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Chapter 1

Vectors

(More details)

Dr. Feras Fraige
Physics 104



Coordination System

In Chapter 2 we used the
Cartesian coordinate system, in
which horizontal and vertical
axes intersect at a point
defined as the origin (Fig. 3.1).
Cartesian coordinates are also

called rectangular coordinates.
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Figure 3.1 Designation of points in a Cartesian coor-
dinate system. Every point is labeled with coordinates

[x, ).
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Sometimes it is more
convenient to represent
a point in a plane by its
plane polar coordinates
(r,0), as shown in Figure
3.2a. In this polar
coordinate system, r is
the distance from the
origin to the point having
Cartesian coordinates (x,
y), and 0 is the angle
between a line drawn
from the origin to the
point and a fixed axis.
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Active Figure 3.2 (a) The plane
polar coordinates of a point are
represented by the distance r and
the angle @, where @ is measured
counterclockwise from the positive
xaxis. (b) The right triangle used
to relate (x, y) to (r. @).



From the right triangle in
Figure 3.2b, we find that o=

Sin 0 = y/r and that cos 0 = x/r. cos§ =3 ,-
Therefore, starting with the an g - 2
plane polar coordinates of (o
any point, we can obtain the E—
Cartesian coordinates by (b)

. . Active Figure 3.2 (a) The plane
USIng the equatlons polar coordinates of a point are

represented by the distance rand
the angle @, where @ is measured
x= rcos counterclockwise from the positive
x axis. (b) The right triangle used
] to relate (x, y) to (r, ).
y = rsin '

tan f = 2 (3.3)

X

r=vYx2 + > (3.4)
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Example 3.1 Polar Coordinates

The Cartesian coordinates of a point in the xy plane are
(2 y) = (—3.50, — 2.50) m, as shown in Figure 3.3. Find the
polar coordinates of this point

Solution For the examples in this and the next two chap-
ters we will illustrate the use of the General Problem-Solving
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(=3.50, ~2.50)
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Active Figure 3.3 (Example 3.1) Finding polar coordinates
when Cartesian coordinates are given.

Zﬁ At the Active Figures link at http://www.pse6.com,
you can move the point in the xy plane and see how its
Carlesian and polar coordinales change.
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Strategy outlined at the end of Chapter 2. In subsequent
chapters, we will make fewer explicit references to this strat-
egy, as you will have become familiar with it and should be
applying it on vour own. The drawing in Figure 3.5 helps us
to conceptualize the problem. We can calegorize this as a plug-
in problem. From Equation 3.4,

r=Vx + 3 =V(-350m)* + (-2.50m)*> = 4.30m

and from Equation 3.3,

; — 250 m
tan @ S

x~ “ssom 0714

= 216"

Note that you must use the signs of x and y to find that the
point lies in the third quadrant of the coordinate system.
That is, # = 216" and not 35.5°.



Vector and Scalar Quantities

As noted in Chapter 2, some physical quantities are scalar quantities whereas others
are vector quantities, When you want to know the temperature outside so that you will
know how to dress, the only information you need is a number and the unit “degrees
C" or “degrees F." Temperature is therefore an example of a scalar quantify

A scalar quantity IS mmpletc]}f spcciﬂcd b}f 1 single value with an appmpriate unit
and has no direction.

Other examples of scalar quantities are volume, mass, speed, and time intervals. The
rules of ordinary arithmetic are used to manipulate scalar quantities.
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If you are preparing to pilot a small plane and need to know the wind velocity, you
must know both the spf:ed of the wind and 1ts direction. Because direction 1s impurtant
for its complete specification, velocity is a vector quantity:

A vector quantity is completely specified by a number and appropriate units plus a
direction.

10/21/2014



mmmnwmmmWMkaMMAmemmemem-
other motation i seflwhen bolace notabon s dffcul such as hen wrtng _?n it
wmmaM%w&mmwhWmeWmWMﬁMmmﬂﬂm
mpmmdmﬂmmAEWMMMﬂAmMTMmmMMnhwmﬂm
physcal s, Such s meers for displacement o metrsper second for veloay: The

magnilude ofavector s rdwuy:ia pﬂS]liﬂ’. fumber

10/21/2014

Figure 3.4 As a particle moves
from @& to along an arbitrary
path represented by the broken
line; its displacement is a vector
quantity shown by the arrow drawn

from @& wo E).
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Figure 3.5 These four vectors are
equal because they have equal
lengths and point in the same
direction.



Some Properties of Vectors

Equality of Two Vectors

For many purposes, two vectors A and B may be defined to be equal if they have the
same magnitude and point in the same direction. That is, A=B onlyif A = Band if A
and B point in the same direction along parallel lines. For example, all the vectors in
Figure 3.5 are equal even though they have different starting points. This property al-

lows us Lo move a vector to a position parallel to itsell in a diagram without allecung
the vector.

//

//' v

Figure 3.5 These four vectors are
equal because they have equal

lengths and point in the same
10/21/2014 direction.



Adding Vectors

The rules for adding vectors are conveniently described by graphical methods. To add
vector B to vector A, first draw vector A on graph paper, with its magnitude repre-
sented by a convenient length scale, and then draw vector B to the same scale with its

tail starting from the tip of A. as shown in Figure 3.6. The resultant vector R =
A + B is the vector drawn from the tail of A to the tip of B.

Active Figure 3.6 When vector B
1s added to vector A, the resultant
R is the vectar that runs from the

tail of A to the tip of B.
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For example, if you walked 3.0 m toward the east and then 4.0 m toward the north,
as shown in Figure 3.7, you would find yourself 5.0 m from where you started, mea-
sured at an angle of 53° north of east. Your total displacement is the vector sum of the

individual displacements.

40 m—
(f
i
£6 - {22 =55
) il > Figure 3.7 Vector addition. Walking first 3.0 m
lﬂ_u' ml due east and then 4.0 m due north leaves vou
L 1| 4.0 m from your starting point.
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A geometric construction can also be used to add more than two vectors. This is
shown in Figure 3.8 for the case of four vectors. The resultant vector R=A + B +

C + D is the vector that completes the polygon. In other words, R is the vector drawn
from the tail of the first vector to the tip of the last vector.

-

Figure 3.8 Geometric construc-
tion for summing four vectors. The
resultant vector R is by definition
the one that completes the
polygon.
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When two vectors are added, the sum is independent
of the order of the addition. (This fact may seem
trivial, but as you will see in Chapter 11, the order is
important when vectors are multiplied). This can be
seen from the geometric construction in Figure 3.9
and is known as the commutative law of addition:

A+B=B+A
A
2
:nbj‘ B
B <
A

Figure 3.9 This construction
shows that A+ B =B + A—in
other words, that vector addition

IS commutative.
10/21/2014
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When three or more vectors are added, theiwr sum 1s indepcndent ol the Wiy 11
which the individual vectors are grouped together. A geometric proof of this rule
for three vectors is given in Figure 3.10. This is called the associative law of

addition:
A+ B+C)=(A+B) +C (3.6)

In summary, a vector quantity has both magnitude and direction and also
obeys the laws of vector addition as described in Figures 3.6 to 3.10. When two or

Associative Law

Figure 3.10 Geometric constructions for verifying the associative law of addition.

Negative of a Vector

The negative of the vector A is defined as the vector that when added to A gives zero

for the vector sum. That is, A + (—A) = 0. The vectors A and — A have the same mag-
nitude but point in opposite directions.
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Subtracting Vectors

The Gperatiun of vector subtraction makes use of the definition of the negative of a
vector. We define the operation A — B as vector — B added to vector A:

A B=Ai( B (3.7)

The geometric construction for subtracting two vectors in this way is illustrated in
Figure 3.11a.

Another way of looking at vector subtraction is to note that the difference A-B
between two vectors A and B is what you have to add to the second vector to obtain the
first. In this case, the vector A — B points from the tip of the second vector to the tip

of the first, as Figure 5.11b shows.

VYector subtraction

(a) (b)

Figure 3.11 (a) This construction shows how to subtract vector B from vector A. The

vector — B is equal in magnitude to vector B and points in the opposite direction. To

subtract B from A, apply the rule of vector addition to the combination of A and — B:

Draw A along some convenient axis, place the tail of — B at the tip of A, and Cis the

difference A — B. (b) A second way of looking at vector subtraction. The difference
10/21/2014 vector & = A — B is the vector that we must add to B to obtain A.
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Example 3.2 A Vacation Trip

A car travels 20.0 km due north and then 35.0 km in a di-
rection 60.0° west of north, as shown in Figure 3.12a. Find
the magnitude and direction of the car’s resultant
displacement.

N
w—~—E
y(km) S y(km)
g 7
RSB L e T Mr

(a) (t|>)

Figure 3.12 (Example 3.2) (a) Graphical method for
finding the resultant displacement vector R = A + B.
(b) Adding the vectors in reverse order (B + A) gives
the same result for R

16



The second way to solve the problem is to analyze it al-
gebraically,. The magnitude of R can be obtained from
the law of cosines as applied to the triangle (see Appendix
B.4). With 6= 180° — 60° = 120° and R? = A? + B? —
2AB cos 0, we find that

R=+A2 + B2 — 94Bcos@

= (20.0 km)2 + (35.0 km)2 — 2(20.0 km)(35.0 km) cos 120°

= 48.2 km
sinf3 sin®
B R
inB = 2 sing = —20km i 190° = 0.620
S1n = R S = 48? km sin = .
B = 30.0°

The resultant disp]acement of the car i1s 48.2 km 1n a direc-

tion 39.0° west of north.
10/21/2014
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3.4 Components of a Vector and Unit Vectors

The graphical method of adding vectors is not recommended whenever high accuracy
is required or in three-dimensional problems. In this section, we describe a method of
adding vectors that makes use of the projections of vectors along coordinate axes.
These projections are called the components of the vector. Any vector can be com-

plclely described by its components.

From Figure 3.13 and the definition of sine and cosine, we see that cos 6 = A,/A
and that sin f# = A,/A. Henee, the components of A are

A, =Acos b (3.8)
A, = Asin 6 (3.9)

These components form two sides of a right triangle with a hypotenuse of length A.
Thus, it follows that the magnitude and direction of A are related to its components

through the expressions
A=VAT+4? (3.10)

‘A

ﬂ=tan'][1—"-) (3.11)
L

Note that the signs of the components 4, and A, depend on the angle 0. For

example, if # = 120°, then A, is negative and Ay is positive, If B = 225°, then both A,

and A, are negative. Figure 3.14 summarizes the signs of the components when A lies

mn the various quadmnts.
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(k)

Figure 3.13 (a) A vector A lying in
the xy plane can be represented by
its component vectors A, and A:,.,
(b) The y component vector .-"L, can
be moved to the nght so that it
adds to A,. The vector sum of the
component vectors is A. These
three vectors form a right triangle.



Figure 3.14 summarizes the signs of the components when
A lies in the various quadrants.

}I
A, negative | A, positive
.LI. |;1n.-;iti\'u: .Jt\. |1+:mili1.'t-
' ' X
A, n A, positive
:1}. 1eoTativ :l}. LIV

Figure 3.14 The signs of the com-
ponents of a vector A depend on
the quadrant in which the vector is
located.
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Unit Vectors

Vector quantites often are expressed in terms of unit vectors. A unit vector is a dimen-
sionless vector hzw]ng 2 magnitude of Exaclly L, Unit vectors are used to specify a
oiven direction and have no other phvsical significance. They are used solely as a conve:

nience 1n describing a direction in space. We shall use the symbols ! j, and k o repre-

sent unit vectors pointing In the positive , ), and 2 directions, rﬁspectivqu. ﬁ[ThE “pam“ on s "
the symbols are a standard notation for unit vectors.) The unit vectors i,j, and k form a - —
sel of mutually perpendicular vectors In a right-handed ronrqule systet, 2 shown 1n ol A i
Figure 3.16a. The magnitue of each umit vector equals I; that i, i-| j‘ - [K[=1. | E
A
()

Active Figure 2.16 (a) The unit
vectors i . i and k are directed
along the x vy and z axes, respec-
tively. (b} Vector A = .flx; + ..-1..,_% Iv-
ing in the xy plane has c{]mp{:ﬁcnts
Ay and AL
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Consider a vector A lying in the xy phnc as shown in Figurﬂ 3.16b. The product
of the component A, and the unit vector i is the vector A. i which lies on the x axis
and has magnitude |A,]. (The vector A i is an alternative representation of vector
| lying on the yaxis. (Again, vector A J

A.) Likewise, 1{1.‘] is a vector of m:

1s an alternative representation of vector A'r') Thus, the unit-vector notation for the

vector A is

A=Ai+4j (3.12)

(b)
Active Figura 2.16 (a) The unit
veCbors E, j. and k are directed
along the x vy and z axes, respec-
tively. (b} Vector A = . _ﬁ + -"1';.'.% Iv-
ing in the xy plane has components
Ay and AL

10/21/2014 21



For example, consider a point lying in the xy plane and having Cartesian coordinates
(x,9), as in Figure 3.17. The point can be specified by the pﬂsition vector r. which in

unit—vector form is giwzn h}f

r=xi+ J'j (3.13)

This notation tells us that the components of r are the lengths x and y-

(x,5)

Figure 3.17 The point whose Cartesian coordinates
are (x, y) can be represented by the position vector

r=xi + yj.
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We obtain the magnitude of R and the angle it makes with the x axis from its compo-

nents, using the relationships

R=VRZ+ RZ="\(A,+ B)? + (4, + B)? (3.16)

R, Ay + By
tanf = — = — ' (3.17)
R A, + B,

X

We can check this addition by components with a geometric construction, as shown
mn Figurc 3.18. Remember that you must note the signs of the components when using

either the algebraic or the graphical method.

L] A
R, % /|
v ¥ A A

e ‘,él _--_B,\'_'

Figure 3.18 This geometric con-
struction for the sum of two vectors
shows the relationship between the
components of the resultant R and
the components of the individual
vectors.
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At times, we need to consider situations involving motion in three component direc-
tions. The extension of our methods to three-dimensional vectors is straightforward. If
A and B both have «x, ¥ and z components, we express them in the form

A=2aid+4j+ak (3.18)
B=3B1i+8j+Bk (3.19)

The sum of A and B is
R= (A, +B)i+ (4, +B)j+ (4, + Bk (3.20)

Note that Equation 3.20 differs from Equation 3.14: in Equation 3.20, the resultant vec-
tor also has a z component R, = A, + B,. If a vector R has x, y, and z components, the

magnitude of the vectoris R = ”JRL‘.E + R.FE + R The angle 6, that R makes with the
x axis is found from the expression cos f, = R,/R, with similar expressions for the an-
gles with respect to the y and z axes.



Example 3.3 The Sum of Two Vectors

Find the sum of two vectors A and B lying in the xy plane
and given by
A=(20i+20))m and B = (2.0i —40j) m

Solution You may wish to draw the vectors o conceptualize
the situation. We categonze this as a simple plug-in problem.
Comparing this expression for A with the general expres-
sion A = A1+ ,-i_rj, we see that Ay = 20 m and Ay = 20 m.
Likewise, B, = 2.0 m and B, = — 4.0 m. We obain the resul-
tant vector R, using Equation 3.14:

R=A+B=(20+20)im+ (20— 40)jm
= (4.01 — 2.0) m
or

R.,= 40m Ry=—20m

10/21/2014

The magnitude of R is found using Equation 3.16:

R

VRE+RI =V@om)? + (—20m)? = \20m

= 4.5m

We can find the direction of R from Equation 3.17:

Ry —2.0m
tanf =——=

= —0.50
R, 4.0 m

Your caleulator likely gives the answer —27° for 8=
tan— '{— 0.50). This answer is correct if we interpret it to
mean 27° clockwise from the x axis. Our standard form has
been w quote the angles measured counterclockwise from

the + x axis, and that angle for this vector is 8 = 335° .

25



Example 3.4 The Resultant Displacement

A particle undergoes three consecutive displacements:
d = (131 +30j + 121(} cm, dy = [231 - 145 - 5[11() cm
and dy = (- 131+ 15.]) cm. Find the components of the
resultant displacement and its magnitude,

Solution Three-dimensional displacements are more diffi-
cult to imagine than those in two dimensions, because the
latter can be drawn on paper. For this problem, let us coneef-
tualize that you start with your pencil at the origin of a piece
of graph paper on which you have drawn x and y axes. Move
your pencil 15 em to the right along the x axis, then 30 cm
upward along the yaxis, and then 12 cm verlieally away from
the graph paper. This provides the displacement described
by dy. From this point, move your pencil 23 cm to the right
paralle] to the x axis, 14 cm parallel to the graph paper in
the —y direction, and then 5.0 cm vertically downward to-
ward the graph paper. You are now at the displacement
from the origin described by d; + dy. From this point, move
your pencil 13 cm to the left in the — x direction, and (fi-
nally!) 15 cm parallel to the graph paper along the y axis,

10/21/2014

Your final position is at a displacement d; + dy + ds from
the origin.

Despite the difficulty in conceptualizing in three dimen-
sions, we can calegonize this problem as a plug-in problem due
to the careful bookkeeping methods that we have developed
for vectors. The mathematical manipulation keeps track of
this motion along the three perpendicular axes in an orga-
nized, compact way:

R=d; +do + dy

= (15+ 23— 13)iam + (30 -
+(12-50+ 0)kcm

= {ﬂﬁi + Slj - ?.Uﬁ) cm

14+ 15)j cm

The resultant displacement has components R, = 25 cm,
R_T = 3] cm, and R, = 7.0 cm. lts magnitude is

R=1\R2+ R? + R}

=25 em)? + (31 em)? + (70em)? = 40em
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Example 3.5 Taking a Hike

A hiker begins a trip by first walking 25.0 km southeast from
her car. She stops and sets up her tent for the night. On the
second day, she walks 40.0 km in a direction 60.0" north of
east, at which point she discovers a forest ranger's tower.

(A) Determine the components of the hiker’s displacement
for each day.

Solution We conceptualize the problem by drawing a sketch as
in Figure 3.19. If we denote the displacement vectors on the
first and second days by A and B, respectively, and use the car
as the origin of coordinates, we obtain the vectors shown in
Figure 3.19. Drawing the resultant R, we can now caiegorize this
as a problem we've solved before—an addition of two vectors.
This should give you a hint of the power of categonzation—
many new problems are very similar to problems that we have
already solved if we are careful to conceptualize them.

B, = Bcos 60.0° = (40.0 ki) (0.500) =

. = Bsin 60.0° = (40.0 km) (0.866) =
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20.0 km

34.6 km

We will analyze this problem by using our new knowledge
of vector components. Displacement A has a magnitude of
25.0 km and is directed 45.0" below the positive x axis. From
Equations 3.8 and 3.9, its components are

A, = Acos (—45.0% = (25.0 km)(0.707) = 17.7 km

Ay = Asin(—45.0°) = (25.0 km)(—0.707) = —17.7km

The negative value of A, indicates that the hiker walks in the
negative y direction on the first day. The signs of A, and A,
also are evident from Figure 3.19. -

The second displacement B has a magnitude of 40.0 km
and is 60.0° north of east. Its components are

Figure 3.19 (Example 3.5) The total displace-
ment of the hiker is the vector R = A + B.



(B) Determine the components of the hiker’s resultant dis-
placement R for the trip. Find an expression for R in terms

of unit vectors.

Solution The resultant displacement for the ipR = A + B
has components given by Equation 3.15:

R, = A

X

+ B, = 17.7km + 20,0 km = 37.7 km

X X

+ B =—-177km + 346km = 169 km

3

R, = A

In unit-vector form, we can write the total displacement as

R = (37.71 + 16.9j) km

10/21/2014

Figure 3.19 (Example 3.5) The total displace-
ment of the hiker is the vector R = A + B.
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