Hypergeometric distribution

The hypergeometric distribution is used to
calculate probabilities when sampling without
replacement. For example, suppose you first
randomly sample one card from a deck of 52. Then,
without putting the card back in the deck you
sample a second and then (again without replacing
cards) a third. Given this sampling procedure, what
is the probability that exactly two of the sampled
cards will be aces (4 of the 52 cards in the deck are
aces). You can calculate this probability using the
following formula based on the hypergeometric
distribution:



.the following formula based on the hypergeometric distribution
where oo {nCa) (l?'{ |-LI-C|!1 - II}
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K is the number of "successes" in the population

X is the number of "successes" in the sample

N is the size of the population

n is the number sampled

p is the probability of obtaining exactly x successes

.C, is the number of combinations of k things taken x at a time

The mean and standard deviation of the hypergeometric distribution
are:
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Theorem 5.2:

The mean and variance of the hypereeometric distribution h(z; N,n, k) are
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In this example, k = 4 because there are four aces in the deck, x =2
because the problem asks about the probability of getting two
aces, N =52 because there are 52 cards in a deck, and n =3
because 3 cards were sampled. Therefore,
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p= 2200 =0.013




EX

A wallet contains 3 $100 bills and 5 $1 bills. You randomly

choose 4 bills. What is the probability that you will choose
exactly 2 $100 bills?

P(X=2)=(3C2)(5C2)/8C4
=0.42856
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“xaniple 5.9: Lots of 40 components each are deemed unacceptable if they contain 3 or more

defectives. The procedure for sampling a lot 1s to select 5 components at random
and to reject the lot 1f a defective 18 found. What is the probability that exactly |

defective 15 found in the sample 1f there are 3 defectives in the entire lot?
Solutton: Using the hypergeometric distnbution withn =5, N =40, k=3 and 2 =1, we
find the probability of obtaining | defective to be

()
h(1;40,5,3) = 2= = 03011

H

(Once again, this plan is not desirable since it detects a bad lot (3 defectives) only
about 30'% of the time, J



Example 5.1 1/ Find the mean and variance of the random variable of Example 5.9

yolution: Since Example 5.9 was a hypergeometric experiment with N = 40, n = 5, and
k = 3, by Theorem 5.2, we have

and

0% = (403—;5) (5) (%) (1 - %) = 0.3113.



Poisson Distribution and the Poisson Process

Expermments vielding numerical values of a random variable X, the number of
outcomes occurring during a given time interval or in a specified region, are called

Poisson experiments. The given time mterval may be of any length, such as a

minute, a day, a week, a month, or even a year. For example, a Poisson experiment
can generate observations for the random vanable X representing the number of

telephone calls received per hour by an office, the number of days school 1s closed
due to snow during the winter, or the number of games postponed due to ramn

during a baseball season. The specified region could be a line segment, an area,

a volume, or perhaps a piece of material. In such mstances, X mght represent
the number of field mice per acre, the number of bacteria in a mven culture, or

the number of typing errors per page. A Poisson experiment 1s derived from the
Poisson process and possesses the followmg properties.



Properties of the Poisson Process

I, The mumber of outcomes ocenrnng m one time mterval or specified regon of
space 15 ndependent of the mumber that oceur m any other disjomt time 1n-
terval or reglon, In this sense we say that the Poisson process hias no memory,

2. The probahility that & single outcome will oceur during a very short fime
mterval or m a small region i proportional to the length of the time mterval

ot the size of the region and does not depend on the mumber of outeomes
aceurring ottside this time mterval or region.

3. The probahility that more than one outeome will occur m such & short time
mterval or fall m such a small regon 18 neghgible,

The mumber X of outcomes oceurrng during a Poisson experiment 15 called a
Poisson random variable, and its probability distribution 1s called the Poisson



distribution. The mean number of outcomes 15 computed from p = M, where
t is the specific “time,” “distance.” “area,” or “volume” of interest. Since the
probahilities depend on A, the rate of oceurrence of outcomes, we shall denote
them by p(x; At). The derivation of the formula for p(z; At), based on the three
properties of a Poisson process listed above. 18 beyond the scope of this book. The

following formula is used for computing Poisson probahilities,

The probability distribution of the Poisson random variable X, representing

the number of outcomes occurring in a given time interval or specified region

denoted by ¢, is

E.—lt{ ,:'ijlz
x! "

where A 15 the average number of outcomes per unit time, distance, area, or
volume and e = 2. 71828 . . ..

plz; M) = =




The average (mean) number of outcomes (mean of X) in the time interval or region £is:
U=At

The random variable X is called a Poisson random variable with parameter | (u=A1,
and we write X~Poisson(y), if its probability distribution is given by:

| &%

f'LIJ=P(X=I}=P(Iiﬁ}=*! :

|0 : otherwise
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The mean and the variance of the Poisson distribution Poisson(x,y) are;
=M
0°= |i= M

Note:
\is the average (mean) of the distribution in the unit fime (1),
[f X=The number of calls received in a month (unit time /1 month) and X~Poisson(), then:
(1) Y=number of calls received in a vear,
Y~ Poisson (1): (=124 (E12)
(i) W=number of calls received in a day.
W~ Poisson (1): u=h30 (E1/30)



" Example: .|

Suppose that the number of typing errors per page has a Poisson distribution with average 6
typing errors.

(1) What is the probability that in a given page:

(i) The number of tyvping errors will be 77

(ii) The number of typing errors will at least 27

(2) What is the probability that in 2 pages there will be 10 typing errors?

(3) What is the probability that in a half page there will be no typing errors?

Solution: X = number of fyping errors per page. -6 6%
u : . e
X ~ Poisson (6) (=1, A=6, [.i='.}l..f':ﬁ) f(_:{:] :P(X: x) = p[:xﬁ) = l % e 6 I e e
X!
E_ﬁ 7
(i) f(M=PX=T)=p(7:6)= = =0.137068
(ii) P(X>2) = P(X=2)+ P(X=3)+...= > PX=x)
P(X22) = 1- P(X<2) =1 - [P(X=0)+ P(X=1)]
=1-[[O) +1W)] =1-[ €6 6 |
=1-—[0.00248+0.01487] 0! I
=1-0.01735 = 0.982650
(2) X = number of typing errors in 2 pages _125%
X ~ Poisson(12) (=2, A=6, i=A£E12)  f(x)=P(X =x)= p(x:l2) =£ — =015 20
121210
fA0)=P(X =10)=———=10.1048

M

10 //



f[.l} X = number of typing ervors in a half page.
X ~ Poisson (3) (£=1/2, A=6, u=At=6/2=3)

(e

f(0)=P(X =0)= 3.55‘]0 =0.0497871

Example 5.20: read: During a laboratory experiment the average number of radioactive particles ( <
42241y passing through a counter in 1 millisecond is 4. What is the probability that 6 particles enter the
counter in a given millisecond?

4P

pl6;4) = —

0.1042

Exnmple 5.1.5:|T|:-|1E5Lhe:w-t=r:rge number of ol tankers arnoving exch day at 2 certaim port. The
Faelities at thie port ean handle at most 15 tankers per day, What is the probability
that on a given day tankers have to be tumed away”

15
P(X>15)=1-P(X <15)=1- Y "p(z:10) = 10,0513 = 00487
e=fl
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