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The Natural Logarithm and the Exponential Functions

The Natural Logarithm Function

e For a € Q, the function x — x® is continuous on (0, +00),
then it is Riemann integrable on any interval [a, b] C (0, +0c0).

Xa+1
For a € Q, -1, “dx =
eForaeQ, a# /X Ix P

+ c.

Definition

For x > 0, we define the function

In(x) = /1X %dt.

In(x): called the Natural Logarithmic Function of x.
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The Natural Logarithm and the Exponential Functions

For x > 0, we define the function

the area of the region between the graph
of the function f(t) =1
the x — axis and the lines

t=land t=x, if x> 1

1
In(x) :/ —dt =
1t - (the area of the region between

the graph of the function
f(t) = 1 the x — axis and the

lines t=xand t =1, if0<x<1).
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The Natural Logarithm and the Exponential Functions

For all x,y in]0,+oc[, we have
O Inxy=Inx+Iny.

Qo In%:—lnx.

@ Inx"=nlnx, forall n € N.
Q Inx"=rlInx, forall r € Q.
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The Natural Logarithm and the Exponential Functions

In(1+ h
O lim M -1
h—0 h
lim Inx = +o0.
X——+00
Q@ Ilim Inx=—-x
x—0t
|
Q0 Iim X —o.
X—4oco X
. Inx N
(5] XHTOO;—O, VS€Q+.
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The Natural Logarithm and the Exponential Functions

Corollary

The Logarithmic function is bijective from |0, +oo[ onto R. There
exists a unique real number denoted e such that In(e) =1,

(2 < e < 3), e is called the basis of the natural Logarithmic
function.

Theorem

e In(x) >0, Vx >1andIn(x) <0, V0 <x<1.

d 1
o d—(ln(x)) ==>0, Vx>0, ie the function x — In(x) is
x X

increasing on (0, 00).

d? 1 . . .
o ﬁ(ln(x)) =2 > 0, Vx > 0. i.e. the function x — In(x) is
concave on (0, 00).
e lim In(x) = —oco and lim In(x) = oco.

x—0F X—00
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The Natural Logarithm and the Exponential Functions

The Logarithmic Differentiation

In some cases, to compute the derivative of a function f we can
find the derivative of the function In |f|.

(The Logarithmic Differentiation)
Let u: | — R\ {0} be a differentiable function, then

d U (x)
9 infual) = 4.

In particular if u(x) > 0 for every x € I,

d U (x)
ln(u()) = 5.

Y s called the Logarithmic differentiation of u).
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The Natural Logarithm and the Exponential Functions

Examples

Q If f(x) = In(x® +2x +4), f'(x) = 2X+t2

x24+2x+4"
Q If f(x) =In(]2 — 3x[%),
oy 5xX(=3)x(2-3x)* 15
Fl) = (2 — 3x)5 T 23
@ If f(x) = In(J(2 — 3x)°|) = 5In |2 — 3x|, then
) =5 =12

2 _3x  2-3x
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The Natural Logarithm and the Exponential Functions

Q If f(x) = In(J(2 — 3x)°]) = 5In |2 — 3x|, then
15

PO =55—73, =5 3¢
@ Let f(x) = In( jfﬁ)
x2 x2)2
00 = (g =)
= In((4+x2)2) — In((4 — x2)2)
1 1
= 3 In(4 + x2) —5 In(4 — x2).
Then
f'ix) 1 2x 1(-2x)  x X 8x

f(x)  24+x2 24—x2 PRl g (4 +x2)(4 — x?)’
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The Natural Logarithm and the Exponential Functions

@ We can use implicit differentiation to find y’

y? + In(i) —4x = 3.
y

y2+1In|x| —Inly| — 4x = —3.

Differentiating with respect to x,

1 !/
20y +-—L 4=y,
y
Then
! 1 1 1
2y'—y—:4—f:>(2y—f)y':4——
X b
and
Ay -y
2y2x — x_
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The Natural Logarithm and the Exponential Functions

Q@ I F(x) = \/(3x2 + 2)v/ox — 7

In(F(x) = In(y/(3x2 + 2)vox —7)
= % In((3x* + 2)v6x — 7)
_ % In(3x2 +2) + % In(vVex —7)
1 1
= 3 In(3x2 +2) + 2 In(6x — 7).

Now differentiating with respect to x

f'(x) 1 6x 1 6  3x 1 3

f(x)  23x2+2 Z6X—7_3x2+2+§6x—7'
Then

y 3x 1 3

f'(xX)=(353—=5+5 (3x2 4+ 2)v6x — 7.
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The Natural Logarithm and the Exponential Functions

Q If f(x) = (x +1)*(x +2)3(x - 5)".

In[f(x)] = In|(x+1)*(x+2)*(x — 5)7
In|(x + 1)2] +In ](x+2)3| +In|(x — 5)7|
= 2In|x+1|+3In|x+2|+7In|x —5|.
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The Natural Logarithm and the Exponential Functions

Now differentiating with respect to x

F(x) 1 1 1
f(x) x—|—1+3x—|—2+7x—5

So

2 n 3 n 7
x+1 x+2 x-5

F(x) = ( )(x +1)2(x +2)3(x — 5)
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The Natural Logarithm and the Exponential Functions

The Exponential Function

Definition

The Logarithmic function is increasing from 0, 4o00[ onto R and
bijective. It has an inverse function denoted exp(x), In"*(x) or e
and called the Natural Exponential Function.

X
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The Natural Logarithm and the Exponential Functions

The exponential function e: R —]0, +o0][ is increasing.
d
dx
ety = eXeY.
. e —1
lim —— =
x—0 X

lim e =0, lim e = 4o0.
X——00 X—4-00

X X

eX = €%,

1

X

©0 0 06 00CO

lim xe* =0.
X—>—00
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The Natural Logarithm and the Exponential Functions

If u: | — R is a differentiable function

a(e”(x)) = u/(x)e"™).

Example 1 :
If f(x) = !, F/(x) = —2xe ™",

Example 2 :
If F(x) = N0, F/(x) = (|n(X)_|-X.%)exln(X) = (In(x) 4 1)ex"n().
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The Natural Logarithm and the Exponential Functions

Example 3 :
If xe¥ +2x —In(y + 1) = 3, in use of the implicit differentiation,
differentiating with respect to x, we have

/

Y

Y+ 2x - 1)=3 = & +xy'¢+2- —0
xe +2x —In(y + 1) e +xy'e + P
y/
= xy'e’ — =—(2+¢
y 1 ! )
1
= (x&¥ ———=)y' =-(2+¢
( P )
Lo 2+ ¢
Y= xey — L
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The Natural Logarithm and the Exponential Functions

Find the equation of the tangent line to the graph of the function
f(x) = x — e~ that is parallel to the line (D) of equation
bx — 2y =1T.

Recall that : if

(D1): y=ax+c

(Do) : y = ax+¢

then

(D) [[ (D2) == a=4
(Dl) 1 (D2) — a.a' = —1.
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The Natural Logarithm and the Exponential Functions

The required tangent line equation is
y—y1=m(x —x1), with m=f(x). (1)

The equation of D is y = 3x — %, then (1) is parallel to D if and
only if m = 3. Now, it suffices to find x such that f'(x) = 3.

flix)=1+e *=3=e*=2= —x=1In(2) = x=—In(2) = In(Z).
Then x; = —In(2) and f(x1) = —In(2) — " =2 —In(2).

Therefore
y —2+1In(2) = 3(x + In(2)). (2)
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The Natural Logarithm and the Exponential Functions

Integration using “In" and “exp” functions

By using the last properties of the functions In and exp, we have

1
/dx: In|x| + c,
X

UI(X) = Inju(x Cc
[ S = nju)l + .

/exdx:ex+c,

/w@kwmx—gw+c
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The Natural Logarithm and the Exponential Functions

Examples 1 :

dx 1 2 1
— = — ZInj2 .
° /2x—|—7 2/2x—|—7dx 5 Inf2x+7+c

1
2] / 263 gy = = /(9x2)e3xsdx = §e3x3 +c.

1 [ 2(x—2)
= — 7d =
° /x2 4x—|—9 dx 2/x2—4x+9 X

Eln]x —4x+9| +c.
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The Natural Logarithm and the Exponential Functions

o I:/M(X))lodx:/Q—i—ln(x))loidx. If

u=2+ In(x))f
| = / (2+InCa) ™ IZ(X))IO dx = / udu = (24 In(x)) - Ilnl(x))ll +c.

dx B (|n(X))72 o — nOY (In(x -2 Ix =
° /_T(ln(x))z = | T Jumortney
+c

In(x)
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The Natural Logarithm and the Exponential Functions

° / e+ /(e +1)(e+1) 2dx = —(eX+1) "
O/e —eX /de:ln(ex+e—X)+c_

eX+eX eX+e—X

(8] /tan(x)dx = / lns(();)) dx = —In|cos(x)| + ¢ =

In | sec(x)| + c.
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The Natural Logarithm and the Exponential Functions

o /cot(x)dx - / €050X) 1 — In|sin(x)| + c.

sin(x)
t —3x
@ To compute the integral, /anigx)dx we set u = e~ 3%,
then du = —3e~3*dx and
—3x —3x
/tan(i )dx _ /tan(i )dx
e e
1
= —= /tan(u)du = —=In|sec(uv)| + ¢
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The Natural Logarithm and the Exponential Functions

/sec(x)dx = In|sec(x) + tan(x)| + ¢
/csc(x)dx = In]esc(x) — cot(x)| + ¢
= —InJesc(x) + cot(x)| + .
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The Natural Logarithm and the Exponential Functions

Proof:

(sec)’(x) = sec(x)tan(x) and (tan)(x) = sec?(x), then
(sec+tan)'(x) = sec(x)(sec(x) + tan(x)) and

(sec+tan)’(x)
(sec(x) + tan(x))

= sec(x).
We deduce that

/sec(x)dx = In|sec(x) + tan(x)| + c.
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The Natural Logarithm and the Exponential Functions

(csc)’(x) = — esc(x) cot(x) and (cot)'(x) =
(csc — cot)’(x) = esc(x)(esc(x) — cot(x)),
(csc+ cot)'(x) = — esc(x)(esc(x) + cot(x)) and
(csc — cot)'(x)
(csc(x) — cot(x))
(csc+ cot)'(x)
(csc(x) + cot(x))
We deduce that

= csc(x),

= —csc(x).
/csc(x)dx = In|esc(x) — cot(x)| + ¢ = — In| csc(x) + cot(x)| + ¢’
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The General Exponential and Logarithm Functions

The General Exponential Function

Definition

For a > 0, the function f(x) = eX'"(@) defined on R is called the
exponential function with base a and denoted by a*.
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The General Exponential and Logarithm Functions

Theorem

Let a> 0 and b > 0. If x and y are two real numbers, we have the
following properties
o XY = 3Xg¥

® aX_y = —
(7Y =7
e (ab)* = a*b*

X

a,, a
‘(5) =
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The General Exponential and Logarithm Functions

Theorem

(Derivative of the General Exponential Function)

%(ax) = a*In(a)
dix(a“(x)) = a"® In(a)u/(x).
Example 1 :
%(5*) — 5%In(5)
d 1

—(6Y*) = 6V*In(6)

dx 2y/x
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The General Exponential and Logarithm Functions

Theorem

(Properties of the General Exponential Functions)

e Ifa>1,(a") =a*In(a) >0 for all x € R. Hence a* is an
increasing function on R.

o If0<a<l, (a¥) =a"In(a) <0 for all x € R. Hence a* is a
decreasing function on R.

Theorem

| A

If a> 0 and a # 1, then
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The General Exponential and Logarithm Functions

Examples 2 :

0/3de )
X -0 1-1%

e/ 3de— 3 } -
)d-1

3 _ 2
(3 ~In(3)  3In(3)

(2x+1)2 [ (2)24+22°+1
o [t - |

o~ 1 dx =
1 2%
/2X+2+(2)Xd o b2t |(n2()§) +c.
(4] / Bt dx = /Sta”(x) sec?(x)dx = /Sta”(x) tan’(x)dx =
cos?(x)
5tan(x)
n) ¢
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The General Exponential and Logarithm Functions
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The General Exponential and Logarithm Functions

The General Logarithm Function

Definition

(The General Logarithm Function)

If a € (0,00) and a # 1, the function f: R — (0, 00) defined by
f(x) = a* is bijective. Its inverse function f~1 is denoted by log,
and called the logarithm function with base a. For y € (0,00) and

x € R,
x =log,(y) < y=2a" )
Example 2 :
9 = 32 <= 2 = logs(9)
16 = 42 <= 2 = log,(16)
64 = 4> < 3 = log,(64).
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The General Exponential and Logarithm Functions

Theorem

Fora € (0,00) \ {1},

[y

dx °8aX) = 5y
log,(x) = ::E Vx >0,

log.(x) = In(x).

\_/

\/

Notation. For a = 10 the function log; is denoted by Log.
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The General Exponential and Logarithm Functions

Q If f(x)= Log\lln(x)\,
/ _ x _ 1
) = In(10)In(x)  xIn(10)In(x)"
Q If £(x) = In|Log(x)|,
f/ = i = ;
b = In(x)  xIn(x)’

Q If f(x) = x*™, In(f(x)) = (4 + x?) In(x). Then

= zZXIn( X le.
f(X)_z In(x) + (4 + )X

Then
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The General Exponential and Logarithm Functions

Example 3 :
If

f(x) = x4, h(x) =7%, f(x)=x", fa(x)=7n", f5(x)=x".

fl(x)=4x3, f(x)=7"In(x), f(x)=7nx""1 £(x)=0.
1 2

In(f5(x)) = xIn(x) = ?’/(X) =In(x)+1 = fi(x) = (In(x) + 1)x*.
5(x)
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The General Exponential and Logarithm Functions

We get two very interesting relations, namely
x =log;p(10¥)  and N =10'0",

If b>0and b# 1, we get x = log,(b*) and y = b(1°8sY) The
Logarithmic function with base b, b > 0, b # 1, satisfies the
following important properties

O log,(b) =1, logy(1) =0, and log,(b*) = x for all x € R.
Q log,(xy) = logy, x + log,y, x >0, y > 0.

(s ] Iogb(i) = log, x —log,y, x >0, y > 0.

Q logy(x¥) =ylogyx, x >0, x#1, for all y € R.

o l[);(by = pXty

o g = b

Q (b)Y =b".
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Inverse Trigonometric and Hyperbolic Functions

Inverse Trigonometric Functions

The sine Function

The function f: | = [-7, 5] — J = [-1, 1] defined by
f(x) = sinx, is continuous and bijective. Its inverse function is
denoted by f~1(x) = sin"! x.

f~1:[-1,1] — [-%, %] is a continuous function.

For x €] — 1,1],

1 1

1Y (x) = (sin™1(x) = = :
(F)0a) = (sin ) (x) cos(sin"1(x))  V1-—x2
then sin(sin™! x) = x; Vx € [~1,1], sin"! (sin x) = x,
Vx e [-5,5]

W
2721

sin~1(sinx) = x only for x € [T

Mongi BLEL The Transcendental Functions



Inverse Trigonometric and Hyperbolic Functions

Graph

i

y =sinx y=sin"lz
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Inverse Trigonometric and Hyperbolic Functions

Find cos(sin~! x) for x € [~1,1]. tan(sin" x) for x €] — 1,1].
cot(sin~t x) for x € [~1,1],x # 0.
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Inverse Trigonometric and Hyperbolic Functions

The Cosine Function

The function f: [0, 7] — [—1, 1] defined by f(x) = cosx is
continuous and bijective. f is decreasing. Its inverse function f—!
is denoted by cos™!: [-1,1] — [0, 7).

@ cos(cos 1 x) = x, if x € [-1,1]. cos Y(cosx) = x, if

x €[0,7]. sin(cos™! x) = V1 — x2, ifx € [-1,1].
Q fForxe]l—1,1],
-1 —1

(F1) (%) = (cos™)'(x) = (o 10)) — ise
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Inverse Trigonometric and Hyperbolic Functions

Graph

\
‘ 1
1

Yy =cos " x

Yy =cosx
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Inverse Trigonometric and Hyperbolic Functions

The Tangent Function The function f: ] — 5, 5[— R defined

by f(x) = tan x is increasing and continuous. Its inverse function
f~1 is denoted by tan~1.

y=tan"'x < x=tany, Vx € Rand Vy €] — Z,Z[. Then

tan(tan™! x) = x if x € R. tan"!(tanx) = x; Vx €] —
1

(F1)(x) = (tan ™) (x)

i
27 2L

1 + tan?(tan—1(x)) T 1+x2
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Inverse Trigonometric and Hyperbolic Functions

Graph

Y= tan~!z
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Inverse Trigonometric and Hyperbolic Functions

The cotangent function
In the same way we define the function cot™!: R —]0, [, as the
inverse function of cot: |0, 7[— R.

(cot™)(x) =

1 + cot?(cot™1(x)) T 1+x2
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Inverse Trigonometric and Hyperbolic Functions

The Secant Function 1

The function f: [0, 5[U] 5, 7] defined by f(x) = el is
increasing and C. Its inverse function is denoted by

f~1(x) = sec™! x for x €] — 00, —1] U [1, +o0].

sec’(x) = sec(x)tan(x) and

B 1

Cx[Vx2—1

(sec™)'(x)

for x €] — 00, —=1] U [1, 4+-o0[.
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Inverse Trigonometric and Hyperbolic Functions

; y = sec

s
2

/y:sec
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Inverse Trigonometric and Hyperbolic Functions

The Cosecant Function The function f: [-7,0[U]0, 7] defined

1 . . . .
by f(x) = —— = cscx is decreasing and C. Its inverse function
sin x

is denoted by f~1(x) = csc™! x for x €] — 0o, —1] U [1, 4-o0].

csc’(x) = — csc(x) cot(x) and (csc™1)(x) = |]72—1’ for
x €] — o0, —1] U1, +o0].

Prove that
a)sin"!x+coslx=1.

1

b) tan"!x + tan”!
if x <0.
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Inverse Trigonometric and Hyperbolic Functions

Basic Trigonometric Formulas

e sin"!(x) is the angle in the interval [~%, Z] whose sine is x.

29
For x € [-1,1] and y € [, ];

y =sin"}(x) <= x = sin(y).

e cos 1(x) is the angle in the interval [0, 7] whose cosine is x.
For x € [-1,1] and y € [0, 7];

y = cos 1(x) <= x = cos(y).

e tan~*(x) is the angle in the interval —5 < § < 5 whose tan is x.
Forx € (=5,%) and y € R;

y = tan"}(x) <= x = tan(y).
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Inverse Trigonometric and Hyperbolic Functions

71 ; i “u(x))) =
Sve—t e WD = e o=

T
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Inverse Trigonometric and Hyperbolic Functions

Corollary

For a > 0, we have

/ dx l(X)-l-
———= = sin (=)+c
Va2 — x2 a
dx 1 4 x
/a2+x2 = Stan (;)—i—c

1
= = sec’l(i) + ¢, for x >0
a a

/ dx
A
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Inverse Trigonometric and Hyperbolic Functions

The three given substitutions are very useful in calculus. In
general, we use the following substitutions for the given radicals

O Va%2—x2, x=asinb,
Q Vx2— a2, x = asech,
Q Va’+ x2, x = atané.
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Inverse Trigonometric and Hyperbolic Functions

Examples 3 :
Evaluate the following integrals:

eX
Qh _/1—G—e2xdx’

1 e
h = —d
© bk /0 1—|—e2XX

9/—/de
Vi

=
Q |/ :/ ——dx =
N 0 V1= x4
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Inverse Trigonometric and Hyperbolic Functions

o /5:/ cos(x d
\/l—sm

o 16_/ cos
\/1—sm

= ——d

@ /X\/xﬁ—lx
eX

oI :/d

° \/e2X—1X
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Inverse Trigonometric and Hyperbolic Functions

The Hyperbolic and Inverse Hyperbolic functions

e —e
e Hyperbolic sine function: sinh(x) = — i XE R.
e Hyperbolic cosine function: cosh(x) = %; x € R.
e Hyperbolic tangent function:
inh X _ =X
tanh(x) = sinh(x) _ e* — e, x € R.

cosh(x) X+ e’
e Hyperbolic cotangent function:
cosh(x) e*+e™*
th = = : xe R\ {0}
coth(x) sinh(x) eXx—e™¥ x \ {0}
e Hyperbolic secant function:

1 2
sech(x) = =

: x €R.
cosh(x) eX+e X X
e Hyperbolic cosecant function:
1 2
h = = : R\ {0}.
esch(x) sinh(x) eX—e X x €R\{0}
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Inverse Trigonometric and Hyperbolic Functions

@ cosh?(x) —sinh?(x) =1, Vx € R,

Q 1 — tanh?(x) = sech?(x), Vx € R,

© coth?(x) — 1 = csch?(x), Vx € R\ {0},

© cosh(x + y) = cosh(x) cosh(y) + sinh(x) sinh(y),
@ sinh(x + y) = sinh(x) cosh(y) + cosh(x) sinh(y).
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Inverse Trigonometric and Hyperbolic Functions

(Derivative of Hyperbolic Functions)

d, .
a(smh(x)) = cosh(x)

d .
d—(cosh(x)) = sinh(x)

X

d
™ (tanh(x)) = sech?(x)

d
™ (coth(x)) = —csch?(x)

9 (sech(x)) = —sech(x) tanh(x)
d%’((csch(x)) = —csch(x) coth(x).
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Inverse Trigonometric and Hyperbolic Functions

(Integration of Hyperbolic Functions)
/sinh(x)dx = cosh(x) + ¢
/cosh = sinh(x) + ¢
/sech2 = tanh(x)+ ¢
/csch2 = —coth(x)+c¢
/Sech(x Ytanh(x)dx = —sech(x)+ ¢
/csch ) coth(x)dx = —csch(x) + c.
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Inverse Trigonometric and Hyperbolic Functions

Examples

Q If f(x) = sinh(x? + 1), '(x) = 2x cosh(x? + 1).
2]
Sinh(\/;(ﬁx)dx vy 2/sinh(u)du = 2cosh(v/x) + c.

/cosh(x)csch2(x)dx = — cosh(x) + c.
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Inverse Trigonometric and Hyperbolic Functions

Example

Find the points on the graph of f(x) = sinh(x) at which the
tangent line has slope 2.
The slope of the tangent line is

m = % = f'(x) = cosh(x).
Then m =2 <= cosh(x) =2 <= e>* —4e*+1=0.
Put X = X, then X satisfies X2 —4X +1 = 0.
There is two solutions of this equation: X; = 2+ v/3 and
Xo =2—1/3.
As X = €*, then x; = In(2 +V/3) and x; = In(2 — V/3).
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Example

Compute f(x1) = sinh(In(2 4+ 1/3)) and f(x2) = sinh(In(2 — v/3)):

en(2+Vv3) _ g—In(2+V3)
2
on(2+v3) _ JnG53)
2
2+V3- 2+1\/§
2

flxa) =

- V3
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Inverse Trigonometric and Hyperbolic Functions

eIn(2—ﬁ) _ e—ln(2—\/§)
2
on(2—v3) _ (=)
2
2-+v3—-3 1\5

R &
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Inverse Trigonometric and Hyperbolic Functions

The Inverse Hyperbolic Functions

e The inverse sine hyperbolic function

The function f: R — R defined by f(x) = sinh(x) is bijective and
increasing since f'(x) = cosh x > 0. The function f is odd.

limy— 400 Sinh x = 400 and limy_ 4o sinhx — 4 oo

Its inverse function is denoted by sinh™". If x,y € R;

y =sinh™}(x) <= x =sinh(y).

L - 1
(S|nh l)l(X) = ﬁ, Vx S R.
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Inverse Trigonometric and Hyperbolic Functions

y = sinh ™! (z)

y = sinh(z)| ——,
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Inverse Trigonometric and Hyperbolic Functions

e The inverse cosine hyperbolic function

The function f: [0, +oco[— [1, +o0o[ defined by f(x) = cosh(x) is
bijective and increasing since f’(x) = sinh x > 0.

f(x) = cosh x, f'(x) = sinh x. The function f is even.

limyx— o0 cosh x = +o00 and limy_, 1 @ = +00.

Its inverse function is denoted by cosh™1. If x € [1, +o0[ and

y € [0, 4o0],

y = cosh™}(x) <= x = cosh(y).

(cosh™1Y(x) = \/)%, Vx €]1, +o0].
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()so0 = fi

y = cosh™!(x)
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Inverse Trigonometric and Hyperbolic Functions

e The inverse tangent hyperbolic function

The function f: R —] — 1, 1] defined by f(x) = tanh(x) is
bijective and increasing since f'(x) = 1 — tanh? x > 0. The
function f is odd.

limy_ 400 tanh x = 1.

Its inverse function is denoted by tanh™!. If x €] —1,1[ and y € R,

y =tanh7}(x) <= x = tanh(y).

(tanh™1)(x) = I Vx €] —1,1].
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Inverse Trigonometric and Hyperbolic Functions

y = tanh ™! (z)

y = tanh(z)
!
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Inverse Trigonometric and Hyperbolic Functions

e The inverse secant hyperbolic function
The function f: [0, +00[—]0, 1] defined by

F(x) = sech(x) = %

f'(x) = —sech(x) tanh(x) < 0.
Its inverse function is denoted by sech~!. If x €]0,1] and

is bijective and decreasing since

.y E [0? +OO[1
y =sech™(x) <= x =sech(y).
V1 —x2
sech™(x) = Trvlizx Vx €]0, 1].
X
—1y/ -1
(sech™)(x) = —F—— Vx €]0, 1].

xv/1 —x2’
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<« y=sech!(z)
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Inverse Trigonometric and Hyperbolic Functions

e The inverse cosecant hyperbolic function
The function f: R\ {0} — R\ {0} defined by
2
f(x) = csch(x) = ———— is bijective and decreasing since
eX — e_X
f'(x) = —csch(x) coth(x) < 0.
Its inverse function is denoted by csch™!. If x € R and y € R\ {0},

y = csch™!(x) <= x = csch(y).

1++v1 2
csch™(x) = % Vx €]0, 4-o0].
—1y/ -1
(csch™) (x) = Vx €]0, 4o0].

CoxV1I+x2
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Inverse Trigonometric and Hyperbolic Functions

sinhfl(x) =In(x+ vVx%+ 1) Vx € R.

cosh™ In(x + V/x , Vx € [1, 00[.
1 1+x
-1 - _
tanh™"(x) = 2I (1 x)’ Vx €] —1,1].

| (Hi Vj_xz) Wx €]0, 1].

sech™(x) = In
1++v1 e
% Vx €]0, 409

csch™(x) =
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Inverse Trigonometric and Hyperbolic Functions

(Derivative of Inverse Hyperbolic Functions)
%sinh_l(x) = X21+1 Vx € R
dixcoshfl(x) = x21—17 Vx € (1,00)
%tanhfl(x) = 1 szu Vx €] - 1,1]
%sech’l(X) - X\/].1—7X27 Vx €]0, 1[.
dixcsch_l(x) = X\/1_—1{—7x2’ Vx €]0, +ool.
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Corollary

(Some important formulas)
If a> 0,

= sinh_l(g) +c, VYxeR

/ dx
Vo

d
/\/ﬁ = coshfl(g) + ¢, Vx € (a,00)
1 1 _1,X
/32—)(2 = gtanh (;) —+ C, VX E] — a, a[

1 1 |x]
— = ——gech Y Vx €] — a,0[U]0, a[.
[ o= = e (D e e - a0l
1 1 _1 x|
———— = ——csch
/X\/32+X2 a (
e e

)+ ¢, Vx € R\ {0}.

a




Inverse Trigonometric and Hyperbolic Functions

Examples

O If f(x) = cosh~1(y/x),

Q If f(x)= tanhfl(sin(?)x)),

o 3cos(3x) 3
Flx) = cos?(3x)  cos(3x)’

@ If f(x) = In(cosh™1(4x)),

4
() = cosh™1(4x) B (4x)%2 —1 cosh_1(4x)'
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Inverse Trigonometric and Hyperbolic Functions

We resume the following

2
(1] /dezxz—i—c,

n Xn+1

Q /X dx = P +c,n# -1,
(3] /ldx:ln|x|+c,

X
(%) /sin(x)dx = —cos(x) + ¢,
(5] /sin(ax)dx = —% cos(ax) + ¢, a # 0,
o /cos(x)dx =sin(x) + c,
(7] /cos(ax)dx = %sin(ax) +c,a#0,
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o /tan(x)dx = In|sec(x)| + ¢,

) /tan(ax)dx - éln |sec(ax)| + ¢, a #0,
o /cot(x)dx — In[sin(x)| + <,

) /cot(ax)dx - % In|sin(ax)| + ¢, a #0,
® /exdx:ex+c,

) /ede _ e 4,

1
(14} /eaxdx: ;eax—l—c, a#0,
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® /sinh(x)dx = cosh(x) + ¢,

© /cosh(x)dx — sinh(x) + ¢,

o /tanh(x)dx — Incosh(x) + ¢,

) /coth(x)dx — In|sinh(x)| + ¢,

© /sinh(ax) - %cosh(ax) +e a0,
) /cosh(ax)dx _ %sinh(ax) te ato,

1
(1] /tanh(ax)dx =3 Incosh(ax) + ¢, a#0
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22] /coth(ax)dx = éln |sinh(ax)| + ¢, a # 0,

® / sec(x)dx = In|sec(x) + tan(x)| + ¢,

) / esc(x)dx = — In| csc(x) + cot(x)] + ¢,

® /sec(ax _1 In |sec(ax) + tan(ax)| + ¢, a £ 0,
@/sec )dx = tan(x) + c,

) /sec 2x) ltan(ax)—i-c 240,

(26] /csc (x)dx = —cot(x) + ¢,
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29 /csc2(ax)dx = fé cot(ax) + ¢, a#0,
50 /tan2(x)dx = tan(x) — x + ¢,

@ /cot2(x)dx = —cot(x) — x + ¢,

) / sec(x) tan(x)dx = sec(x) + .

(53] /cscx ) cot(x)dx = — csc(x) + ¢

) /sm _ f(x—sm(x) cos(x)) + ¢ = %(x— Si”(22x))+c,
@ /csc ax)dx = —%In|csc(ax)+cot(ax)|+c, a#0,
(36] /cos (x—i—sm( ycos(x))+c = ;(x+5in(22x))+c.
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Indeterminate Forms and L'Hépital Rule

Indeterminate Forms and L'Ho6pital Rule

The indeterminate forms arise from the fact that (R, +,.), is not a
field, where R = R U {—o00, +00}. The only operations that are
wrong are 0.c0 and 400 4 (—o0). These operations are obtained
for example within the real sequences or the limits of functions.
For example if a sequence (u,), converges to 0 and the sequences
(vn)n tends to oo, we can not decide about the limit of the
sequence (Up-Vp)n-
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The only indeterminate forms are 0.00 and +o00 + (—o0). The
other indeterminate forms a different form of writing theses forms.
For examples we have

8 — 0.0, > _ 000, 1% = e®n() — g0oo 0 _ g0In(0) _ G000
o0
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Example

(x=2?
o (x—2) llnz(x 2) =0,
im 2672 _ i3 = 3,
x—2 (X— ) x—2
92
lim (x=2) = lim # = +00.

x—2 (x — 2)4 x—=2 (x — 2)2

In each of above cases the functions are undefined at x = 2. And
both numerator and denominator in each example approach to 0 as
x — 0.
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Examples

In(cos(x)) 1 I| In(1 — sin?(x))

li =0,
O I e 24T sin(x)
1 3 In(1 4 1
Q@ lim e¥In(1+-)= Iim e—y = +o00,
X—+00 X X—400 X

Q@ Iim (1+x)P2—Vx*+x+2=
X—>+00
4x3 +6x2+3x—1

lim
x>0 (14 x)2 +\/x4+x+
4x+64 32— 5

lim X2 = 400,
T4+ L2+ «/1+ +2
1 In(1+;)
Q@ Ilim (1+=)= lim e x =e.
X—>—+00 X X—r+00
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Theorem

L'Hépital’'s Rule
Let f, g be two differentiable functions on ]a, b[\{c}. Assume that
g'(x) # 0 for all x €]a, b[\{c} and IiLn f(x)= IiLn g(x)=0.

. f(x) . f(x)
If)!@c 70 ¢ e RU{—00,+00}, then l@cm =/
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Remarks

@ Theorem 4.1 is valid for one-sided limits as well as the
twosided limit. This theorem is also true if ¢ = +o0 or
c = —o0.
@ Theorem 4.1 is valid for the case when lim f(x) = oo or —oo
X—C
and lim g(x) = oo or —c0.
X—C
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Examples

Find the following limits if it exist
2sinh x — sinh 2x

x—=0  2x(cosx — 1)
. sin3x  sinx
Q Iim - —
x—0 3X3 X3
sin 3x

lim — ,
x—0 sin bx
tan 2x

im ,
x—0 tan 3x
. sinx
[im —,
x—0 X

X

© 606 06 ©

[im —,
x—0 SIn X

. 1 —-cosx
Q Im —,

x—0 x2
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Q lim xInx.

x—0
CoVx—=1-2
Q lim ————,
x—b5 X2 — 25
x3 —3x+2
lim ——
O M e ot 1
® lim 1 —sin(x)
x—T  cos(x)
. X
@ X|me In(x)'
1
@ lim (1+-)>,
X—00 X
@ lim x*,
X—00
3 2
I ( — 7)
© 1+ In(x) x-—1
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Solutions

2sinh x —sinh2x  2sinh x — sinh 2x x2

2x(cosx —1) x3 2(cosx — 1)’

From L'Hopital’s rule,

2sinh x — sinh 2x . 2cosh x — 2cosh2x
im = lim
x—0 x3 x—0 3x2

. 2sinh x — 4sinh 2x
= lim
x—0 b6x
2 cosh x — 8 cosh 2x

- llno 6 =-1
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. x2 . 2x
im —— = lim ——
x—0 2(cosx — 1) x—0 —25sin X
2
= lim—— =1,

x—0 —2 cos x

. 2sinh x — sinh 2x
then lim =1.
x—0 2x(cosx —1)
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sin3x  sinx

sin3x — 3sinx

3x3
From L'Hopital’s rule,

lim
x—0 3X3

sin3x — 3sin x

3x3

3cos3x — 3cos x

>|<[>n0 0x2
i —9sin3x + 3sinx
m
<00 18x
. —27cos3x + 3cosx
lim
x—0 18
4
3
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o

o

. sin3x . 3cos3x 3
lim — = lim —— = -,
x—0sinbx  x—0 5cosbx 5
tan 2x . 2sec?2x 2
im —— = Im ——— = —,
x—0tan3x  x—03sec23x 3
) . sinx .
item lim —— = lim cosx =1,
x—0 X x—0
. X
lim —— = lim =1,
x—=0sinx  x—0 cosx
. 1 —-cosx . sinx . COSX 1
I|m72:||m—:||m = —,
x—0 X x—0 2X x—0 2 2
. . Inx .
lim xInx = lim -4 = lim —x = 0.
x—0 x—0 > x—0
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@ lim ( 3 2 )_ o 3(x—1)—2Inx
Rl In(x) x-1/ Rl (x —1)In(x)
3_2
li X — = 00.
o, In(x) + L 00
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Exercises

Exercise 1 Compute y’ in each of the following

Q@ y = 2sinh(3x) + 4 cosh(2x),

@ y = 4tanh(5x) — 6 coth(3x),

© y = xsech(2x) + x?csch(5x),

Qy= 3sinh2(4x +1),

@ y = 4csch?(2x — 1),

@ y = sinh(2x)csch(3x),

Q y = (x2+ 1))
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x3

2e— ,

Q y=x
o y:2xz,

@ yzln(x2+1),

@ y = log,(secx + tan x),
@ y= 10(x3+1)'

® y=xlnx—x,
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@ y=In(x+Vx2-4),
® y=In(x+ V4+x2),

1 14+ x
—
®r=5 ”<1—x)'

@ y =sinh1(3x),
@ y = cosh™*(3x).
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Solution

@ y’' = 6cosh(3x) + 8sinh(2x),

@ )’ = 20(1 — tanh?(5x)) — 18(1 — coth?(3x)),

© y’ = sech(2x) — 2xsech(2x) tanh(2x) + 2xcsch(5x) —
5x2csch(5x) coth(5x),

Q y' = 24sinh(4x + 1) cosh(4x + 1) = 12sinh 2(4x + 1),

Q@ y' = —16¢csch(2x — 1)coth(2x — 1),

@ y’' = 2cosh(2x)csch(3x) — 3sinh(2x)csch(3x)coth(3x),

o y/ _ (X2 + 1)sin(2x) (2X5in(2x)

L5 2 +2cos(2x)|n(1+x2)>,
x
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Q )y =2xe ™ —3x*e,
Q y = 2*1xIn2,

2x
I _
©y= x2+1"
@/ sec x tan x + sec? x
y =

(secx +tanx)In2
@ y' = 3x*10"1 In 10,
® y’ = Inx,
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1
oy =
Y x2—4
y’zil
Va+x2
1
I __
Oy=1—2
3
!/ __
Oy =190
3
! _
©vy 9x2 —1
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Exercise 2
Find y’ in each of the following, using logarithmic differentiation.

(x? 4+ 1)3(x? + 4)10
(x2 +2)5(x2 +3)*'
@ y=(+a" Y,
© y = (sinx + 3)(4cox+7),
= (3sinh x 4 cos x + 5)(X +1),

9 y = (e + 1)@+,
0 y = X2(x2 4+ 1)+,

e+ 1Px-3)
(1+ 7x)%(2x +3)3

Qy=

3
4
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Solution

_ bx 20 10 8
X1 24 d X212 213
2x(x3 + 1)
BT
cos x(4 cosx + 7)
sinx + 3
(x3 + 1)(3 cosh x — sin x)
3sinhx 4+ cosx + 5

=3x%In(x + 4) +

= —4sinxIn(sinx + 3) +

= 3x2In(3sinh x + cos x + 5) +

2x(2x + 1)
e’ +1
2 2x(x3 +1

:—+3X2|n(x2+1)+%

X xc+1
3 n 3 B 7 3

x+1 2(2x—3) 3(1+7x) 2x+3

= 2In(e*" +1) +

© ©6 6 6 6 o o
SIS IS IS s s s I~




Exercises

Exercise 3
Solve the following equations for x

(1) Iog3(x4) + Iog3(x3) -2 Iog3(x%) = 5.

e 1
1+ex 3
Solution
o
4 3) _ 3
In(x*) + In(x?) 2|n(X2):5 - Inx®*=5In3
In3
= x=3s.
e 14:} x 1<:> In2
_ = = — = —Inc.
1+eX 3 € 2 x
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Exercise 4
Compute f’(x) for the following functions f.

/ smh3
1
:/ cosh®(t)dt,
cosh x
:/ 1+t th,
sinh x
sechx
(4] f(x):/ 1+ t3)2dt,
tanh x

(Inx)? 5
(5) f(x):/ (44 t?)2dt,
|

nx

o f(x)_/ (1+ 462 dt,
(e
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eCos x

o / .
esmx (1 + t2

2x 4+t2

/ (1+2t 2dt
logz x

= [
log, x ]. + 5t3 2

cosh™ 1
/ _t
smh Lx 1 + t2)5

/4X3
9 o,

Q
\ |

9
| |

8
| |

9
| |

®f

5 cos x

®f
4sin x
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Solution

Q f'(x) = sinh3(x),

Q f'(x 2x cosh®(x?) — cosh®(x),

© f(x) = sinhx(1 + cosh? x)? — cosh x(1 + sinh? x)?
sinh x(1 + cosh? x)% — cosh* x,

Q f(x)= —sechxtanhx(l—i—sech?’x)% —(l—tanhz)(l—i—tanh?’x)%.

Q fl(x)=2

)=
)=

In x 5 1 5
—Z(4+41In*x)2 — Z(4 + In? x)2.
X(+nx) X(+nx)

0 (x) = 2xe* (1 + 4e>°)™ — 2(e*)?(L + 4(e*)*)",

Mongi BLEL The Transcendental Functions



Exercises

cos x sin x

sin xe cos xe
o f/(X) == 3 3
(1_|_e2cosx)§ (1+e25|nx)§
0 F(x) = 3|n35_ 2|n25’
(4+32%)2 (44 22)2
O f(x) =5%3.In5(1 + 2.5%)2 — 42X 4. In2(1 + 2.4%)2,
1 1
@ f'(x)= T 1
xIn3(1+5log3zx)2  xIn2(1+ 5log; x)2
® f(x)=

1 1

VXZ—1(1+ (cosh™1)2(x))2 X2+ L(1 + (sinh~1)2(x))?
4 12X2el6x6”

—25 cos? x

6
it
X
Il
S
X
[¢))
~
X

e a2
— 4 cos xe~10sin" x|

= —bsinxe
@ f(x)= 2X5inh(X2)e—cosh3(X2) _ 2XCOSh(X2)e_Sinh3(X2).
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Exercise 5d
Compute d—y for each of the following
Ix

Q y=In(x>+1),

1—x
Qy n<1 X>, < x <1,

Q y = logy(x),

Q y = logs(x* + 1),
Q y =logp(3x+1).
O y = log;o(x* +4),
Q y=2"
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1
Qy= E(exz —e),
1
@ y=5("+e ),
2 2
eX’ — =X
@y= el 1 g2
2
®y= e L g2
2
®y= 3 3
e —e
2
Q@ y= e
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® y =sin 1(%)

(16] y:cosfl(g), 1

@ y=tan”}(3),

@ y:cot_l(;),

o ea—1,X

@ y =sec (2)

Qy= cscfl(g),

@ y = 3sinh(2x) + 4 cosh(3x),
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@ y = €*(3sin(2x) + 4 cos(2x)),
@ y = e *(4sin(3x) — 3 cos(3x)),
@ y = 4sinh(2x) + 3 cosh(2x),

@ y = 3tanh(2x) — 7coth(2x),

@ y = 3sech(5x) + 4csch(3x),

@ y =10,

@ y =207,

Qy= 5(x4+x2)_
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Solution

1 1 2
ey/:_ix_lJrX:_le
ey’lenz,2
0y’=(X3iX1)|n5,

3
© V= GBxr (o)
Oy’z(x2+i))(|n(10),
Q y =-27%
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Exercises

2xeXZ,

X2 2
x(eX +e7),
x(eX2 - e_XZ),

2 )
e +e ¥

e’ — e’

= —2xsech(x?) tanh(x?),
3

—3x2csch(x3) coth
—4x3sech(x*) tanh

X

(x°),
(")



Exercises

®y =
Y 4 — x2
@y’=—$ 1
V9 —x2'
5
/_
Oy =%
7
/_—7
©y= 49 + x2'
@y’:#
Ix|vx2 — 4’
3
R —
RV

@ y' = 6.cosh(2x) + 12sinh(3x),

Mongi BLEL The Transcendental Functions



Exercises

@ y' = e*(—5sin(2x) + 10 cos(2x)),

@ y' = 5e *(sin(3x) + 3 cos(3x)),

@ y' = 8cosh(2x) + 6sinh(2x),

@ y' = 6sech?(2x) + 14csch?(2x),

@ y' = —15sech(5x) tanh(5x) — 12csch(3x)coth(3x),
@ y' = 2x10% In(10),

@ y =3x2 ) n2,

@y =43+ 2x)5(X4+X2) In’5.
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Exercise 6
Compute & in the following equations

dx
(4] X3+y3:4xy,
(2] X%er% =1,

Q y>+3xy+2x2=1.
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Solution

Q 3x%+3y%y =4y + 4xy’ = y'(3y? — 4x) = 4y — 3x2,
Q) = x %y%

© y'(3x +2y) = —(3y + 4x).

Mongi BLEL The Transcendental Functions



Exercises

Exercise 7
Find the equation of the tangent line to the graph of the following
functions at the given points.

x?2 y2 2\/5

— + = =1at (2, —
0 5+ at (2,=3-),

X2y 3
GE—I—lat(E\/g,l)
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Solution
yy

o ey =5 =0, then y'(2) = =37z and the equation of the
2v/5
tangent line at (2, \3[) is
— 4 (x— 26 _ 4 6
y =55 "2+ 5 = 3

2v/5 3
Q) = \3[ and the equation of the tangent line at (E\fS, 1) is
2V5
3

x — 4.
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Exercise 9
Evaluate the following integrals.

0/ dx
Va4 —x2'
dx
Va4 + x2

° /\/X2
et
°o [ ﬁ %
° /\/1 — x2
o /es'”(2x cos(2x)dx,
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Q /xzexadx,
e2x
o /1—}—e2xdx

(9] /ex cos(1 + 2e)dXx,
(10 /e3x sec?(2 + e)dx,
@ /10c°sxsinxdx,
4sec X
° [
xvV/x2
® / X103 dx.
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Solution

= sinfl(g) +c,

0/ dx
VA —x2
dx X
——— —sinh }2) +¢,
S = ()
dx X
(8] /:cosh_:l =) +c,
=2 ()

e X tantx [ tan—1 x
o mdx = e'dt=-¢e + c,

o / e x t sin_ ' x tdt sin~1x +
= e = € C
V1-— x2 ’

=sin(2x) 1 1 .
o /es'”(2x cos(2x)dx =sin(2x) 2/etdt = Ees'”(zx) +c,

Mongi BLEL The Transcendental Functions



Exercises

=31 1
e dx > 3 / eldt = §6X3 + c,

2x
=€ — =Z1n(1 x
11 e Ix 2 = =3 n(l+e™)+c,

o
o
Q | e cos(1+2e¥)dx 112¢" ;/cos(t)dt: %sin(1+2ex)+c
@ [ esec?(2+e¥)dx 2> ;/secz(t)dt =

tan(2 + e3¥) + ¢,

CcOoS X _* t=cos x t OCOSX
10 sinxdx = — [ 10%dt = —
In10
1

— —1
xvVx%—1 +

2 mx?e3 1 107°+3
10 3ax = = [ 10tdt =
x10 Ix 2/ 0 2 (10) +
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Exercise 10
Evaluate each of the following:

(1] 3sin_1(%) +2cos™ (\f)7

2
. 1
Q@ 4tan (\[)+5cot (\ﬁ)’
(3] 2sec_1(—2)+3cos_1(—\£§),

Q cos(2cos™1(x)),
@ sin(2cos1(x)).
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Solution

1 V3 T T T
. -1 _1
~)+2 =32 4922 =5C
@ 3sin(5) +2cos () =35 +2¢ =5,
1 1 T T T
Q 4tanl(—=) +5cot H(—=) =4— + 5= =7,
(\@) (\/§) 6 3 3
2
(5] 2sec*1(—2) + 3cosl(—\£§) = 2% 4 35% = 3,

Q cos(2cos 1(x)) = 2cos?(cosI(x)) — 1 =2x> —1,
@ sin(2cos1(x)) = 2xsin(cos1(x)) = 2xv/1 — x2.
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Exercise 11
Simplify each of the following expressions by eliminating the radical
by using an appropriate trigonometric substitution.

X
o 7'
V9 — x?
3+ x

16 + x2'
x—2
xv/x2 =25’
1+ x
Vx2+2x+ 2
2 —2x

Vx2—2x—3

©

o

©
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Solution

° VI—x2  |cosd|
o 3+ x x=4tan 0 3+4tanf
V16 + x? 4|sec| '
X—2  x=5sec Dsect —2
© o= 5ltand]
14+ x B 1+ x x=tan 6—1 tan 6
° V@ +2x+2  Jx+12+1  |secd|’
o 2 —2x _ 2 —2x x=2secO+1 1—2sech
Vx2—=2x—-3 /(x—-1)2-4 |tan )|
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Exercise 12
Find the exact value of y in each of the following

0 y=cosi(-1),

(2 ) y:sin_lﬁ

Q y =tan ' (—V3),
Q y = cot™}(—),
@ y =sec }(—V2),
0 y=csc ' (—2)
Q y=sec ' (—%),
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0 y=csc(-2),
Q y =sec1(-2),
Q y:csc_l(—Z),
@ y:tan_l(%,
@ y = cot }(—/3).
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Solution

Q@ y=tan}(—V3) = 2{
O y=cot}(—) =%,
Qy= sec_l(—\@) = 3{,
0 y=csc(-v2) =]
0 y=secl(-Z) =%,
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Exercise 13
Prove the following identities

Q sin'x+cosTlx =73, Vxe[-1,1].

@ tan'x+cotlx=73 VxeR

@ tanlx+tan}()=2, x>0

Q tan!x+tan}(l)=-2, x<o.

@ sec !x+cescix =73, VxeR\[-1,1]
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Exercises

Solution

Q sin10+cos710= 7 and the derivative of the function
sin~1 x 4+ cos™! x is 0 for all x €] — 1,1[. Then
sin"!x+coslx =72, Vx € [-1,1].

@ tan10+cot 0= % and the derivative of the function
tan L x + cot 1 xis O for all x € R. Then
tan1x+cot ™ 1x = 7, Vx e R,

us

© tan 1+ tan"!(1) = Z and the derivative of the function
tan~!x +tan"!(1) is 0. Then
tan !x+tan1(1)=7 x>0

X 2>
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Q@ tan!(—1) + tan"!(—1) = —F and the derivative of the
functlon tan~tx +tan~1(1) is 0. Then
tan~1x +tan~1(1) x < 0.

1 T T T
717 = — _ = —
) + csc (\@) 4+4 5

secfl(—\ﬁ)—i—csc L— \[)——Z—i— %:g and the
derivative of the function sec ! x + csc 1 x is 0. Then

sec !x+csctx =72,

Q sec }(
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Exercise 14
The Chebyshev polynomials are defined by

1

Th(x) =cos(ncos™*x), xe[-1,1],n=0,1,2,...

@ Prove the recurrence relation for the Chebyshev polynomials

Tot1(x) = 2xTh(x) — Tho1(x), n>1.

@ Show that Tp(x) =1, T1(x) = x and generate
Ta(x), T3(x), Ta(x) and Ts(x) using the recurrence relation.
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© Show that for all integers m and n,

Tl Tox) = 5 (T () + T ().

© Determine the zeros of T,(x) and determine where T,(x) has
its absolute maximum or minimum values for all n € N.
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Solution

1

Th(x) =cos(ncos *x), xe[-1,1],n=0,1,2,...

Q Toi1(x)+ Tho1(x) = cos((n+ 1) cos™ x) + cos((n +
1) cos ! x) = 2cos(ncos™* x) cos(cos™* x) = 2xT,(x). Then
Tht1(x) = 2xTy(x) — Tho1(x), n>1.

Q@ To(x) =cos0 =1, Ti(x) = cos(cos ! x) = x,
To(x) = 2x% — 1, T3(x) = 4x3 — 3x, T4(x) = 8x* —8x2 +1
and Ts(x) = 16x> — 20x3 + 5x.
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Q Trmin(x) + Tjm_p|(x) = cos((m + n) cos™* x) + cos((m —
n) cos™! x) = 2cos(ncos™t x) cos(mcos™! x) = 2T,(x) Trn(x).
Then

To() () = 5 (Tonsn0) + Ty ().

Q@ cos(ncos™t x) =0 < ncos ! x =%+ km, for k € Z. Then

the zeros of T, are x, = cos((2k;71)7r), for k=0,...(n—1).
cos(ncos i x) =1 <= ncos ! x = 2k, for k € Z. Then
the maximum of T, is reached at the points y, = cos(”‘T”),
for k =€ Z.

cos(ncos i x) = —1 <= ncos ! x = (2k + 1)x, for k € Z.
Then the minimum of T, is reached at the points

zx = cos(@), for k =€ Z.

1
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