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Curvature

Definition

A curvature is the measure how sharp a curve bind.

Let r(t) = f (t)i + g(t)j + h(t)k be a vector valued function. We have the
following definition:

(1) Unit tangent vector is

T (t) =
r ′(t)

‖r ′(t)‖
.

(2) principal normal vector is

N(t) =
T ′(t)

‖T ′(t)‖
.

Dr. Bander Almutairi (King Saud University) Curvature November 11, 2015 3 / 14



Curvature

Definition

A curvature is the measure how sharp a curve bind.

Let r(t) = f (t)i + g(t)j + h(t)k be a vector valued function. We have the
following definition:

(1) Unit tangent vector is

T (t) =
r ′(t)

‖r ′(t)‖
.

(2) principal normal vector is

N(t) =
T ′(t)

‖T ′(t)‖
.

Dr. Bander Almutairi (King Saud University) Curvature November 11, 2015 3 / 14



Curvature

Definition

A curvature is the measure how sharp a curve bind.

Let r(t) = f (t)i + g(t)j + h(t)k be a vector valued function. We have the
following definition:

(1) Unit tangent vector is

T (t) =
r ′(t)

‖r ′(t)‖
.

(2) principal normal vector is

N(t) =
T ′(t)

‖T ′(t)‖
.

Dr. Bander Almutairi (King Saud University) Curvature November 11, 2015 3 / 14



Curvature

Definition

A curvature is the measure how sharp a curve bind.

Let r(t) = f (t)i + g(t)j + h(t)k be a vector valued function. We have the
following definition:

(1) Unit tangent vector is

T (t) =
r ′(t)

‖r ′(t)‖
.

(2) principal normal vector is

N(t) =
T ′(t)

‖T ′(t)‖
.

Dr. Bander Almutairi (King Saud University) Curvature November 11, 2015 3 / 14



Curvature

Definition

A curvature is the measure how sharp a curve bind.

Let r(t) = f (t)i + g(t)j + h(t)k be a vector valued function. We have the
following definition:

(1) Unit tangent vector is

T (t) =
r ′(t)

‖r ′(t)‖
.

(2) principal normal vector is

N(t) =
T ′(t)

‖T ′(t)‖
.

Dr. Bander Almutairi (King Saud University) Curvature November 11, 2015 3 / 14



Curvature

(3) Curvature of the curve C when r(t) = f (t)i + g(t)j + h(t)k is:

K =
‖T ′(t)‖
‖r ′(t)‖

.

(4) Curvature of the curve C when x = f (t) and y = g(t) is:

K =
|x ′y ′′ − x ′′y ′|
|(x ′)2 + (y ′)2|3/2

=
|f ′(t)g ′′(t)− f ′′(t)g ′(t)|
|(f ′(t))2 + (g ′(t))2|3/2

.

(5) Curvature of the curve C when y = f (x) is:

K =
|y ′′|

|1 + (y ′)2|3/2
.
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Curvature

Q: Show that curvature of a circle of radius a at any point is K = 1/a.

Solution: Equation of circle of radius a is:

x2 + y2 = a2(x = a cos(t), y = a sin(t)).

so
y =

√
a2 − x2.

To find the curvature we need y ′ and y ′′ so

y ′ =
−x√
a2 − x2

y ′′ =

−
√
a2 − x2 − (−x)

−x√
a2 − x2

(a2 − x2)

=
−a2

(a2 − x2)3/2
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Curvature

Therefore, the curvature is:

K =

a2

(a2 − x2)3/2

|1 +
x2

(a2 − x2)
|3/2

=

a2

(a2 − x2)3/2

a3

(a2 − x2)3/2

=
1

a
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Curvature
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Curvature

Q: Find the curvature of the curve y = x4 at the point (1, 1).

Solution: We have y ′ = 4x3 and y ′′ = 12x2. The curvature is

K =
|y ′′|

|1 + (y ′)2|3/2
=

12x2

(1 + 16x6)3/2
.

The curvature at the point P(1, 1) is

K =
12

173/2
.
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Curvature

Q: Find the curvature of the curve x = cos3(t) and y = sin3(t) at the
point P(

√
2/4,
√

2/4).

Solution: We have

x = cos3(t) =

√
2

4
⇒ t =

π

4
,

Also,

y = sin3(t) =

√
2

4
⇒ t =

π

4
.

So we find the curvature at t = π/4. Put x = f (t) and y = g(t). Now
we differentiate

f ′(t) = −3 sin(t) cos2(t)⇒ f ′(
π

4
) = − 3

2
√

2

f ′′(t) = 6 cos(t) sin2(t)− 3 cos3(t)⇒ f ′′(
π

4
) =

3

2
√

2

g ′(t) = 3 cos(t) sin2(t)⇒ g ′(
π

4
) =

3

2
√

2

g ′′(t) = 6 sin(t) cos2(t)− 3 sin3(t)⇒ g ′′(
π

4
) =

3

2
√

2
.
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Curvature

The curvature is given by

K =
|f ′(t)g ′′(t)− f ′′(t)g ′(t)|
|(f ′(t))2 + (g ′(t))2|3/2

The curvature at t = π/4 is

K =
|f ′(π/4)g ′′(π/4)− f ′′(π/4)g ′(π/4)|
|(f ′(π/4))2 + (g ′(π/4))2|3/2

=
2

3
.
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Radius of Curvature ρ

Radius of curvature is given by

ρ =
1

K
.

The center of curvature (h, k) is

h = x − y ′(1 + (y ′)2)

y ′′
, k = y − (1 + (y ′)2)

y ′′
.
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Radius of Curvature ρ

Q(1): Find the radius and the center of curvature of the curve y = x2 at
the point P(1, 1).

Q(2): Find the curvature, radius and the center of curvature of the curve
y = 2− x3 at the point (1, 1).
Q(3): Find the curvature of the parabola given by y = x − 1

4x
2 at x = 2.

Sketch the circle of the curvature at (2, 1).
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Tangential and Normal Components of Acceleration

The acceleration of any moving object r(t)

can be written as linear
combination of the unit tangent vector T (t) and
the principal normal vector N(t):

a(t) = aT .T + aN .N (‖a‖2 = a2T + a2N)

where aT is called Tangential component of acceleration,aN is Normal
component,and they are given by the following formula:
Tangential Component:

aT =
r ′(t).r ′′(t)

‖r ′(t)‖
Normal Component:

aN =
‖r ′(t)× r ′′(t)‖
‖r ′(t)‖

, or, aN =

√
‖a‖2 − a2T ,

Curvature:

K =
‖r ′(t)× r ′′(t)‖
‖r ′(t)‖3

= aN
1

‖r ′(t)‖2
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Tangential and Normal Components of Acceleration

Example (1): The position vector of a moving object at time t is

r(t) = 3ti + t3j + 3t2k ,

find the tangential and normal component of acceleration and curvature at
time t.
Example (2): Find the tangential and normal component of acceleration
and curvature at time t = 1 of a particle moving along the curve C which
is given by

r(t) = 2ti + 7tj + 3tk
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