Chapter(10)
Tow-Samples Tests
of Hypothesis

(Examples)



Testt off hypethesis about the difference belivesn

Two pepulkiien Mmeans

Independent samples

Step (1): State the Null (Hy) and alternate (H;) hypothesis
Casel:

Ho tan < uy Or Hoipy —p, <0

Hy gy > iy H oty —u, >0
Case2:

Hotwn 2 p, or Hotay =4, 20

Hyt < Hy iy =, <0
Case3:

Ho:my =1, or ot =0

Hy o # 1, Hy iy —p, #0

Step (2): Select a level of significance.

Step (3): Select the Test Statistic (computed value)
I. with known population standard deviation o .

X, — X
Test statistic = Z, :%
O %2
n1 n2
The confidence limits are:
(X, —X,)+Z or + 93
1 2T Lgfa n, | n,

I1.: with unknown population standard deviation,
(n+n,-2230&0, =0,).

Test statistic Z, = X, =X, — Xy =X,
82 i_}.i Sp i‘i‘i
P n n, n n,
SZ _ (nl _1)812 +(n2 _1)522
P n +n, -2



The confidence limits are:

()?1 - )?2) + Zar,-"zsp

[11. with unknown population standard deviation,
(n,+n,-2<30&0, =0,).

- X, —X X -X
Test statistic=t, = 1 2 _ 1 2

1 1 1 1
S;£+J Sp»‘/ni—l—ni
nl n2 1 2

(nl _1)812 + (nz _1)822
n +n, -2
The confidence limits are:

S2 =

p

U?l — )?2) + t(%m1+n2—2)’5p

Step (4): Selected the Critical value

Types of test Z t

The one — tailed test (Right) Z, ta ny+n,—-2)
e 27

The one — tailed test (left) -Zy —l(a ny+n,—2)
i1 27

The two — tailed test *Z o +t

- (% M1+n, —2)

Step (5): Formulate the Decision Rule and Make a Decision
Casel: RejectH, if Z.>Z, >t
Do not reject
H,

Eejection
Region

Critical value
Z, oor i,

Case2: Reject H, iflZ.|>2Z, , |td>t,,
This means Z,<-Z, o<,




Do not reject
Hy

Rejection
Region

- .
/-2.1123

Critical value
-2, or —t,

Case3: Reject Hoif |Z.|>Za , |[t.| > t,« which means:
- :

2

Z,>Z, , L >tV7
2 2
or e | e
/-2 -1 12 \
Zc<_Za , tc<_t “ o 200
z V,— ntical value .
2 2 -7 o -t Critical value
7 1 Z, ort,
2 2



Example (1)

Customers at Food Town Super Markets have a choice when paying for their
groceries. They may check out and pay using the standard cashier — assisted
checkout, or they may use the new Fast Lane procedure. In the standard procedure
a Food-Town employee puts it on a short conveyor where another employee puts it
in a bag and then into the grocery cart. In the Fast Lane procedure the customer
scans each item, bags it, and places the bags in the cart themselves.

The Fast Lane procedure is designed to reduce the time a customer spends in the
checkout line.

The Fast Lane facility was recently installed at the Byrne Road Food Town
location. The store manager would like to know if the mean checkout time using
the standard checkout method is longer than using the Fast Lane. She gathered the
following sample information. The time is measured from when the customer
enters the line until their bags are in the cart. Hence the time includes both waiting
in line and checking out.

Customer type Sample mean Population @ Sample size
Standard 5.50 minutes 0.40 minutes 50
Fast Lane 5.30 minutes 0.30 minutes 100

-With 0.01 significant level test the hypothesis for difference between two means
for the following:
- Compute the p-value?
-Find a 99% Confidence Interval for the difference in the mean.
Solution:
Step 1-state the null hypothesis
Ho o <y
Hy > pp
This one-tailed test (right)
The key word is (is longer than)

Step 2: Select the level of significance.
o = 0.01 as stated in the problem

Step 3: Select the test statistic.
Use Z-distribution since the assumptions are met




X,=550 , 0,=040 , n =50

Xz =5.30 ) o, = 0.30 , n2 =100

Then 7, —=—2a=Xe _ 5558 _ 02 _544
ilerizz \/0.402 . 0.302 0064
n. N 50 100

Step 4: Formulate the decision rule. (Critical value)
Zyo, = 2.33

0.5-0.01=0.4900
Reject H, if Z_>2.33

Step 5: Make a decision and interpret the result.
Z,=3.13>233

!
302 a4 | -"-7\\\3.13

Cntical value

232

The decision is to Reject H, at significant level 0.01 which means that we got
significant result that the difference of 0.20 minutes between the mean checkout
time using the standard method and using the Fast Lane it is not due to chance but
it is significantly different , we conclude that the Fast Lane methods is faster.

The P-value for the test statistic is:
p—value = P(Z > 3.13) = 0.5-0.4991 = 0.0009
p —value =0.0009 < « = 0.01

.. Rejectthe H,.
The confidence limits are:
Since we rejected Hy can we be 99% confident that g > w1, ?

_ gf o3
X, —-X)xZ — 4+ —
( 1 2] a2 n, n,

(0.40)° .\ (0.30)°
50 100

=0.2+2.58(0.0640) = 0.2 + 0.1652

0.0348 < 1, — i1, <0.3652

(0.0.0348 , 0.3652)

Because the interval does not include zero, we reject H, : x4 < u, , and accept

Ho s > 1,

= (5.5-5.30)+ 2.58\/ = 0.2+ 2.58+/0.0032 + 0.0009 = 0.2 + 2.58,/0.0041



Example (2)

A manufacturer suspects a difference in the quality of the spare parts he receives
from two suppliers. He obtains the following data on service life of random
samples of parts from two suppliers,

For suppliers A:Mm =50, X, =150, §, =10

For suppliers B; N2 =100, X, =153 , S, =5
- Test whether the difference between the 2 samples is statistically significant at

the 1% level of significance. (°1 = 92)
- Compute the p-value?
.-Find a 99% Confidence Interval for the difference in the mean.

-Find a 99% Confidence Interval for the difference in the mean. (o} =c?)

Solution:

Step 1: state the hypothesis:

Hotpy = p,

Hyfw # 1y

Test is two-tailed test (key word is difference between 2 samples)

Step 2- Select the level of significance.
a = 0.01 as stated in the problem

/.e =1 LI \
Cntical value

Cntical value

-

-Z
)
_2 L.P

Step 3: Select the test statistic.
Use Z-distribution since the assumptions are met

(n, -1)S? +(n, -1)S7 49x100+99x25 4900+ 2475 7375 498311
n+n, -2 50+100 -2 148 8 '
S, =7.0591

Z = Xy~ X, -
/Si[1+1] s,
nl n2
-3

S2=

p

XX, 150-153

X -3 -3

1 = = =

1 1 1 1 7.0591v0.02+0.01 7.0591v0.03
—+—  7.0591 | —+—

n, n, 50 100

(7.0591)(0.1732)

_ =3 _ o453
1.2227



Step 4: Formulate the decision rule. (Critical value)
Z, =Zyo =Zogps =+2.58

a

2 2

0.5-0.005=0.495
Reject H,if z,>2575 Or Z_. < —2.575

Step 5: Make a decision and interpret the result.
Reject H, if z,>2Z, Or Z,<-Z,
2 2

- .{,..L .............
/.2-11?.\

Critical value

_2E7E

Crtical value
2E7E

Since -2.575 < -2.4536 <2.575 so we don’t reject Hg at significant level 0.01 and
conclude that there is no significant difference between the two samples.

P —value = 2P(Z > 2.4536) = 2(0.5-0.49286) = 2(0.00714)=0.01428

P —value=0.01428 > o =0.01

-~ Don’t reject Hy.

The confidence limits are:

s; Is the pooled (the common) variance is...
(n, -3¢ +(n, —1)S? _50(10)° +100(5)" _ 7500

Sl = =50.6757
n, +n, -2 50 +100 — 2 148
S, =7.1187
(X,-X,)+z,s, 1l (150-153)+258(7.1187) |- + =
5 n n, 50 100
= -3+10.60+/0.02 +0.01= —3+10.60+/0.03= —3+18.3662(0.2583)
= —3+4.744

~7.744< [i — [1, <1.744
(-7.744 , 1.744)

Since this interval contains 0 at 99% does not reject o4 =Hz
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Example (3) Owens Lawn Care, Inc., manufactures and assembles lawnmowers
that are shipped to dealers throughout the United States and Canada. Two different
procedures have been proposed for mounting the engine on the frame of the
lawnmower. The question is: Is there a difference in the mean time to mount the
engines on the frames of the lawnmowers? The first procedure was developed by
longtime Owens employee Herb Welles (designated as procedure 1), and the other
procedure was developed by Owens Vice President of Engineering William Atkins
(designated as procedure 2). To evaluate the two methods, it was decided to
conduct a time and motion study.

A sample of five employees was timed using the Welles method and six using
the Atkins method. The results, in minutes, are shown below.

Methods Sample mean Sample S Sample size
Welles Method 4 minutes 2.92 minutes
Atkins Method2 5 minutes 2.09 minutes 6

-Is there a difference in the mean mounting times? Use the 0.10 significance level.
(Gl = 0'2)
-Find a 90% Confidence Interval for the difference in the mean. (o} =o?)

Solution:

Step 1-state the null hypothesis

Ho tan = 1,

Hytw # 1 This two-tailed test
The key word is (Is there a difference)
Step 2: Select the level of significance.

a = 0.10 as stated in the problem

Crtical walue
3 £
Step 3: Select the test statistic.
Use t-—distribution since the assumptions are met
4 , § =292 , N, =5
5 , §,=209 , N,=6

Y

x| X

1
2



, (n,-1)S2+(n,-1)S; 4x853+5x4.37 3412+21.85 5597

S = ~6.22
n +n,—2 9 9 9
S, =249
e :(249)_(;609)215_11462_0'662
S, .1 (2.49) 1,1 ' ' '
n n, 5 6

Step 4: Formulate the decision rule.

it(g N+, _2)= it(?,5+6—2)= *t(0.05,0)=+1.833

Step 5: Make a decision and interpret the result.
Reject Hyif t, >t,,, t. >1.833
2

Or
t, <-t,, t. <-1.833

Cntical value

Cntical value
— ¢ =-1.833
T f;s_=1.333

The decision is not to reject the null hypothesis, because (.66 falls in the region

between -1.833 and 1.833.
The confidence limits are:

X, —X,) t(%,nimz—z]’ P

(nl _1)812 + (nz _1)822

S>=
n +n, -2
(X,-X,)¢t s, |2+t
"1+”2—2;5 nl n2

S: Is the pooled (the common) variance is...
52 _ (n, =1)S7 +(n, —1)S? (15-1)2.6% + (15-1)1.9?

P n,+n,—2 15+15-2
14(2.6)° +14(1.9° 94.64+50.54 145.18 5 185
15+15-2 28 '

S, =2.277

10



1
s, |2+
”1+”2—2;% P n; n,

1 1
(4-5)%t,05(2.277) =*5

~1+1,833(2.277)J/0.2 +0.1667

= —144.1737+/0.3667
= -1+ 4.1737(0.6056)
= 1425274

()?1 - )zz)it

~3.5274 < ji, — 1, <1.5274
(-3.5274 , 1.5274)

Because the interval does include zero, we do not reject H, @ = 1,

11



Test eff hypeihesis abouf {he difierence between

Twe pepulafien Means
(Dependent or paired samples)

Purpose is to compare means of two non- independent samples. Two ways to
obtain related samples:

1- Repeated measures designs: for, measurements on the same
individuals before and after a treatment.

e.g.,Memory retention in quiet and noisy environment (on same
observations)

Measure heart rate before & after exercise (on same  observations)

2- Matched samples : each Population in one sample matched, on
specific variable(s), with a Population in another sample
We will use the five steps Hypotheses — testing procedure:

Step (1): State the null and alternate hypotheses:
Casel: One-tailed test (Right)

Upper tail critical (when X;> X5)
Ho: W< 0
Hl: W4 > 0

~ i i
Lahcal valuy

Case2: One-tailed test (Left)
Lower tail critical (when X; < X3)

Ho. pg= 0
Hl: Hd < O

12



Cnitecal valoe

Case3: (Two-tailed test) (when X;# X5)

Ho: o = 0
H;: Ko7 0

Critical value

Step (2): Select the level of significance (o)
Step (3): The test statistic

o _d
~ Sa/vn

di : The difference between the paired or related observations.
di = (Xiz —Xi2)

d : The mean of the difference between the paired or related
observations.

Sq : The standard deviation of the paired or related observations.

¥ (d - d)°

n—1

Sd=

n : Number of paired differences.

13



Step (4): The critical value:

Types of test critical value ( t)
The one - tailed test (Right) t(a,n-1)
The one — tailed test (left) —L(a,n-1)
The two — tailed test it(%,n_l)

Step (5): Formulate the Decision Rule
Casel: Reject H, if te >t n-1)
Case2: Reject H, if te > —twn-1)
Case3: Reject H, if
tc > t(0(/2 ,n—1) or t. < _t((x/z ,n—1)

The Paired Difference Confidence Interval pp is:

fp,=D=*t

SD
a/ZE

14



Example (4)
Advertisements by Sylph Fitness Center claim that completing its course will
result in losing weight. A random sample of eight recent participants showed
the following weights before and after completing the course.
- At the 0.01sigenificance level, can we conclude the students lost weight (in
pounds)

-Find the confidence interval for pp

Note: 1 kg = 2.20 pounds

No Before After
1 155 154
2 228 207
3 141 147
4 162 157
5 211 196
6 164 150
7 184 170
8 172 165
Solution:
Step (1): State the null and alternate hypotheses
X> X

Hoipy <OH, tpy >0

15



Step (2): Select the level of significance (0=0.01)
Step (3): The test statistic

——\2
s Before After D (D . D)
£ A (B-A) l
1 155 154 1 62.02
2 228 207 21 147.02
3 141 147 -6 221.27
4 162 157 5 15.02
5 211 196 15 37.52
6 164 150 14 26.27
7 184 170 14 26.27
8 172 165 7 3.52
Total 71 538.66
d _ 1 _gar5
8
—2
. Y (d—d) 538.66 67727
d = 1 -— =8
. 8.875 8.875 8.875 _, os1c

S T 8772 8.7722
/ /f 2.8284 31015

Step (4): The critical value
In one —tailed test (Right)

L n1)=Y0017)=2.998

Reject H, if

t. >15017

Step (5): Formulate the Decision Rule
Do not reject H,. We cannot conclude that the students lost weight

16



The Paired Difference Confidence Interval i is:
t04/2 S_D
Jn
8.7722
V8

I+

,[IDZB

=8.875+3.499

=8.875+10.8519
-1.9769 < f1, <19.7269
Since this interval contains () you are 99% confident that H,: x4, <0

Do not reject H,

17



Example (5)
Assume you send your salespeople to a “customer service” training workshop.

—Has the training made a difference in the number of complaints (at the 0.01

level)?
-Find the confidence interval for pp

You collect the following data:

Number of Number of
Salesperson Complaints Complaints
Before After
C.B. 6 4
T.F. 20 6
M.H. 3 y)
R.K. 0 0
M.O. 4 0
Solution:

Step (1): State the null and alternate hypotheses

(When X # Xz)
Ho:ipg =0H; 1y, #0

Critical value

Cntical

18




Step (2): Select the level of significance (0=0.01)
Step (3): The test statistic

Numblerof Numblerof D —\2
Sales erson Complaints Complaints ( g )
! Before After (B-A) D| D
C.B. 6 4 2 4.84
T.F. 20 6 14 96.04
M.H. 3 2 1 10.24
R.K. 0 0 0 17.64
M.O. 4 0 4 0.04
Total 21 128.8
=2—1=4.2
5
=\ 2
Y (d—d) 128.8
—— = [—— =15.6745
n—1 4
¢ d 4.2 4.2 166

°~S,/ 56745 05377
//ﬁ 2.2361

Step (4): The critical value
(Two-tailed test)

t(z,n_lj =t(0.0055)=4.604

Reject H, if
t. > 4.604

or

t, <—4.604

Step (5): Formulate the Decision Rule
Do not reject Hq (i iS not in the rejection region)

There is insufficient of a change in the number of complaints.

19




—The Paired Difference Confidence Interval i IS:
toc/Z S_D
Jn
5.6745

J5
=4.2+11.6836
—7.48< a1, <15.87

Since this interval contains ( you are 99% confident that pup = 0

I+

,[IDZB

=4.2+4.604

Do not reject H,

20



Tow-Samples Tesis of Mypoilesis
Test of hypethesis abouf ihe difference belWween
Twe pepulaiiien Preoperificons

We investigate whether two samples came from populations with an equal
proportion of successes.

Step (1): State the Null (H,) and alternate (H,) hypothesis

Case 1: Ho:ﬂ'l 27[2 OR Ho:ﬂ'l—ﬂ'z >0
Hy:m <nm, Hy:m -7, <0

Hy:m <rx Hy:my—7, <0
Case2: °"t=7"2 QR o7t 72
Hy:m>nm, Hy:im—7,>0

Case 3 Ho:m =m, OR Hy:my—7, =0
Hy:m =7, Hy:my—m, #0
Step (2): Select a level of significance.
Step (3): Select the Test Statistic (computed value)
The value of the test statistic is computed from the following formula.

PZ

Z, = L
PL-P) P@-P)
+
nl n2
The two samples are pooled using the following formula.
5 X+ X,
n, +n,
Step (4): Selected the Critical value
The one —tailed test (Right) Z,
The one — tailed test (left) -Z,
The two — tailed test +Z
Step (5): Formulate the Decision Rule and Make a Decision
Do not reject
JHn
Rejection
Region
3 2 .1h‘ e ZI‘N

Critical value
Casel: RejectHqif Z,>2, Z

21



Case2: RejectH, if|Z.| > Z,0or z,<-Z
Do not reject
4,

Eejection
Eegion

- .
/_2-1123

Critical value

_Z“

Case3: Reject Hy if|Z.| > Za which mean
2

Do notreject
H,
C

L. >L, orl <-Z,

Eejection
Region

“ Eejection
2 2 Eegion

A | |
4 i) ™~ Z up

Confidence Interval for Two Population Proportions

A A 1- 1—
ﬂl—ﬁzz(pl_pz)izwz\/m( p.) , P, (1-p,)
n, n,

22



Example (6)

Manila Perfume Company recently developed a new fragrance that it plans to
market under the name Heavenly. A number of market studies indicate that
Heavenly has very good market potential. The Sales Department at Minnelli is
particularly interested in whether there is a difference in the proportions of younger
and older women who would purchase Heavenly if it were marketed. There are
two independent populations; a population consisting of thel00 younger women,
19 of them liked the Heavenly and a population consisting of the 200 older women.
62 of them liked Heavenly. Each sampled woman will be asked to smell Heavenly
and indicate whether she likes the fragrance well enough to purchase a bottle.
(With significant level 0.05)

-Find a 95% Confidence Interval for the difference in the proportion.

Solution:

Step 1: State the null and alternate hypotheses.
Ho: n1=n2
Hi: 1 * 12

Step 2: State the level of significance.

The .05 significance level is stated in the problem.
Step 3: Find the appropriate test statistic.

We will use the z-distribution
let P, = young women

X, 19

Pp=—=—=019
n, 100
let P, =Older women
X
Xe 82 oy
n, 200

The pooled estimate for the overall proportion is:

5_XitX, 19462 81 .
n+n, 100+200 300
7 - _ _Pl—PZ _ 0.19-0.31 oo
PL-P) P(-P) \/0.27(1—0.27) , 027(1-0.27)
non, 100 200

Step 4: Selected the Critical value.
TZa = FZoos = X7 025

2 2
0.5-0.025=0.475
iZO.OZS = i196
Step 5: State the decision rule
z.>Z z.<-2,
Or 2

2
2:>1%  or 7z <-196

a

Reject Hy if

23



Hymy=my

| |
| |
I } Hy: my # m,
| |

Hyis | Hy is not | Hyis
rejected | rejected ' tejected

| |

025 | | 025

S 95 /
-1.96 1.96 Scale of z

Whereas Zc <719 = .221<-1.96

Then Reject HO at significant level 0.05

The computed value of 2.21 is in the area of rejection. Therefore, the null
hypothesis is rejected at the .05 significance level. To put it another way, we reject
the null hypothesis that the proportion of young women who would purchase
Heavenly is equal to the proportion of older women who would purchase
Heavenly.

Confidence Interval for Two Population Proportions
.. P.(1-p,) P, (1-p,)
7[1_772:(p1_p2)iza/2\/ : =+ 2

n, n,
=(0.19-0.31) + 1.96\/ 0.19(1-0.19) . 0.31(1-0.31)
100 200
=-0.12+1.96x0.0511
=-0.12+0.1001

~0.2201< #, —#,<—0.0199

Since this interval does not contain 0 can be 95% confident the two proportions are
different.
We reject thatH, : 7, = 7,

24



Example (7)
Is there a significant difference between the proportion of men and the
proportion of women who will vote Yes on Proposition A? In a random
sample, 36 of 72 men and 35 of 50 women indicated they would vote Yes
(With significant level 0.05)
-Find a 95% Confidence Interval for the difference in the proportion.
Solution:
Step 1: State the null and alternate hypotheses.
Ho: n1=n2
Hi: il # 72
Step 2: State the level of significance.
The .05 significance level is stated in the problem.
Step 3: Find the appropriate test statistic.
We will use the z-distribution

pl:ﬁzﬁz(m
n 70

p X2 %5 o7
n, 50

The pooled estimate for the overall proportion is:

X, +X, 36+35 71

p= - — = —0.582
n+n, 72+50 122
, _ P-P, ~ 0.5-0.70 -
© [P-P) P@-P) \/ 0.582(1-0.57) 0.582(1-0.57)
+ +
n, n, 12 50

Step 4: Selected the Critical value.
*tZa = FZoos = +Z 25

2 2
0.5-0.025=0.475
+Z5.025 = £1.96

Step 5: State the decision rule
Z.>Z Z.<-Z,

2 Or 2
2:>1%  or 7z <-196

a

Reject Hy if

25



Hymy=my

| |
| |
I } Hy: my # m,
| |
Hyis | Hy is not | Hyis
rejected | rejected ' tejected
| |
025 | | 025
S 95 /
-1.96 1.96 Scale of z

Whereas Zc <719 = .221<-1.96

Then Reject HO at significant level 0.05

There is evidence of a significant difference in the proportion of men and
women who will vote yes.

Confidence Interval for
Two Population Proportions

A4 1- 1—
ﬂl—ﬁzz(pl_pz)izwz\/m( p) , P2(1-p,)
n, n,

=(0.50-0.70) + 1.96\/ 0.50(1-0.50) | 0.70(1-0.70)
72 50

— ~0.20+1.96x0.0876

— 0.20+0.1717

~0.37<#, —#,<-0.03

Since this interval does not contain 0 can be 95% confident the two proportions are
different.
We reject thatH, : 7, = 7,

26



Testt of hypethesis about the difference beiwesn
Two pepulziion Varenees

Step (1): State the null (H,) and alternate (H;) hypothesis

.2 2

H,:0, <0,

Case 1: 2 2
H o, >0,

L2 2
Hyioy =0,

Case?2:,, . 2 9
Hl'o-l 7&0-2

Step (2): Select a level of significance.
Step (3): Select the Test Statistic (computed value)
S?

I:STAT ~ ez
S;

The properties of the F distribution (F, , )

e |s continuous distribution.
e Positive skewed curve (skewed to the right curve).
e [t is not symmetric curve.

Step (4): Selected the Critical value

The one - tailed test (Right) Fov,a
0 &
The two — tailed test F(Vﬂ/z%)
&
2
0 =~

27



Step (5): Formulate the Decision Rule and Make a Decision
Casel: RejectHoif  Fsrar > Fyv,0)

Case2: Reject Hy if FSTAT>F( a)

28



Example (8)

Waiting time is a critical issue at fast-food chains, which not only want to
minimize the mean service time but also want to minimize the variation in the
service time from customer to customer. One fast-food chain out a study to
measure the variability in the waiting time (defined as the time in minutes from
when an order was completed to when it was delivered to the customer) at lunch
and breakfast at one of the chain’s stores. The results were as follows:

Sample Standard deviations | Sample size

Lunch 4.4 minutes 25

Breakfast 1.9 minutes 21

At the 0.05 level of significance, is there evidence that there is more variability in
the service time at lunch than at breakfast? Assume that the population service
times are normally distributed

Solution:

Step 1: State the null hypothesis and the alternate hypothesis.

.2 2
H,:0, <o,

H, :012 >o?
The one — tailed test (Right)

-

¥.VaE

Step 2: Select the level of significance.
a=0.05

F(vlvz,a) = F24,20 0.05) = 2.08

Step 3: Formulate the decision rule.
Reject Hy if  Fgruar > 2.08

Step 4: Select the test statistic.
S 44
FSTAT = 8—122 = E = 23158

29



F Table for alpha=.05
w2 Vi
1 2 3 4 5 [ 7 8 9 10 12 15 20 24
1 161.45 | 19950 | 21571 | 22458 | 23016 | 23399 | 236,77 | 23886 | 24054 | 24188 | 24391 | 24595 | 248.01 | 24905
2 1851 | 159.00 | 19.16| 15.25 | 19.30 | 19.33 | 15.35| 19.37 | 19.38 | 15.40 | 1941 | 1943 | 1545| 19.45
3 10.13 9.35 9.28 9.12 5.01 8.94 8.89 8.85 8.81 8.79 8.74 8.70 8.66 8.64
4 7.71 6.94 6.39 6.39 6.26 6.16 6.09 6.04 6.00 2.96 291 3.80 2.80 .77
5 6.61 5.79 5.41 5.19 5.05 4.95 4.88 4.82 a.37 4.74 4.68 4.62 4.56 4.53
6 5.99 2.14 4,76 4,33 4,39 4.28 4,21 4,15 4.10 4.06 4.00 3.94 3.87 3.84
7 5.59 4.74 4,35 4,12 3.97 3.87 3.79 3.73 3.68 3.64 3.57 3.51 3.44 3.41
B 5.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39 3.35 3.28 3.22 3.15 3.12
9 312 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18 3.14 3.07 3.01 2.94 2.90
10 4.96 410 371 3.48 3.33 3.22 3.14 3.07 3.02 2.98 291 2.85 277 2,74
11 4.84 3.98 3.59 3.36 3.20 3.09 3.01 2.85 2.50 2.85 279 272 2.65 2.681
12 4,73 3.89 3.49 3.26 311 3.00 2,91 2.85 2.80 2,75 2.69 2.62 2.4 2,51
13 4.67 3.81 3.41 3.18 3.03 2.92 2.83 2,77 271 2.67 2.60 2.53 2.46 2.42
14 4.60 3.74 3.34 311 2.56 2.85 2.76 2.70 2.65 2.60 2.53 2.46 2.39 2.35
15 4.54 3.68 3.29 3.06 2.50 2.79 271 2.64 2.59 2.54 248 2.40 2.33 2.29
16 4.49 3.63 3.24 3.01 2.85 2.74 2.66 2.59 2.54 2.49 242 2.35 2.28 2.24
17 4.45 3.9 3.20 2.96 2.81 2.70 2.61 2.55 2.49 2.45 2.38 2.31 2.23 2.19
18 4.41 3.35 3.16 2.93 2,77 2.66 2.58 2.51 2.46 2.41 2.34 2.27 2,15 215
19 4.38 3.52 3.13 2.90 2.74 2.63 2.54 2.48 2.42 2.38 231 2.23 2.16 211
20 4.35 3.49 3.10 2.87 2.71 2.60 2.51 2.45 2.39 2.35 2.28 2.20 2.12 2.@
Step 5: Make a decision and interpret the result.
l-&
&

LIRS

Because F.,,; =2.3158>2.08you rejectH, .Using a 0.05 level of significance, you

conclude that there is evidence that there is more variability in the service time at
lunch than at breakfast
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Example (9)

You are a financial analyst for a brokerage firm. You want to compare dividend
yields between stocks listed on the NYSE & NASDAQ. You collect the following
data:

NYSE NASDAQ
Number 21 25
Mean 3.27 2.53
Std. dev. 1.30 1.16

Is there a difference in the variances between the NYSE & NASDAQ at the
o = 0.05 level?

Solution:

Step 1: State the null hypothesis and the alternate hypothesis.

. 2 _ 2
Hy:ioy" =03

H, :0-12 # 0'22
This is two-tailed test

g R+

(Note: keyword in the problem “is there a difference”)
Step 2: Select the level of significance.
a = (.05 as stated in the problem , o/2 =0.025

F( a) = F(20,24,0.025) = 2.33

ViV2 5
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F Table for alpha=.025%
V2 Vi
1 2 3 4 5 6 7 8 9 10 12 15 20 24

1 | 64779 | 79950 | 864.16 | B99.58 | 92185 | 93711 | 94822 | 956.66 | O63.28 | OBE63 | 97671 | 98487 | 98310 587.25
2 3851 | 3900 3917 | 3925 | 3930 | 3933 | 3936 | 3937 | 3939 | 3940 | 3941 | 3943 | 3945 3046
3 1744 | 1604 | 1544 | 1510 | 1488 | 1473 | 1462 | 1454 | 1447 | 1442 | 1434 | 1425 | 1417 1422
4 12.22 | 1065 9.98 9.60 9.36 9.20 9.07 8.98 8.90 8.84 8.75 8.66 8.56 8.51
5 10.01 .43 7.76 7.39 7.15 6.98 £.85 6.76 6.68 6.62 652 6.43 6.33 6.28
& 8.81 7.26 6.60 .23 5.89 5.82 5.70 5.60 5.52 5.46 5.37 5.27 5.17 5.12
7 8.07 6.54 5.89 552 5.29 5.12 490 4.80 482 4.76 467 457 447 442
8 757 6.06 5.42 5.05 4.82 4.65 453 4.43 436 4.30 4.20 4.10 4.00 395
9 7.21 5.71 5.08 4.72 448 4.32 4.20 4.10 4.03 3.96 3.87 3.77 3.67 3.61
10 £.94 5.46 483 447 4.24 4.07 395 3.85 3.78 372 362 352 3.42 3.37
11 6.72 5.26 1,63 4.28 4.04 3.88 3.76 3.66 3.59 3.53 3.43 3.33 3.23 3.17
12 £.55 5.10 447 412 3.89 3.73 3.61 351 3.44 3.37 3.28 3.18 3.07 3.02
13 641 497 4.35 4.00 377 3.60 3.48 3.39 3.31 3.25 3.15 3.05 295 2.89
14 .30 4.86 4.24 3.89 3.66 3.50 3.38 3.29 3.21 3.15 3.05 2.95 2.84 2.79
15 £.20 477 415 3.80 358 3.41 3.29 3.20 3.12 3.06 296 2 86 276 2.70
16 6.12 4.69 1.08 3.73 3.50 3.34 3.22 3.12 b.os 2.99 2.89 2.79 2.68 2.63
17 .04 4.62 4.01 3.66 3.44 3.28 3.16 3.06 2.98 292 2.82 272 2.62 2.56
18 5.98 456 3.95 3.61 3.38 3.22 3.10 3.01 293 287 277 267 256 250
19 592 451 3.90 356 3.33 3.17 3.05 2.95 288 282 272 262 251 2.45
20 5.87 446 3.86 3.51 3.29 3.13 3.01 2.91 2.84 277 2.68 2.57 2.46 2.41
21 583 442 3.82 348 3.25 3.09 297 287 2 80 273 2,64 253 242 2.37
22 5.79 4.38 3.78 3.44 3.22 3.05 293 2.84 2.76 2.70 2.60 2.50 2.39 2.33
23 575 435 3.75 3.41 3.18 3.02 2.90 281 273 267 257 2.47 2.36 2.30
24 572 432 3.72 3.38 3.15 2.99 287 278 2370 264 254 244 | £233% 237

Step 3: Formulate the decision rule.

Reject Hy if

Step 4: Select the test statistic.
~ 8¢ (1.30y

(116

_822

=1.256

y o

Step 5: Make a decision and interpret the result.

Fstat = 1.256 is not in the rejection region, so we do not reject Hy
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Example (10)

Lammers Limos offers limousine service from the city hall in Toledo, Ohio, to
Metro Air port in Detroit. Sean Lammers, president of the company, is considering
two routes. One is via U.S. 25 and the other via I-75. He wants to study the time it
takes to drive to the airport using each route and then compare the results. He
collected the following sample data, which is reported in minutes.

Route Sample mean Sample Standard deviations Sample size
Route 25 58.29 minutes 8.9947 minutes 7
Route i-75 59minutes 4.3753 minutes 8

Using the 0.10 significance level, is there a difference in the variation in the

driving times for the two routes?

Solution:

Step 1: State the null hypothesis and the alternate hypothesis.

. 2 2
Hy oy =03

L2 2
H,:0," 203

This is two-tailed test
(Note: keyword in the problem “is there a difference”)

Step 2: Select the level of significance.

s

a = 0.10 as stated in the problem , o/2 =0.05
F( a) == (6,7,0.05) = 3.87

ViVa 5

Step 3: Formulate the decision rule.

Reject Hy if
Ferqr > 3.87

Step 4: Select the test statistic.

STAT — a2
Sz

S?  (8.9947)° _
(4.3753)
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F Table for alpha=.05
V2 Vi
1 2 3 4 5 [ 7 B 9 10 12
1 16145 | 19950 ( 21571 | 22458 | 23016 | 23390 | 23677 | 23888 | 24054 | 24188 | 24391
2 [ 1851 19.00( 19.16 | 19.25 [ 19.30 | 19.33 | 19.35| 19.37 | 19.38 | 19.40 | 19.41
3 | 1013| 955 928 912| 9.01| 8%4| 88| 885| 881| 879 874
4 771 .94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.96 5.91
5 .61 5.79 5.41 5.19 5.05 4.95 4.88 4,82 4,77 4.74 4.68
6 5.99 5.14 4.76 4.53 4,39 4.28 4.21 4,15 4,10 4.06 4.00
7 5.59 4,74 4.35 412 3.97 <_ 3.8?_) 3.79 3.73 3.68 3.64 3.57
8 532 446 4.07| 384 369 358 350 344 339 335 3.28
g 512 4.26| 3.86| 363 348 337 329 3.23| 318 314 307
Step 5: Make a decision and interpret the result.
&
2

0

vl B

The decision is to reject the null hypothesis, because the computed
F-Value (4.23) is larger than the critical value (3.87). We conclude that there is a
difference in the variation of the travel times along the two routes.
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Pnlyets of Vartarea [AROGIA
one iy ANOVA
Definition:

Analysis of variance is a general method for studying sampled-data
relationships. The method enables the difference between two or more sample
means to be analyzed, achieved by subdividing the total sum of squares.

Basic idea is to partition total variation of the data into two sources:

1. Variation within groups.
2. Variation between groups.
One way ANOVA is the simplest case.

Assumptions

« The populations from which the samples were obtained must be normally
or approximately normally distributed.

« The populations must be independent.

« The variances of the populations must be equal

Data frame:
Individuals Groups ( Populations)
1 2 wee | e K Total
(Observations)
1 Y11 Y21 ....... Yi1 Y k1
2 le Y22 ........ Y i2 Y k2
j Ylj Yzj ....... Y ij Y kj
n Y1n YZn ----Yin Y kn
Sum Y 1. Y 2. | e Yi. Y k Y..
Mean v Y, 1A Y Y.

Yjj : The jth sample observation selected from group or population i

n; : The number of sample observations selected from population i

n : The total sample size (n = ny +n, +

Y. : The sum (total) of the sample measurements obtained from population i.

Y.. : The grand total.
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Step (1): State the null and alternate hypotheses:

Ho: i1 = M2 = M3 =........ =u
Hi: Not all ; are equal.

Step (2): Select the level of significance (o)
Step (3): The test statistic
Because we are comparing means of more than two groups, use the F
statistic.
The F test statistic is found by dividing the between group variance (MSB) by
the within group variance (MSW).

. MSA SSA/c—-1
€ MSW SSW/n-—c

SSA: Sum of Squares among Groups. (This variation due to the interaction
between the samples)

SSW: Sum of Squares Within groups. (This variation due to differences within
individual samples).

SST: Total Sum of Squares. (The total variation is comprised the sum of the
squares of the differences of each mean with the grand mean)

K k 2 2
_ _ Y Y
554 = E n(Y;—Y)* = E (—l> -
. . n; n
i=1 i=1
kK n
2
zz 2 z :2 : 2 Y-
i=1j=1

SSW = SST - SSA

Step (4): The critical value:

The degrees of freedom for the numerator are the degrees of
freedom for the between group (k-1) and the degrees of freedom for the
denominator are the degrees of freedom for the within group (n-k).

F(a , ¢c—1,n—c)
Step (5) : Formulate the decision Rule and make a decision
Reject H,

It Fo > l:"(o(,c—l,n—c)
It is convenient to summarize the calculation of the F statistic in (ANOVA Table)
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ANOVA TABLE

Source of variation | Sum of Squares | Degrees of Mean Squares F- ratio
(S.V) (S.S) freedom (MS)
Between groups SSA c-1 MSA =SSR/c-1 F = MSA / MSW
Within groups SSW n-c MSW = SSE/c-k
Total SST n-1
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Example (11):

Recently a group of four major carriers joined in hiring Brunner Marketing
Research, Inc., to survey recent passengers regarding their level of satisfaction
with a recent flight.

The survey included questions on ticketing, boarding, in-flight service, baggage
handling, pilot communication, and so forth. Twenty-five questions offered a range
of possible answers: excellent, good, fair, or poor. A response of excellent was
given a score of 4, good a 3, fair a 2, and poor a 1. These responses were then
totaled, so the total score was an indication of the satisfaction with the flight.
Brunner Marketing Research, Inc., randomly selected and surveyed passengers

from the four airlines. Is there a difference in the mean satisfaction level among

the four airlines? (Construct the ANOVA table)
Use the .01 significance level.

Eastern TWA Allegheny Ozark

94 75 70 68
a0 68 73 70
85 77 76 72
a0 83 78 65
88 80 74
68 65

65

Solution:

Step 1. State the null and alternate hypotheses.

Ho: Me = Ha =M1 =Ho

H1: The means are not all equal
Step 2: State the level of significance.

The .01 significance level is stated in the problem.

Step (3): Find the appropriate test statistic.

. MSA  SSA/c—1
€ MSW SSW/n-—c
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Individuals Groups ( Populations)
(Observations) E T A (0] Total

1 94 75 70 68

2 90 68 73 70

3 85 77 76 72

4 80 83 78 65

5 88 80 74

6 68 65

7 65

Sum (Y;) Y.=349 | Y,=391 Y;=510 Y, =414 3Y;=VY.=
1664
n 4 5 7 6 22
Mean Y, =87.25 | Y,=78.2 Y;=72.86 Y, =6969
2 vz 2 2 2 1664°
55T=ZZ)Q.——=(94 +902 4 - + 652) — — 1485.09
I n 22
k
SSA — Y2\ Y?  [(349? N 3912 N 5102 N 4142 16642
B .\ n; n \ 4 5 7 6 22
1=

= 890.68

SSW = SST — SSA = 1485.09 -890.68 =594.41

MSA SSA/c—1 _ 890.68/4 — 1

= = = = 8.99
MSW ~ SSW/n—c 594.41/22 — 4

F

Step (4): The critical value:
The degrees of freedom for the numerator = c-1 =4-1=3
The degrees of freedom for the denominator = n-c =22-4 =18

Fia c-1n-c)= Foo01, 318)=5.09
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Step (5): State the decision rule.

Fc > F0.01,3,18)=5.09

Reject Hy
The computed value of F is 8.99, which is greater than the critical value
of 5.09, so the null hypothesis is rejected.
Conclusion: The population means are not all equal. The mean scores
are not the same for the four airlines; at this point we can only conclude
there is a difference in the treatment means. We cannot determine
which treatment groups differ or how many treatment groups differ.

F Table for alpha=.01

V2 Vi

1 2 3 4 5 ] 7 8 9 10 12
1 | J05Z18 | 955550 | GOUS35 | SOOAG5E | DIGOES | SORGOE | SUISO6 | SEOTOT | BUZZAT | GUSRES | GieE
2 | 9850 | 9900 | 9917 [ 9925 | 9930 | 9933 | 9936 | 99.37 | 9939 | 9940 [ 9942
3 | 3412 | 3082 | 2946 | 2871 | 2824 | 2791 | 2767 | 2749 | 2735 | 2723 | 27.05
4 | 2120 | 1800 | 1669 | 1598 | 1552 | 1521 | 1498 [ 1480 | 1466 | 1455 | 1437
5 16.26 1327 | 1206 | 1139 | 1097 | 1067 | 1046 | 1029 | 1016 10.05 9.89
6 [ 1375 | 10893 [ 978 9.15 8.75 8.47 8.26 8.10 7.98 7.87 772
7 1225 9.55 845 7.85 746 7.19 6.99 6.84 6.72 6.62 6.47
g | 1126 8.65 7.59 7.01 6.63 6.37 6.18 6.03 5.91 5.81 5.67
g [ 1056 8.02 6.99 6.42 6.06 5.80 5.61 547 5.35 5.26 511
10 | 10.04 7.56 6.55 5.99 5.64 5.39 5.20 5.06 404 485 471
11 | 9.65 7.2 6.22 5.67 532 5.07 4.89 474 463 454 440
12 9.33 6.93 5495 5.4 5.06 482 464 450 4349 430 416
13 | 9.07 6.70 574 5.21 4.86 462 4.44 430 419 410 3.96
14 5.86 6.52 5.56 5.04 470 4.46 428 414 4.03 3.94 3.80
15 | B8.68 6.36 h.42 4.89 456 432 414 4.00 3.90 3.81 367
16 853 6.23 529 477 4.44 420 403 389 378 369 355
17 | 840 6.11 5.19 4 67 434 4.10 3.93 379 3.68 3.50 346
18 | 8.29 6.01 7500~ 458 425 4.02 3.84 3.71 3.60 3.51 3.37
19 [ 8.19 593 | 5OT 450 417 3.94 377 363 3.52 343 3.20
E R0 R RA 4 94 4 43 410 IART 370 3 RA 346 337 373

ANOVA TABLE
(S.V) (S.S) DF (MS) F- ratio

Between groups SSA = c-1=4-1=3 MSA =SSA/c-1= F=MSA / MSW

890.68 890.86/3 = 296.95 | =296.95/33.02 =
Within groups SSW = n-c =22-4 =18 MSW = SSW/n-c= | 8-99

594.41 594.41/18 =

33.02

Total SST n-1=22-1=21

=1485.09
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Example (12):
You want to see if three different golf clubs yield different distances. You

randomly select five measurements from trials on an automated driving machine

for each club. At the 0.05 significance level, is there a difference in mean distance?

(Construct the ANOVA table)

Club 1 Club 2 Club 3
254 234 200
263 218 222
241 235 197
237 227 206
251 216 204
Solution:
Step 1. State the null and alternate hypotheses.
Ho: p1 = 12 = 3
Hai: y; not all equal
ANOVA TABLE
(S.v) (S.S) DF (MmS) F- ratio
Between groups SSA = c-1=3-1=2 MSA =SSA/c-1= F = MSA / MSW
4716.4 4716.4 =2358.2/93.3=
/2 =2358.2 25.28
Within groups SSW = n-c =15-3 =12 MSW = SSW/n-c =
1119.6 1119.6/12= 93.3
Total SST n-1=15-1=14
5836.0

Step 2: State the level of significance.
The .05 significance level is stated in the problem.

Step (3): Find the appropriate test statistic.

SSA/c —

1 MSA
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4716.4/3 —1 42358.2 _

F. =
°~ 1119.6/15 — 3

Step (4): The critical value:
The degrees of freedom for the numerator = ¢-1 =3-1=2
The degrees of freedom for the denominator = n-c =15-3 =12

Fi« c-1n-¢c)= Foos 212)=3.89

F Table for alpha=.05

93.3

5.28

V2 Vi
1 A 3 4 5 ] 7 B 9 10 12 15

1 16145 [ 19950 | 21571 | 22458 | 23016 | 23399 | 236.77 | 23888 | 24054 | 24188 | 24391 | 24585
2 18.51 | 18.00 | 15.16| 19.25| 15930 | 19.33 | 1935 19.37| 19.38 | 19.40 | 19.41 | 19.43
3 10.13 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81 8.79 8.74 8.70
4 7.71 6.54 6.39 6.39 6.26 6.16 6.09 6.04 6.00 3.96 3.91 3.86
5 6.61 .79 5.41 5.19 5.05 4.95 4.88 4.82 4.77 4.74 4.68 4.62
6 3.99 314 4,76 4.53 4.39 4,28 4.21 4,15 4,10 4.06 4.00 3.94
7 3.59 4.74 4.35 4.12 3.97 3.87 3.79 3.73 3.63 3.64 3.57 3.51
] 3.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39 3.35 3.28 3.22
9 312 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.13 3.14 3.07 3.01
10 4.96 4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02 2.98 2.91 2.85
11 4.84 3.98 3.59 3.36 3.20 3.09 3.01 2.95 2.90 2.85 279 272
12 4.75 CE»@ 3.49 3.26 311 3.00 2.91 2.85 2.80 2.75 2.69 2.62
13 4.67 3.81 3.41 3.18 3.03 2.92 2.83 277 2.71 2.67 2.60 2.53

Step (5): State the decision rule.
Fc > F0.05,212)=3.89

Reject Hy

The computed value of F is 25.28, which is greater than the critical

value of 3.89, so the null hypothesis is rejected.
Conclusion: There is evidence that at least one y; differs from the rest
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