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Anti-derivative Function and Indefinite Integrals

Indefinite Integrals & Anti-derivative Function

Definition

Let f: | — R be a function defined on an interval I. A function
F: | — R is called an anti-derivative of f on | if F is
differentiable on | and F'(x) = f(x), forallx € .

There are many anti-derivatives of the function f(x) = 2x on R

such as
11

Fi(x) = x*41,  F(x) = x*~T7, F3(x):x2—|—7, Fa(x) = x*+c.
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Anti-derivative Function and Indefinite Integrals

Proposition

Let F and G be two anti-derivatives of a function f on an interval
I, then there is a constant ¢ € R such that

F(x) = G(x)+c, Vxel.
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Anti-derivative Function and Indefinite Integrals

Definition

Let F be an anti-derivative of a function f on an interval |, we

denote / f(x)dx any anti-derivative i.e.
/f(x)dx: F(x)+c, ¥xel (1)

f(x)dx is called the indefinite integral of f on I.

In the equation (1),

e the constant c is called the constant of integration,
e x is called the variable of integration,

e f(x) is called the integrand.

The mapping f — / f(x)dx is called as indefinite integral or

evaluating the integral or integrating f.
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Anti-derivative Function and Indefinite Integrals

Basic table of indefinite integrals

F(x) /f(x)dx
x 1
xhr#-LRecQ r+1+c
cos(x) sin(x) + ¢
sin(x) —cos(x) + ¢
sec?(x) tan(x) + ¢
csc2(x) —cot(x) + ¢



Anti-derivative Function and Indefinite Integrals

Proposition

(Some important formulas)
e [f f is differentiable on an interval |, then

/;if(x)dx = f(x) +c.
e /f f has an anti-derivative on an interval |, then

d
dx

/@a@wza/ﬂ@w.

/f(x)+g(x)dx:/f(x)dx+/g(x)dx.




Change of variables, Substitution Method

Substitution Method

Theorem

(Substitution)
If F is an anti-derivative of f, then f(g(x))g’(x) has
anti-derivative F(g(x)). Or,

[ (et ek = Fg(x)) + <

This is obvious. It is called "substitution” since it can be obtained
by substituting u = g(x) and du = g’(x)dx into

/ f(u)du = F(u) +c.
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Change of variables, Substitution Method

Substitution method is also called changing variable method.

) ; u=x241 ; un+1 (X2 4 1)n+l
(1) /(x + 1)"2xdx /u 5= nil

= 1 1
Q /sin(2x+3)dxu 2é+32/sinudu:—2cosu+c:

+ c.

1
= cos(2x + 3) + c.

1 u=mx ]- 1 1
— xS [ ——du=t .
= /cosz(wx) X 7r/cos2(u) i an(mx) + ¢
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Change of variables, Substitution Method

Let | be an interval, r € Q\ {—1} and f: | — R a differentiable
function. Assume that f'(x) is defined for every x € |. Then

_ fr+1(X)

F 1 + c.

/ F7(x)f(x)dx
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Riemann Sums, Area and the Definite Integral

Summation Notations

n
Given a set of numbers {ay, az, ..., an}, the symbol Z ak
k=1

represents their sum as follows

n
Zak:al+ag+...+an.
k=1
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Riemann Sums, Area and the Definite Integral

For every c € R and n € N, we have

n
E C = nc.
k=1

Let o, € R and n € N. For every a1, ap, ..., an, b1, b, ..., by € R
we have

n

Z(aak —i—ﬁbk) = aZak —i—,@Zbk.
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Riemann Sums, Area and the Definite Integral

For all n € N, we have

ik _ n(n+1)
2
k=1

. 2 n(n+1)(2n+ 1)
2. 6

= _ n(n+1) 2'
e = [T
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Riemann Sums, Area and the Definite Integral

Example 1 :
DBk -2k+1) = 3> K -2> k+) 1,
k=1 k=1 k=1 k=1
_ 3 n(n+1)(2n+1) 2‘n(n +1) 1
6 2
n
- E[(n+1)(2n+1)—2(n+1)+2},
= g(2n2+3n+1—2n—2—|—2),
= g(2n2 +n+1).
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Riemann Sums, Area and the Definite Integral

Riemann Sums, Area and the Definite Integral

The approach of the integral of function by areas gives the
geometrical sense of integration. The second approach consists in
introducing a priori the anti-derivative of function. The idea of the
first approach is to cut the interval [a, b] by a subdivision in
sub-intervals [aj, aj;1], then to add the areas of rectangles based
on the intervals [aj, aj1].
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Riemann Sums, Area and the Definite Integral

Q A partition P of the closed interval [a, b] is a finite set of
points P = {ag, a1, a2, ... ,an} such that
a=a<ar<ap<...<ap1<a,=>b. Eachlaj_1,aj]is
called a subinterval of the partition and the number
h; = aj — aj_1 is called the amplitude of this interval.

@ The norm of a partition is defined to be the length of the
longest subinterval [aj, aj11], that is, it is

||P|| = max{a; —aj_1,j=1,...,n}.
© A partition P = {ag, a1, az, ... ,an} of the closed interval
b
[a, b] is a called uniform if a1 — ax = 2 Then in this
n

case

N _— 3
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Riemann Sums, Area and the Definite Integral

Definitions

© A mark on the partition P = {ag, a1, az, ... ,an} is a set of

points w = {x1, ... ,xn} such that x; € [aj_1, aj].

@ A pointed partition of an interval is a partition of an interval
together with a finite sequence of numbers x1, X2, ..., X, such
that

Vi=1,...,n, xj € [aj_1, aj].

This pointed partition will be denoted by

P = {([aj-1, aj], /) }1<j<n-
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Riemann Sums, Area and the Definite Integral

Definition

Let P = {([aj-1,aj], xj) }1<j<n be a pointed partition of the
interval [a, b]. The Riemann sum of f with respect to the pointed
partition P is the number

R(F,P) =) flx)(a — a-1) = D Fx)4; (2)
j=1 j=1

Each term in the sum is the product of the value of the function at
a given point and the length of an interval. Consequently, each
term represents the area of a rectangle with height f(x;) and
length aj — aj_1. The Riemann sum is the signed area under all the
rectangles.
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Riemann Sums, Area and the Definite Integral

The Riemann sum sp(f) is the algebraic area of the union of the
rectangles of width A; and height f(x;). This is an algebraic area
since f(xj)A; is counted positively if f(x;) > 0 and negatively if
f(x;) <O.

Intuitively the algebraic area A under the graph of f is the limit of
sp(f) when the A; tend to 0. One possible choice is a uniform
partition of the interval [a, b]

b—a

)

b—
aj:a+jTa, 0<,j<n where Aj=h= .

which could be combined with any choice of x;.
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Riemann Sums, Area and the Definite Integral

a=ag -1 a;Ti Gig1 b=an T
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Riemann Sums, Area and the Definite Integral

Definition

For any bounded function f defined on the bounded and closed
interval [a, b], the definite integral of f from a to b is

b n
/ F(x)dx = lim >~ F(wi)Axi, (P = 0)
a k=1

whenever the limit exists. (The limit is over all pointed partitions
P = {([xj—1, Xj], wj) }1<j<n). When the limit exists, we say that f
is Riemann integrable (or integrable) on [a, b].
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Riemann Sums, Area and the Definite Integral

Example 2 :

Let f: [0,1] — R defined by f(x) =1if x € QN|[0,1] and
f(x)=0if xZQnNJ0,1]. If P ={xo,x1,x2, ... ,Xn} a partition of
the closed interval [0, 1], we take the marks

t ={to, t1,t2, ..., ta}, t' ={tg,t1,t5, ..., t;} such that

ti € [xi, xk41] N Q and t € [xi, xk1] N (R \ Q), for all
k=0,...,n—1. Then R(f,P,t) =1 and R(f,P,t) = 0. Then
f is not Riemann integrable.
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Riemann Sums, Area and the Definite Integral

Theorem

Any continuous function f: [a, b] — R is Riemann integrable and

b b—a
/a1"(x)dx:n_||)rjr1oO p ;f(xk).

Xk € [a+ (k—1)22 2+ kb2

n
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Riemann Sums, Area and the Definite Integral

Definition

A function f: [a, b] — R is called piecewise continuous on a
closed interval [a, b] if there exists a partition

P = {xo0,x1,%2, ... ,Xn} of the closed interval [a, b] such that f is
continuous on every interval |xx, Xk+1], IimX_m;r f(x) and
IimX_>ijrl f(x) exist in R, forall k =0, ... ,n—1.
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Riemann Sums, Area and the Definite Integral

Theorem

Any piecewise continuous function f: [a, b] — R is Riemann
integrable and

bf _ b—aw— P
o= 1, 223" )

Xk € [a+ (k—1)22 2+ kb2

n
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Riemann Sums, Area and the Definite Integral

Fundamental Properties.

@ Linearity. If f,g: [a, b] — R are two functions and «, two
reals numbers, then

R(af + Bg, P) = aR(f, P) + BR(g, P).
@ Monotony. If f,g: [a,b] — R are two functions, then

f<g = R(f,P)<R(g,P).
In particular, if £ > 0, then R(f,P) > 0.
© Chasles’s Formula. If a < ¢ < b are three reals numbers and
f be a function defined on [a, b]. If P; is a pointed partition
of [a, c] and P, be a pointed partition of [b, c], then Py U P
is a pointed partition of [a, b] and
R(f, Py U PQ) = R(f, Pl) + R(f, Pg).



Riemann Sums, Area and the Definite Integral

If f:[a, b] — R is integrable and
f(x) =20, Vxe€lab],

then the area A of the region under the graph of f from a to b is

A= / bf(x)dx.
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Riemann Sums, Area and the Definite Integral

Theorem

We have the following properties of the the definite integrals:
(P1) If « is a real number, then

/abadx —a(b—a).

(P2) If v is a real number and f : [a, b] — R is an integrable
function, then af is integrable on [a, b] and

/a baf(x)dx = a / i F(x)dx.
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Riemann Sums, Area and the Definite Integral

Theorem

(P3)If f and g are two integrable functions on [a, b], then f + g is
integrable on [a, b] and

/a i F(x) + g(x)dx = / i f(x)dx + / bg(x)dx.

(P4)If f and g are two integrable functions on [a, b|, then f — g is
integrable on [a, b] and

/a i F(x) — g(x)dx = / i F(x)dx — / i g(x)dx.
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Riemann Sums, Area and the Definite Integral

Theorem

(Ps) If a< c < b and if f is an integrable function on [a, b], then
f is integrable on [a, c] and on [c, b], moreover

/a () = / " Fx)dx + / ()

(Pe)If f is integrable on a closed interval | and if a, b and c three
numbers in I, then

/a ’ ) = / " Fx)dx + /  Fx)dx.
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Riemann Sums, Area and the Definite Integral

Theorem

(P7) If f is integrable on [a, b] and
Vx € [a,b], f(x)>0.
Then
b
/ f(x)dx > 0.
a
(Ps) If f and g are integrable on [a, b] and

Vx € [a, b], f(x) > g(x).

/a i F(x)dx > / ’ F(x)dx.
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Riemann Sums, Area and the Definite Integral

Example 3 :
Verify the following inequality

/14(2x +2)dx < /14(3x +1)dx.

Solution. Here [a, b] = [1,4] and
f(x)=3x+1, g(x)=2x+2.
We have
f(x)—g(x)=Bx+1)—(2x+2)=x—-1>0, Vxe]ll,4],

then
f(x) > g(x), Vxel1,4].
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Riemann Sums, Area and the Definite Integral

Using the property (Pg), we obtain

/1 ) g(x)dx < /1 ' F(x)dx

/14(2x +2)dx < /14(3x +1)dx.

or
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Riemann Sums, Area and the Definite Integral

Example 4 :
Compute the following integral

3
/ Ix? — x — 2|dx.
-3

(x —2)(x + 1), then

-1 2
/ x2—x—2dx+/ 2 — x% + xdx
3

- -1
3
—|—/ x2 — x — 2dx
2

9.

Solution. x2 — x — 2

3
/ X% — x — 2|dx
-3
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Riemann Sums, Area and the Definite Integral

(Mean Value Theorem for the definite integrals)
If f is continuous on [a, b], then there is a number c € [a, b] such

that .
/ F(x)dx = (b — a)f(c).
a
Proof
Let m= inf f(x)and M= sup f(x).
x€[a,b] XE[a b]
Since m< f <M, m</ x)dx < M. By the

Intermedlate Value Theorem, there exists ¢ € [a, b] such that

/ x)dx = f(c). O



Riemann Sums, Area and the Definite Integral

Definition

Let f be a continuous on [a, b]. Then the average value f,, of f is

given by
1 b
ey = f(x)dx.
b—a/a (x)dx

Example 5 :
Let f(x) = 3x 4 7 on the interval [0, 1]. We know that

1
17 .
/ (3x + 7)dx = 5 Then the point ¢ where f assumed its
0

1
average value verify 3¢ + 7 = 172, then ¢ = 5
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The Fundamental Theorem of Calculus

The Fundamental Theorem of Calculus

(The Fundamental Theorem of Calculus) part |

X

If f is a continuous function on [a, b], then F(x) = f(t)dt is
continuous on [a, b] and differentiable on [a, b] and its derivative is
F'(x) = f(x).

Proof

Let x € [a, b] and h # 0 such that x + h € [a, b]. Then it results
fron the The Mean Value Theorem for Definite Integrals that there
exists ¢ € [x,x + h] or ¢ € [x + h, x] such that

f(c)= Flx+ h/)7 — ) = 117/X+h f(t)dt. As f is continuous
lim f(c) = f(x) = F'(x). O

h—0
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The Fundamental Theorem of Calculus

(The Fundamental Theorem of Calculus) part Il
If f is a continuous function on [a, b] and F is an antiderivative of

b
f on [a, b], then / f(t)dt = F(b) — F(a)

Proof N
Let G(x) = / f(t)dt. We know that G'(x) = f(x), then there

exists ¢ € R ‘such that F(x) = G(x) + C for some constant C for
a < x < b. Since G(a) =0, then C = F(a), and
G(x) = F(x) — F(a), for all x € [a, b]. O
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The Fundamental Theorem of Calculus

Theorem

Let f be continuous on the closed interval [a, b]. Let ¢ € [a, b] and

G(x):/x F(t)dt: x € [a, bl.

Then

G'(x) = f(x); Vx € |a, b].

Proof .
G(x) :/ f(t)dt—/ f(t)dt, then G'(x) = f(x). O

a
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The Fundamental Theorem of Calculus

Theorem

Let f be continuous on an interval I. If v and u be two
differentiable functions on an interval J such that v(J) C I and
u(J) C I, then the function

v(x)
X — / f(t)dt
u(x)

is differentiable on the interval J. Moreover

v(x)
%( / " f(t)dt) = V/(x)f(v(x)) — ' (x)F(u(x)); Vx € J.
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The Fundamental Theorem of Calculus

Proof N
Let F(x) :/ f(t)dt, where a € I.

a

v(x)
/ f(t)dt = F(u(x)) — F(v(x)). Since F'(x) = f(x), the Chain
u(x)

Rule Formula yields

v(x)
dx(/u(x) f(t)dt) = V' (x)f(v(x)) — ' (x)f(u(x)); VxeJ.
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The Fundamental Theorem of Calculus

@ A function f: [—a,a] — R is odd if f(—x) = —f(x) for all
x € [—a,a.

@ A function f: (—a,a) — R is even if f(—x) = f(x) for all
x € [—a, al.

@ A function f: R — R is T—periodic if f(x + T) = f(x) for
all x e R
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The Fundamental Theorem of Calculus

@ Iff is an odd function on [—a, a|, then

/a f(x) dx = 0.

—a

@ If f is an even function on [—a, a|, then

/_ F(x) dx = z/oa F(x) dx.

a+T T
@ Iff is T—periodic, then/ f(x)dx :/ f(x) dx, for all
a 0
acR.
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The Fundamental Theorem of Calculus

Example 1 :

1 1 1 1 2
o/ X2dX:2/ x2dx:2[x3] = —.
1 0 3 o 3
1 1 1
° / X3 dx = |:X4:| =0.
1 4 1

. /:H sin(x) dx — /7r sin(x) dx — 0.

—T —T
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Numerical Integration

Numerical Integration

Very often definite integrations cannot be done in closed form.
When this happens we need some simple and useful techniques for
approximating definite integrals. In this section we discuss three
such simple and useful methods.
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Numerical Integration

The Trapezoidal Rule

Let f: [a, b] — R be a non negative continuous function. In this
method, to approximate the area under the graph of f, we join the
point (x;, f(x;)) with the point (xjt1, f(xj+1)) for each sub-interval
[xj, xj+1], by a straight line and find the area under this line.
Which means that we replace f on [x;, xj11] by the polynomial P
of degree 1 such that P(x;) = f(x;) and P(xj4+1) = f(xj+1). We
say that P interpolates f at the points x; and x;;1. Then
() LT X , X=X

P(x) = f(XJ)m + f(’9+1)m-
The area under the graph of P on the interval [xj, xj11] is the area
of a trapezoid with value equal to

%(Xm = %) (F(xj+1) + £ (xj+1))-
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Numerical Integration

The area under the graph of f is approximated by

n

Z %(XJH — x;)(f(x541) + F(x7))-

j=1
b—a2a
In the case where xj 1 — x; = — this area is approximated by
b—a— b—a
5 D (Fg1)+F(xj01)) = f(a) + 22 f(>) +f(b)

J=1

b _ 3 n—1
R CORE SHC IR ) FIC)
a =1

This formula (3) is called the Trapezoidal Rule.
This formula is exact for polynomials of degree at most 1.
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Numerical Integration

If the function f is C? on the interval [a, b]. The reminder for this
method is approximated as follows

N3
(b—a)’M, My = sup |FA(x).

Rl < 7
5 12n2 x€E|a,b]
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Numerical Integration

The Simpson Method

In this method, we replace f on [x;, xj11] by the polynomial P of
degree 2 which interpolates f at the points x;, xj;1 and the middle

: L XX
point m; = <=,

Xj+1 Xj+1 i1 — X;
[ e [ i) = T () ) +46(m).
Xj Xj

) = (xi+1 — x)(x — mj) m (xi+1 — x)(x — x;)
Ft) = 1 f)(xfﬂ(— )ty m) . Do~ m)m; )
] X — Xj X — mJ
) ) g — m)

Xj+1 Xj+1 i1 — X;
[ e [T Pax)ae = T (5 g) ) 445 ().
Xj Xj
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Numerical Integration

If the partition is uniform, h = x; 11 — x; = b- a, then
n—1
b—x
Sa(f) = g (FOG) + F(xj1) + 4F (m;))
j=0

n—1 n—1
_ g(f(a) FA() 123 Flg) T4 F(my)).
=1 j=0

b (b o a) n—1 n—1
/ F(x)dbe ~ o (f(a)+f(b)+2 S fg)+4Y f(mj)). (4)
a j=1 j=0
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Numerical Integration

In other words if we take n = 2m, the Simpson formula is given by
the following:

b 3 m—1 m—1
/ F(x)dx ~ (b3n ) (Fla)+4 Y FOar) +2 3 Fay) +(5)).
a j=0 j=1

(3)
X =a+j52.
This formula (5) is called The Simpson Formula and it is exact
for polynomials of degree at most 3.
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Numerical Integration

If the function f is C* on the interval [a, b], The reminder for this
method is approximated as follows

)
(b—a)’M, My = sup |F®(x)].

Rn| < ,
Rl < 2880n% xela.b]
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