Engineering Probability & Statistics
(AGE 1150)

Chapter 4: Mathematical Expectation
Part 2



Means and Variances of Linear Combinations of

Random Variables:
*If X, X,, ..., X, are n random variables and a,, a,, ..., a, are
constants, then the random variable :
Y=Sa X, =a, X, +a, X, +--+a, X

n“tn
i=1

is called a linear combination of the random variables X, X,,
X
v X

* Theorem:

If X is a random variable with mean p=E(X), and if a and b are

constants, then:
E(aXtb)=a E(X)xDb

N
Haxsp = a Ux £ b

e Corollary 1: E(b) = b (a=0 in the Theorem)
* Corollary 2: E(aX) = a E(X) (b=0 in the Theorem)




Example: Let X be a random variable with the following probability
density function: ,

lxz —l<x<?2
J(x)=43

0 elsewhere
* Find E(4X+3).
*Sol.

2 2

u=EX)= jrf(r)dr er : - dr——j X dr—l i’~:4 YT =54

3 3 4 x=-1

E(4X+3) =4 E(X)+3 =4(5/4) + 3=8
Another solution:

[2(X)] = ng fde; g(X) = 4X+3

E(4X+3) = j(4x +3) f(x)dx = f (4x + 3) [%xz] dx =---=8
— 0 —1



Theorem:

* If X, X,, ..., X, are n random variables and a,, a,, ..., a,, are constants,
then:

E(31X1+32X2+ ... +aan) — alE(X1)+ a2E(X2)+ .- -+a11E(X11)
e

E(%-az' X;)= %af E(X;)
i=1 i=1

* Corollary:

If X, and Y are random variables, then:
E(X+Y)=E(X) £ E(Y)



Theorem:

e If X is a random variable with variance Var(X)=c3 andifa and b are

constants, then:
Var(aX+b) = a’ Var(X)
P

2 2.2
O.,x+p =d Oy

* Theorem :

If X, X,, ..., X, are n independent random variables and a,, a,, ..., a,, are
constants, then:

\/ar(a43(j-Fa2)(2+:..‘Fan)(n)
= a; Var(X))+ a5 Var (X,)+...+ a2 Var(X,)
—

Var(iai X.)= iaf Var(X;)
i=1 i=1

e

"
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2 2 ) 2 2
Oa1X|+a,X5 +..4ayX, —d10x, Ta20x, T...Ta,0x_



Corollary: :

* If X, and Y are independent random variables, then:
 Var(aX+bY) = a?Var(X) + b2 Var (Y)

* Var(aX-bY) = a?Var(X) + b2 Var (Y)

e Var(X £ Y) = Var(X) + Var (Y)

Example:

Let X, and Y be two independent random variables such that E(X)=2,
Var(X)=4, E(Y)=7, and Var(Y)=1. Find:

1. E(3X+7) and Var(3X+7)
2. E(5X+2Y-2) and Var(5X+2Y-2).



Sol.:

E(X)=2, Var(X)=4, E(Y)=7, and Var(Y)=1. required to find:
1. E(3X+7) and Var(3X+7)

2. E(5X+2Y-2) and Var(5X+2Y-2).

1.  EQBX+7)=3E(X)+7=3(2)+7 =13
Var(3X+7)= (3)” Var(X)=(3)" (4) =36
2. E(5X+2Y=2)=5E(X) + 2E(Y) =2= (5)(2) + (2)(7) — 2= 22
Var(5X+2Y-2)= Var(5X+2Y)= 5" Var(X) + 2° Var(Y)
= (25)(4)+(4)(1) = 104



