Linear Differential Equations of Higher Order

Dr Mansoor Alshehri

King Saud University

MATH204-Differential Equations Center of Excellence in Learning and Teaching 1 /100



Linear Differential Equations of Higher Order

@ General Solution of homogeneous linear differential equations
@ Initial-Value Problem (IVP)
@ Boundary-Value Problem (BVP)
@ Existence and Uniqueness of the Solution to an IVP
@ Linear Dependence and Independence of Functions
@ Criterion of Linearly Independent Solutions
@ Fundamental Set of Solutions
@ Reduction of order Method (when one solution is given)
@ Homogeneous Linear Differential Equations with Constant
Coefficients
@ Cauchy-Euler Differential Equation

@ General Solutions of Nonhomogeneous Linear Differential Equations
@ Undetermined coefficients
@ Variation of Parameters

MATH204-Differential Equations Center of Excellence in Learning and Teaching 2 / 100



Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

General Solution of Homogeneous Linear
Differential Equations

Definition

The general linear differential equations of order n is an equation that can
be written

dny dnfl

Y

an(T)—— W

bt @)D @y = o), (1)
where a,,(z), an—1(x), a1(x) and ag(z) are functions of x € I = (a, b),
and they are called coefficients.

Equation (1) is called homogeneous linear differential equation if the
function g(z) is zero for all z € (a,b).

If g(x) is not equal to zero on |, the equation (1) is called
non-homogeneous linear differential equation.
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Initial-Value Problem (IVP)

An n-th order initial-value problem associate with (1) takes the form:
Solve:

dm n—ly dy

a”(x)dxin + an—l(@m +oot al(x)% +ao(z)y = g(z),

subject to:
y(z0) = vo, ¥'(x0) = v1, ¥ (®0) =v2, -, ¥ H20) = Yno1.  (2)

Here (2) is a set of initial conditions.
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Boundary-Value Problem (BVP)

Remark (Initial vs. Boundary Conditions)

Initial Conditions: all conditions are at the same = = xy.
Boundary Conditions: conditions can be at different x.

Remark (Number of Initial/Boundary Conditions)

Usually a n-th order ODE requires n initial/boundary conditions to specify
an unique solution.

Remark (Order of the derivatives in the conditions)

Initial /boundary conditions can be the value or the function of 0-th to
(n — 1)-th order derivatives, where n is the order of the ODE.
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Linear Differential Equations of Higher Order

Example (Second-Order ODE)

General Solution of homogeneous linear differential equations

Consider the following second-order ODE

d2y

()d2+a1()

/

d
7 +ao(@)y = g(@),

e IVP: Solve (3) s.t. y(zg) = Z/OS?JI(QUO) = Y1

@ BVP: Solve (3) s.t. y(a) =

e BVP: Solve (3) s.t. y(b) = yo;y(a

Yo; y(b) = y1.
) =11
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Existence and Uniqueness of the Solution to an IVP

Theorem
For the given linear differential equations of order n

dny d"_ly dy
an(x )d ~ +an-1(z )dx”—l +~"+a1($)%+a0(37)y:9(x)7 (4)

which is normal on an interval I. Subject to

y(z0) = Yo, ¥ (v0) = y1, ¥"(x0) = ¥2, -+, ¥ H(20) = Yu—1.  (5)

If an(x), an—1(z),...,ao(x) and R(x) are all continuous on an interval I,
an(zx) is not a zero function on I, and the initial point xo € I, then the
above IVP has a unique solution in I.
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Example (1)
Discuss the Existence of unique solution of IV P

{ (22 + 1)y + 2%y’ + 5y = cos(z)
y3)=2 ., y@B) =L

Solution The functions
ag(z) = 22 + 1,a1(z) = 2%, ap(z) = 5.

and
R(z) = cos(x).

are continuous on I = R = (—o00,00) and aa(z) # 0 for all z € R, the
point zg = 3 € I . Then the previous Theorem assures that the IV P has
a unique solution on R.
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Example (2)
Find an interval I for which the initial values problem (IV P)

has a unique solution around zg = 1.

Solution The function

as(x) = 22,
is continuous on R and as(z) #0 ifx >0 or x <0.But zp=1¢€
I = (0,00). The function

is continuous on Is = (—oo , 2) and the function

o
o
=

\
Bl
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

is continuous on I; = (0, 00).

Then the (IV P )has a unique solution on I; N Iy = (0,2) = I . We can
take any interval I3 C (0,2) such that zp =1 € I5. So I is that the
largest interval for which the (IV P) has a unique solution.
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Example (3)
Find an interval I for which the IV P

{ (x — 1)(z —3)y" + zy +y = z?
y2)=1 , ¢(2)=0

has a unique solution about zg = 2.

Solution The functions
as(z) = (x —1)(z —3) , ai(x) == ,a0(x) =1, R(z) = 27,

are continuous on R. But as(z) # 0 if z € (—o0,1) orz € (1,3) or
x € (3,00). As x9 =2 so we take I = (1,3). Then the I[VP has a

unique solution on I = (1, 3)
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Exercises

@ Discuss the Existence of unique solution of IV P

{ (lz] + 3)y” + 2%y’ + 5y = sin(x)
y(2)=1, ¢ (2)=0.

@ Find an interval I for which the IV P

{ (z-2)y" +3y==x
y(0)=0 , ¢(0)=1

has a unique solution about zg = 0.
© Find an interval I for which the IV P

{ y" + (tanz)y = e
y(O) =1, ¢(0)=0

has a unique solution about zg = 0.
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Linear Dependence and Independence of Functions

Definition
A set of functions {fi(z), fa(x)...., fn(x)} are linearly dependent on an

interval I if 3 ¢1,c¢o,...,¢, not all zero i.e. (c1,c¢2,...,¢,) # (0,0,...,0)
such that

afi(x) +cafo(x)+ -+ cepfu(x) =0, Yo el
that is, the linear combination is a zero function.

If the set of functions is not linearly dependent, it is linearly independent,
i.e. when ¢1,¢9,...,¢, all zeroie. (c1,c2,...,¢y) = (0,0,...,0).

MATH204-Differential Equations Center of Excellence in Learning and Teaching 13 / 100




Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Example (1)
Show that fi(z) = cos(2z) , fa(z) =1, f3(x) = cos®(z) are linearly
dependent on R.

Solution We know that

1 + cos(2x 1 1
fo(@) = cos?(@) = 120 L ey L)
2 2 2
for all x € R. Then there exist ¢; = ¢y = % and ¢g3 = —1 such that

c1fi(x) + cafo(x) + csfs(x) =0  for all x € R.

So f1, fo and f3 are linearly dependent on R.

14 / 100
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Example (2)
Show that

fi(z) =1, fo(x) =sec?(x) and f3(z) = tan?(x)

are linearly dependent on (0, ).

Solution We know that
fo(z) = sec?(z) = 1+ tanz(x) = fi(z) + f3(x)

hence -
fi(z) = fa(z)+ f3(z) =0 forallx e (0, 5) )

So there exist c; = c3 =1 and ¢y = —1 such that
c1fi(x) + cafo(x) + c3fs(x) =0 forall z € (0, g) )

H s
So f1, f2 and fs are linearly dependent on (0, %).
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Example (3)
Show that fi(z) =2 and fa(x) = 22 are linearly independent on
I=[-1,1].

Solution Let ¢;, ¢ € R such that
c1fi(z) + cafa(z) =0, forallzel.
We have to prove that ¢ =c3 = 0. As

1z + cox® =0 for all —1<x<1,

then forz =1 and z = —% we have
c1+ co :0,
and
L+t -0
201 462_ )
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

which implies that ¢; =co =0. Then f; and f> are linearly independent
on I.
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Example (4)
Show that
fi(z) =sin(z) , fo(x) = sin(2x).

are linearly independent on I =[0,7) .

Solution Let ¢ , ¢g € I such that
c1fi(x) + cafo(x) =0 forallz € 1.

We have to show that ¢; =c2 = 0. In fact for x = 7 and z = 5 we have

c1 sin(%) + ¢o sm( ) =0
c1 sin(%) + ¢ sm(23) =0

hence

1
—c1+c=0, £(:1+ £cQ:0,

NG 2
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

which implies that ¢; =co =0. Then f; and f> are linearly independent
on I.
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Example (5)
Show that
filz) = 2% and fo(x) = x|z
(4) linearly dependent on [0, 1]
(é¢) linearly independent on [—1,1]

Solution
(7) on [0,1] we have

fiz) = fo(z) = 22,

hence
fi(x) = fo(x) =0 forall 0 <z <1.

So there exist ¢y = 1, ¢cg = —1 such that
cafi(z)+ecafo(xr) =0 forall 0 <z <1,

Then f; and fy are linearly dependent on [0, 1].
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

(73) Let ¢q , c2 € R such that
cfi(z) +eafo(z) =0 forall —1 <z <1,

hence
clx2+02x|w]:0forall—1§:):§1.

Now for x =1 and x = —1 we have ¢; +¢c2 = 0 and ¢; — ¢ = 0 which
implies that ¢; = co = 0. Then f; and f> are linearly independent on
[—1,1].
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Exercises

@ Determine whether the functions

filx) =z, folz) = 2%, f3(z) = 4z — 22

are linearly dependent or independent on (—o0, 00) .
@ Determine whether the functions

fi(z) =€", fa(x) =€ %, f3(x) = coshuz.

are linearly dependent or independent on (—o0, 00) .

© Determine whether the functions
fl(x) = 7f2(‘r) = .'132 — 17 f3($) = $2 + 2x + 1,

are linearly dependent or independent on [0, 1] .
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Criterion of Linearly Independent Solutions

Consider the homogeneous linear n-th order DE

da" dn—t d
an(@) S+ ana (@) ] 4 (@) 5+ ao(@)y =0,

Given n solutions { fi(z), fa(x), ..., fn(x)}, we would like to test if they
are independent or not.

Note: In Linear Algebra, to test if n vectors {vy,vsa,...,v,} are linearly
independent, we can compute the determinant of the matrix.

Vi=[vy vg ... vy

If the determinant of V = 0, they are linearly dependent; if the
determinant of V # 0, they are linearly independent.
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Definition

For n functions W ( f1, fo, ..., fn) which are n — 1 times differentiable on
an interval I, the Wronskian W (z, f1, fa,..., fn) as a function on I is
defined by

fi for o fa

fi 3 o JIn
W(x7f17f2 7"'afn) = {/ él 1/11

_1 _1 71

Pl gl
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

To test the linear independence of n solutions { f1(x), fa(z), ..., fu(x)} to

dny dn—ly
an(ﬂf)dmin + An—1 (l‘)m

we can use the following theorem.

+...+a1(x)%+ao($)yzoa (6)

Theorem

Let {fi(x), fo(x),..., fn(x)} be n solutions to the homogeneous linear
DE (6) on an interval I. They are linearly independent on I

i foo o fa
o o

<~ W(.CU, fi, fo ..y fn) = {/ é/ f;: 75 0.
P g
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Example (1)
Prove that fi(z) = 22, fo(x) = 22 In(x) are linearly independent on
(0,00).

Solution We have that

R 2?In(x)
Wt f2) = |, 2zIn(z) + =

= 22%In(z) +2° — 22%In(z) = 2® £ 0
for all € (0,00),

then f; and fo are linearly independent on (0, c0).
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Example (2)
It is easy to see that the functions
Yy =2 ,Y2 = $27
and
Y3 = z°.

are solutions of the differential equation

3 " 3$2 ”+6xy'—6y:0.

Show that y; , y2 and y3 are linearly independent on (0, c0).

Solution Here we have az(z) = 23 # 0 for all = >0 or z < 0. By
using the Wronskian we have

T 1‘2 1'3
Wiyi,yo  ys)=| 1 2z 32% | =22 #0.
0 2 6z
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

for all = € (0,00) or for all z € (—00,0) . So y1 , y2 and y3 are linearly
independent on (0, c0).
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Exercises

© Show by computing the Wronskian that the functions

fi@) =z, fo(x) = 2%, f3(z) = 2%€".

are linearly dependent or independent on (0, 00) .
@ Show that the functions

y1 = cosh(2x)

and
y2 = sinh(2z)

are solutions of the differential equation

y// _ 4y/ — 0‘

Show that y; and yo are linearly independent on (—o0, c0).
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Fundamental Set of Solutions

Definition
dr dn—! d
an(@) 5 + an-1(@) oy + -+ (@) 2 +ao(@)y =0, (7)
Any set {f1(z), fa(z), ..., fu(x)} of n linearly independent solutions to

the homogeneous linear n-th order DE (7) on an interval I is called a
fundamental set of solutions.

Theorem

Let {fi(x), fo(x),..., fn(x)} be a fundamental set of solutions to the
homogeneous linear n-th order DE (7) on an interval I. Then the general
solution to (7) is

y(z) = cafi(z) + cofe(z) + - - - + cufulx),

where {c; | (i =1,2,...,n)} are arbitrary constants.

~
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Example (1)

Verify that y; = €?* and y» = e 3% form a fundamental set of solutions of
the differential equation

y"+y —6y=0.

and find the general solution.

Solution Substituting

_ 2z, __ 2¢ M __ 2x
ypr=¢€ ,y1—2€ ,y1—4€ 3

in the differential equation we have
4€% 4 2% — 6% = 0.

Hence y1 = €7 is a solution of the differential equation. By the same
method we can prove that y» = e~ 3% is also a solution of the differential
equation.
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Now we have

2x _—3x 621 6_3z -
W(e**,e™>") = 9e20  _3.-3 | = —5e” " #0 for all z € R.

Then y; and yo are linearly independent on R. From the previous Theorem
we deduce the general solution of the differential equation given by

y(r) = cry1 () + caya(z).

where ¢1 ,co € R.
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Example (2)

It is easy to see that the functions

iz 3z
9

y1=ce",yp=e and y3 =e

are solutions of the differential equation

y/// _ 6y” + lly/ _ 6y — 0

Find the general solution of the differential equation.

Solution Since
e
W(e® €2 e3%) = | e 2% 3e3® | =257 £ 0.

for all z € R.
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

We deduce that
y(z) = c1e” + c2€%® + c5e3®.

is the general solution of the differential equation.

MATH204-Differential Equations Center of Excellence in Learning and Teaching 34 / 100



Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Example (3)

Prove that

Y1 = z3e®, and yp = 7.

are solutions of the differential equation

xy” =2+ 1)y + (z+2)y =0

where > 0. Find also the general solution of the differential equation.

Solution Substituting

Y1 = 2%e®, Y| = 32%e® + 236, y] = 6ze” + 62%e” + 36",

in the differential equation we have

xT G
622" +623 e+t —623e” — 224 e —622e® +—2x3 e +ate” +- 206"

Substituting
Yo =yp =Yy =e”,

MATH204-Differential Equations Center of Excellence in Learning and Teaching
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations
in the differential equation
ze® — 2xe® — 2e* 4+ xe® + 2e” = 0.

Now we have to show that

b1 = $3€x,
and
yo = €”.
are linearly independent on (0 , c0).
In fact
3 r3e® e’ 9
W(z°e", e") = 32267 4 3Bt ot | —3z%e® #0 forall z>0.
Then
g1 =a’e”,
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

and
y2 = e”.
are linearly independent on (0, co) and we conclude that
— 3T x
Yo = C1x°€" + Cc2€”.

is the general solution of the differential equation.
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Linear Differential Equations of Higher Order General Solution of homogeneous linear differential equations

Exercises

Verify that the given functions form a fundamental set of solutions of the
differential equation on the indicated interval, then find the general
solution of the differential equation.

oy —y —12y=0; €37 €' on (—o0,00)

o 2y + 622y +4day —4dy=0; z, x 2, z 2Inz on (0,00)

oy 44" =0; 1, x, sinz, cosz on (0,00)
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Linear Differential Equations of Higher Order Reduction of order Method (when one solution is given)

Reduction of order Method (when one solution is
given)

It is employed when one solution y;(x) is known and a second linearly
independent solution y2(z) is desired. The method also applies to n-th
order equations.

Suppose that y1(z) is a non-zero solution of the equation
az(2)y" + a1 (x)y’ + ap(z)y = 0, (8)

where ag(z), ai(x) and az(x) are continuous functions defined on interval
I sauch that ag(x) # 0 for all x € 1.

The method of reduction of order is used to obtain a second linearly
independent y2(x) solution to this differential equation (8) using our one
known solution.
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Linear Differential Equations of Higher Order Reduction of order Method (when one solution is given)

We suppose that the solution of (8) is in the form

Yy = u(x)yh

where w is a fountain of x and which will be determined and satisfies a
linear second-order differential equation (8) by using the following method

y=u(x)y =y =uy +yu=y" =u"y +2u'y; +yiu.

It is best to describe the procedure with a concrete example.
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Linear Differential Equations of Higher Order Reduction of order Method (when one solution is given)

Example (1)
If

_ sin x

is a solution of the differential equation

4$2?J” + 4zy’ + (4»’5‘2 —1ly=0 on0<z <.

then find the general solution of the differential equation..

Solution The solution of the differential equation is of the form

y = u(z)yr or
T = i) (1)
y = u = (sinz) (z)2 u,
NG
hence
/ =1 1. =3 . =1,
y = (cosz)(x)2 u— ismx(x) 2 u+sinz(r)2 uw,
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Linear Differential Equations of Higher Order Reduction of order Method (when one solution is given)

—1

y' = —sinx(x)? u— cosx(x)%su +2cosz(x)=Z o

+ sin 2(2) 7 u —sina(z) 7 o +sinz(z) 7 u

"
we substitute 3 , ¥/, and " in the arbitrary constant we obtain

3 3
= . " = /
4x2 sinxu’ + <8:U2 cosx) u =0,

hence
sinzu” 4+ 2 coszu’ = 0.

To solve this differential equation we put w = u/, then we have w' = u”.

[y [2050 0,
w S x
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Linear Differential Equations of Higher Order Reduction of order Method (when one solution is given)

hence
/ C1
U =w=——,
sin® x
where ¢; # 0 is an arbitrary constant. So we have u = —c¢j cot x + ca,
hence .
sin
Y =1yu= Tz (—cicotx + c2),

or

__cosz sin
y= CBW + CQWa
finally we have
Yy = c2y1 + C3Y2,
where c¢3 = —c1 and co are arbitrary constants, is the general solution of

the differential equation and we can prove that

sinx q CcosS T
= —— an =
n \/5 Y2 \/5

are linearly independent on solutions (0, 7).
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Linear Differential Equations of Higher Order Reduction of order Method (when one solution is given)

General case of Equation (8)

Equation
az(x)y" + a1(x)y’ + ao(z)y =0,

can be written as the form

y" +px)y + q(z)y =0, 9)
where ()
_ a\xr
p(.fU) - (12(.73)7
and

ag(x)
Also, let us suppose that y; is a known solution of (9) on I and yi(x) #0
forall z € 1.
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Linear Differential Equations of Higher Order Reduction of order Method (when one solution is given)

Thus the second solution of (9) y2 can be given from

e S p(z)dz
Yo = y1/2 dx. (10)
Y1
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Linear Differential Equations of Higher Order Reduction of order Method (when one solution is given)

Example (1)
If

- sin x
Y1 = \/5

is a solution of the differential equation

42y + dzy’ + (422 — 1)y =0 on (0,7),

then find the second solution . )
Solution As
1 422 — 1
Y’ + y + 122 ——F—y =0.
then )
p(fL’) = Ea
and
effp(x)dx _ effidx _ eflnz _ 1
xT
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Linear Differential Equations of Higher Order Reduction of order Method (when one solution is given)

We have
e~ Jp(@)dx sinx 1
Y2 = yl/ 5 dr = smg dl’,
Y1 \f —
_ sinz dx _ —cosw
T Vo ) snP) Ve
Hence

— COST COsT

E TR

is the second solution of the differential equation on (0, 7).

Y2 =
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Linear Differential Equations of Higher Order Reduction of order Method (when one solution is given)

Example (2)

If y1 = €3 is a solution of the differential equation

oy’ +(z -1y +B—-12x)y=0 ; z>0.

Find the general solution.

Solution We have

1 3
Yy + (E —12)y = 0.

y,/—i_(l_*
T

From the formula (10) we can find directly y2, where

Ty Ry I—
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Linear Differential Equations of Higher Order Reduction of order Method (when one solution is given)

hence
— [ p(z)dz —z+lnzx
Y2 = yl/e 5 dx:egm/e o dx:e?’x/xe dy
Y1 e

1 1

_ 3z | _ .. —Tz - Tz

- [ 7r° 49 ]

_ 4x T . i 4z 1

- (=39 =3¢ "+

Then the general solution is
3x —4x 1
y=ciy1 + cyp = cre”’ + e (x4 o)

7

on the interval (0, c0).
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Linear Differential Equations of Higher Order Reduction of order Method (when one solution is given)

Exercises
Apply the reduction of order method to obtain another linearly
independent solution for the following differential equations

oy — 4y +4y=0; y =e*".
1 _—=x

o 22y + 2% —(x+2y=0; yi=z"te™® z>0.
o 22(1—Inz)y’ +ay —y=0;, y1=2x, z>e.

50 / 100
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Linear Differential Equations of Higher Order Homogeneous Linear Differential Equations with Constant Coefficients

Homogeneous Linear Differential Equations with
Constant Coefficients

The linear differential equations with Constant Coefficients has the general

form )

d"y d"y dy

dn+an (e s n71+---+a1@+aoy:0, (11)
which is a homogeneous linear DE with constant real coefficients, where
each coefficient a;,1 < i < n is real constant and a,, # 0.

Definition
The polynomial

n—1

fim) =a,m" + ap_1m + -+ aim + ag, (12)

is called the characteristic polynomial for equation (11), and f(m) =0is
called the characteristic equation of the linear differential equations with
constant coefficients (11).
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Linear Differential Equations of Higher Order Homogeneous Linear Differential Equations with Constant Coefficients

We conclude that if m is a root of equation (52), then
y=e

is a solution of the differential equation (11). Also, Equation (52) has n
roots.

Let us summarize the method to solve the differential equation (11)
(1) If all the roots of the characteristic equation are real roots then:

(i) If the roots are distinct (i.e. m1 # mg # ms3 # - -+ # my,), then the
solution of the differential equation (11) is given by

y:616m11+026m2x+'”—|—cn6mnx

(i) If the roots are equal (i.e. m; =mg =mg=---=my) (ie. m=m;
is a root of multiplicity n), then the solution of the differential equation
(11) is given by

y=c1e™ + coxe™ + c3z2e™ 4 ey L™

n—l) mx

y = (c1 +cox + ez + -+ cpr™ e
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Linear Differential Equations of Higher Order Homogeneous Linear Differential Equations with Constant Coefficients

Example (1)

Solve the differential equation

Yy —y=0.

Solution For this, the characteristic equation is m? — 1 =0 hence
m = F1.Then y; = e” and y2 = ¢~® form the fundamental set of

solutions, hence the general solution is

y=cire® +coe
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Linear Differential Equations of Higher Order Homogeneous Linear Differential Equations with Constant Coefficients

Example (2)
Find the general solution of the differential equation

y" —6y" + 11y — 6y =0.

Solution For this differential equation the characteristic equation is
m? —6m% 4+ 11m — 6= (m —1)(m — 2)(m — 3) = 0.

Thenm =1,2,3 and 1 = €® , 32 = €%* and y3 = €37 form the
fundamental set of solutions, hence the general solution is

y = c16” + c2e®® + c3e3".
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Linear Differential Equations of Higher Order Homogeneous Linear Differential Equations with Constant Coefficients

Example (3)

Solve the differential equation

y//_2y/+y:0.

Solution The characteristic equation for the differential equation is
2 —
m°—2m+1=0,
so m = 1 is a root of multiplicity 2, hence the general solution is

y = cre’ + coxe”.
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Linear Differential Equations of Higher Order Homogeneous Linear Differential Equations with Constant Coefficients

Example (4)
Solve the differential equation

y///_3y//+3y/_yzo

Solution The characteristic equation for the differential equation is
m3 —3m?+3m—1=(m—1)>=0, som=1is a root of multiplicity 3
then the general solution is

y = c1e” + cowe” + c3xe”.
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Linear Differential Equations of Higher Order Homogeneous Linear Differential Equations with Constant Coefficients

Now we see the second case
(2) If the characteristic equation has complex conjugate roots such as
m=aoaFif

then he solution of the differential equation of second order is given by

y = c1%" cos(fx) + coe™” sin(fx)

Remember:

) v_1=i
_ —bF VIV —dac

2
)x 2a

to find the roots of Quadratic equation

ar’ +bx+c=0

MATH204-Differential Equations Center of Excellence in Learning and Teaching 57 / 100



Linear Differential Equations of Higher Order Homogeneous Linear Differential Equations with Constant Coefficients

Example (5)
Solve the differential equation

y" + 4y + 5y =0.

Solution The characteristic (auxiliary) equation for the differential
equation is m? +4m + 5 = 0, now we need to find the roots of this

characteristic equation

AT V1620

2
then m = —2 F i hence the general solution is
y(x) = cre 2% cos(z) 4 cpe 2T sin(z).
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Linear Differential Equations of Higher Order Homogeneous Linear Differential Equations with Constant Coefficients

Example (6)

Solve the differential equation

y(5) _ 3y(4) + 4y/// o 4y// + 32// —y = 0.

Solution The characteristic for the differential equation is
m® —3m* +4m3 —4m? +3m —1=0,
then
m® —3m* +4m® —4m? +3m —1=(m —1)3(m*+1) = 0.

Thusm=1 ,1,1 ,Fi where /—1 =14 and the general solution of the
equation has the form

y = c1e® + coxe® + c3x?e® + ¢y cos T + cpsin .
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Linear Differential Equations of Higher Order Homogeneous Linear Differential Equations with Constant Coefficients

Example (7)
Solve the initial value problem (IV P)

{ V'+y' +y=0
y0) =1, y(0)=v3

Solution The characteristic equation for the differential equation is
m?+m+1=0.

Hence

U S P
Tt

So the general solution of a differential equation is

=z 3 -z
Y = cre 2 cos Tx + coe 2 sin 73:
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Linear Differential Equations of Higher Order Homogeneous Linear Differential Equations with Constant Coefficients

from the conditions y(0) =1 and ¢'(0) = /3 we have ¢; = 1. and

%Cl-i- 2£ V3

hence cy =1 and ¢ =2 + % So the solution of the IV P is
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Linear Differential Equations of Higher Order Homogeneous Linear Differential Equations with Constant Coefficients

Exercises

Find the general solution of the following differential equations
2y" +3y +y=0

y' —y —6y=0

y/// . 4y// . 5y/ —0

y@ -2y +y=0

2y(5) . 7y(4) + 12y/// + Sy” —0

e 6 6 o6 o

Find the solution of the initial value problems
oy’ +y +2y=0; y(0)=y'(0)=0
o " +12y" +36y" = 0; y(0) =0, y'(0) =1, y"(0) = -7
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Linear Differential Equations of Higher Order Cauchy-Euler Differential Equation

Cauchy-Euler Differential Equation

A Cauchy-Euler differential equation is in the form

dn n—1

"y dy
—1 _
d oy +an 1]7 dxnfl +---+a1x@+a0y_0, (13)

where each coefficient a;,1 < i < n are constants and a,, # 0 i.e. the
coefficient a,z™ should never be zero. Equation (13) is on the interval
either (0, 00) or (—o0,0).

Euler differential equation is probably the simplest type of linear
differential equation with variable coefficients.

The most common Cauchy-Euler equation is the second-order equation,
appearing in a number of physics and engineering applications, such as
when solving Laplace's equation in polar coordinates.
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Linear Differential Equations of Higher Order Cauchy-Euler Differential Equation

It is given by the equation

d?y dy
2d2+axd—+by—() (14)

To solve the Cauchy-Euler differential equation, we assume that y = =™
where z > 0 and m is a root of a polynomial equation.
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Linear Differential Equations of Higher Order Cauchy-Euler Differential Equation
Example (1)

Solve the Cauchy-Euler differential equation

d%y dy
2 _
de—i—axd + by = 0.

Solution We substitute

m

y=2" = y =mz™ ! = ¢ =m(m —1)z™ >
in the differential equation, we obtain
22 [m(m — 1)2™ 2] + ax[mz™ ) 4+ ba™ = 0
—m) 4+ ama™ + bz™ =
—m)+am+b =0
"™[m? 4 (1 — a)m + b] = 0.
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Linear Differential Equations of Higher Order Cauchy-Euler Differential Equation

Since ™ # 0, then we have
m?+(1—a)ym+b=0
We then can solve for m. There are three particular cases of interest:
Case 1: Two distinct roots, m1 and ms. Thus, the solution is given by
y=crz™ + cox?.
Case 2: One real repeated root, m. Thus, the solution is given by
y =c1x"™ In(x) + cox™.
Case 3: Complex roots, a +¢3. Thus, the solution is given by

y = c1x%cos (B1In(z)) + cox® sin (BIn(x)) .
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Linear Differential Equations of Higher Order Cauchy-Euler Differential Equation

Example (2)
Solve the Euler differential equation

22%y" — 3xy’ — 3y = 0. (15)
For x > 0. )

Solution We substitute
_ m /I m—1 " o__ m—2
y=2z" = y =mxzx =y =m(m -1z
in the differential equation, we obtain
222 [m(m — 1)2™ 2] — 3z[maz™ 1] — 2™ =0
£™(2m? — 2m) — 3ma™ — 32™ = 0
2™[2m? —2m — 3m — 3] =0
2™[2m? — 5m — 3] = 0.
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Linear Differential Equations of Higher Order Cauchy-Euler Differential Equation

Since 2™ # 0, then we have

2m? —5m —3=0
So the roots of this equation are m; = —% , my = 3 .Thus, from case 1
we have the solution is given by

-+ 02x3.

[SIES

y(a) = crz”

which is the general solution.
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Linear Differential Equations of Higher Order Cauchy-Euler Differential Equation

Example (3)
Find the general of the differential equation

x2y"—3xy’+13y:0 ;x> 0.

Solution Substituting y = 2™ in the equation, we obtain
m(m—1) —3m +13=m? —4m + 13 = 0.

Then we have two complex roots m = 3 F 3i (case 3), hence the the
general of the differential equationis

y=czdcos(3Inz) + cpz®sin(3lnz) ; x> 0.
If we suppose = < 0, then the general of the differential equation is

y = c1(—x)3 cos(3In(—z)) + ca(—x)?sin(3In(—x)) ; =z <O0.
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Linear Differential Equations of Higher Order Cauchy-Euler Differential Equation

Example (4)
Find the general solution of the differential equation

x4y(4) — 523" + 322" —6xy’ +6y =0 ; x>0

Solution Substituting y = 2™ in the equation, we obtain
m(m—1)(m—2)(m—3)—5m(m—1)(m—2)+3m(m—1)—6m+6 = 0.
This implies that

(m —1)(m — 2)(m* —8m 4+ 3) =0.

The roots of this equationare m =1, m =2, and m =4 F /13, then
the general solution of the differential equation is

y=cx+ 62m2 + c;),:n4+‘/ﬁ + 04:134_*/ﬁ ;x> 0.
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Linear Differential Equations of Higher Order Cauchy-Euler Differential Equation

Example (5)

Find the general solution of the differential equation

:E5y(5) — 2x3y"' + 4:U2y” =0 ; x<0.

Solution Substituting y = 2™ in the equation, we obtain

m(m—1)(m—2)(m—3)(m—4) —2m(m —1)(m —2) +4m(m —1) =0,

m(m — 1)(m3 — 9m? + 24m — 20) = m(m — 1)(m — 2)*(m — 5) = 0.

So the roots of this equation are m =0 , m =1, m = 2 repeated two
times and m =5 , then the general of the differential equation is

y=c1+ co(—x) + c3(—2)? + ca(—2)? In(—x) + c5(—2)°.
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Linear Differential Equations of Higher Order Cauchy-Euler Differential Equation

Exercises
Find the general solution of the following differential equations, where we
suppose that x > 0.

2 "

e z°y —y=0

o 22y +5xy +3y=0

o 4z +4xy’ —y =0

° x3y///+xy/_y:0

° 3///_|_4x2 " 8xy'+8y:0

o (3x+4)%y" +10(3z +4)y' +9y =0; T

3
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

General Solutions of Nonhomogeneous Linear
Differential Equations

Nonhomogeneous linear n-th order ODE takes the form

dn dnfl
an(x)d:TZ + ap—1(x) y

dy
... = 1
Tt T a(@) o ao(@)y = g(z),  (16)
where a,,(z), an—1(x), a1(x) and ag(z) are functions of x € I = (a, b),
such that a,(z) # 0 for all z € I, and g(x) # 0.
Idea
@ Find the general solution y. to the homogeneous equation

dm n—ly

dy
an(x)dm—n .y an_l(x)m d=oocE al(x)% +ap(x)y =0
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

e Find a solution y, to the nonhomogeneous equation

dn dn—l d
an(x )d Z—Fan 1(z )d:p"}i +-~-+a1($)£+a0($)y:9(fc>

@ The general solution y = y. + yp.
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

Undetermined coefficients
Let us take an example

Example (1)

Find the general solution of the differential equation :

y' —y=—2z% 45+ 2%, *)

Solution
1) First we have to find the general solution of the differential equation :

i

y —y=0.
For , we have m?2 — 1 = 0, hence m = F1 then

Ye = 1€ + coe” ",
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

2) The form of the particular solution of

y' —y=—22"+5,

Yip = Az? + Bz + C,

and the form of the particular solution of

y' —y=2e",

Yo,p = Dxe”,
because r = 1 is a simple root of the characteristic equation. Thus the
particular solution of (*) is
Yp =Yip+Y2,p = Az? 4+ Bx + C + Dxe®.

Now we have to find the constants A, B, C', and D by substituting ,
and y, in differential equation (*) and we find

"n_

Yp
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

Equating coefficients of similar terms (because the functions x2, 1 and

are e” linearly independent on R ), we obtain the following system of
equation A=2, B=0,24A—-C =5, and 2D = 2. Thus we have A = 2,
B =0, C = -1, and D = 1.Then the particular solution of (*) is

Yp = 222 — 1 + ze®,
and the general solution of the differential equation of (*) is

Y=Yct+ Yp :C16‘T+026_m+2x2 — 1+ ze®.
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

Some of the Typical forms of the particular integral

Function of \ Form for y,
ke(lfl‘ Ceax
ka™, n=0,1,2,... 3 Ciat
i=1
k cos(az) or ksin(ax) C cos(ax) + Cy sin(ax)
ke cos(bx) or ke sin(bx) e (Cy cos(bx) + Cysin(bx))
(Z k1x1> cos(ax)
i=1
or
<Z k1x1> sin(ax) (Z C’ixi) cos(ax) + <Z Rixi> sin(azx)
i=1 i=1 i=1
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

Exercises
Find the general solution of the following differential equations.

o 2%y —y =0

o 3 + 4y = sin(2z) + €°
o i’ — 5y + 4y = €*®(cos z + sin z)

Find only the form of the particular solution of the given differential
equation by using the method of undetermined coefficients.

/! :
y' —y=e" + ssinx

y// —y= xQBx
y© — 3y =3z 41

y" —y' =15+ cosx
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations
Variation of Parameters

This method is used to determine the particular solution ¥, of
nonhomogeneous differential equation

dny dnfl

an(w) =+ an_l(:c)w_:‘{ 4ot al(x)% +ao(z)y = g(z), (17)

If we have the nonhomogeneous differential equation
az(z)y” + a1(2)y’ + ao(z)y = g(), (18)
which has the particular solution
Yp = Y1u1 + Yaua,

where y1 and ys are the first and the second solution of the homogeneous
differential equation, respectively.

az(z)y" + a1 (x)y’ + ap(x)y =0 (19)
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Linear Differential Equations of Higher Order

General Solutions of Nonhomogeneous Linear Differential Equations

Here we will explain the method to find u; and uo. So, if we have y1 & o
, then we will determine as below

Wz, y1,y2) =
Wy =
Wa
Thus,
and

MATH204-Differential Equations

Y1 Y2 | _ I !
‘yi yé Y1ya — Y2Y1,
0 vy

= —Y29\T),
9(z) ys 9(z)
0

=119\T).
v g(x)‘ y19(x)

LM

T w
v
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

Example (1)
Solve the differential equation

y'+y=cscx ; O<z <.

Solution
1) The general solution of

Yo = €1 8Inx + c2 cos x.
2) The particular solution of
y" +y = cscu,
is the form
Yp = Y1u1 + Yauz,

where
y1 =sinx and ys = cosz.
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Linear Differential Equations of Higher Order

General Solutions of Nonhomogeneous Linear Differential Equations

The functions u; and ug are determined from the system below

sinx cosz
W(l'?ylva) = . = _1,
cosr —sinx
0 CcosS ¥
Wy = . = —cotz,
cscx —sinx

Wy sinx 0

1,
COST CSCX
Hence
/ 441
U} = — = cotx,
w
then
u; = In(sinx).
But

MATH204-Differential Equations
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

hence wg = —x. Therefore we have
Yp = y1u1 + Youg = sinz. In(sinz) — z cos z,
and the general solution of the differential equation is

Yy =1yc+yp=cisinx+cpcosx +sinz. In(sinz) — z cos z.
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

Example (2)

Solve the differential equation

Y — 4y + 4y = (z + 1)e*.

Solution
1) The general solution of

y' =4y +4y =0,

is
Ye = c16%® + core®®.
2) Let
1 =e*® and yy = ze?®.
So we have

eQI erx .

W($7y17y2> = 26227 6212 +2$62x =e,
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

0 xe2®

Mﬁcmyhyﬁ::‘(x%_meh 2T 4 94027 ::—w@%%Ue“,

and
623: 0 iz
W2(x>y1>y2) = 2629: (l‘—l— 1)6296 = (33‘—|— 1)6 9
hence W
/ 1 2
= — = — ]_ = — —
U= x(x+1) ¢ —x,
SO B
n=—g oy
But W
uézz iﬁg—::174—1,
then )
U = r +x
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

Therefore,

.T3 332 2 3 2

€T x
Yp = yru1 +ypup = (—5 - ?)e% +a(5 + 2)e?® = (— + —)e2?,

and The general solution of the differential equation is

3 2
x
Y = Yo+ yp = 16X + caxe®® + (K + ?)62“.
In this example we can use the undetermined coefficients, where

yp = 2*(A + Bx)e™.
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

Example (3)
Solve the Differential equation

1 /
— 3y +2y=—.
Y =Syt =

Solution
1) The general solution of

y" -3y +2y=0.

is
Yo = c1e” + cae®”.
2) Let
y1 =€ and yp = €%,
then . o
W(z,y1,y2) = ’ Zx 266230 =¥,
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General Solutions of Nonhomogeneous Linear Differential Equations

Linear Differential Equations of Higher Order

6250 _62.’17
Wi(z,y1,y2) = 1+i*1 9e2¢ | = fpp—
e’ 0 e”
Wa(z,y1,92) = ‘ s S e
hence
Wwh et

and
e * _x
ul(x)——/1+e_xdx:1n(1+e )
But
u/ _ % _ 6—2x
2TW T 14e
and
672:): —ac _I
ug = mdi’:—(l—{—e )+1D(1+€ ),
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

so we have

Y = Yetyp=_(c1—1)e"+ (co—1)e* + (" + e*)In(l + e %),
= 36" 4 4% + (€% + €20) In(1+e™7).
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

Example (4)

Find the general solution of the differential equation

y" +9y =tanz ; 0<x<g.

Solution
1) The the general solution of

y/// + y/ — 0’

Yo = €1 + cacoSx + c3sinx.

2) Let yy =1, y2 =cosz and y3 =sinz . The particular solution of
the differential equation has the form

Yp = U1yl + u2yz + usys.
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

We have
1 cosx sinzx

W(z,y1,y2,y3) =| 0 —sinz cosz |=1,
0 —coszx —sinx

0 CcOs X sin x

Wiz, y1,92,y3) =| 0  —sinz cosz |=tanz,

tanx —cosx —sinzx

0 sin x

Wo(x,y1,y2,y3) = | 0 0 cosr |=—sinz,
0 tanx —sinz

—_

L cosw 0 —sin?(z)
Wa(z,y1,92,93) = | 0 —sinz 0 |= ——2.
cosx
0 —cosxz tanz

92 / 100
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Linear Differential Equations of Higher Order

General Solutions of Nonhomogeneous Linear Differential Equations

Then we have,

r Wl
U = W tan x,
and
up = /tanxd:c —In(cosx) .
But
/ W2 .
Uy = W = —smx,
then
Uy = — /sinwd:v = COS .
Also
o Ws — sin?(x)
3 w Ccos X
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

hence,
.2 2
1
usz = /Sm(x)daz = /Cos(z)d:c = —In(secx + tanx) + sin z.
cos T cos T
Thus,
Yp = U1Y1 + u2y2 + usys,

—1In(cos ) + cos*(x) — sinz In(sec z + tan z) + sin®(x),

= 1—In(cosz) —sinzIn(secz + tanx).
So the general solution of the differential equation is

Yy = Yc+yp=(c1+1)+cacosz+ czsinz —In(cosx)

— sinzIn(secx + tan x)

Yy =c4+cacosz + czsine — In(cosz) — sinz In(secx 4 tanz).
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

Example (5)
Find the solution of the initial value problem (IV P)

{ 22y + 2y — 3y =273 c z>0
y(1)=1 , ¢(1)=-1.

Solution
1) We have to find the general solution of

22%y" + xy’ — 3y = 0.
By substituting y = x™, we have
m(m—1)4+m-—-3=2m—-3)(m+1) =0,
hence the general solution of the homogeneous differential equation is

3
Y =C1 T beg a2,
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

2) Let yy =2t ,yp = 23 then

Yp = U1Y1 + u2y2.

We have .
-1 3
x T2 5 _1
W(:CaylayQ) = 9 3 1| = =T 2,
—z Sx2 2
3
0 T2 1 7
Wi(z,y1,y2) = 1 .5 3 1 |=—5T 2
2T PR 2
-1
z 0 1 ¢
WQ<$,y1,y2) - .'13_2 %x—5 - ix
Then we have
/ Wl 1 -3
I T L
and ]
-2
U = —x .
'~ 10
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Linear Differential Equations of Higher Order General Solutions of Nonhomogeneous Linear Differential Equations

Also we have

Wo

/ 1 u
Uy = — = —x 2,
T W5
hence
2 9
U = —ZS.T 2,
So
= +u = ixf?’ — zxf?’ = ix73
Yp = U1Y1 2Y2 = 10 15 ~ 13 .
Then the general solution of the differential equation is
-1 3 1 _3
Y=Y t+yYyp=c1 o +02$2+T8$ .

We can obtain y, by substituting v, = Az =3, which implies A = %.
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3)
3 1
Y (x) = —ciz 2 + 5021'% — Eac_4.
From the conditions y(1) =1 and ¢'(1) = —1, we deduce
T
Cc1 C2 = 187
and
—Cc1+ -Cc2 = —§
1 2 2 67
which implies ¢; = % and ¢y = %. Thus the solution of the IV P is
_ 2 Ty 21'%-1- 13;*3
YT 10 T
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Exercises
Use the variation of parameters method to find the general solution or
initial value problems of the following differential equations.
s
oy +y=secxr; 0<zx< 5

/! / ex
oy —2y —i—y:;; x>0

oy —12y +36y =e*Inz; >0

X
° y”—QZJ,‘i‘y:m
" . 2
A v
o v + 4y = sec2x; O<x<%
° 2y//1_6y//:$2
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e vy +y=tanuz; y<3
oy +y—sec3(w y(

-2 +y=

) w(0) =1, ¥(0)=1
) =e¢ y(1)=0
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