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s={(x,y,2) e R°0<z< f(xY),(x,y)eR}

(See Figure 2.) Our goal is to find
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5. DEFINITION The double integral of f over
the rectangle R is

H f(x,y)dA= lim ZZf(xu Vi j)AA“

max AX; ,Ay; — 1 i1

if this limit exists.
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ﬂ f(x,y)dA= lim 33 f(x,y,)AA

m,N—o0 < i1 j—l
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If f (x,y) =0, then the volume V of the solid that
lies above the rectangle R and below the surface
z=f (X, y) is

v:jjf(x,y)dA
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MIDPOINT RULE FOR DOUBLE INTEGRALS

ﬂ f(x,y)dA =~ sz(x,,y )AA

=1 j=1

where x; is the midpoint of [x,;, Xx;] and y; is the
midpoint of [y;.4, y; J.
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10. FUBINI’'S THEOREM If f is continuous on
the rectangle R={(x, y} |a < x< b, c <y <d},
then

([ £ (x y)da= jb jcd (X, y)dydx = jcd jb (X, y)dxdy

More generally, this is true if we assume that f
iIs bounded on R, is discontinuous only on a
finite number of smooth curves, and the
iterated integrals exist.
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[[ seon(y)dA= [ g(dx[ h(y)dy where R R =[a,b]x[c,d]
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3.If f is continuous on a type I region D such that

D={(x,y)la<x<b,g,(x)<y<g,(x)}
then
[ fx y)da= jb jgg f(x, y)dydx
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j[! (X, y)dA = jcd jh“((yy)) (X, y)dxdy

where D is a type II region given by Equation 4.
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6. |

D

[f (%, y)+9(x Y)JdA= jj f (X, y)dA+jjg(x y)dA

/. .J'cf (X, y)dA = cﬂ f (X, y)dA

Iff(x,y) =g (x,vy) forall (x,y)inD, then
8. ﬂ f (X, y)dAZHg(x, y)dA

If D=

D, U D,, where D, and D, don’t overlap

except perhaps on their boundaries (see Figure

17), then

ﬂ f (X, y)dA:H f (X, y)dA+_U f(x,y)dA
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HldA: A(D)

D
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11. If m< f (x, y) < M for all (x,y) in D, then

mA(D) < j f (x, y)dA < MA(D)
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bR={r.8)|l=r=2,0= 8= 7}
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rP=x2+y2 x=r cos® y=r sinB
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2. CHANGE TO POLAR COORDINATES IN A
DOUBLE INTEGRAL If f is continuous on a
polar rectangle R given by 0<a<r<b, a<0< g,
where 0< B-a <2t , then

H f (X, y)dA= jjj: f(rcosé@,rsin@)rdrdéd
R
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3. If f is continuous on a polar region of the form

D={(r,0)a<0<p,h(0)<r<h,(6)
then
[ f(x yyda=[] = ¢ (r cos 0, r sin O)rdrd

h (6)
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3. DEFINITION The triple integral of f over
ne box B is

| m n

t
[ feoy.2dv = dim 55 (6 Vi Zic AV
B

if this limit exists.
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Il m n

mf(x,y,Z)dV= lim > >N f(x,y,,z)AV

|, m,n—o0 -

Chapter 12, 12.5, P696



4. FUBINI'S THEOREM FOR TRIPLE
INTEGRALS If f is continuous on the
rectangular box B=[a, b]X [c, d ]X[r, s], then

m t(xy,z)dv :ff I: f (X, y,z)dxdydz
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JI] £ y.23av = U((yi) f(xy, Z)dz}dA
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Another type 1 solid region
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FIGURE 7

A type 2 region
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V(E)=ﬂ!dv
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The cylindrical coordinates of a point
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To convert from cylindrical to rectangular
coordinates, we use the equations

1 X=rcos® y=rsin6 z=z

whereas to convert from rectangular to cylindrical
coordinates, we use

2. r¢=x2+y?2 tan 6= y Z=7

X
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FIGURE 4

r = c, a cylinder
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FIGURE 5

I = F,aconc
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FIGURE 6
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formula for triple integration in cylindrical
coordinates.

m f(x y,z)dVv =Lﬂjh2(9) OO £ (r cos 0, r sin @, 2)rdzdrdd
E

h, (8) Ju;(rcosé,rsiné)
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FIGURE I
The spherical coordinates of a point
p=>0 0<¢<rx
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FIGURE 2 p=c. asphere
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FIGURE 3 ¢&=c. ahalf-plane
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O<c<m/2 m2l<c<m
FIGURE 4 ¢ =c, ahalf-cone
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X = psin ¢cos y = psingsing Z=PCOS¢
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p2:)(2_|_y2_|_22
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FIGURE 8
Volume element in spherical
coordinates: dV=p2singdpd©&d ¢
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Formula for triple integration in spherical
coordinates

m f(x,y,2z)dV

:Ld mj f (psingcos @, psin gsoma, pcos @) p° sin gdpd & ¢
where E is a spherical wedge given by

E={(p.0,¢)a<p<ba<fd<pc<g<d}
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7. DEFINITION The Jacobian of the
transformation T given by x= g (u, v) and
y=h (u, v) is

OX OX
o(x,y) _|ouov|_ox oy ox oy
o(u,v) ey oyl oueov  évéeu
ou oV
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9. CHANGE OF VARIABLES IN A DOUBLE
INTEGRAL Suppose that Tisa C!
transformation whose Jacobian is nonzero and
that maps a region S in the uv-plane onto a
region R in the xy-plane. Suppose that f is
continuous on R and that R and S are type I or
type II plane regions. Suppose also that T is
one-to-one, except perhaps on the boundary of .
S. Then

dudv

o(X, Y)
o(u,v

[ £ O y)ydA =[] £ (x(u,v), y(u,v))

Chapter 12, 12.8, P719



Let T be a transformation that maps a region S in
uvw-space onto a region R in Xyz-space by means
of the equations

x=g (u, v, w) y=h(u, v, w) z=k (u, v, w)

The Jacobian of T is the following 3X3

determinant:
OX OX OX

Ou oV OW
12. o(X,y,z) _ |0y oy oy

o(u,v,w) |Ou ov ow
OZ 07z Oz
Ou oV OW
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\>- m f(x,y,z)dV

o(X,Y, 2)
o(u, v, w)

dudvdv

_Hj f (x(u,v,w), y(u,v,w), z(u,v, W))|
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