Chapter 2: Simulation and Queues

Problem #1
Consider a single queue - 2 servers system, where 
· Probability of time between arrivals is given in table 1

· Probability of service times of servers A are given in table 2

· Probability of service times of servers B are given in table 3
· The values generated for the inter-arrival time distribution are given in Table 4
· The values generated for the service time distribution for Server A are given in Table 5
· The values generated for the service time distribution for Server B are given in Table 6
· A customer enters server A if it is idle, otherwise it enters server B 
Please note that tables 4,5, and 6 are used instead of using random numbers to generate the value from distribution functions. The Serial column represents the order of getting the value. For example, in table 4, Serial =1, means the inter-arrival generated from the inter-arrival time distribution have probability 0.4  
Inter-arrival Time Distribution
	Time between arrivals
	Probability

	1
	0.1

	2
	0.15

	3
	0.25

	4
	0.25

	5
	0.15

	6
	0.1


Table 1
Server A Service Time Distribution

	Server A

	Service Time
	Probability

	2
	0.2

	4
	0.1

	6
	0.4

	8
	0.1

	10
	0.2



Table 2

Server B Service Time Distribution
	Server B

	Service Time
	Probability

	1
	0.4

	2
	0.1

	3
	0.25

	4
	0.15

	5
	0.1


Table 3

The values generated for the inter-arrival time distribution
	Serial
	Probability

	1
	0.4

	2
	0.35

	3
	0.2

	4
	0.7

	5
	0.35

	6
	0.15

	7
	0.85

	8
	0.7

	9
	0.3

	10
	0.9


Table 4
The values generated for Server A time distribution

	Serial
	Probability

	1
	0.3

	2
	0.4

	3
	0.7

	4
	0.1

	5
	0.55

	6
	0.25

	7
	0.75

	8
	0.9

	9
	0.25

	10
	0.8


Table 5
The values generated for Server B time distribution

	Serial
	Probability

	1
	0.8

	2
	0.3

	3
	0.65

	4
	0.25

	5
	0.4

	6
	0.95

	7
	0.15

	8
	0.35

	9
	0.65

	10
	0.55


Table 6
Suppose the number of customers arrived to the system is 10 customers, find
· Average waiting time in queue

· Average queue length
· Servers utilization (A&B)

· Average service time (A&B)

· Average Total time in system

Solution:
First, tables 4, 5, and 6 are used to generate the arrival times and the service times of servers A &B.
· Get cumulative probabilities of inter-arrival time and Servers A&B service time (from tables 1 and 4)
Inter-arrival Time Distribution

	Time between Arrivals
	Probability
	Cumulative 

Probability

	1
	0.1
	0.1

	2
	0.15
	0.25

	3
	0.25
	0.5

	4
	0.25
	0.75

	5
	0.15
	0.9

	6
	0.1
	1


Server A Service Time Distribution

	Server A

	Service Time
	Probability
	Cumulative Probability

	2
	0.2
	0.2

	4
	0.1
	0.3

	6
	0.4
	0.7

	8
	0.1
	0.8

	10
	0.2
	1


Server B Service Time Distribution
	Server B

	Service Time
	Probability
	Cumulative Probability

	1
	0.4
	0.4

	2
	0.1
	0.5

	3
	0.25
	0.75

	4
	0.15
	0.9

	5
	0.1
	1


· Using tables 1 and 4, calculate the Inter-arrival times of all 10 customers
	Serial
	Probability
	
	Inter-arrival time

	1
	0.4
	0.25  ≤ 0.4 < 0.5
	3

	2
	0.35
	0.25 ≤  0.35 <  0.5
	3

	3
	0.2
	0.1  ≤  0.2 < 0.25
	2

	4
	0.7
	0.5 < ≤ 0.7 < 0.75
	4

	5
	0.35
	0.25 ≤   0.35 < 0.5
	3

	6
	0.15
	0.1  ≤  0.15 < 0.25
	2

	7
	0.85
	0.75  ≤  0.85 < 0.9
	5

	8
	0.7
	0.5  ≤  0.7 < 0.75
	4

	9
	0.3
	0.25  ≤  0.3 < 0.5
	3

	10
	0.9
	0.9  ≤  0.9 < 1
	6


· Using tables 2 and 5, calculate the service times of Server A for up to 10 customers
	Serial
	Probability
	
	Service time

	1
	0.3
	0.3 ≤  0.3 < 0.7
	6

	2
	0.4
	0.3≤ 0.4 < 0.7
	6

	3
	0.7
	0.7 ≤  0.7 < 0.8
	8

	4
	0.1
	0 ≤  0.1 < 0.2
	2

	5
	0.55
	0.3≤   0.55 < 0.7
	6

	6
	0.25
	0.2 ≤  0.25 < 0.3
	4

	7
	0.75
	0.7 ≤  0.75 < 0.8
	
8

	8
	0.9
	0.8 ≤  0.9 < 1
	

10

	9
	0.25
	0.2 ≤  0.25 < 0.3
	4

	10
	0.8
	0.8  ≤  0.8 < 1
	10


· Using tables 3 and 6, calculate the service times of Server B for up to 10 customers
	Serial
	Probability
	
	Service time

	1
	0.8
	0.75 ≤ 0.8 < 0.9
	4

	2
	0.3
	0 ≤ 0.3 < 0.4
	1

	3
	0.65
	0.5 ≤ 0.65 < 0.75
	3

	4
	0.25
	0 ≤ 0.25 < 0.4
	1

	5
	0.4
	0 ≤  0.4 < 0.4
	1

	6
	0.95
	0.9 ≤ 0.95 < 1
	5

	7
	0.15
	0 ≤ 0.15 < 0.4
	1

	8
	0.35
	0 ≤ 0.35 < 0.4
	1

	9
	0.65
	0.5 ≤ 0.65 < 0.75
	3

	10
	0.55
	0.5 ≤ 0.55 < 0.75
	3


	Service time B
	Service time A

	4
	6

	1
	6

	3
	8

	1
	2

	1
	6

	5
	4

	1
	
8

	1
	

10

	3
	4

	3
	10


Create the events table

	Customer ID
	Arrival time
	Time in Queue
	Server A
	Server B
	Time in System

	
	
	
	Time Service Begin
	Service Time
	Time Service End
	Time Service Begin
	Service Time
	Time Service End
	

	1
	3
	0
	3
	6
	9
	
	
	
	6

	2
	6
	0
	
	
	
	6
	4
	10
	4

	3
	8
	1
	9
	6
	15
	
	
	
	7

	4
	12
	0
	
	
	
	12
	1
	13
	1

	5
	15
	0
	15
	8
	23
	
	
	
	8

	6
	17
	0
	
	
	
	17
	3
	20
	3

	7
	22
	0
	
	
	
	22
	1
	23
	1

	8
	26
	0
	26
	2
	28
	
	
	
	2

	9
	29
	0
	29
	6
	35
	
	
	
	6

	10
	35
	0
	35
	4
	39
	
	
	
	4


Average waiting time in queue=1/10
Average queue length =(0+0+1+0+0+0+0+0+0+0)/10
Server A utilization = (6+6+8+ 2+6+4)/39
Server B utilization = (4+1+3+1)/39
Average service time Server A= (6+6+8+2+6+4)/6, Average service time Server B= (4+1+3+1)/4
Average Total time in system (6+4+7+1+8+3+1+2+6+4)/10
Problem #2 (Same as before, but Servers A& B service times are larger)
Consider a single queue - 2 servers system, where 

· Probability of time between arrivals is given in table 1

· Probability of service times of servers A are given in table 2

· Probability of service times of servers B are given in table 3
· The values generated for the inter-arrival time distribution are given in Table 4
· The values generated for the service time distribution for Server A are given in Table 5
· The values generated for the service time distribution for Server B are given in Table 6

· A customer enters server A if it is idle, otherwise it enters server B 
Inter-arrival Time Distribution

	Time between arrivals
	Probability

	1
	0.1

	2
	0.15

	3
	0.25

	4
	0.25

	5
	0.15

	6
	0.1


Table 1

Server A Service Time Distribution

	Server A

	Service Time
	Probability

	3
	0.2

	6
	0.1

	9
	0.4

	12
	0.1

	15
	0.2



Table 2

Server B Service Time Distribution
	Server B

	Service Time
	Probability

	4
	0.4

	8
	0.1

	10
	0.25

	14
	0.15

	16
	0.1


Table 3

The values generated for the inter-arrival time distribution

	Serial
	Probability

	1
	0.4

	2
	0.35

	3
	0.2

	4
	0.7

	5
	0.35

	6
	0.15

	7
	0.85

	8
	0.7

	9
	0.3

	10
	0.9


Table 4
The values generated for Server A time distribution

	Serial
	Probability

	1
	0.3

	2
	0.4

	3
	0.7

	4
	0.1

	5
	0.55

	6
	0.25

	7
	0.75

	8
	0.9

	9
	0.25

	10
	0.8


Table 5
The values generated for Server B time distribution

	Serial
	Probability

	1
	0.8

	2
	0.3

	3
	0.65

	4
	0.25

	5
	0.4

	6
	0.95

	7
	0.15

	8
	0.35

	9
	0.65

	10
	0.55


Table 6
Suppose the number of customers arrived to the system is 10 customers, find

· Average waiting time in queue

· Average queue length
· Servers utilization (A&B)

· Average service time (A&B)

· Average Total time in system

Solution:
First, tables 4, 5, and 6 are used to generate the arrival times and the service times of servers A &B.
· Get cumulative probabilities of inter-arrival time and Servers A&B service time (from tables 1 and 4)
Inter-arrival Time Distribution

	Time between Arrivals
	Probability
	Cumulative 

Probability

	1
	0.1
	0.1

	2
	0.15
	0.25

	3
	0.25
	0.5

	4
	0.25
	0.75

	5
	0.15
	0.9

	6
	0.1
	1


Server A Service Time Distribution

	Server A

	Service Time
	Probability
	Cumulative Probability

	3
	0.2
	0.2

	6
	0.1
	0.3

	9
	0.4
	0.7

	12
	0.1
	0.8

	15
	0.2
	1


Server B Service Time Distribution
	Server B

	Service Time
	Probability
	Cumulative Probability

	4
	0.4
	0.4

	8
	0.1
	0.5

	10
	0.25
	0.75

	14
	0.15
	0.9

	16
	0.1
	1


· Using tables 1 and 4, calculate the Inter-arrival times of all 10 customers
	Serial
	Probability
	
	Inter-arrival time

	1
	0.4
	0.25 ≤ 0.4 < 0.5
	3

	2
	0.35
	0.25 ≤ 0.35 < 0.5
	3

	3
	0.2
	0.1 ≤ 0.2 < 0.25
	2

	4
	0.7
	0.5 ≤ 0.7 < 0.75
	4

	5
	0.35
	0.25<  0.35 < 0.5
	3

	6
	0.15
	0.1 ≤ 0.15 < 0.25
	2

	7
	0.85
	0.75 ≤ 0.85 < 0.9
	5

	8
	0.7
	0.5 ≤ 0.7 < 0.75
	4

	9
	0.3
	0.25 ≤ 0.3 < 0.5
	3

	10
	0.9
	0.9 ≤ 0.9 < 1
	6


· Using tables 2 and 5, calculate the service times of Server A for up to 10 customers
	Serial
	Probability
	
	Service time

	1
	0.3
	0.3 ≤ 0.3 < 0.7
	9

	2
	0.4
	0.3≤ 0.4 < 0.7
	9

	3
	0.7
	0.7 ≤ 0.7 < 0.8
	12

	4
	0.1
	0 ≤ 0.1 < 0.2
	3

	5
	0.55
	0.3 ≤ 0.55 < 0.7
	9

	6
	0.25
	0.2 ≤ 0.25 < 0.3
	6

	7
	0.75
	0.7 ≤ 0.75 < 0.8
	
12

	8
	0.9
	0.8 ≤ 0.9 < 1
	

15

	9
	0.25
	0.2 ≤ 0.25 < 0.3
	6

	10
	0.8
	0.8 ≤ 0.8 < 1
	15


· Using tables 3 and 6, calculate the service times of Server B for up to 10 customers
	Serial
	Probability
	
	Service time

	1
	0.8
	0.75 ≤ 0.8 < 0.9
	14

	2
	0.3
	0 ≤ 0.3 < 0.4
	4

	3
	0.65
	0.5 ≤ 0.65 < 0.75
	10

	4
	0.25
	0 ≤ 0.25 < 0.4
	4

	5
	0.4
	0.4 ≤  0.4 < 0.5
	8

	6
	0.95
	0.9 ≤ 0.95 < 1
	16

	7
	0.15
	0 ≤ 0.15 < 0.4
	4

	8
	0.35
	0 ≤ 0.35 < 0.4
	4

	9
	0.65
	0.5 ≤ 0.65 < 0.75
	10

	10
	0.55
	0.5 ≤ 0.55 < 0.75
	10


Create the events table

	Customer ID
	Arrival time
	Queue

Length
	Time in Queue
	Server A
	Server B
	Time in System

	
	
	
	
	Time Service Begin
	Service Time
	Time Service End
	Time Service Begin
	Service Time
	Time Service End
	

	1
	3
	0
	0
	3
	9
	12
	
	
	
	9

	2
	6
	0
	0
	
	
	
	6
	14
	20
	14

	3
	8
	1
	4
	12
	9
	21
	
	
	
	13

	4
	12
	1
	8
	
	
	
	20
	4
	24
	12

	5
	15
	2
	6
	21
	12
	33
	
	
	
	18

	6
	17
	3
	7
	
	
	
	24
	10
	34
	17

	7
	22
	2
	11
	33
	3
	36
	
	
	
	14

	8
	26
	2
	8
	
	
	
	34
	4
	38
	12

	9
	29
	3
	7
	36
	9
	45
	
	
	
	16

	10
	35
	2
	3
	
	
	
	38
	8
	46
	11


Average waiting time in queue=(0+0+4+8+6+7+11+8+7+3)/10
Average queue length =(0+0+1+1+2+3+2+2+3+2)/10
Server A utilization = (9+9+12+3+9)/46
Server B utilization = (14+4+10+4+8)/46
Average service time Server A= (9+9+12+3+95, Average service time Server B= (14+4+10+4+8)/5

Average Total time in system (9+14+13+12+18+17+14+12+16+11)/10

