need to do to evaluate this integral by hand and
then use a computer algebra system. For instance, one CAS reports the antiderivative

1 7 21
/x7ex sinx dx = <—§x7 + 5x6 - ?xs +105x3 — 315x2 + 315x> e* cosx
2 2 2

Don’t try this by hand unless you have plenty of time and patience. However, based on
your experience, observe that this antiderivative is plausible. m

1 21 105
+ (—x7 — 4+ —x*—105x3 +315x — 315) e“sinx.

BEYOND FORMULAS

You may ask why we’ve spent so much time on integration techniques when you can
always let a CAS do the work for you. No, it’s not to prepare you in the event that
you are shipwrecked on a desert island without a CAS. Your CAS can solve virtually
all of the computational problems that arise in this text. On rare occasions, however, a
CAS-generated answer may be incorrect or misleading and you need to be prepared for
these. More importantly, many of the insights at the heart of science and engineering
are arrived at through a precise use of several integration techniques. As a result, you
need to understand how the integration techniques transform one set of symbols into
another. Computers are faster and more accurate at symbol manipulation than humans
will ever be. However, our special ability as humans is to understand the infent as
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well as the logic of the techniques and to apply the right technique at the right time to
make a surprising connection or important discovery. In what other areas of computer
technology is the same human input needed?

EXERCISES 6.5 @

) WRITING EXERCISES

1. Suppose that you are hired by a company to develop a new sin? x cos x
CAS. Outline a strategy for symbolic integration. Include pro- 21. \/j X 22.
visions for formulas in the Table of Integrals at the back of the s +
. . . —2/x
book and the various techniques you have studied. 23. / e —dx 24. / 3,27 4y
2. In the text, we discussed the importance of knowing general .
rules for i;tegration. Consider the integral in example 5.4, 25. / 3 X : dx 26. / &% cos 3x dx
sin2x Vax —
——— dx. Can your CAS evaluate this integral? For e
vacoss 27. [ eftan”'(e)d 28. [ (In4x)d
many integrals like this that do show up in applications (there - | e'tan"(e")dx - | (Indx)"dx

are harder ones in the exploratory exercises), you have to do @ 29
some work before the technology can finish the task. For this

purpose, discuss the importance of recognizing basic forms

and understanding how substitution works. @ 30. Find out how your CAS evaluates f x sinx dx if you fail to
leave a space between x and sin x.

In exercises 1-28, use the Table of Integrals at the back of the @ 31. Have your CAS evaluate [(+/1 — x 4+ +/x — I)dx. If you get
book to find an antiderivative. Note: When checking the back an answer, explain why it’s wrong.

of the book or a CAS for answers, beware of functions that look @ 3

very different but that are equivalent (through a trig identity,

for instance).

. Check your CAS against all examples in this section. Discuss
which errors, if any, your CAS makes.

. To find out if your CAS “knows” integration by parts, try
[ x*cos3x dx and [ x*e> cos 3x dx. To see if it “knows” re-
duction formulas, try [ sec’ x dx.

X X
1. / ——dx 2. / ——dx @ 33. To find out how many trigonometric techniques your
2 2
(2 +4x) 2 +4x) CAS  “knows,” try [sin®xdx, [sin*xcos®xdx and
3. / e 1 +evdx 4. / e V1 + e dx Jtan* x sec’ x dx.
X oS x @ 34. Find out if your CAS has a special command (e.g., APART in
5. —dx / ———————dx Mathematica) to do partial fractions decom ositions. Also, tr
/ 1+ 4x2 sin® x(3 + 2 sinx) X +2x)—1 P P Y
1 In4 dx an /
7. / x84 —x6dx 8. V16 — e dx /(x— 1P +4) (x“rx+2)2
0]n ) 02 N @ 35. To find out if your CAS “knows” how to do substitution,
9. de 10. / de tr / ;dx and / *d}c Try to
o Jer+4 NG x? Y x2(3 + 2x) sin® x(3 + 2sinx) Y
" / m " / sec? x p find one thatlyour CAS can’t do: start with a basic formula
) (x — 3)? dx * ) tanx+/Stanx — tan? x * like / T dx = sec”! x + ¢ and substitute your fa-
13. / tan® x dx 14. / csct x dx vorite furlllction With x = ¢", the preceding integral becomes
du, which you can use to test your CAS.
15 [ — 52 4 16 / X dx erver — ’ ’
" J sinx4 i NV Py
SNV A sinx Tt @ 36. To compute the area of the ellipse x_2 + % = 1, note that the
3 . a
17. / x* cos x? dx 18. / x sin3x” cos 4x? dx upper-right quarter of the ellipse is given by

in x cos VT +4x2 [ %
19, [ Snxcosx .o 20_/#‘” y=b =X
A1+ cosx X a



546

CHAPTER 6 *¢ Integration Techniques

for O<x<a Thus, the area of the ellipse is

4b / JV1I—= dx Try this integral on your CAS. The (im-

plicit) assumptlon we usually make is that a > 0, but your
CAS should not make this assumption for you. Does your
CAS give you wab or wbla|?

EXPLORATORY EXERCISES

. This exercise explores two aspects of a very famous prob-

lem (solved in the 1600s; when you finish the problem, think
about solving this problem before calculators, computers or
even much of calculus was invented). The idea is to imagine
a bead sliding down a thin wire that extends in some shape
from the point (0, 0) to the point (7r, —2). Assume that grav-
ity pulls the bead down but that there is no friction or other
force acting on the bead. This situation is easiest to analyze
using parametric equations where we have functions x(u)
and y(u) giving the horizontal and vertical position of the bead
in terms of the variable u. Examples of paths the bead might
x(u) =mu x(u) =mu
follow are { V) = —2u d {y(u) 2 — 17—
x(u) =mu —sinmu
= y(u) =cosmu — 1
for u = 0 and finishes at (v, —2) for u = 1. You should graph
each path on your graphing calculator. The first path is a line,
the second is a parabola and the third is a special curve called
a brachistochrone. For a given path, the time it takes the bead
to travel the path is given by

) and

. In each case, the bead starts at (0, 0)

X' ()]* + [y'(w)]?
—2y(u)
where g is the gravitational constant. Compute this quantity

for the line and the parabola. Explain why the parabola would
be a faster path for the bead to slide down, even though the
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line is shorter in distance. (Think of which would be a faster
hill to ski down.) It can be shown that the brachistochrone
is the fastest path possible. Try to get your CAS to compute
the optimal time. Comparing the graphs of the parabola and
brachistochrone, what important advantage does the brachis-
tochrone have at the start of the path?

. It turns out that the brachistochrone in exploratory exercise 1

has an amazing property, along with providing the fastest time
(which is essentially what the term brachistochrone means).
The path is shown in the figure.

y

A

Suppose that instead of starting the bead at the point (0, 0),
you start the bead partway down the path at x = ¢. How would
the time to reach the bottom from x = ¢ compare to the total
time from x = 0? Note that the answer is not obvious, since
the farther down you start, the less speed the bead will gain.
If x = ¢ corresponds to u = a, the time to reach the bottom is

) T ! 1 —cosmu )
given by — ———  du. If a = 0 (that is, the
V& Ja V cosam —cosmu

bead starts at the top), the time is 77/, /g (the integral equals 1).
If you have a very good CAS, try to evaluate the integral for
various values of a between 0 and 1. If your CAS can’t handle
it, approximate the integral numerically. You should discover
the amazing fact that the integral always equals 1. The brachis-
tochrone is also the tautochrone, a curve for which the time
to reach the bottom is the same regardless of where you start.

@ 6.6 IMPROPER INTEGRALS

O Improper Integrals with a Discontinuous Integrand

We’re willing to bet that you have heard the saying “familiarity breeds contempt” more than
once. This phrase has particular relevance for us in this section. You have been using the
Fundamental Theorem of Calculus for quite some time now. Do you always check to see
that the hypotheses of the theorem are met before applying it? What hypotheses, you ask?
We won’t make you look back, but before we give you the answer, try to see what is wrong
with the following erroneous calculation.

= ——= This is incorrect!
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x(u) =mu —sinmu
= y(u) =cosmu — 1
for u = 0 and finishes at (v, —2) for u = 1. You should graph
each path on your graphing calculator. The first path is a line,
the second is a parabola and the third is a special curve called
a brachistochrone. For a given path, the time it takes the bead
to travel the path is given by

) and

. In each case, the bead starts at (0, 0)

X' ()]* + [y'(w)]?
—2y(u)
where g is the gravitational constant. Compute this quantity

for the line and the parabola. Explain why the parabola would
be a faster path for the bead to slide down, even though the
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line is shorter in distance. (Think of which would be a faster
hill to ski down.) It can be shown that the brachistochrone
is the fastest path possible. Try to get your CAS to compute
the optimal time. Comparing the graphs of the parabola and
brachistochrone, what important advantage does the brachis-
tochrone have at the start of the path?

. It turns out that the brachistochrone in exploratory exercise 1

has an amazing property, along with providing the fastest time
(which is essentially what the term brachistochrone means).
The path is shown in the figure.

y

A

Suppose that instead of starting the bead at the point (0, 0),
you start the bead partway down the path at x = ¢. How would
the time to reach the bottom from x = ¢ compare to the total
time from x = 0? Note that the answer is not obvious, since
the farther down you start, the less speed the bead will gain.
If x = ¢ corresponds to u = a, the time to reach the bottom is

) T ! 1 —cosmu )
given by — ———  du. If a = 0 (that is, the
V& Ja V cosam —cosmu

bead starts at the top), the time is 77/, /g (the integral equals 1).
If you have a very good CAS, try to evaluate the integral for
various values of a between 0 and 1. If your CAS can’t handle
it, approximate the integral numerically. You should discover
the amazing fact that the integral always equals 1. The brachis-
tochrone is also the tautochrone, a curve for which the time
to reach the bottom is the same regardless of where you start.

@ 6.6 IMPROPER INTEGRALS

O Improper Integrals with a Discontinuous Integrand

We’re willing to bet that you have heard the saying “familiarity breeds contempt” more than
once. This phrase has particular relevance for us in this section. You have been using the
Fundamental Theorem of Calculus for quite some time now. Do you always check to see
that the hypotheses of the theorem are met before applying it? What hypotheses, you ask?
We won’t make you look back, but before we give you the answer, try to see what is wrong
with the following erroneous calculation.

= ——= This is incorrect!




-4 -2
FIGURE 6.2
1
Y=g
L |
R /0 N dx
0.9 1.367544
0.99 1.8
0.999 1.936754
0.9999 1.98
0.99999 1.993675
0.999999 1.998
0.9999999 1.999368
0.99999999 1.9998

SECTION 6.6 ** Improper Integrals 547

There is something fundamentally wrong with this “calculation.” Note that f(x) = 1/x2
is not continuous over the interval of integration. (See Figure 6.2.) Since the Fundamental
Theorem assumes a continuous integrand, our use of the theorem is invalid and our answer
is incorrect. Further, note that an answer of —% is especially suspicious given that the
integrand )% is always positive.

Recall that in Chapter 4, we defined the definite integral by

b n
/ f)dx = lim Y f(c) Ax,
a n—0oQ =1

where ¢; was taken to be any point in the subinterval [x;_;, x;], fori =1,2,...,n and
where the limit had to be the same for any choice of these ¢;’s. So, if f(x) — oo [or
f(x) — —oc] at some point in [a, b], then the limit defining fab f(x)dx is meaningless.
[How would we add f(c;) to the sum, if f(x) — oo as x — ¢;?] In this case, we call this
integral an improper integral and we will need to carefully define what we mean by such
an integral. First, we examine a somewhat simpler case.

1
1
Consider
/0 V1 —=x

integrand is discontinuous at x = 1. In Figure 6.3a, note that the integrand blows up to
oo as x — 17. Despite this, can we find the area under the curve on the interval [0, 1]?
Assuming the area is finite, notice from Figure 6.3b that for0 < R < 1, we can approximate

dx. Observe that this is not a proper definite integral, as the

R
1
itb dx. This is a proper definite integral, since for 0 <x < R < 1, f(x

is continuous. Further, the closer R is to 1, the better the approximation should be. In

R
the accompanying table, we compute some approximate values of / dx, for a
0

1
V1 —x
sequence of values of R approaching 1.

y y
A A

10+

» X T

04 06 08 1.0 R

FIGURE 6.3b

02
FIGURE 6.3a

1 R
== /0 fx)dx

From the table, the sequence of integrals seems to be approaching 2, as R — 17. Notice
1

V1 —x

y:

R
that since we know how to compute / dx, forany 0 < R < 1, we can compute
0

this limiting value exactly. We have

R
lim
R—17Jo

R
0

e Tooel 12
1_xdx_Ranlli[ 2(1 = x)'?]

= lim [-2(1 - R)'* +2(1 - 0)"*] =2.
R—1-
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N

FIGURE 6.4

R
/ f(x)dx

|
|
|
|
|
|
|
|
|
|
|
|
|
R b

From this computation, we can see that the area under the curve is the limiting value, 2.
In general, suppose that f is continuous on the interval [a, ) and | f(x)| — oo, as
x — b~ (i.e., as x approaches b from the left). Then we can approximate fa b f(x)dx by
faR f(x)dx, for some R < b, but close to b. [Recall that since f is continuous on [a, R],
forany a < R < b, fa K f(x)dx is defined.] Further, as in our introductory example, the

closer R is to b, the better the approximation should be. See Figure 6.4 for a graphical
representation of this approximation.

Finally, let R — b~ if fa K f(x)dx approaches some value, L, then we define the
improper integral fab f(x)dx to be this limiting value. We have the following definition.

DEFINITION 6.1

If f is continuous on the interval [a, b) and | f(x)] — 00 as x — b, we define the
improper integral of f on [a, b] by

b R
/ f(x)dx = lim [ f(x)dx.
a R—b~ J,

Similarly, if f is continuous on (a, b] and | f(x)| — oo as x — a™, we define the
improper integral

b b
/ f(x)dx = lim / f(x)dx.
a R—at Jp

In either case, if the limit exists (and equals some value L), we say that the improper
integral converges (to L). If the limit does not exist, we say that the improper integral
diverges.

EXAMPLE 6.1 An Integrand That Blows Up at the Right Endpoint

1
Determine whether / dx converges or diverges.
0

1
V1 —x

Solution Based on the work we just completed,

! 1 R 1
dx = lim dx =2
/0 V1 —x R—>l’/o V1 —x

and so, the improper integral converges to 2. |

In example 6.2, we illustrate a divergent improper integral closely related to this sec-
tion’s introductory example.

EXAMPLE 6.2 A Divergent Improper Integral

0

Determine whether the improper integral / — dx converges or diverges.
1 X

Solution From Definition 6.1, we have
0 R _I\ R
1 1
/ —dx=lim [ —dx= lim (x—>
X R—0-J_1 X R—-0-\ —1/_,

= lim |(—-———-) =o0.
R—0~ R 1

Since the defining limit does not exist, the improper integral diverges. m_ |
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HISTORICAL
NOTES

Pierre Simon Laplace
(1749-1827) AFrench
mathematician who utilized
improper integrals to develop the
Laplace transform and other
important mathematical
techniques. Laplace made
numerous contributions in
probability, celestial mechanics,
the theory of heat and a variety of
other mathematical topics. Adept
at political intrigue, Laplace
worked on a new calendar for the
French Revolution, served as an
advisor to Napoleon and was
named a marquis by the
Bourbons.
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In examples 6.3 and 6.4, the integrand is discontinuous at the lower limit of integration.

EXAMPLE 6.3 A Convergent Improper Integral

1
Determine whether the improper integral / 7 dx converges or diverges.
0 X

Solution We show a graph of the integrand on the interval in question in Figure 6.5.

Notice that in this case f(x) = —= is continuous on (0, 1] and f(x) — oo as
x — 0F. Vx
A 1
Lt R /1; ﬁdx
127 0.1 1.367544
10+ 0.01 1.8
81 0.001 1.936754
6 0.0001 1.98
4+ 0.00001 1.993675
21 0.000001 1.998
A 0.0000001 1.999368
02 04 06 08 10 0.00000001 1.9998
FIGURE 6.5
1
v

From the computed values shown in the table, it appears that the integrals are
approaching 2 as R — 0. Since we know an antiderivative for the integrand, we can
compute these integrals exactly, for any fixed 0 < R < 1. We have from Definition 6.1
that

1 1 1 1 xl/Z 1
f —dx = lim —dx = lim —| = lim 21> =RY*» =2
0 ﬁ R—0*

R0t Jp /X R0+ 1

R

and so, the improper integral converges to 2. |

EXAMPLE 6.4 A Divergent Improper Integral

2
1
Determine whether the improper integral / T1 dx converges or diverges.
1 X —=

Solution From Definition 6.1, we have

2 1 2 1 2
/ dx lim dx = lim In|x — 1|
o x—1 R—1+ Jp x — 1 R—1+ R

= lim (In|2— 1| —In|R — 1]) = oo,
R—1t

so that the improper integral diverges. m

The introductory example in this section represents a third type of improper integral,
one where the integrand blows up at a point in the interior of the interval (a, b). We can
define such an integral as follows.
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DEFINITION 6.2

Suppose that f is continuous on the interval [a, b], except at some ¢ € (a, b), and
| f(x)] = oo as x — c. Again, the integral is improper and we write

b c b
/f(X)dx=/ f(X)dx+f fx)dx.

If both j: " f(x)dx and fcb f(x)dx converge (to L and L, respectively), we say that
the improper integral fa b f(x)dx converges, also, (to L; + L,). If either of the
improper integrals fa  f(x)dx or fc b f(x)dx diverges, then we say that the improper

integral f: f(x)dx diverges, also.

We can now return to our introductory example.

EXAMPLE 6.5 An Integrand That Blows Up in the Middle of an Interval

2
Determine whether the improper integral / — dx converges or diverges.
1 X

Solution From Definition 6.2, we have

2 01 2
—dx = —d — dx.
/:1?52 g /—lxz x+/0 x? !

In example 6.2, we determined that fi)l xlz dx diverges. Thus, f_zl x% dx also diverges.

Note that you do not need to consider f02 xiz dx (although it’s an easy exercise to show

that this, too, diverges). Keep in mind that if either of the two improper integrals defining
this type of improper integral diverges, then the original integral diverges, too. m__ |

O Improper Integrals with an Infinite Limit of Integration

Another type of improper integral that is frequently encountered in applications is one where
one or both of the limits of integration is infinite. For instance, fooo e~ dx is of fundamental
importance in probability and statistics.

So, given a continuous function f defined on [a, co), what could we mean by
faoo f(x)dx? Notice that the usual definition of the definite integral:

b n
/ f(x)dx = lim Zf(ci)Ax,
a n—0oQ =1

b - o0 .
where Ax = —a, makes no sense when b = 0o. We should define fa f(x)dx in some

way consistent xith what we already know about integrals.

Since f(x) = X% is positive and continuous on the interval [1, co0), f loo xi, dx should
correspond to area under the curve (assuming this area is, in fact, finite). From the graph
of y = Xiz shown in Figure 6.6, it should appear at least plausible that the area under this
curve is finite.

Assuming the area is finite, you could approximate it by || 1R x% dx, for some large value
R. (Notice that this is a proper definite integral, as long as R is finite.) A sequence of values

of this integral for increasingly large values of R is displayed in the table.
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y R
A R / —dx
1.2+ 1 x2
104 10 0.9
sl 100 0.99
1000 0.999
0.6+
10,000 0.9999
047 100,000 0.99999
02+ 1,000,000 | 0.999999
t + ¥ t —» X
2 4 6 8 10

FIGURE 6.6

1
y= 2
The sequence of approximating definite integrals seems to be approaching 1, as
R — o00. As it turns out, we can compute this limit exactly. We have
R —1 R 1
lim [ x?dx= lim —| = lim (——+1)=1.
R—o0 Jy R—oo —1 ! R—00 R
Thus, the area under the curve on the interval [1, 0o) is seen to be 1, even though the interval
is infinite.
More generally, we have Definition 6.3.

DEFINITION 6.3

If f is continuous on the interval [a, 00), we define the improper integral
[ f(x)dx to be

00 R
f f@dx = Jim / Fo)dx.

Similarly, if f is continuous on (—oo, a], we define

/ " fydx= lim f " rds,
—0 R——0c0 Jp

In either case, if the limit exists (and equals some value L), we say that the improper
integral converges (to L). If the limit does not exist, we say that the improper integral
diverges.

EXAMPLE 6.6 An Integral with an Infinite Limit of Integration
[e.¢]
Determine whether the improper integral / — dx converges or diverges.
1 X

Solution From our work above, observe that the improper integral

00 1 R
/ —dx = lim x 2dx =1,
1

x2 R—o0 J1

so that the improper integral converges to 1. m
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You may have already observed that for a decreasing function £, in order for fa © f(x)dx

to converge, it must be the case that f(x) — 0 as x — oo. (Think about this in terms of

y area.) However, the reverse need not be true. That is, even though f(x) — 0 as x — oo,
the improper integral may diverge, as we see in example 6.7.

EXAMPLE 6.7 A Divergent Improper Integral

> 1
34 Determine whether / T dx converges or diverges.
1 X

Solution Note that Lx — 0 as x — oo. Further, from the graph in Figure 6.7, it

should seem at least plausible that the area under the curve is finite. However, from
+» x Definition 6.3, we have that

© 1 f o Ll 12
—dx = i 24y = lim 2| = lim 2RY> - 2) = oo.
FIGURE 6.7 fl mEam o= ] = )=

This says that the improper integral diverges. m

Bl

Note that examples 6.6 and 6.7 are special cases of | loo #dx, corresponding to

p =2 and p = 1/2, respectively. In the exercises, you will show that this integral con-
verges whenever p > 1 and diverges for p < 1.
You may need to utilize I’Hopital’s Rule to evaluate the defining limit, as in example 6.8.

EXAMPLE 6.8 A Convergent Improper Integral
Determine whether fooo xe~* dx converges or diverges.
y Solution The graph of y = xe™ in Figure 6.8 makes it appear plausible that there

could be a finite area under the graph. From Definition 6.3, we have

00 R
/ xe “dx = lim xe “dx.
0

R—0o0 [

To evaluate the last integral, you will need integration by parts. Let

U= x dv=e"dx
du = dx v=—e "
We then have
1'0 > 00 R R R
/ xe “dx = lim xe *dx = lim [ —xe™ +/ e “dx
FIGURE 6.8 0 R=co Jo R—00 o Jo
y=xe "

= lim [(—Re’R +0) — e’x|§] = lim (—Re K — e R 4 ¢%).
R—o00

R—o0

Note that the limit lim Re % has the indeterminate form oo - 0. We resolve this with

R— o0
I’Hopital’s Rule, as follows:

R
lim Re R = lim — (f>

R—o00 R—o0 eR o0
d
= lim dR__ _ lim — = 0. ByI'Hopital’s Rule.
R—00 d R R—o0 eR
—e
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Returning to the improper integral, we now have

[0¢]
/ xe™ dx = lim (—Re R—e R4 eH=0-0+1=1.
0 —00

In examples 6.9 and 6.10, the lower limit of integration is —o0.

y
10 -8 —6 -4 —o & EXAMPLE 6.9 An Integral with an Infinite Lower Limit of Integration
: i i : i > x .
1 _po Determine whether / — dx converges or diverges.
: o X
T794  Solution In Figure 6.9, it appears plausible that there might be a finite area bounded
1 -0.6 between the graph of y = % and the x-axis, on the interval (—oo, —1]. However, from
1 os Definition 6.3, we have
' -1 -1 =
T-10 f —dx = lim —dx = lim In|x|]| = lim [In|— 1] —In|R|] = —0c0
—oo X R——oo Jp X R——o0 R R——o00
FIGURE 6.9 and hence, the improper integral diverges. m
1
y = ;
EXAMPLE 6.10 A Convergent Improper Integral
0
Determine whether / ——  dx converges or diverges.
o (x = 1)?
K Solution The graph in Figure 6.10 gives us hope to believe that the improper integral
1o might converge. From Definition 6.3, we have
0 0 —110
1 -1
08 / — __dx= lim /(x—])_zdxz fim S
o] (x - 1)2 R——o00 R R——0o0 —1 R
- 0.6 1
= lim |I1+——|=1
0.4 R*—OO[ +R—1]
oo and hence, the improper integral converges. |
> x A final type of improper integral is ffooo f(x)dx, defined as follows.
FIGURE 6.10 DEFINITION 6.4
y= (x — 1)? If f is continuous on (—o0, 00), we write

/00 fx)dx = /a f(x)dx +/°° f(x)dx, for any constant a,

—00 a

where [* f(x)dx converges if and only if both [ f(x)dx and [° f(x)dx
converge. If either one diverges, the original improper integral also diverges.

In Definition 6.4, note that you can choose a to be any real number. So, choose it to be
something convenient (usually 0).

EXAMPLE 6.11 An Integral with Two Infinite Limits of Integration

. o0 52 .
Determine whether | _ooXe" dx converges or diverges.
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FIGURE 62. }

y=xe "

CAUTION

Do not write

o] R
f Fx)dx = lim / F()dx.
—00 R—oo | _p

It’s certainly tempting to write
this, especially since this will
often give a correct answer,
with about half of the work.
Unfortunately, this will often
give incorrect answers, too, as
the limit on the right-hand side
frequently exists for divergent
integrals. We explore this issue
further in the exercises.

Solution Notice from the graph of the integrand in Figure 6.11 that, since the function
tends to O relatively quickly (both as x — oo and as x — —o00), it appears plausible
that there is a finite area bounded by the graph of the function and the x-axis. From
Definition 6.4 we have

o 2 0 2 o 2
f xe ¥ dx =/ xe ¥ dx—i—/ xe " dx. (6.1)
—00 —00 0

You must evaluate each of the improper integrals on the right side of (6.1) separately.
First, we have
0 2 0 2
/ xe ¥ dx = lim xe ¥ dx.
—00 R——-o0 Jp
Letting u = —x?2, we have du = —2x dx and so, being careful to change the limits of
integration to match the new variable, we have

0 2 1 o 1 0
/ xe ¥ dx = —= lim e " (=2x)dx = —3 lim e du

oo 2 R>—o0 Jp R——o00 | _p2
0
I . 2 1
=—— lim " =—- lim ("—e®)=—=.
R—>—00 |_m 2 R——c0 2

Similarly, we get (you should fill in the details)

—R?

o 2 R > 1
xe ¥ dx = lim xe VU dx =—= lim é&*
0 R— o0 0 R—

0 2 R—0o0 2

Since both of the preceding improper integrals converge, we get from (6.1) that the
original integral also converges, to

0 > 0 2 © 11
f xe ¥ dx:f xe * dx+/ xe Vdx=—=+-=0.
—00 —00 0 2 2 ]

EXAMPLE 6.12 An Integral with Two Infinite Limits of Integration
Determine whether ffooo e " dx converges or diverges.

Solution From Definition 6.4, we write

00 0 00
/ e tdx = / e “dx + / e rdx.
s o 0

It’s easy to show that f0°° e~ dx converges. (This is left as an exercise.) However,

0 0 0
/ e "dx = lim e 'dx= lim —e "

R—>—0o0 Jp R——o00

= lim (=€’ + ¢ ) = 0.
R——0c0

—0 R

This says that fi)oo e " dx diverges and hence, f_oooo e " dx diverges, also, even though
Jo~ e dx converges. m

We can’t emphasize enough that you should verify the continuity of the integrand for
every single integral you evaluate. In example 6.13, we see another reminder of why you
must do this.
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EXAMPLE 6.13 An Integral That Is Improper for Two Reasons

1
G X.

Solution First try to see what is wrong with the following erroneous calculation:

o 1 R 1
/ ———dx = lim / dx. This s incorrect!
0o (x—1)? R—o0 Jo  (x — 1)

Look carefully at the integrand and observe that it is not continuous on [0, co). In fact,
the integrand blows up at x = 1, which is in the interval over which you’re trying to
integrate. Thus, this integral is improper for several different reasons. In order to deal
with the discontinuity at x = 1, we must break up the integral into several pieces, as in
Definition 6.2. We write

o 1 ! 1 o0 1
/(; 7()( 17 dx = /0 Go1p dx +/; 7(x 1y dx. (6.2)

The second integral on the right side of (6.2) must be further broken into two pieces,
since it is improper, both at the left endpoint and by virtue of having an infinite limit of
integration. You can pick any point on (1, co) at which to break up the interval. We’ll
simply choose x = 2. We now have

/w;d —f' Ly +/2#d +/w;d
s G- T a0 T a2 T, e

Each of these three improper integrals must be evaluated separately, using the
appropriate limit definitions. We leave it as an exercise to show that the first two
integrals diverge, while the third one converges. This says that the original improper
integral diverges (a conclusion you would miss if you did not notice that the integrand
blowsupatx =1). m

o0
Determine the convergence or divergence of the improper integral f

O A Comparison Test

We have now defined several different types of improper integrals, each as a limit of a
proper definite integral. In order to compute such a limit, we first need to find an antideriva-
tive. However, since no antiderivative is available for e, how would you establish the
. 00 42 . . .
y convergence or divergence of fo e " dx? An answer lies in the following result.
Given two functions f and g that are continuous on the interval [a, 00), suppose that

0<f(x)<gx), foralx>a.

We illustrate this situation in Figure 6.12. In this case, [ f(x)dx and [ g(x)dx corre-
spond to the areas under the respective curves. Notice that if fa > g(x)dx (corresponding to
the larger area) converges, then this says that there is a finite area under the curve y = g(x)
on the interval [a, 00). Since y = f(x) lies below y = g(x), there can be only a finite area
under the curve y = f(x), as well. Thus, faoo f(x)dx converges also.
> X On the other hand, if faoo f(x)dx (corresponding to the smaller area) diverges, the area
under the curve y = f(x) is infinite. Since y = g(x) lies above y = f(x), there must be
an infinite area under the curve y = g(x), also, so that j; > g(x)dx diverges, as well. This
FIGURE 6.12 comparison of improper integrals based on the relative size of their integrands is called a
The Comparison Test comparison test (one of several) and is spelled out in Theorem 6.1.

y=f)

Smaller of
the two areas
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REMARK 6.1

We can state corresponding
comparison tests for improper
integrals of the form

[°. f(x)dx, where f is
continuous on (—oo, a], as well
as for integrals that are
improper owing to a
discontinuity in the integrand.

FIGURE 6.13
1

X +e*

1
Comparing y = — and y =
eX

=l
R f dx
0o X+ e*

10 0.8063502

20 0.8063956

30 0.8063956

40 0.8063956

Integration Techniques
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THEOREM 6.1

Suppose that f and g are continuous on [a, 00) and 0 < f(x) < g(x), for all
x € [a, o).

(Comparison Test)

1) If faoo g(x)dx converges, then faoo f(x)dx converges, also.
(ii) If [ f(x)dx diverges, then [~ g(x)dx diverges, also.

We omit the proof of Theorem 6.1, leaving it to stand on the intuitive argument already
made.

The idea of the Comparison Test is to compare a given improper integral to another
improper integral whose convergence or divergence is already known (or can be more easily
determined). If you use a comparison to establish that an improper integral converges, then
you can always approximate its value numerically. If you use a comparison to establish that
an improper integral diverges, then there’s nothing more to do.

EXAMPLE 6.14 Using the Comparison Test for an Improper Integral
1

x +e*

dx.

oo
Determine the convergence or divergence of /
0

Solution First, note that you do not know an antiderivative for " and so, there is

X +e
no way to compute the improper integral directly. However, notice that for x > 0,

1 1
<

xX+er T e

0=

o0
1
(See Figure 6.13.) It’s an easy exercise to show that / — dx converges (to 1). From
0o e

o0
Theorem 6.1, it now follows that

. dx converges, also. So, we know that the
0 e

integral is convergent, but to what value does it converge? The Comparison Test only

helps us to determine whether or not the integral converges. Notice that it does not help

to find the value of the integral. We can, however, use numerical integration (e.g.,

R
Simpson’s Rule) to approximate / dx, for a sequence of values of R. The
0

x +er

R
accompanying table illustrates some approximate values of / dx, produced
0

X +e*

using the numerical integration package built into our CAS. [If you use Simpson’s Rule
for this, note that you will need to increase the value of n (the number of subintervals in
the partition) as R increases.] Notice that as R gets larger and larger, the approximate
values for the corresponding integrals seem to be approaching 0.8063956, so we take
this as an approximate value for the improper integral.

< 1
/ dx ~ 0.8063956.
0o XxX+ef

You should calculate approximate values for even larger values of R to convince
yourself that this estimate is accurate. m

In example 6.15, we examine an integral that has important applications in probability
and statistics.
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FIGURE 6.14

y = ¢~ and y=e"*

FIGURE 6.15

1
Comparing y = — and
Vx

_ 2+ sinx
= NG
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EXAMPLE 6.15 Using the Comparison Test for an Improper Integral
Determine the convergence or divergence of fooo e dx.

Solution Once again, notice that you do not know an antiderivative for the integrand
2 2 . .
e~ . However, observe that for x > 1,e™ < e™". (See Figure 6.14.) We can rewrite

the integral as
o 2 ! 2 o 2
/ e dx =/ e dx—i—/ e dx.
0 0 1

Since the first integral on the right-hand side is a proper definite integral, only the
second integral is improper. It’s an easy matter to show that || 1°° e " dx converges. By

the Comparison Test, it then follows that | loo e dx also converges. We leave it as an
exercise to show that

[e%e) 1 [e%e)
/ e dx = / e dx + f e dx ~ 0.8862269.
0 0 1

Using more advanced techniques of integration, it is possible to prove the surprising

result that fooo e dx = ‘/TF

The Comparison Test can be used with equal ease to show that an improper integral is
divergent.

EXAMPLE 6.16 Using the Comparison Test: A Divergent Integral
24 sinx

1 Vx

Solution As in examples 6.14 and 6.15, you do not know an antiderivative for the

integrand and so, your only hope for determining whether or not the integral converges
is to use a comparison. First, recall that

Determine the convergence or divergence of

—1 <sinx <1, forallx.

We then have that
I 2-1 - 2 4 sinx
NN
(See Figure 6.15 for a graph of the two functions.) Recall that we showed in example

* . . 2+ sinx
6.7 that —— dx diverges. The Comparison Test now tells us that ——dx
WX 1 Vx

must diverge, also. m

forl <x < o0.

The big question, of course, is how to find an improper integral to compare to a
given integral. Look carefully at the integrand to see if it resembles any functions whose
antiderivative you might know (or atleast have a hope of finding using our various techniques
of integration). Beyond this, our best answer is that this comes with experience. Comparisons
are typically done by the seat of your pants. We provide ample exercises on this topic to give
you some experience with finding appropriate comparisons. Look hard for comparisons and
don’t give up too easily.
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BEYOND FORMULAS

It may seem that this section introduces an overwhelming number of new formulas to
memorize. Actually, you can look at this entire section as a warning with a familiar
outcome. The warning is that not all functions and intervals satisfy the hypotheses of
the Fundamental Theorem. Watch out for this! The solution is one we’ve seen over and
over again. Approximate the integral and compute a limit as the approximate interval
approaches the desired interval. Answer the following for yourself. How do each of
the examples in this section fit this pattern?

EXERCISES 6.6 @

) WRITING EXERCISES

1. For many students, our emphasis on working through the limit
process for an improper integral may seem unnecessarily care-
ful. Explain, using examples from this section, why it is im-
portant to have and use precise definitions.

2. Identify the following statement as true or false (meaning not
always true) and explain why: If the inte§rand f(x) — oo as
x — a’ oras x — b, then the area [ f(x)dx is infinite;

that is, fab f(x)dx diverges.

In exercises 1-6, determine whether or not the integral is

improper.
2
2. / X7 dx
1

2
1. / xR dx
0
2 o)
3. / X2 dx 4./ X dx
0 0
*3
6./ —dx
2 X

2
3
5. / —dx
2 X

In exercises 7-34, determine whether the integral converges or
diverges. Find the value of the integral if it converges.

1
8. f x 3 dx
0

9. / xS dx 10. / x % dx
1 1
Lo 52
11. dx 12. dx
0 1—x 1 5—x
1 /2
13. f Inx dx 14. / tan x dx
0 0
) 4 2x
15. f dx 16. / dx
0 x2 —1 —4 X2 -1
17. / xe* dx 18. / x2e ™ dx
0 1
1 0
19. / xe¥ dx 20. / xe ¥ dx

21.

23

25

27.

29

31

33.

35.

36.

37.

38.

In
int

39

< x
41. /; m dx
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|
/ ; dx 22.
-0

< 1 < 1

f —dx 24. / —dx
oo 1+ x2 oo X2 —1

/ T

cotx dx 26. / sec? x dx
0

o 1
/ 1
0o (x—=2)7
1
2
30./ ——dx
0 x+/1—x2
/tanxdx
0

oo .
/ cosxe ™ dx
0

Based on exercises 7-8 and similar integrals, conjecture a value
. o . :
of r for which fo x~"dx converges if and only if n < r.

) 0
2
/de 28.
0 x2—1
[ =
. —daxX
0 1 —x2

o 1
. —d 32.
/o Jre
/ cosx dx 34.
0

Based on exercises 9-10 and similar integrals, conjecture a
value of r for which | IOO x~"dx converges if and only if n > r.

Based on exercises 17-20, conjecture that the exponential
term controls the convergence or divergence of fooo xe* dx

and ffoo xe* dx. For which values of ¢ do these integrals
converge?

At the beginning of this section, we indicated that the calcula-

. 2 . . .
tion ffl )% dx = —% was incorrect. Without any calculations,

explain how you should immediately recognize that negative
3/2 is not a correct value.

exercises 39—48, use a comparison to determine whether the

egral converges or diverges.
0o 2 2
40. / L
1 x*+3

o0
/ de
1 14‘)(3
. /°°2+sec2xdx
1 X



6-51

43.

45.

47.

IS

- dx
0o X +ter
oos~2
/ 1nxdx
o l+er

[ed] XZex
dx
5> Inx

44. / e dx
1

o
46./ 0 dx
2 €X+1

o 2
48. / e~ dx
1

In exercises 49 and 50, use integration by parts and I’Hopital’s

Rule.
1 =)
49. / xIndx dx 50. / xe ™ dx
0 0
51. In this exercise, you will look at an interesting pair of calcula-

52.

tions known as Gabriel’s horn. The horn is formed by taking
the curve y = 1/x for x > 1 and revolving it about the x-axis.
Show that the volume is finite (i.e., the integral converges), but
that the surface area is infinite (i.e., the integral diverges). The
paradox is that this would seem to indicate that the horn could
be filled with a finite amount of paint but that the outside of
the horn could not be covered with any finite amount of paint.

Show that [, x*dx diverges but lim [, x*dx = 0.

In exercises 53-56, determine whether the statement is true or
false (not always true).

53.

54.

5S.

56.
57.

58.
59.
60.

61.

62.

63.

64.

It xli)nolo f(x)=1,then [;° f(x)dx diverges.

If xli)nolo f(x) =0, then [~ f(x)dx converges.

It }11)1}) f(x) = oo, then fol f(x)dx diverges.

If f(—x) = —f(x) forall x, then [, f(x)dx = 0.

Find all values of p for which fol xip dx converges. For these
values of p, show that fol Ldx = fol ﬁ dx.

Show that ffzo xP dx diverges for every p.
Giventhat [ e~ dx = /7, evaluate I e dxfork > 0.

. [ee} _».2 _ oo 2 _k42
lihvegthat S e dx = /m, evaluate [° x*e ™™ dx for
> U.

A function f(x) > 0 is a probability density function (pdf) on
the interval [0, co) if fooo f(x)dx = 1. Find the value of the
constant k to make each of the following pdf’s on the interval
[0, c0).

(a) ke > (b) ke™** (c) ke™™

Find the value of the constant k to make each of the following
pdf’s on the interval [0, c0). (See exercise 61.)

(a) kxe > (b) kxe™* (c) kxe "™

The mean p (one measure of average) of a random variable

with pdf f(x) on the interval [0, co)is u = fooo xf(x)dx.Find
the mean if f(x) =re™"".

Find the mean of a random variable with pdf f(x) = r’xe™"*.
(See exercise 63.)

65.

66.

67.

68.

69.

70.

71.

72.

73.
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For the mean p found in exercise 63, compute the probabil-
ity that the random variable is greater than p. This probability
is given by f:o re~"™ dx. Do you think that it is odd that the
probability is not equal to 1/2?

Find the median (another measure of average) for a random
variable with pdf re™"* on x > 0. The median is the 50% mark
on probability, that is, the value m for which

o 1
/ re "dx = —.
m 2

/2 1
Explain why / ——dx is an improper integral.
o l+4tanx

Assuming that it converges, explain why it is equal to

/2 o 0 < .
X 0 ifx =1
Similarly, find a function g(x) such that the improper integral

™2 tanx /2
/ —dx equals the proper integral / g(x)dx.
o l4tanx 0

/2 1 /2 tanx
Interpreting / ——  dx and / ——  dx as
o l+tanx o l+tanx
in exercise 67, use the substitution u =x — Z to show
tan x

/2 1 /2 2

that / —dx:/ ——  dx. Adding the
o l+tanx o l+tanx

first integral to both sides of the equation, evaluate

/2 1
p——
o l4tanx
to use limits for the improper

Being careful inte-
grals, use the substitution u =7 —x to show that

(a) foﬂ/z In(sinx) dx = fon/z In(cos x) dx. Add fon/z In(sin x) dx
to both sides of this equation and simplify the right-hand side
with the identity sin2x = 2sinx cos x. (b) Use this result to
show that 2 [7/? Insinx)dx = =2 In2 + 1 [ In(sinx) dx.
(¢) Show that 7 In(sinx)dx =2 [* In(sinx) dx. (d) Use
parts (b) and (c) to evaluate foﬂ/z In(sinx) dx.

. 2 . .
Determine whether foﬂ/ In xdx converges or diverges. Given
the result of exercise 69 and the approximation sin x & x for
small x, explain why this result is not surprising.

Assuming that all integrals converge, use integration by parts

to write [ x*e~ dx in terms of J° x%e™ dx and then

. o0 2 . .

in o(Eerms of [T e 2" dxlzzﬁ . 3By 1;1duct10n, show that
n —_ n —_ ...

f x2ne—x2 dx = ( )( — )

g0 2

tive integer n.

-1
/7, for any pos-

Show that [ e dx = V/E, for any positive constant a.
Formally (that is, ignore issues of convergence) compute n
derivatives with respect to a of this equation, set a = 1 and
compare the result to that of exercise 71.

As discussed in the chapter introduction, the mean (av-
erage) lifetime of a lightbulb might have the form
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74.

75.

76.

77.

78.

79.
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J570.001xe~*®"gdx. To determine the mean, compute

. b —0.001x
JLIEQA 0.001xe™ 0001 g x,

As in exercise 73, find the mean of any exponential distribution
with pdf f(x) = Xe™,0 < x < oo.

Many probability questions involve conditional probabili-
ties. For example, if you know that a lightbulb has already
burned for 30 hours, what is the probability that it will last
at least 5 more hours? This is the “probability that x > 35
giventhatx > 30" andis written as P(x > 35|x > 30).In gen-

P(A and B) L .
eral, forevents A and B, P(A|B) = W, which in this
P(x > 35)
case reduces to P(x > 35|x > 30) = ————. For the pdf
P(x > 30)

f(x) = 35¢7/* (inhours), compute P(x > 35]x > 30). Also,
compute P(x > 40[x > 35) and P(x > 45|x > 40). (Hint:
P(x>35)=1-P(x <35 =1- [ f(x)dx)

Exercise 75 illustrates the “memoryless property” of exponen-
tial distributions. The probability that a lightbulb last m more
hours given that it has already lasted n hours depends only on

m and not on n. Prove this for the pdf f(x) = g5¢™/%.

Show that any exponential pdf f(x) = ce™** has the memory-
less property of exercise 76.

The reliability function R(7) gives the probability that x > 7.
For the pdf of a lightbulb, this is the probability that the bulb
lasts at least ¢ hours. Compute R(¢) for a general exponential
pdf f(x) = ce .

The Omega function is used for risk/reward analysis of fi-
nancial investments. Suppose that f(x) is a pdf on (—o0, 00)

and gives the distribution of returns on an investment. (Then
b

f(x)dx is the probability that the investment returns

/ f(@)dt be the
T Then

a

between $a and $b.) Let F(x) =

cumulative distribution function for returns.
o0

[0 = Fo)ldx . .

Q(r) = ®=————— is the Omega function for the in-

ffoc F(x)dx

vestment.

(a) Compute 2;(r) for the exponential distribution
fi(x) =2e7%,0 < x < oo. Note that Q,(r) will be un-
defined (oc0) forr < 0.

(b) Compute Q2,(r) for fr(x) =1,0<x < 1.

(c) Show that the means of f(x) and f>(x) are the same and
that Q(r) = 1 when r equals the mean.

(d) Even though the means are the same, investments with dis-
tributions fi(x) and f>(x) are not equivalent. Use the graphs
of fi(x) and f>(x) to explain why f;(x) corresponds to a
riskier investment than f>(x).

(e) Show that for some value ¢, Q2,(r) > Q(r) for r < ¢ and
Qy(r) < Qi(r) for r > c. In general, the larger Q(r) is,
the better the investment is. Explain this in terms of this
example.
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@ EXPLORATORY EXERCISES

B 1

The so-called Boltzmann integral

1
I(p) = / p(x)In p(x) dx
0

is important in the mathematical field of information the-
ory. Here, p(x) is a pdf on the interval [0, 1]. Graph the pdf’s
pi(x)=1and

4x
4 —4x

if0<x<1/2
P00 = if1/2<x<1
and compute the integrals fol pi(x)dx and fol pa(x) dx to ver-
ify that they are pdf’s. Then compute the Boltzmann integrals
I(py) and 1(p,). Suppose that you are trying to determine the
value of a quantity that you know is between 0 and 1. If the pdf
for this quantity is p; (x), then all values are equally likely. What
would a pdf of p,(x) indicate? Noting that /(p;) > I(p;), ex-
plain why it is fair to say that the Boltzmann integral measures
the amount of information available. Given this interpretation,
sketch a pdf p;(x) that would have a larger Boltzmann integral
than p,(x).

. The Laplace transform is an invaluable tool in many engi-

neering disciplines. As the name suggests, the transform turns
a function f(r) into a different function F(s). By definition,
the Laplace transform of the function f(¢) is

F(s) = / h (e dt.
0

To find the Laplace transform of f(#) = 1, compute

/(l)e’”dtzf e *'dt.
0 0

Show that the integral equals 1/s, for s > 0. We write
L{1} = 1/s. Show that

N

o 1
L{t} = / te™dt = —,
0

fors > 0. Compute L{r?*} and L{z*} and conjecture the general
formula for L{r"}. Then, find L{e*} fors > a.

. The gamma function is defined by T'(x) = [~ r*~'e™" d1,

if the integral converges. For such a complicated-looking
function, the gamma function has some surprising prop-
erties. First, show that I'(1) = 1. Then use integration by
parts and 1I’Hopital’s Rule to show that I'(n + 1) = nI'(n),
for any n > 0. Use this property and mathematical induc-
tion to show that I'(n + 1) = n!, for any positive integer n.
(Notice that this includes the value 0! = 1.) Numerically ap-
proximate I'(3) and T'(3). Is it reasonable to define these
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as (4)! and (2)!, respectively? In this sense, show that
(3)! = 3+/7. Finally, for x < 1, the defining integral for I'(x)
is improper in two ways. Use a comparison test to show
the convergence of [ *~'e™ di. This leaves [, 1*~'e™ dt.

Determine the range of p-values for which fol tPe~" dt

4.
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converges and then determine the set of x’s for which I'(x) is
defined.

/2 1
Generalize exercise 68 to evaluate / ————— dx forany
o 1 +tan*x

real number k.

C@ Review Exercises

©) WRITING EXERCISES

The following list includes terms that are defined and theorems that
are stated in this chapter. For each term or theorem, (1) give a precise
definition or statement, (2) state in general terms what it means and
(3) describe the types of problems with which it is associated.

Integration by parts Reduction formula
Partial fractions decomposition ~ CAS

Improper integral Integral converges
Integral diverges Comparison Test

O TRUE OR FALSE

State whether each statement is true or false, and briefly ex-
plain why. If the statement is false, try to “fix it” by modifying
the given statement to a new statement that is true.

1. Integration by parts works only for integrals of the form
J Fgk)dx.

2. For an integral of the form [ xf(x) dx, always use integration
by parts with u = x.

3. The trigonometric techniques in section 6.3 are all versions of
substitution.

4. If an integrand contains a factor of +/1 — x2, you should sub-
stitute x = sin6.
5. If p and g are polynomials, then any integral of the form

/ % dx can be evaluated.

6. With an extensive integral table, you don’t need to know any
integration techniques.

7. If f(x) has a vertical asymptote at x = a, then fa b fx)dx
diverges for any b.

8. If lim f(x) =L # 0, then [~ f(x)dx diverges.
X—>00

In exercises 1-44, evaluate the integral.

Vx in(1
L | £ ax 2./5"1( /) g
Jx x2
3 / T 4 / 2y
. | ——dx . | ——dx
V1 —x2 V9 — x2
5. /x e ¥ dx 6. /xze_xsdx
x x?
7. /—dx 8. /—dx
14+ x* 14 x*
x3 X
9. —d 10. —d
/4+x4 * /4+x4 *

11.

13.

15.

17.

19.

21.

23.

25.

27.

29.

/eﬂ‘”‘ dx 12. /cos4x dx
/ x sin3x dx 14.

x sindx?dx

2
g
[

sin* x dx 16. cos’ x dx

=)

1
x sinmx dx 18.

/ X3 Inxdx 20.

x2cosmx dx

S
=
N

sinx cos x dx

—

cos x sin” x dx 22. cos x sin’ x dx

cos® x sin® x dx 24. cos* x sin® x dx
tan® x sec? x dx
tan® x sec’ x dx

sin x cos® x dx 28.

30.

U
=

—_— — Y Y Y 5 5 5 —

/
/
ftan x sec* x dx 26.
[ v
[ e

8+4x +x2

|

)

= || w
|

=
(]
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