1. INDEFINITE INTEGRALS & ANTI-DERIVATIVE FUNCTION 1
1 Indefinite Integrals & Anti-derivative Function

Solution of the Exercise 1:
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r%dx = a +c¢ a € Q) 7. /csca:cota:da::—cscx+c,
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2. /ec xdr =tanzx + c, 1 xs3
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3. /csc xdr = —cotx + ¢, 4 22
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2 Change of variables, Substitution Method

Solution of the Exercise 2:
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in(l =Inz .
10. /sm(—nx)dm =i /sm tdt = —cos(Inz) + c.
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3 Riemann Sums, Area and the Definite Integral
Solution of the Exercise 3:

- n
1. Z(2k2 —Sk+1)=¢ (4n* — 9n — 7).

The value of n such that Z:(Qk;2 —bk+1)=1471is 7.

k=1
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2. Z (k:2 + 3k + 2@) = (7)(13) +3 (7) 4+ 12a = 154 + 12«v. Then the value of
p 6 2

6
a such that Y (k” + 3k + 20) = 130 is —2.
k=1

Solutlon of the Exercise 4
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Solution of the Exerc1se 5:

n

L = (3k—2) = ! (M—%L) Then lim izn:(:ak—Q):—

n? 2 n—-+oo N2
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Solution of the Exercise 6:

1. Rp = ((—=8)(2) — 2 + (0.5) + (2.5)(0.5)) = —16.25
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2. Rp = ((2)(=2) + 1+ (0.5)(2.5) + (4)(0.5)) = 0.25
3. Rp = ((=5)(2) + (0.5)(1.25) + (0.5)(1.75)) = —8

Solution of the Exercise 7:
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Solution of the Exercise 8:

1. Let f(z) = on the interval [0, 1]. The Riemann sum of f is
1
" Z o= Z PR
then
lim z”: Lo In2
n—-+oo o1 n ]{j o
2. Let f(z) on the interval [0, 1]. The Riemann sum of f is — Zf
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li =In3—-1In2.
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1 K2
. Let f(z) = 2* on the interval [0, 1]. The Riemann sum of f is — Z —, then
n<=n

I~ . k
. Let f(t) = sin(zt) on the interval [0, 1]. The Riemann sum of f is — E sin(—x),
n n
k=1

then
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n—+oco N = 1 i k2 0 1 + 1‘2 2
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1 1 1
. Let f(t) = 2™ the interval [0, 1]. The Riemann sum of f is — Z — =

2 nao 1t Z—i
3 j_ 12 then
Jn Y et
k=1
. Let f(t) = L on the interval [0, 1]. The Riemann sum of f is z”: ;,
then

= sinh™}(1) = In(1 4+ V/2).
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. Let f(t) = #*sin(7) on the interval [0, 1]. The Riemann sum of f is — E kZSin(—W),
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4. THE FUNDAMENTAL THEOREM OF CALCULUS

JR— ‘ 3
11. limy, 400 Z 4n n~)+00 2" 23n / =

4 The Fundamental Theorem of Calculus

Solution of the Exercise 9:

1 — k !
1. lim — E sec? (—) :/ sec® xdx = tan 1.
n—+oo N, 1 n 0

2. nETm%ZZ(k—I)(k—I—Q):

Solution of the Exercise 10:

cos(t)dt + /7r

1. _ﬁ f(t)dt:/_2

[ME]
[NIE]

02]:(;—1|dx:/01(1—x)dx+/12(:c—1)da:: {x_§}1+[

Solution of the Exercise 11:

us . . jus
2 sinx t=5—z [2
1. I= ———dr =
o SN+ cosw 0

s

2. 1+J:/2dx:f
; 2

3. 2]:1+J:g,thenfz

Solution of the Exercise 12:

™

2

™
Z_J'

cost

sin(t)dt = 3.

sint + cost

1 /z SiIl[E t cos T /
" Jo cosPx B 2t2

5 /2 dx t=a+1 1/9

Solution of the Exercise 13:
F'(z) = mcos(m?).

Solution of the Exercise 14:

1. f/(x) = sin®(z),

dt




2. f'(z) = 2xcos’(z?) — cos®(x),

3 3
2 2

3. f'(r) = —sinx(1 —cos®x)2 —cos x(1 —sin*2)2 = — sin x| sin® x| — cos x| cos® z|,

4. f'(x) = secxtanz(1 4 sec® x)% —sec? z(1 + tan?’a:)%,

6. f'(x) =22 (1 + 4e™)2 — e"(1 + 4€%*)2.

Solution of the Exercise 15:
The average value of f on [a,b] is 0. Then by the Mean Value Theorem, f assumes
this value at some point ¢ € [a, b].

Solution of the Exercise 16:

1
69
1. We know that / (2% + 2+ 2)dz = 5 Then the point ¢ where f reached its
0

—1++/39

average value verifies ¢2 + ¢ + 2 = 696, then ¢ = 5

1
2
2. We know that / (2% + 2 + 2)dr = 6 Then the point ¢ where f reached its
0

25
average value verifies 6¢2 + 1 = 26, then ¢ = (E) :

wl=

B+«
ﬁ— /f B+a)+b Then ¢ = 5

5 Numerical Integration

Solution of the Exercise 17:

1.

/ v 1+ sin zdx = 2/2 v 1+ sin zdz
0 0

1
=tan(% 1+¢
t=tan(3) 4/ ;ddt

o (1412)2

t=tan®) / ' (cos @ + sin 0)d
0
= 4.
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klaw | flex) | m | mf(zy)
0] 0 1 1 1
Ll 12 ] 2 2142
2| V2 2 2v/2

™ V2 V2
3| 142 2|21+
K I 1 1

10.0546

/ V1 + sinzdz ~ %(10.0546) ~ 3.9484632.
0

1 V ]- i
If f(x) = V1+sinz, f (x) = _Y T80T e reminder Ry verifies |Ry| <

4
61072,
2.
2 V3
/ Ty AT 2/ (2 — 1)dt
o Vr+1 1
B 4
-3
k| | flzg) | m | mf(zy)
010 0 1 0
Ll 2] 22
2 2\1/5 \/g
2| 1| —= |2 V2
V2
3] 3 i 4 ﬁ
4| 2 — 1 —
V3 V3
7.9966404
S
/ dr ~ 1.332773.
0 r+1 .
f"(x) = —4(44x)(x+1)"2, We can prove easily that &) > 0, then Sup |f" ()| =

z€l0,2]
8.372.
The reminder Ry verifies |Ry| < 373 < 7.1072.
Forn =8



ko | fz) | m mf(x)
010 0 1 0
1 1 2
1 -] — | 4 — ~ 0.894427
2| - — 2 — ~ 0.8164965
2 | \/6 V6
3 > 5 4 LN 2.2677868
4 2\1/7 N4i '
41| —= | 2| V2~ 141421356
) \éi 10
5 1 A 4 5~ 3.33333333
3 B 6
6| = | —= | 2 | — ~ 1.89736659
7| - | —= 1| 4| — ~4.2211588
4 Q\Qﬁ \/g
81 2 — 1 — ~ 1.154701
V3 V3
15.99948
2
_dac ~ 1.33329.
/0 ah 15
W) = —1—6(8 + z)(z + 1)_% We can prove easily that f(©)
15 9
Sup |fW ()] = =(12)(3)"2 = ——= < 0.081.
z€(0,2] 16 \/_
The reminder Rg verifies |Rs| < se2aes < 3.107%
SolutionZ%f the Exercisik 18: 2
xkzl—l-g, f(xk)zl—f—g and g(zy) :3—1—2k+§, k=0,...,5.

3 1 4 4k
o — Ndr ~ = [ 1 2N 1+ )] =6
/1(30 )dz 5<+5+ ;(JFE)))

3
The exact value of the integral / (2x — 1)dx is 6.
1

3 1 4 Ak Ak
2 —Ddr ~ = ([3+17+2 1 3(1 1
/1(x—|—3x )dz 5<+ +’;(+5)+(+5)
2

> 0, then

4
1 4k 1 3
= —-120+2 g — +2k+3) | =-(93+ ) =18.72.
5 ( * k1(25 e )> 5( +5)

3
The exact value of the integral / (z* 4+ 3z — 1)dz is 19 — 1.
1

Solution of the Exercise 19:
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k 5k k2 3k 3k% k3
=14 =3+ —+ —and h =14+ =4+ "— 4+ k=0,...
T +4,g(xk) +4+16an (xx) +4+16+64, ,
k| x| glxzg) |m mg(zy)
0] 1 3 1 3
5 6O 69
1] = — 4| ==172
TR T R el
2| = = 2 | = =11.
% 4 2 o
I 7.3125 | 4 29.25
2 9 2 18
5 z 10.8125 | 4 43.25
6 g 12.75 | 2 25.5
1T
- 14.8125 | 4 59.25
3 17 17
233
3 224
/ (2% + 32 — 1)dr ~ =— = 18.66.
L 12
k| h(zg) | m | mh(zy)
0] 1 1 1 1
1 Z 1.953125 | 4 7.8125
3 7 27
2 = — 2 | == =6.
% 2 1 6.75
I 5.359375 | 4 | 21.4375
2 8 2 16
9
5 1 11.390625 | 4 | 45.5625
5
6 5 15.625 2 31.25
1T
" 20.796875 | 4 | 83.1875
3 27 27
240
3 24
/ 23dr ~ —O =20
. 12

,8.



